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PREFACE. 


Tse  object  of  thiB  book  is  to  set  fortih  in  a  compact  form  those 
parti  of  the  Science  of  Mechanics  which  are  practically  applicable 
to  Stmctares  and  Machines.  Its  plan  is  sufficiently  explained  by 
the  Table  of  Contents,  by  the  Introduction,  and  by  the  initial 
irtides  of  the  six  parts  into  which  the  body  of  the  treatise  is 
divided. 
^  This  work,  like  others  of  the  same  class,  contains  facts  and 
^  principles  that  have  been  long  and  widely  known,  mingled  with 
others,  of  which  some  are  the  results  of  the  labours  of  recent 
^  diaooverers,  some  haye  been  published  only  in  scientific  Transao- 
tiODs  and  periodicals,  not  generally  circulated,  or  in  oral  lectures, 
and  some  are  now  published  for  the  first  time.  I  have  endea- 
^nonred,  to  the  best  of  my  knowledge,  to  mention  in  their  proper 
phees  the  authors  of  recent  discoveries  and  improvements,  and  to 
refer  to  scientific  papers  which  have  furnished  sources  of  infor- 
mation. 

A  branch  of  Mechanics  not  usually  found  in  elementaiy  treatises 
ii  explained  in  this  work,  viz.,  that  which  relates  to  the  equili- 
biam  of  stress,  or  internal  pressure,  at  a  point  in  a  solid  mass,  and 
to  the  general  theory  of  the  elasticity  of  solids.  It  is  the  basis  of 
a  sound  knowledge  of  the  principles  of  the  stability  of  earth,  and 
of  the  strength  and  stiffiiess  of  materials ;  but,  so  feu*  as  I  know, 
the  only  elementaiy  treatise  on  it  that  has  hitherto  been  published 
is  that  of  M.  Lam6,  entitled  Legpns  mur  la  Tfieorie  nuUh^mattque  de 
fikuticUe  de»  Corps  tolidea. 

In  treating  of  the  stability  of  arches,  the  lateral  pressure  of  tho 
load  is  taken  into  account.  So  far  as  I  know,  the  only  author  who 
has  hitherto  done  so  in  an  exact  manner,  is  M.  Tvon-Yillaroeaux, 
in  the  MhnuAm  dea  Sawjms  etrangers. 


iv  PBEFAOK 

The  prinoiple  of  the  transformation  of  stmcturee  and  its  appli- 
cations have  hitherto  appeared  in  the  Prooeedmga  of  the  Royal 
Society  olone. 

The  correct  laws  of  the  flow  of  elastic  fluids  (first  investigated 
by  Dr.  Joule  and  Dr.  Thomson),  and  the  true  equations  of  the 
action  of  steam  and  other  vapours  against  pistons,  as  deduced  from 
the  principles  of  thermodynamics,  by  Professor  Clausius  and  myseli^ 
contemporaneously,  are  now  for  the  first  time  stated  and  applied  iu 
an  elementary  manual. 

Other  portions  of  the  work,  which  are  wholly  or  partly  new,  arc 
indicated  in  their  places. 

In  the  arrangement  of  this  treatise  an  efibrt  has  been  made  to 
adhere  as  rigidly  as  possible  to  a  methodical  classification  of  its 
subjects;  and,  in  particular,  care  has  been  taken  to  keep  in  view 
the  distinction  between  the  comparison  of  motions  with  each  other, 
and  the  relations  between  motions  and  forces,  which  was  first 
pointed  out  by  Monge  and  Ampere,  and  which  Mr.  Willis  has 
so  successfully  applied  to  the  subject  of  mechanism.  The  observing 
of  that  distinction  is  highly  conducive  to  the  correct  understanding 
and  ready  application  of  the  principles  of  Mechanics. 

W.  J.  M.  R. 

Glasgow  UNiVBBsrrT,  May,  185S. 


ADVERTISEMENT  TO   THE   TWELFTH   EDITION. 


The  Ttoelfth  Edition  has  been  carefully  revised,  and  additional 
matter  added  to  the  Appendix. 

W.J.  M. 

Glasgow,  Marck^  188d. 


CONTENTS. 


ftaUMISf AKT   DniBBTATlOH  OH  THB  HaBMOHT  OF  ThBORT  AND  PbACHOB 

Di  Mbchamiob, 

ImoDCGTioii, — ^DKefinition  of  General  Terms,  and  Division  of  the  Subject, 


1.  Medianira, 

1  Afiplied  Meehanica, 
H  MaCtv,        .        •        •        •        . 
C  BodBea,— Solid,  liqmd,  Gaaeooa, 
ft.  Material  or  PhTsittl  Volimie,       . 
1  Material  or  Phraica]  Surface, 
7.  Line,  Point,  Pfajrieal  Point,  Me»- 
lof  Len|^tliy      •        •        • 


Paice 
13 
13 
18 
18 
13 
18 

18 


8.  Rest,  . 

9.  Motion, 

10.  Fixed  Point, 

11.  Cinematica, 

12.  Form, 
18.  Equilibrium  or  Balance, 

14.  Statics  and  Dynamics, 

15.  Structures  ana  Machines, 

16.  General  Arrangement  of  the  Subject,  If 


PBffe 

1 
13 

U 
14 
14 
16 
15 
16 
15 
15 


PART  L— PKINCIPLES  OF  STATICS. 

Chaptbb  L — Balavcb  axd  Mkasurkmkiit  of  Fobcbs  AcnNO  in 

OHB  Straight  Lihb. 


17.  Fenaa,  how  Detannmed,  .17 

U.  Pbee  ef  Applieatioa— Point  of 

AppGeation,    .  .17 

ISl  fl^nmition  of  Perfect  ffigiditj,   .    18 
Hi  iMBlioa — Line  of  Action,  .       .    18 


21.  Magnitude— Unite  of  Force,  British 

and  French,  .18 

22.  Resultant  of  Forces  acting  in  one  Line,18 
28.  Representatbn  of  Forces  bj  Lines,  19 
24.  Pressure SO 


Chaftkr  IL— Theobt  of  Couplrs  ahd  of  tbb  Balahcb  of 

Paballel  Forois. 

Sbcttoh  8. — Om  ParoUd  Fareet. 


flBonoH  l»~~Om  Ccmpiei  with  the 


n.  GoqileSf 

SC  FenaoraCoople— ArmorLerer- 
sfl^— Moment,        ... 

27.  TsdSbiicj  of  a  Couple — Plane  and 
Azia  of  A  Coaple~Right-handed 
and  Left-handed  Couples, 

m  Eqniralent  Couples  of  equal  Force 
and  Lererage,         •        •        . 

21.  Moment  of  a  Coople,  .        •        . 

Ml  Addition  of  Conpleacn  equal  Force, 

8L  Equtralent  Couples  of  equal  Mo* 
Tien*,      •        •        •        •        • 

tt.  Remltant  of  Coopka  with  the  same 


flb  Eqoifibrinmof  Cooplesharingthe 

M.  BapnsantatMmofConpiasbyLines^ 
Sicnov  2.^0n  C(mpte$  wUk 


21 
21 

21 

21 
22 
22 

22 

28 

28 
28 


H.  BesuUant  of  two  Couples  with 
dineient  Axes,         •       .        . 

ML  Equifibriom  of  thras  Couples  with 
difiersnt  Axes  in  the  same  Plen^ 

87.  Bqoiiibriiiiii  ef  anj  Bomber  of 
Conplea,         .... 


24 
25 
25 


88.  Balanced  Parallel  Forces  in  general,  25 

89.  Equilibrium  of  three  Parallel  Foroea 

in  one  Plane— Prindple  of  Lever,  26 
40.  Resultant  of  two  Parallel  Forces,  .  28 


41.  Resultant  of  a  Couple,  and  a  single 

Force  in  Parallel  Planea, . 

42.  Moment  of  a  Force  with  respect 

to  an  Axis,     .... 

48.  EquilibriTmi  of  an  J  system  of  Par- 
allel Forces  in  one  Plane, 

44.  Resultant  of  any  number  of  Paral- 
lel Forces  in  one  Plane,   . 

46.  Moments  of  a  Force  with  respect 
to  a  pair  of  Rectangular  Axes, 

46.  Equilibrium  of  any  system  of  Par- 

allel Forcea,    .        .        •       • 

47.  Besultantof  any  number  of  Paral- 

lel IToroeB,       •       •       •       . 

SBCnoir  4.~(7b  C^res  i^PwroM 
ForotM, 

48.  Centre  of  a  pair  of  Parallel  Forces. 

49.  Centre  of  any  system  of  Parallel 

Foros8|    •        •        .        *        . 

50.  Co-ordinates  of  Centre  of  Parallel 

Forces,    •       •       •       •       • 


27 
27 
28 
28 
29 
80 
80 

I 

81 


Cbaptbi:  IIL^Balancb  of  Iholinbd  Forges. 

52.  Equilibrium  of  three  Forces  actmg 

through  one  Point  in  one  Plane, 

68.  Eqmlibnum    of  any    system    of 

85  Toress  acting  through  one  Point, 


SBonoor  1. — huUmd  Forcn  appUed 


86 
36 


▼1 


CONTENTS. 


64.  Parallelopiped  of  Forces,     . 

56.  BflBolntion  of  a  Force  into  two 

Gomponente,  .        .        .        . 

66.  Besolutioii  of  a  Force  into  three 

GomponentB,  •        .        •        • 

67.  Bectangular  Gamponentft,    . 


."t? 


87 

87 
88 


46 

46 
46 


Seotxon  2. — IncUned  Foroet  appSed  to  m 
Bytiem  qfPoinU. 

68.  Forces  acting  in  one  Plane,—  FMjs 
Graphic  Solution,    .        •        .     w 

69.  Forces  acting  in  one  Plane, — Solu- 
tion bj  RMtan  jrnlar  Co-ordinates,  40 

60.  An  J  system  of  Forces,  •    41 

Chapter  IV. — Ov  Parallbl  Projections  in  Statics. 

61.  Parallel  Projection  of  a  Figure  do- 
fined,      .        •       .       •       ■ 

62.  Geometrical  Properties  of  Parallel 
Projections,     .... 

68.  Application  to  Parallel  Forces,     . 

Chapter  V. — ^On  Distributed  Forces. 

Section  B.—O/ Ifitemal  Streu:  iu 
CompotUion  and  Betobitiim, 


46 


64.  Application  to  Centres  of  Parallal 
Forces, 

66.  Application   to   Inclined   Forces 

acting  through  one  Point,        .    44 

66.  Application  to  any  system  of  Forces,  47 


67.  Restriction  of  the  subject  to  Par- 

allel Distributed  Forces,  . 

68.  Intensity  of  a  Distributed  Force, 

Section  l.—Of  Weighty  and  Centres 
of  Gramty. 

69.  Specific  Gravity, 

70.  Centre  of  Gravity, 

71.  Centre  of  Gravity  of  a  Homoge- 

neous Body  having  a  Centre  of 
Figure, 

72.  Bodies  having  Planes  or  Axes  of 

Symmetry,      .... 
78.  System  of  Symmetrical  Bodies,    . 
74.  Homogeneous  Body  of  anv  Figure, 
76.  Centre  of  Gravity  found  oy  Addi- 
tion,      •        •        .        •        • 

76.  Centre  of  Gravity  found  by  Snb- 

traction,  ..... 

77.  Centre  of  Gravity  altered  byTrans- 

position,  .... 

78.  Centres  of  Gravity  of  Prisms  and 

Flat  Plates,     . 

79.  Body  with  similar  (^ss-Sections, 

80.  Curved  Rod,        .... 

81.  Approximate  Computation  of  In- 

tegrals.  ..... 

82.  Centre  of  Graidty  foond  by  Pro- 

jection,      61 

88.  Examples  of  Centres  of  Gravity,  63 
84.  Heterogeneous  Body,   .        .        .  68 
86.  Centre  of  Gravity  found  experi- 
mentally,       •       •       •       .  68 

Section  ^.—OfStrtu^  and  Ut  RetuUania 
and  Cenire$. 

86.  Stress — its  Nature  and  Intensity, 

87.  Chisses  of  Stress, 
8a  Resultant  of  Stress,— its  Magni- 
tude,      •       •        •       . 

89.  Centre  of  Stress,  or  of  Pressure,  . 

90.  Centre  of  Uniform  Stress,    . 
9L  Moment   of   Uniformly-Varying 

Streu, — Neutral  Axis,    . 
92.  Moment  of  Bending  Stress, 
98.  Moment  of  Twisting  Stress, 
94.  Centre    of    Uniformly  -  Varying 

Stress, — Conjugate  Axis,         .    76 
96   Moments  of  Inertia  of  a  Sukaoe,      77 


48 

48 


49 
49 


49 

49 
60 
61 

68 

68 

64 

64 
66 
67 

68 


68 
69 

70 
71 
78 

78 
76 
76 


96.  Internal  Stress  m  general,   .     '  .    82 

97.  Simple  Stress  and  its  Normal  In- 

tensity,    

98.  Reduction  of  Simple  Stress  to  an 

Oblic^ue  Plane,        .        .        .88 

99.  ResolutionofOblique  Stress  into  Nor- 

mal and  Tangential  Components,  84 

00.  Compound  Stress,      .        .        .84 

01.  Pair  of  Conjugate  Stresses,        .    86 

02.  Three  Conjugate  Stresses,  .    86 
08.  Planes  of  Equal  Shear,  or  Tan- 
gential Stress,         .        .        .87 

04.  Stress  on  three  Rectangular  Planes,  88 
06   Tetraedron  of  Stress,         .        .    90 

06.  Transformation  of  Stress,  .        .    92 

07.  Principal  Axes  of  Stress,    •        .93 

08.  Stress  Parallel  to  one  Plane,       .    96 

09.  Principal  Axes  of  Stress  Parallel 
to  one  Plane,  ....    98 

10.  Equal  Principal  Stresses— Fluid 
Pressure,         ....    99 

11.  Opposite  Principal  Stresses  com- 
posing Shear,  ....  101 

12.  Ellipse  of  Stress,— Problems,     .  101 
18.  Comlnned  Stresses  in  one  Plane,  110 

Section  4.— (^^(Ae  Tntentai  EquUlhriwH 

qfStresi  and  Weighty  and  the  prindpUi 

of  Hydrostafict. 

114.  Varying  Internal  Stress,    .        .112 

116.  Causes  of  Varying  Stress,  .        .  112 

116.  General  Problem  of  Internal  Equi- 

librium,   118 

117.  Equilibrium  of  Fluids,        .        .116 

118.  Equilibrium  of  a  Liquid,    .        .  118 

119.  Equilibrium  of  different  Fluids  in 

contact  with  each  other,  .        .  118 

120.  Equilibrium  of  a  Floating  Body,    120 

121.  Prassure  on  an  Immersed  Body,    122 

122.  Apparent  Weights,    .        .        .123 
128.  Relative  Specffio  Gravities,         .  124 
124.  Pressure  on  an  Immersed  Plane,  126 
126.  Pressure  in  an  Indefinite  Uni- 
formly Sloping  Solid,       .        .  126 

126.  On  the  Parallel    Projection  of 

Stress  and  Weight, .        .        .127 


CONTENTS. 


Vll 


Cbaptbe  YL — Oh  Stablb  and  Unstablb  Equilibrium. 

Page 


tS7.  SUbk  and  Unstable  Eqmfilirinm 

of  aFrMBodj,        •  .128 


128.  SUbiUty  of  a  Fixed  Bodj, 


PajTO 
.  118 


ISI. 


PART  IL— THEORY  OF  STRUCTURES. 

Cbaftbb  I. — ^Dbfinitioms  ahd  Gbnkkal  Pringiplbs. 

.  129    181.  Ck>ndition8  of  Eqnilibrimn  of  a 
.  129  I  Stracture,       .        .        .        .129 

I  182.  Stability,  Strength,  and  StifihesB,  180 

Chaptbb  II. — Stability. 


ISSL  BcsoltaatGnMBLoad,  .  181 

IM.  Centre  of  Resstanoe  of  a  Joint,    181  ■ 
185.  line  of  ReaistanGe,     .  .  131  i 

188.  Jointo  Classed,  .  .        .  181  > 

SacnoB  1. — EqmUbfium  and  StabiHiy    , 

^/Voaies. 
1*7. 
138 
119. 
110. 
141. 
142. 
148. 

144. 


182 
182 
188 
183 
183 
184 

135 

185 
146.  nameofTwo  Ban— Eqnilibriam,  186 


Tie, 

Stmt,        ■        .        .        .        . 
Treatment  of  the  Weight  of  a  Bar, 
Beam  under  Parallel  Foroes, 
Beam  onder  Inclined  Forces,     . 
Load  supported  bj  three  Parallel 

Load  supported  bj  three  Inclined 


14C 
147. 
148. 
149. 

159. 
15L 
162. 
U8. 

U4. 

186. 
IM. 
187. 
168. 
169. 

1«3l 
KL 
182. 
188. 
184. 
18& 

:86. 


187. 
168. 
189. 

17a 

171 


Frame  of  Two  Bars— StabiUtj,  188 
Treatment  of  Dislriboted  Loads,  187 
Triaognlar  Frame,  .  .  .137 
Triangnlar  Frame  under  Parallel 

Forces,  .  .  «  •  •  188 
Poljgona]  Frsme — Eqnilibiiam,  189 
Open  PolTgmud  Frame,  .  .  140 
Polygonal  Frame— Stabifitj.  .  140 
Polygonal  Frame  mider  Parallel 

Forces, 141 

Open   Polygonal   Frame   onder 

Fsrallel  ^roes,      .  .  142 

Bracing  of  Frames,    .  .142 

I^di^rofaTrnsa,   .  .144 

Variations  of  Load  on  Trass,  .  144 
Bar  oommon  to  several  Frames,  145 
Seoondaiy  Trossing — Examples 

from  Booft,  ....  145 
Componnd  Trusses,  .  .  148 

Resistance  of  Frame  at  a  Section,  150 
Half-lattioe  Girder,  anv  Load,  158 
Half-lattioe  Girder,  Uniform  Load  1 56 
Lattaee  Girder,  any  Load,  .  .  160 
Lattke  Girder,  Uniform  IXMid,  .  161 
Tnosforraation  of  Frames,        .  162 

BcnoB  2.^ — SqmBbrimm  qf  ChiuiMf 
Oordg,  iK&s,  <md  Lmear  Arehti, 
Equifibrinm  of  a  Cord,  .  162 

Cold  mder  Parallel  Lttads,  .  164 
Cord  under  uniform  Vertical  Load,164 
Suspension  Bridge  with  Verticsl 

Beds, 168 

Flexible  Tie,      .        .  .169 


172.  Suspension  Bridge  with  Sloping 

Rods,      .        .  .        .171 

178.  Extndos  and  Intrados,      .       •  178 

174.  Cord  with  Horizontal  Extrados,    175 

175.  Catenary 177 

176.  Centre  of  Gravity  of  a  Flexible 

Structure,       ....  180 

177.  Transformation   of  Cords   and 

Chains, 180 

178.  Linear  Arches  or  Ribs,  .  182 

179.  Circular  Arch  for  Uniform  Fluid 

Prenure,        .        .  .  188 

180.  Elliptical   Arches   for  Uniform 

Pressures,       ....  184 

181.  Distorted  Elliptic  Areh,  .  186 

182.  Arches  for  Normal  Pressure  in 

general, 189 

183.  Hydrostatic  Arch  (see  also  p.  853)  190 

184.  Geostatic  Arches,  196 

185.  Stereoetatic  Arch,  .  198 

186.  Pointed  Arches,         •        .        .203 

187.  Total  Conjugate  Thrust  of  Linear 

Arches — Point  and  Angle  of 
Rupture,         .        .        .        .208 

188.  Approximate    Hydrostado   and 

GeosUtic  Arches,    .        .       .207 

Sbgtioh  8 On  Prictiomd  SUinlit^, 

189.  Friction  —  distinguished     from 

Adheuon,  .209 

190.  Law  of  Solid  Friction,       .        .  209 

191.  Angle  of  Repose,        •        .        .  210 

192.  Table  of  Co-efficients  of  F^riction 

and  Angles  of  Repose,  .  211 

193.  FrictionalStabilityofPlsneJoint8,2ll 

194.  Frictlonal  SUbili^  of  Esrth,     .  212 

195.  Mass  of  Earth  with  Plane  Surfaoe,2 14 

196.  Principle  of  Least  Resistance,    .  215 

197.  Earth  Loaded  with  its  ownWeight,216 

198.  Pressure  of  Earth  against  a  Ver- 

tical Plane,     .        .        .        .218 

199.  Supporting    Power  of    Earth- 

Foundations,  .        .        .  .219 

200.  Abutting;  Power  of  Earth,  .  220 

201.  Table  of  Examines,    .        .  221 

202.  Frictional  Tenacity  or  Bond  of 

Masonry  and  Brickwork,  .  222 
208.  Friction  of  Screws,  Keys,  and 

Wedges,  .        .        .        .  226 

204.  Friction  of  Best  and  Friction  of 

Motion, 226 


VUl 


CONTENTS. 


SKcnov  4.— (Tfi  the  Stability  qf  Abut- 
ments and  VouUm.  _ 

Pa«e 

205.  Stability  at  a  Plane  Joint,  .  226 

206.  Stability  of  a  aeries  of  Blocks 

— Line  of  Reustanoe — Line  of 
Pressorea,       ....  280 

207.  Analogy    of     Blockwork    and 

Framework,    ....  281 

208.  Transformation    of    Blockwoik 

Stractores,      .        .        .        .282 

209.  Frictional  Stability  of  a  Trans- 

formed Stmctnref    .  .  238 

210.  Structure  not  laterally  pressed,  283 
21L  Moment  of  Stability,  .  .  238 
212.  Abutments  classed,  .  •  .  285 
218.  Buttresses  in  general,         .        .  285 

214.  Rectangular  Buttress,        .  .  288 

215.  Towers  and  Gblmneya,       .  •  240 

216.  Dams  or  Reservoir- Walls,  .  243 

217.  Retaining  Walls  in  general,  .  249 

218.  RecUngnlar  Retaimng  Walls,  .  252 

219.  Trapezoidal  Walls,     .        .  .251 


220.  Battering  WaOs  of  Uniform 
Thickness,       .... 

22L  Foundation  Coorses  of  Retaining 
Walls, 

222.  Counterforts,     ....  265 

223.  Arches  of  Masonry,   •        .        .  256 

224.  Line  of  Pressure  m  an  Arofa — 

Condition  of  Stability,    .        .  257 

225.  Angle,Joint,and  Point  of  Rupture,  259 

226.  Thrust  of  an  Arch  of  Masonry,  .  260 

227.  Abutments  of  Arches,        .       .  261 

228.  Skew  Arches,    ....  261 

229.  Groined  Vaults,  .  26S 

280.  Clustered  Arches,      .        .        .  26S 

281.  Piers  of  Arches,        .        .        .  263 

282.  Open   and   Hollow   Pien    and 

Abutments,     •        •       •       .  268 

288.  Tunnels, 264 

284.  Domes, 265 

235.  Strength  of  Abutments  and  Vaults,268 
235a.  Transformation  of  Structures 

in  Masonry,    ....  268 


Chafteb  IIL — Strbnoth  and  Stiffness. 


Section  1. — Summary  qfChneral 

Principles, 

286.  Theory  of  Elasticity,  .        .  270 

237.  Elasticity  defined,      .        .        .270 

238.  Elastic  Force  or  Stress,     .        .  270 

239.  Fluid  Elasticity,         .        .        .270 

240.  Liquid  Elasticity,      .  .271 
24t.  Rigidity  or  Stiffness, .  .271 

242.  Strain  and  Fracture,  .        .  272 

243.  Perfect  and  Imperfect  Elasticity 

— Plasticity^    ....  272 

244.  Strength,  Ultimate  and  Proof- 

Toughness— StiShess—Sprine,  278 

245.  Determination  of  Proof  Strength,  274 

246.  Working  Stress,         .        .        .274 

247.  Factora  of  Safe^,      .        .        .274 

248.  Divisions  of  MatnematicalTheoiy 

of  Elasticity,  .        .        .       .275 

249.  Resolution  and  Composition  of 

Strains, 275 

250.  Displacements,  ....  276 

251.  Analogy  of  Stresses  and  Struns,  276 

252.  Potential  Eneigy  of  EUstidty,  .  277 

253.  Co-efficients  ofElastidty, .        .  277 

254.  Co-efficients  of  Pliability,  .        .  277 

255.  Axes  of  Elasticity,     .  .  278 

256.  Isotropic  Solid,  .        .        .278 

257.  Modulus  of  Elasticity,        .        .279 

258.  Examples  of  Co-effident&  .        .  279 

259.  General    Problem    of    Internal 

Equilibrium  of  an  Elastic  Solid,  280 

Section  2. — On  HeleUions  between 
Strain  and  Stress* 

260.  Ellipse  of  Strain,      .       .       .280 

261.  EUipsoidofStratn,    .       .        .283 

262.  Transverse  Elastidty  of  an  Iso- 

tropic Substance,  .  .  .  284 
268.  Cubic  Elasticity,  •  .  .285 
864  Fluid  Eksticity,        .       .        .286 


Section  S.—On  Resistance  to  Slretehinff 
and  Tearing, 

265.  Stiffness  and  Strength  of  a  Tie-bar,  286 

266.  Redlience,  or  Spring  of  a  Tie-B«r 

— Modulus  of  RasilieDoe,         .287 

267.  Sudden  PuH,     ...        .287 

268.  Explanation  of  Table  of  the  Re- 

sistance of  Materials  to  Stretch- 
ing and  Tearing. — (see  page 
646), 288 

269.  Additional  data— Welded  Joint 

—Iron  Wire  Ropes— Hempen 
Gables — Leather  Belts — Cham 
Cables, 288 

270.  Strength  of  Rivetted  Joints,       .  288 

271.  Thin  Hollow  Cylmders— Boilera 

— Hpes,  .        .        .        .289 

272.  Thin  Hollow  Spheres,  .  290 
278.  Thick  Hollow  Cylinder,     .        .  290 

274.  Cylinder  of  Struned  Rings,        .  294 

275.  Thick  HoUow  Sphere,        .        .  295 

276.  Boiler  Stays,     .        .        .        .296 

277.  Suspension  -  Bod    of    Uniform 

Strength,        .  .297 

Section  4.— (7»  Resistance  to  Shearing, 

278.  Condition  of  Uniform  Intensity,    298 

279.  Explanation  of  Table  of  Resist-   . 

ance  of  Materials  to  Shearing 
and  Distortion— j[see  p.  648),      299 

280.  Economy  of  Material  in  Bolts  and 

Rivets, 299 

281.  Fastenings  of  Tunber  Ties,        .  801 

Section  5.— On  Resistanoe  to  Direct 
Compression  and  Cnuking, 

282.  Resistanoe  to  Compresdon,        .  808 

283.  Modes  of  Crushing -Splitting- 

Shearing — Bulging — Bttckung 
—Cross-breakings  •       • 


OOMTENTBL 


IX 


EzplanaUoii  of  Table  of  the  Re- 
Sbtanoe  of  MateruJe  to  Crush- 
inc  bT  a  Direct  Thnut— (see 
9.  648),  ....  804 

Uaeqiwl  IKetribation  of  the 
Preesure,        .        •        .        •  804 

liimutiom,  .806 

tg7.  <kiiBhiiiguidGoIUpsi]igofTabes,806 

flBCBOB  6. — Om  Ruitttmee  to  Batdmg 

wn  Cron^BttokuMt 

gheiliig  Fotee    and    Bendmg 

llomeiii.         •        •        •        .  807 
BcAna  Fixed  at  one  end  onlj,    .  810 
Bcama  Supported  at  both  ends,    810 
91.  Moments  or  Flexnre  in  terms  of 

Load  and  Length,  .  .  811 

UDifom  Moment  of  Fleznr^- 

Bailway  Carriage  Axks, .        .  812 
Renatanoe  of  Flexnre,  .  812 

294.  Tranarene  Strength  of  Boams  in 

General,         ....  815 
299l  TiBusverse  Strength  in  Tenns  of 

Breadth  and  I>«>th,  .  816 

296w  Explanation  of  Table  of  ModaH 

of  Baptnre  — (see  p.  649)^         817 
997.  Modolns  of  Bnptore  of  Cast  Iron 

Beams, 818 

MS.  Section  of  Eqoal  Strength  for 

Cast  Iron  Beiuna,    .  .819 

299.  Beams  of  Uniform  Strength,  .  820 
800.  Plreof  Deflection  of  Beams,  .  822 
Vf\.  Deflection  foond  bj  Graphic  Con- 

stmctuHiy      •       •       •       •    826 
V>2.  Proportion  of  the  greatest  Depth 

ofa  Beam  to  the  Span,    .        .  827 
iOt.  Slope  and  Deflection  of  a  Beam 

vnder  any  load.  .  828 

aoi  Deflection  with  Uniform  Moment,  880 
806.  Besifience  or  Spring  of  a  Beam,  880 
804.  SoddenlrappliedTransTene  Load,  832 
887.  Beam  nxed  at  both  ends,  .  .882 
898l  Beam  Fixed  at  one  end,  and  Sup- 
ported at  both,  •  .888 
809.  Staaring  Streas  m  Beama,  .  888 
SIO.  LaMaofPrindpalStreasm  Beams,  841 
8IL  Direct  Vertical  Stress,  •  .  842 
812.  Small  effect  of  Shearing  Streas 

upon  Deflection,      .  .842 

8U.  FsrliaUj-loaded  Beam,  .  844 

814.  AUovanoe  for  Weight  of  Beam,    846 


PaKO 
81&.  LimitingLength  of  Beam,         .  847 

816.  Sloping  Beam,  .        .  .848 

817.  Origin^j  Curved  Beam,   .        .  348 

818.  Expansion  and  Contraction  of 

Long  Beams,  ....  848 

819.  Ekstic  Curve,   .       .        •        .849 
819a.  HjdrosUtic  Arch,    .        .        .368 

Sectioh  7. — On  Butstanee  to  TmuHng 

and  Wrmehatg. 
320.  Twisting  Moment,     .        .        .858 
82L  Strength  of  a  CyUndrical  Axle.     368 
322.  Angle  of  Tonion  of  a  Cylindrical 

Axle, 856 

823.  Besifience  of  a  Cylindrical  Axle,  857 

824.  Axles  not  Gircnlar  in  Section,    .  868 
326.  Bending  and  Twisting  combined ; 

Crank  and  Axle,  .  858 

826.  Teeth  of  Wheela,  .859 

SionoM  8. — On  Crushing  £y  Bending. 

827.  Introductory  Rrmarics,       .        .  860 

828.  Strength  of  Iron  Pillars  and  Stmts,  361 

829.  Connecting  Rods,  Piston  Rods,  .  368 
330.  Comparison  of  Csst  and  Wrought 

Iron  Pillars,    ...        .868 
88L  Mr.  Hodgkinson*s  Formulie  for 
the  Ultimate  Strength  of  Cast 
Iron  nUars,    .        •  .868 

382.  Wrought  Iron  Frameworic,        .  864 
888.  Wrought  Iron  Cells,  .  .  3d4 

834.  Sides  of  Plate  Iron  Girders,        .865 
885.  Tunber  Posts  and  Struta,  .        .  865 

Saonov  9. — On  Compound  Girden, 

/Vomet,  and  Bridgt$, 

336.  Compound  Girders  in  Gheneral,  .  866 

387.  Plate  Iron  Girders,    .  .866 

33&  Half-Lattice  and  Lattice  Beams,  869 

339.  Bowstring  Girder,      .        .        .369 

340.  Stiflfened  Suspension  Bridges,     .  870 

341.  Ribbed  Arches,  .  .876 

SBCnov  10,— MitodlaneouM  Renuarkt  om 

Strength  and  Stiffneee, 
842.  Eifocts  of  Temperature,     .        .  876 
848.  Effects  of  Repeated  Meltings  on 

Cast  Iron,       ....  876 

844.  Efiects  of  Ductility^  .        .       .876 

845.  Internal  Friction,       .        .        .877 

846.  Concluding  remarks  on  Strength 

and  Stifmees,  ....  877 


818.  Find  andHeariy Fixed  Dfavctiona,  879 
848.  MetioiiofaPaffofPomta,  .880 
868.  ruBsd  Point  and  Moring  Pomt,  881 
86t  ConpoDeotandBeaaltantMotioiia,881 
8tt.  Meaaanmeotofrune^  .  881 


PART  IIL—PRINCIPLES  OF  CINEMATICS,  OR  THE  COMPARISON 

OF  MOTIONS. 
80.  DirisiaB  of  the  Subject, 879 

Chaftbb  L— Monovs  of  Poimm. 

Mnxm  U^On^brm  Motion  </ a  Pair    858.  Uniform  Vel<M%«     . 

854.  Unifonn  Motion,       •       • 

SlonOH  2. — Uniform  Motion  ^  eeveral 

Pointt, 

855.  Motion  of  Three  Pobts,     • 
856L  Motions  of  a  Series  of  Points,    . 


00KTENT8. 


867.  Para]]elopip«d  of  Motions,         .  884 
368.  Comparative  Motion,  .  884 

Section  8. — Vaaried  MotUm  of  Points, 

869.  Velocity  and  Direction  of  Varied 

Motion, 886 

860.  Components  of  Varied  Motion,  .  886 

861.  Unifonnly-Vaiied  Velodtj,       .  886 


862.  Varied  Bate  of  Variation  of  Velo- 


Jnifo 


868.  Uniform  Deviation,    . 

864.  Varying  Deviation,    . 

865.  Resultant  Rate  of  Variation, 

866.  Rates  ofVariation  of  Component 

Velocities,       .... 

867.  Comparison  of  Varied  Motions, 


887 
887 
888 


Chaptbr  IL — ^MonoRS  of  Rioio  Bodies. 


SionoK  1 Riffid  Bodies^  and  their 

TVtmtlation, 

868.  Rigid  Bodies— how  onderrtood,     890 

869.  Translation  or  Shifting,     .        .  890 

Section  2.^Sinq>le  BoUOUm. 

870.  Rotation    defined  —  Centre    of 

Rotation,        .  .890 

871.  Axis  of  Rotation,  .890 

872.  Plane  of  Rotation— Angle  of  Ro- 

tation,      891 

378.  Anffalar  Velodtj,      .  .891 

874.  Uniform  Rotation,     .  .891 

876.  Rotation  common  to  all  parts  of 

hody, 891 

876.  Right  and  I«ft-handed  Rotation,  891 

877.  Relative  Motion  of  a  pair  of  Points 

in  a  Rotating  Body,         .        .  892 

878.  Cvlindrical  Sorfaoe  of  equal  Ve- 

locities,    892 

879.  Comparative    Motions    of    two 

Pomts  relatively  to  an  Axis,    .  898 
■880.  Components  of  Velodty  of  a  Pomt 

in  a  Rotating  Body,         .        .  893 
Section  8. — Combing  HoUUumt  and 
IVanslations, 
881.  Property  of  all  Motions  of  Rigid 

Bodies, 894 


882.  Helical  Motion, 

883.  To  find  the  Motion  of  a  Rigid 

Body  from  the  Motions  of  three 
of  its  Points,  ....  896 

884.  Special  cases,     ....  896 
886.  Rotation  oomhined  with  Transla- 
tion in  the  same  Plane,    .        .  897 

886.  Rolling  Cvlinder— Trochoids,     .  898 

887.  Plane  rollmg  on  Cylinder— Spiral 

Paths, 898 

888.  Combined  Parallel  Rotations,     .  899 

889.  Cylinder  rolling  on  Cylinder — 

Epitrochoids,  ....  400 

890.  Curvature  of  Epitrochoids.         .  401 

891.  Equal  and  Opposite  Parallel  Ro- 

tations oomomed,    .        .        .  404 

892.  Rotations  about  Intersecting  Axes 

combined,        ....  404 

893.  Rolling  Cones,  ...        .406 

894.  Analogy  of  Rotations  and  Single 

Forces, 406 

896.  Comparatwe  Motions  in  Com- 
pound Rotations,     .        •        .  406 

Section  4. — Varied  notation. 

896.  Variation  of  Angular  Velodtv,  .  406 
887.  Change  of  the  Axis  of  Rotation,  407 
398.  Components  of  Varied  Rotation,  407 


Chaptbb  III.— Motions  of  Pliable  Bodies,  and  of  Fluids. 
■899.  Division  of  the  Subject, 


Section  l.-^MoOome  of  Flexible  Cordt. 

400.  General  Principles,    .        .        .408 

401.  Motions  classed,         .        .        .409 

402.  Cord  guided  by  Surfaces  of  Revo- 

lution  409 

Section  2.— Jfofiofw  ofFhAda  of 

Conttant  DeneU^. 

408.  Velocity  and  Flow,    .        .        .410 

404.  Principle  of  Continuity,     •        .411 

406.  Flow  m  a  Stream,      .         .       .  411 

406.  Pipes,  Channels,  Currer.ts,  and 

Jeta,       .       .        .  '  .  .411 

407.  Radiating  Current,     .'  .  .  412 

408.  Vortex,  Eddy,  or  Wh(pL  .  .  412 

409.  Steady  Motion.  •        .  .  .412 

410.  Unstqtdy  Motion,      ]  [  ,  418 

411.  Motion  of  Piston,  ,    *  '  .  418 

412.  Genera]  Differentis'j  Equations  of 

Continuity,     .  .      .^      .        .418 


408 

418.  General  Differential  Equations  of 

Steady  Motion,        .  .  414 

414.  General  Differential  Equations  of 

Unsteady  Motion,    •       .        .  416 

416.  Equations  of  Displacement,        .  415 

416.  Wave,        .        .        .        .        .416 

417.  Oscillation,        .        .        .        .416 

Section  B,—Motum$  ofFhdde  <if 
Varying  Density, 

418.  Flow  of  Volume  and  Flow  of 

Mass, 417 

418.  Principle  of  Continuity,      .        .417 

420.  Stream, 418 

421.  Steady  Motion,  .        .        .        .419 

422.  Pistons  and  Cylinders,       .  419 
428.  General     Differential    Equa- 
tions,     .        .                •        .  419 

424.  Motions  of  Connected  Bodies,     .  420 


coNTBirrs. 


XI 


PART  IV.— THEORY  OF  MECHANISM. 
CnAFTKif  I. — Okvinitiohs  and  Gbxtbrai*  Psinoiplbs. 


Page 
iSH.  Tbieoryrof  Pore  Mechanism  definedt421 
42f.  General  Problem  of  Mechaniam 

■Uted, 422 

497.  Frame — Mormg- Pieces — Con- 

necton, 422 

428.  BcaringB, 422 

429.  MotiooaorPrimaxyMoTing  Pieces,  423 
410.  M<itionaofww>ndaryMovingPieoee,428 


Page 
481.  Elementary  Combinations  in  Me- 

chanismf  ....  428 

.  424 
.  424 
.  424 
.  425 


432.  Line  of  Connection,   . 

433.  Principle  of  Connection, 

434.  Adjustments  of  Speed, 

485.  Train  of  Mechanism, 

486.  An;re^ate  Combinations  in  Me- 

chanism,        ....  425 


CBamn  XL — Oir  Elembntabt  CoMsiNATioifS  and  Tbains  of  Mbohanum. 


4f7. 


440. 
441. 


447. 
448. 

449. 
450. 
451. 

462. 
468. 

454. 


SBOnoH  1. — RolUng  ContacL 

Pltch-Sorfaoes,  .426 

Smooth  Wheels,  BoDers,  Backs,  426 
General  Conditions   of  BoUing 

Contact,  .426 

Gircolar  Cylindrical  Wheels,  .  427 
Stesight  Back  and  CircularWheel,  427 
Bcrd  Wheels,  ....  428 
Hen-Ciicalar  Wheels,        .        .  428 

Sflcnov  ^.-SHding  ConkuL 
Skev-Bevel  Wheels,  .  480 

Grooved  Wheels,  or   Frictional 

Gearing,  ....  481 

Teeth  of  Wheds— Definitions  and 

Gcooral  Principles, 
Pitch  and  Nnmber  of  Teeth, 


Huiting  Cog: 

-    *     of>v!ieelwork, 


456. 
467. 


469. 
460. 

461. 


463. 
464. 
465. 
466. 

467. 


469. 


.  482 
.  438 
.  434 
.434 
Principle  of  Sliding  Contact,  .  436 
Teeth  of  Spnr- Wheels  and  Backs 

— General  Principle,  .  .  438 
Teeth  described  by  rolling  conres,  488 
SEding  of  a  pair  of  Teeth  (see 

also  455,  458,  462a),  .  .  489 
Are  of  Contact  on  Pitch  Lmes,  .  440 
Leoj^  of  a  Tooth;  SMngof  Teeth,440 
Inside  Gearing, ....  441 
Involnte  Teeth  for  CironlarWheels,  441 
Sliding  of  Involute  Teeth. .  .  448 
Addendom  for  Inyolnte  Teeth,  .  448 
&nailest  Pinion  with  Involute 

Teeth,  .  •  •  .  .  443 
Epieyckudal  Teeth— least  Pinion,  444 
Addendom  for  Epicydoidal  Teeth,  445 
.  Sliding  of  Epicjrdoidal  Teeth,  445 
AppTOJumate  Epicydoidal  Teeth,  445 
Teeth  of  Wbed  and  Trnndle,  .  447 
Dimensions  of  Teeth,  .  .  447 
Mr.  Sanif  8  process  for  Describing 

Teeth, 448 

Teeth  of  Rerel  Wheels,  .  .  448 
Teeth  of  Skew-Bevd  Wheels,  .  449 
Teeth  of  Non-Circolar  Whe^sls,  .  449 


449 
449 
450 
451 
451 
452 


470.  Cam,  or  Wiper, 

471.  Screws — Pitch,  . 

472.  Normal  and  Cucnlar  Htch, 
478.  Screw  Gearinjg, 

474.  Hookers  Gearmg, 

475.  Wheel  and  Screw,      .        . 

476.  BelatiyeSlidmg  of  Pair  of  Screws,  458 

477.  Oldham's  Con^ug,  •  .  458 

SscnoN  8. — ConneoUionhjf  Bandi. 

478.  Bands  dassed:  Bdts,Cord8,Chains,454 

479.  PrindpleofConnection  by  Bands,  454 

480.  Pitch  Surface  of  a  Pulley  or  Drum,  455 

481.  Circular  Pulleys  and  Drums,      .  455 

482.  Length  of  an  Endless  Belt,        .  456 
488.  Spe«i  Cones,     .        .  .457 

Sbotion  4. — LMworh. 

484.  Definitions,        ....  458 

485.  Principles  of  Connection,   .        .  458 

486.  Dead  Points,     .  .458 

487.  Coupling  of  Paralld  Axes,         .  459 

488.  Comparative  Motion  of  Connected 

Pomts, 459 

489.  Eccentric.  ....  460 

490.  Length  of  StrdEe,  •        .460 

491.  Hookers  Universal  Joint,    •        .461 

492.  Double  Hooke's  Joint,        .        .  462 

493.  Click, 462 

SscnoN  5. — BechqfUcaiion  qf  Cords. 

494.  Definitions,        .        .  .  .462 

495.  Vdocity-Batio,  .  .  .468 

496.  Velocity  of  any  Ply,  .  .  .468 

497.  White's  Tackle,         .  .  .468 

SEcnoN  6. — ffydrauUo  ConnectioH, 

498.  General  Prindple,      .        .        .  464 

499.  Valves,Pump8,Working  Cylinder,  464 

500.  Hydraulic  Press,        .  .464 

501.  Hydraulic  Hoist,  .465 

SEcnoM  7. — Traiku  qf  Mechamtm. 

502.  Trains  of  Elementary  Combina- 

tions,       465 


60B.  Geoeral  Principles,  . 
604.  Diflsfential  Windlass, 
666.  Oou^oimd  Screws,    . 


Chaftbr  UL — On  AaoRBOATB  Combxhatioks. 

506.  Link  Motion, 
5C7. 


466 
466 
467 


•j 


Paralld  Motiona, 
508.  Epicyclic  Trains, 


.468 
.  469 
.478 


%u 


OONTBNTS. 


PART  v.— PRINCIPLES  OF  D7NAMIG8. 
609.  Division  of  the  Subject, 

Chapter  L — UmvoRM  Motion  cndkr  Balancbd  Fobcbs. 


476 


478 


Pafre 

510.  First  Law  of  Motion,         .        .  476 

511.  Efibrt,  Resistance,  Lateral  Force,  476 

512.  Conditions  of  Unifonn  Motion,  .  477 

515.  WoriK, 477 

514.  Enen^,     .        .  .        .  477 

516.  Energy  and  Work  of  Vaiying 

Forces, 477 

Chafteb  II. — Oar  the  Vabixd  Tbavslation  of  Points  and  Rioid  BoDDEa. 


616.  Dynamometer,  or  Indicator, 

617.  Energy  and  Work  of  Flaid  ' 
sue, 478 

618.  Conservation  of  Ener)iy,     .        .  478 

619.  Prindple  of  Virtnal  Velodtira,  .  479 

620.  Enerf^  of  Component  Forces  and 
Motions,  .... 


Section  1 — D^inUumi. 

521.  Mass,  or  Inertia,  .  482 

622.  Centre  of  Mass,         .  .482 

623.  Momentum,      ....  482 
6*24.  Resultant  Momentum,       .        .  482 
526.  Variations  and  Deviations  of  Mo- 
mentum,        •        •        .        .  483 

626.  Impulse,  .        .        .        .483 

627.  Impulse,  Accelerating,  Retarding, 

Deflecting.      ....  488 

628.  Relations    between    Impulse, 

Energy,  and  Work,  .  484 

Sectiok  2. — Law  of  Varied  Traiulation, 

529.  Second  Law  of  Motion,      .        .  484 

580.  General  Equations  of  Dynamics,  484 

581.  Mass  in  terms  of  Weight,  .  .  485 
532.  Absolute  Unit  of  Force.     .        .  486 

683.  Motion  of  a  Falling  Body, .        .  486 

684.  Projectile,  Unresisted,  .  .  487 
586.  Motion  along  an  Inclined  Path, .  489 
686.  Uniform  Effort,  or  Resistance,   .  490 

537.  Deviating  Force,        .        .        .  491 

538.  Centritugal  Force,     .        .        .491 

539.  Revolving  Simple  Pendulum,     .  492 

540.  Deviating  Force  in  terms  of  An- 

gular Velocity,  .        .  492 

54L  Rectangular  Components  of  De- 
viating Force,         .        •        .498 

542.  Straii^ht  Oscillation,  .        .        .494 

543.  Elliptical  Oscillations,  or  Revo- 

lutions,    496 

544.  Simple  Oscillating  Pendulum,  .  496 
546.  Cycloidal  Pendulum,  .  .  497 
546.  Residual  Forces,        .  .498 


Section  8. — Dnmaformation  of  Energjf. 

647.  Actual  Energy  defined,  rtf-FtM,  499 

648.  Components  of  Actual  Energy,  .  499 

649.  Energy  of  Varied  Motion, .  .  499 
660.  Energy  Stored  and  Restored,  .  501 
651.  Tranuormation  of  Ener;|Qr,  .  601 
662.  Conservation  (^Eneigym  Varied 

Motion, 501 

653.  Periodical  Motion,     .  .501 

664.  Measures  of  Unbalanced  Force, .  601 
656.  Encngy  due  to  Oblique  Force,  .  602 
656.  Reciprocating  Force,  •        .  603 

667.  Total  Energy— Initial  Energy,  .  603 

Section  4. —  Varied  TramiiatiUm  ff 
aJS^ttem  qf  BodieM. 
658.  Conservation  of  Momentum,      .  605 
669.  Motion  of  Centre  of  Gravity,     .  606 
660.  Angulsr  Momentum  Defined,     .  605 
561.  Anffnlar  Impulse  Defined,  .  606 

662.  Relations  of  Angular  Impulse  and 

Angular  Momentum,       .        .  506 

668.  Conservation  of  Angular  Momen- 

tum, .  .  •  •  .  506 
664.  Actual  Energy  of  a  System  of    . 

Bodies, 507 

666.  Conservation  of  Internal  Energy,  608 

666.  Collision,  ....  608 

667.  Action  of  Unbalanced  External 

Forces  on  a  System.    General 
Equations,      ....  510 

668.  Determination  of  Internal  Forces 

— D'Alembert*s  Principle,       .  611 

669.  Residual  External  Forces  in  m 

System  of  Bodies,   •        .       .  511 


Chaptbb  III.— Rotation!  of  Rioid  Bodies. 
570.  Motion  of  a  Rigid  Body  in  General, 618 


Section  l.— .On  Momenit  of  TnertiOf 
Badii  of  Ggration^  MomaUt  of  Devkh- 
(•on,  <md  Centres  qf  Pereuttum. 

571.  Moment  of  Inertia  Defined,       .  514 

572.  Moment  of  Inertia  of  a  System 

of  Pbysical  PointSj  .        .        .  514 

573.  Moment  of  Inertia  of  alKgid  Body,514 
674.  Radius  of  Gyration,  .        .        .  615 
576.  Componeuts  of  Moments  of  In- 
ertia,       616 


576.  Moments  of  Inertia  round  Pa- 

rallel Axes  compared,      • 

577.  Combined  Moments  of  Inertia,  . 

678.  Examples  of  Moments  of  Iner^ 

tia  and  Radii  of  Gyration,       . 

679.  Moments  of  Inertia  found  bj 

Divisbn  and  Subtraction, 

680.  Moments  of  Inertia  found  by 

Transformation, 

681.  Centre  of  Percustton— Coitre  of 

Gyration,        •       .       •       • 


516 
517 

617 

519 

519 


OOSTENTS. 


Page 
UK.  Ifo  CcDtrc  ofPereanion,  .  .  522 
UL  Moaientsofliiertiaaboatliicfined 

Azc», 522 

AM»  PrindiMil  Azesoflxiertia,  .        .  524 
5B5w  EUipsoid  of  Inertia,    .  .526 

mk  KenlUiit  Moment  of  Derbtion,   528 

SiciUMi  2. — Om  Unffimn  Boiaiion. 

087.  MouMntDin,       ....  529 
Ml  Aiignbr  Uomentmii,  .  529 

M9.  Actnal  Eneify  of  Rotation,        .  532 

m%.  Free  BoUtion, 5d8 

ffl.  Uaiform  Botatbn  about  a  Fixed 

AziSi 5S5 

Dcriating  Coople — Gentrifngal 

Cooplei   .....  535 
Encigr  and  Woik  of  Oraples,    .  537 

Sbctioh  8. — On  Varied  Roiatian, 

of  Varied  Rotation,    .        .588 


595.  Varied  Rotation  about  a  fixed  Azis,540 

596.  Anidogy  of  Varied  Rotation  and 

Varied  Translation,         .        .  541 

597.  Uniform  Variation.    .        .        .641 

598.  G^tion,  or  Angnlar  Oscillation,  642 

599.  Sinf^le  Force  applied  to  a  Body 

with  a  Fixed  Axis,  .        .  548 

Sbotion  4. —  Varied  Rotation  and  TratiS' 
lotion  Combined, 

600.  General  Principles,    .        .        .  543 

601.  Properties  of  the  Centre  of  Per- 

CQSsion, 544 

602.  Fixed  Axis,       ...        .545 

603.  Deviating  Force,       .        .        .545 

604.  Gomponnd  Oscilhiting  Pendnlam — 

Centre  of  Oscillation,       .        .  646 

605.  Componnd  Revolving  Pendolnm,  547 

606.  Rotating  Pendulum,  .        .  547 

607.  Ballistic  Pendulum,  .        .        .548 


Chaptbr  TV. — "MononB  of  Pliable  Bodies. 


Katare  of  the  Subject — Vibration,  552 
laoefaronoos  Vibration. — Condi- 
tSoD  of  laochionism,        .        .  558 
«ML  Yibrations  of  a  Mass  held  hj  a 

fight  Sping,   ....  554 
Cll.  Saperposition  of  Small  If  otiona,    655 

Chapter  V. — Monoas  of  Fluids— Hydrodtnamk^ 
<]7.  Dmnon  of  the  Subject, 


612.  Vibrations  not  Isochronous,       .  557 
618.  Vibrationa  of  an  Elastic  Body  in 

General,  ....  557 

614  Waves  of  Vibration,  .  .562 

615.  Velocity  of  Sound,     .  .663 

616.  Impact  and  Pressure;  Pile-driving,664 


Bmmom  1 Motion  of  Liqmdi  withoMt 

Frietionm 
Cl8l  GcDenl  EqnationB,    .  .  567 

•19L  Dynamic  Head,  .568 

m.  General  Dynamic  Equations  in 

terms  of  Dynamic  Head,         .  568 
6SL  Law  of  Dynamic  Head  for  Steady 

Motion,  •        •        • 
€82.  Total  Energy,   . 
est.  Free  Surface,     . 
C24.  Svlaoe  of  Equal  Prassura, 
C25.  Jf otion  in  Plane  Layers, 
i28L  Ccntracted  Vein, 
6S7.  Vertical  Orificea, 
028L  Svfaees  of  Equal  Head, 

629.  Radiating  Comnt,    . 

630.  Free  Cifcnbr  Vortax, 


<3L.  Free  Spiral  Vortex, 
Forau  Vortex, 


683.  Combined  Vortex, 
€34  Vertical  Revolntioii, 


568 
569 
570 
570 
57U 
672 
572 
678 
674 
674 
676 
576 
576 
578 


fiBcnoit  2.^MoAim$  of  Gatei  wUhmA 
FHetiom, 

laS.  Dynamic  Head  in  Gases,   .  .  579 

61iL  Equation  of  Continuity  for  a 

^tCMJ^  Stream  of  Gas,    .  .581 

637.  Flow  of  Gas  from  an  Orifice,  .  681 

6S7a.  Ifaximum  Flow  of  Gas,  .  .  582 

Sacncm  8. — Motume  ifLiqmdt  with 

FHction. 

C88.  Goicnl  Laws  ef  Fluid  Friction,   584 


566 
685 


689.  Internal  Fluid  Friction,     . 

640.  Friction  in  an  Uniform  Stream 

— Hydraulic  Mean  Depth,       .  586 

641.  Vnrying  Stream,        .        .        .  687 

642.  Friction  in  a  Pipe  running  full, .  588 

643.  Resistance  of  Mouthpieces,         .  689 

644.  Resistance  of  Curves  and  Knees,  689 

645.  Sudden  Enlaigemont  of  Chan- 

nel,          689 

646.  Genera]  Problem,  .690 

Sbciiom  4. — Flow  of  Gates  wiA 
Friction, 

647.  Genend  Law,     .  .        .590 

Sbotiov  6. — Mutual  Impulse  (fFbdds 
and  Solids. 

648.  Pressure  of  a  Jet  against  a  fixed 

Surface, 591 

649.  Pressureofa  Jet  against  amoving 

Surface, 593 

650.  Pressure  of  a    Forced  Vortex 

against  a  Wheel,  .  596 

651.  Centrifugal  Pumps  and  Fans,    .  597 

652.  Pressure  of  a  Current,  .598 

653.  Reristance  of  Fluids  to  Float- 

ing and  Immersed  Bodies,        .  698 

654.  StatelJty  of    Floating  Bodies— 

Metacentre  of  a  Ship,      .        .  600 
635.  Osdllations  of  Floating  Bodies, .  603 
656.  Action  between  a  Fluid  and  a 
Piston— Work  of  Air— Work  of 
Steam,   •        .        •        .        •  604 


XIV 


OOIITEMTS. 


PART  VL— THEORY  OP  MACHINES. 


657.  Nature  and  Diyjaon  of  the  Sabject, 

ChAPTEB  I. — WOBK  OF  MACHINES  WITH 


Page 
SsonoH  1. — General  Prmc^les, 

658.  Useftil  and  Lost  Work,      .        .  610 
669.  Usefol  and  Prejadidal  Resistance,  610 

660.  Efficiency,         .        .        .        .610 

661.  Power  and  Efiect :— Horse  Power,  610 

662.  DriviMPoint:— Train:— Work- 

ing Point,       ....  610 

663.  Points  of  Resistance,         .        .  610 

664.  Efficiencies  of  Pieces  of  a  Train,    610 

665.  Mean  Efforts  and  Resistances,   .  611 

666.  General  Equations,    .        .        .611 

667.  Equations  in  terms  of  Compara- 

tiYO  Motion     .       .        .       .612 

668.  Reduction  of  Forces  and  Couples,  612 

Sbotxoh  2.-011  the  Friciionqf  Madimee, 

669.  Co-efficients  of  Friction,    .       .  612 


670. 
671. 

672. 
678. 
674. 
675. 
676. 
677. 
67& 
679. 
680. 
681. 
682. 

683. 

684. 
685. 


60» 

UlflFOBM  OB  PbBXODIO  MoTEOH. 

Undents,         ....  61S 
limit  of  Pressure  between  Rub- 
bing Surfaces,  .        .  61S 
Fricdon  of  a  Sliding  Pieoa,         •  614 
Moment  of  Friction,  .  .  614 

614 

616 
616 
617 
617 
618 
618 
619 


Friction  of  an  Axle, 
Friction  of  a  Fivot,  • 
Friction  of  a  Collar,  . 
Friction  of  Teeth, 
Friction  of  a  Band,  . 
Frictional  Gearing,  . 
Friction  CoupUngii,  . 
Stiffiiess  of  Ropes,  . 
Bollinj;  Resistance  of  Smootii 

Surfaces,         .        • 
Resistance    of    Garriagei 

Roads,    .... 
Resistance  of  Railway  Trains, 
Heat  oC  Friction, 


on 


619 

619 
620 


Chaptbb  n.— Vabibd  Motkokb  of  Maohihbs. 


686.  Centrifugal  Forces  and  Couples, 

687.  Actual  Lnerg^r  of  a  Machine,     . 

688.  Reduced  Inertia,        .        .        . 


621 
621 
621 


689.  Fluctuations  of  Speed, 

690.  Fly- Wheel,        .        .        .        . 

691.  Starting  and  Stopfung— Brakes, 


628 
624 


Chapter 

692.  Prime  Mover  defined, 

698.  Regulators — Governors, 

694.  Pnme  Movers  Classed, 

695.  Muscular  Strength,    . 

696.  Water-Pressure  Engines, 

697.  Water  Wheels  in  General, 

698.  Classes  of  Water  Wheels, 

699.  Overshot  and  Breast  Wheels, 


IIL— On  Pbimb  Moyebs. 


625 
625 
625 
625 
626 
627 
628 
628 


700.  Undershot  Wheels,    .        .       .628 

701.  Turbines, 629 

702.  Windmills,         ....  629 
708.  Effidenqv  of  Heat  Engines  in 

General,  ....  629 

704.  Steam  Engines,         .  .680 

705.  Electrodyoamic  Engines:  Sdeiioe 

of  Energetics, .       •       •        •  680 


Motion  of  Water  m  Waves, 
Continuous  Girders, . 
Reservoir  Walls, 
American  Bridges,   . 
Wind  Pressure, 
Continuous  Brakes,  . 
Steel  Boflers,    . 
Pulsometer  Pump,    . 
Strength  of  Steel,     . 
Shio  Resistance, 
Hydraulic  Rivetting,  fta. 


APPENDIX 
681    Safety  Valves, . 

Coefficient  of  Contraction, 
Gas  Engines,    . 
Railway  Resistance, . 
Compound  Engines, .        . 
Dimensions  of  Great  Chimneys, 
Stability  of  Ships,     . 
Strength  of  Wire  Ropes,  &a. 
Flow  of  Water  in  Pipes,    . 
Resistance  of  Ships,. 


684 
688 
689 
639 
640 
640 
641 
641 
641 
642 


tI*  I*v1®  ®^  '^*  Resistance  of  Materials  to  Stretching  and  Tearing 
t  Jr  Vr?  ®I  *^®  Resistance  of  Materials  to  Shearing  and  Distortion, 
IIL  Table  of  the  Resistance  of  Materials  to  Crushing, , 
IV.  Table  of  the  Resistance  of  Materials  to  Bieakinjr  Across. 

V.  Comparative  Table  of  British  and  French  Measures. 
VL  Table  of  Specific  Gravities  of  Materials,  ' 

Indbx,     ....  »       •       .       .       . 


642 

642 
648 
648 
648 
644 
645 
646 
647 
648 


650 
652 
652 
658 
655 
666 
659 


PRELIMINARY    DISSERTATION 


OM  TUB 


HABIONT  OP  THEORY  AND  PRACTICE  IN  MECHANICS/ 


Thb  wordBy  theory  and  pracUee,  are  of  Greek  origin  :  they  carry 
our  thooghtB  back  to  the  time  of  those  ancient  philosopherB  by 
whom  they  were  contrived ;  and  by  whom  also  they  were  con- 
tused and  placed  in  opposition,  as  denoting  two  conflicting  and 
iantoally  inconsistent  ideas. 

In  geometry,  in  philosophy,  in  poetry,  in  rhetoric,  and  in  the 
fine  arts,  the  Greeks  are  our  masters ;  and  great  are  our  obligations 
to  the  ideas  and  the  models  which  they  Save  transmitted  to  our 
timea  But  in  physics  and  in  mechanics  their  notions  were  very 
generally  pervaded  by  a  great  fallacy,  which  attained  its  complete 
and  most  mischievous  development  amongst  the  mediaeval  school- 
men,  and  the  remains  of  whose  influence  can  be  traced  even  at  the 
present  day — ^the  fallacy  of  a  dovble  system  of  natnMuL  laws;  one 
tbeoretiGal,  geometrical,  rational,  discoverable  by  contemplation, 
spplicable  to  celestial,  sethenal,  indestructible  bodies,  and  being  an 
<^ject  of  the  noble  and  liberal  arts ;  the  other  practical,  mechanical, 
empirical,  discoverable  by  experience,  applicable  to  terrestrial,  gross, 
dertruciible  bodies,  and  being  an  object  of  what  were  once  called 
the  vulgar  and  sordid  arts. 

The  so-called  physical  theories  of  most  of  those  whose  under- 
■tendings  were  tmder  the  influence  of  that  fedlacy,  being  empt}' 
dzeunsy  with  but  a  trace  of  truth  here  and  there,  and  at  variance 
▼ith  the  results  of  every-day  observation  on  the  surface  of  the 
planet  we  inhabit,  were  calculated  to  perpetuate  the  fidlacy.  The 
ten  were  celestial,  incorruptible  bodies  ;  their  orbits  were  circular 
iad  their  motions  perpetual ;  such  orbits  and  motions  being  charac- 
Mstic  of  perfection.    Objects  on  the  earth's  surface  were  terrestrial 

*  TUb  DifferUtkm  oontains  the  Bobstanoe  of  a  diacoane,  "  De  Conoordi&  inter 
fldtttiamm  Mafchinalmin  Contemplationem  et  nsam,**  read  before  the  Senate  of 
the  Univenitf  of  Glasgow  on  the  10th  of  December,  1865,  and  of  an  inangval  leo- 
lot,  deliTePBd  to  the  Claae  of  CivO  Rngineering  and  Iffchanka  in  that  University  on 
^SdofJanoaiT,  185C. 
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and  cormptible ;  their  motioiiB  bemg  characteristic  of  imperfectioii, 
were  in  mixed  straight  and  curved  lines,  and  of  limited  duration 
Rational  and  practical  mechanics  (as  Newton  observes  in  his 
pre&oe  to  the  Frmeipia)  were  considered  as  in  a  measure  opposed 
to  each  other,  the  latter  being  an  inferior  branch  of  study, 
to  be  cultivated  only  for  the  sake  of  gain  or  some  other  material 
advantage  Archytas  of  Tarentum  might  illustrate  the  truths  of 
geometry  by  mechanical  contrivances ;  his  methods  were  regarded 
by  his  pupil  Plato  as  a  lowering  of  the  dignity  of  science.  Archi- 
medeS)  to  the  character  of  the  first  geometer  and  arithmetician  of 
his  day,  might  add  that  of  the  first  mechanician  and  physicist, — lie 
might,  by  his  unaided  strength  acting  through  suitable  machinery, 
move  a  loaded  ship  on  dry  land, — ^he  might  contrive  and  execute 
deadly  engines  of  war,  of  which  even  the  Boman  soldiers  stood  in 
dread, — he  might,  with  an  art  afterwards  regarded  as  £a.bulous 
till  it  was  revived  by  Bufibn,  bum  fleets  with  the  concentrated 
sunbeams ;  but  that  mechanical  knowledge,  and  that  practical  skill, 
which,  in  our  eyes,  render  that  great  man  so  illustrious,  were,  by 
men  of  learning,  his  contemporaries  and  successors,  r^arded  as 
accomplishments  of  an  inferior  order,  to  which  the  philosopher, 
from  the  height  of  geometrical  abstraction,  condescended,  with  a 
view  to  the  service  of  the  State.  In  those  days  the  notion  arose 
that  scientific  men  were  unfit  for  the  business  of  life,  and  various 
fJGtcetious  anecdotes  were  contrived  illustrative  of  this  notion,  which 
have  been  handed  down  from  age  to  age,  and  in  each  age  applied, 
with  little  variation,  to  the  eminent  philoeophers  of  the  tima 

That  the  Komans  were  eminently  skilful  in  many  departments 
of  practical  mechanics,  especially  in  masonry,  road-making,  and 
hydraulics,  is  clearly  established  by  the  existing  remains  of  their 
magnificent  works  of  engineering  and  architecture,  from  many  of 
which  we  should  do  well  to  take  a  lesson.  But  the  fallacy  of  a 
supposed  discordance  between  rational  and  practical,  celestial  and 
terrestrial  mechanics,  stiU  continued  in  force,  and  seems  to  have 
gathered  strength,  and  to  have  attained  its  frdl  vigour  during  the 
middle  ages.  In  those  ages,  indeed,  were  erected  those  incom- 
parable ecclesiastical  buildings,  whose  beauty,  depending,  as  it  does, 
mainly  on  the  nice  adjustment  of  the  form,  strength,  and  position 
of  each  part,  to  the  forces  which  it  has  to  sustain,  evinces  a  pro< 
found  study  of  the  principles  of  equilibrium  on  Ihe  part  of  the 
architects.  But  the  very  names  of  those  architects,  with  few  and 
doubtful  exceptions,  were  suffered  to  be  forgotten  ;  and  the  piin- 
ciples  which  guided  their  work  remain  unrecorded,  and  were  left  to 
be  re-discovered  in  our  own  day  ;  for  the  scholars  of  those  times, 
despising  practice  and  observation,  were  occupied  in  developing 
and  magnifying  the  numerous  erron^  and  in  perverting  and  obscnr* 
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ing  tlie  much  more  numerous  truths,  which  are  to  be  found  in  the 
wntingiB  of  Aristotle ;  and  those  few  men  who,  like  Roger  Baoon, 
ocimliined  scientific  with  practical  knowledge,  were  objects  of  fear 
and  persecution,  as  supposed  allies  of  the  powers  of  darkness. 

At  length,  during  the  great  revival  of  learning  and  reformation 
of  science  in  the  fifteenth,  sixteenth,  and  seventeenth  centuries, 
the  system  falsely  styled  Aristotelian  was  overthrown  :  so  also  was 
the  fidlacy  of  a  dEouble  system  of  natural  laws ;  and  the  truth  began 
to  be  duly  appreciated,  that  sound  theory  in  physical  science  con> 
dsts  simply  of  facts,  and  the  deductions  of  common  sense  from 
tbem,  reduced  to  a  systematic  form.  The  science  of  motion  was 
founded  by  Gralileo,  and  perfected  by  Newton.  Then  it  was  estab- 
lished that  celestial  and  terrestrial  mechanics  are  branches  of  one 
waeoce ;  that  they  depend  on  one  and  the  same  system  of  clear  and 
■m|^  first  principles;  that  those  very  laws  which  regulate  the 
motion  and  the  stability  of  bodies  on  earth,  govern  also  the  revolutions 
of  the  stars,  and  extend  their  dominion  throughout  the  inmiensily 
of  ^lace.  Then  it  came  to  be  acknowledged,  that  no  material 
object,  however  small, — ^no  force,  however  feeble, — ^no  phenomenon, 
however  familiar,  is  insignificant,  or  beneath  the  attention  of  the 
pbiloeoj^er  ;  that  the  processes  of  the  workshop,  the  labours  of  the 
utizan,  are  full  of  instruction  to  the  man  of  science ;  that  the 
soentific  study  of  practical  mechanics  is  well  worthy  of  the  atten- 
tion of  the  most  accomplished  mathematician.  Then  the  notion, 
that  scientific  men  are  unfit  for  business,  began  to  disappear.  It 
^vas  not  court  fi&vour,  not  high  connection,  not  Parliamentary  in- 
fluence, which  caused  Newton  to  be  appointed  Warden,  and  after- 
wards Master,  of  the  Mint ;  it  was  none  of  these ;  but  it  was  the 
knowledge  possessed  by  a  wise  minister  of  the  fiact,  that  Newton's 
iidll,  boUi  tneoretical  and  practical,  in  those  branches  of  knowledge 
which  that  office  required,  rendered  him  the  fittest  man  in  all 
Britain  to  direct  the  execution  of  a  great  reform  of  the  coinage. 
Of  the  manner  in  which  Newton  performed  the  business  entrusted 
to  bim,  we  have  the  foUowing  account  in  the  words  of  Lord 
Macaulay,  an  author  who  cannot  be  accused  of  undue  partialily  to 
specolative  science  or  its  cultivators  : — 

'^The  abifitVy  the  industry,  and  the  strict  Uprightness  of  the  great  philo- 
vpher,  speedily  prodaoed  a  complete  revolution  throujghout  the  depart- 
ne&t  wfaidi  was  under  his  direction.  He  devoted  himself  to  the  task 
^ith  an  activity  whidi  left  him  no  time  to  spare  for  those  pursuits  in  which 
W  bad  surpassed  Archimedes  and  GaUleo.  Till  the  great  work  was  com- 
pktdjT  done,  he  resisted  firmly,  and  almost  angrily,  every  attempt  that 
ns  made  by  men  of  science,  here  or  on  the  Continent,  to  draw  him  away 
Cm  bkoflkial  duties.'** 

•  VoL  iv.,  p.  709. 
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Then  the  historiaii  proceeds  to  detail  the  results  of  Newton's 
exertions,  and  shows,  that  within  a  short  time  after  his  appoint- 
ment)  the  weekly  amount  of  the  coinage  of  silver  was  increased  to 
eighffild  of  that  which  had  been  looked  upon  as  the  utmost  practi- 
cable amount  hj  his  predecessors. 

The  extension  of  experimental  methods  of  investigation,  has 
caused  even  mamial  skill  in  practical  mechanics,  when  scientifiGallj 
exercised,  to  be  duly  honoured,  and  not  (as  in  ancient  times)  to  be 
I'^garded  as  beneath  the  dignity  of  science. 

As  a  systematically  avowed  doctrine,  there  can  be  no  doubt  thai 
the  fiJlacy  of  a  discrepancy  between  rational  and  practical  me- 
chanics came  loni;  ago  to  an  end :  and  that  every  well-informed 
and  sane  man,  i>^r^  a  delibekte  opinion  ui^n  the  mntoal 
relations  of  those  two  branches  of  science,  would  at  once  admit  that 
they  agree  in  their  principles,  and  assist  each  other's  progress,  and 
that  such  distinction  as  exists  between  them  arises  from  the  differ- 
ence of  the  piMrposea  to  which  the  same  body  of  principles  is  applied. 

If  this  doctrine  had  as  strong  an  influence  over  the  actions  of 
men  as  it  now  has  over  their  reasonings,  it  would  have  been  unne- 
cessaiT  forme  to  describe,  so  fully  as  I  have  done,  the  great  scienti- 
fic fedlacy  of  the  ancients.  I  might,  in  feuct^  have  passed  it  over  in 
silence,  as  dead  and  foigotten ;  but,  unfortunately,  that  discrepancy 
between  theory  and  practice,  which  in  sound  physical  and  mechani- 
cal science  is  a  delusion,  has  a  real  existence  in  the  minds  of  men  ; 
and  that  fidlacy,  though  rejected  by  their  judgments,  continues  to 
exert  an  influence  over  their  acts.  Therefore  it  is  that  I  have 
endeavoured  to  trace  the  prejudice  as  to  the  discrepancy  of  theory 
and  practice,  espedaUy  in  Mechanics,  to  its  origin ;  and  to  show 
that  it  is  the  ghost  of  a  defunct  fedlacy  of  the  ancient  Greeks  and 
of  the  medieval  schoolmen. 

This  prejudice,  as  I  have  stated,  is  not  to  be  found,  at  the  present 
day,  in  the  form  of  a  definite  and  avowed  principle :  it  is  to  be 
traced  only  in  its  pernicious  effects  on  the  progress  both  of  specula^ 
tive  science  and  of  practice,  and  sometimes  in  a  sort  of  tacit  influ- 
ence which  it  exerts  on  the  forms  of  expression  of  writers,  who 
have  assuredly  no  intention  of  perpetuating  a  delusion.  To  exem- 
plify the  kind  of  influence  last  referred  to,  I  shall  cite  a  passage 
from  the  same  historical  work  which  I  recently  quoted  for  a  differ- 
ent  purpose.  Lord  Macaulay,  in  treating  of  tike  Act  of  Toleration 
of  William  III.,  compares,  metaphorically,  the  science  of  politics  to 
that  of  mechanics,  and  then  proceeds  as  follows  : — 

**  The  mathematician  can  easily  demonstrate  that  a  certain  power,  ap- 
ptied  by  means  of  a  certain  lever,  or  of  a  certiun  system  of  pulleys,  will 
suffice  to  raise  a  certain  weight.  But  his  demonstration  proceeds  on  the 
^opposition  that  the  machinery  is  such  as  no  load  will  bend  or  break.    If 
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die  CD^eer  who  baa  to  lift  a  great  mass  of  real  sranite  by  the  instru- 
nentality  of  real  timber  and  real  hemp,  should  absolutely  rely  on  the  pro- 
positiona  which  he  finds  in  treatises  on  Dynamics,  and  should  make  no 
aOovance  for  the  imperfection  of  his  materials,  his  whole  apparatus  of 
heams,  wheels,  and  ropes,  would  soon  come  down  in  ruin,  and  with  all  his 
geometrical  sloll,  he  would  be  found  a  far  inferior  builder  to  those  painted 
biitwrians  who,  though  they  never  heard  of  the  parallelogram  of  forces, 
maaaged  to  pile  up  Stonehenge."* 

It  is  impossible  to  read  this  paasage  without  feeling  admiration 
for  the  force  and  deamcss  (and  I  may  add,  for  the  brilliancy  and 
wit)  of  the  language  in  which  it  is  expressed ;  and  those  very 
qulxtieB  of  force  and  cleameBS,  as  well  as  the  author^s  eminence, 
render  it  one  of  the  best  examples  that  can  be  found  to  illustrate 
the  lurking  influence  of  the  fallacy  of  a  double  set  of  mechanical 
lawBy  rational  and  practical. 

In  hycty  the  mathematical  theory  of  a  machine, — ^that  is,  the  body 
«f  principles  which  enables  the  engineer  to  compute  the  arrange- 
ment and  dimensions  of  the  parts  of  a  machine  intended  to  perform 
giren  operations, — ^is  divided  by  mathematicians,  for  the  sake  of 
convenience  of  investigation,  into  two  part&  The  part  first  treated 
0^  as  being  the  more  simple,  relates  to  the  motions  and  mutual 
actions  of  the  solid  pieces  of  a  machine,  and  the  forces  exerted  by 
and  upon  them,  each  continuous  solid  piece  being  treated  as  a 
▼hole,  and  of  sensibly  invariable  figure.  The  second  and  more 
intricate  part  relates  to  the  actions  of  the  forces  tending  to  break 
cr  to  alt^  the  figure  of  each  such  solid  piece,  and  the  dimensions 
ud  ibrm  to  be  given  to  it  in  order  to  enable  it  to  resist  those 
foroes:  this  part  of  the  theory  depends,  as  much  as  the  first  part, 
<xi  the  general  laws  of  mechanics;  and  it  is,  as  truly  as  the  first 
pirty  a  subject  for  the  reasonings  of  the  mathematician,  and  equally 
requisite  for  the  completeness  of  the  mathematical  treatise  whidi 
the  engineer  is  supposed  to  consult  It  is  true,  that  should  the 
<^ngineer  implicitly  trust  to  a  pretended  mathematician,  or  an 
incomplete  treatdae,  his  apparatus  would  come  down  in  ruin,  as 
the  historian  has  stated :  it  is  true  also  that  the  same  result  would 
fdlow,  if  the  engineer  was  one  who  had  not  qualified  himself,  by 
experience  and  observation,  to  distinguish  between  good  and  bad 
Rttterials  and  workmanship;  but  the  passage  I  have  quoted  conveys 
w  idea  different  from  these;  for  it  proceeds  on  the  errcueous  sup- 
pontion,  that  the  first  part  of  the  theory  of  a  machine  is  the  whole 
tbeory,  and  is  at  variance  with  something  else  which  is  independent 
of  mathematics,  and  which  constitutes,  or  is  the  foundation  of, 
pnc^cal  mechanics. 

The  evil  influence  of  the  supposed  inconsiBtency  of  theoiy  and 

•  y«L  m.,  p.  84. 
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practioe  upon  speculative  science,  although  much  less  conspicaovfi 
than  it  was  in  the  ancient  and  middle  ages,  is  still  occasionally  to 
be  traced.  This  it  is  which  opposes  the  mutual  communication  of 
ideas  between  men  of  science  and  men  of  practice,  and  which  leads 
scientific  men  sometimes  to  employ,  on  problems  that  can  only-  be 
regarded  as  ingenious  mathematical  exercises,  much  time  and 
mental  exertion  that  would  be  better  bestowed  on  questions  having 
some  connection  with  the  arts,  and  sometimes  to  state  the  results 
of  really  important  investigations  on  practical  subjects  in  a  form 
too  abs^nise  for  ordinary  use;  so  that  the  benefit  which  might  be 
derived  from  their  application  is  for  years  lost  to  the  public ;  and 
valuable  practical  principles,  which  might  have  been  anticipated  by 
reasoning,  are  left  to  be  discovered  by  slow  and  costly  experience. 

But  it  is  on  the  practice  of  mechanics  and  engineering  that  the 
influence  of  the  great  fallacy  is  most  conspicuous  and  most  fataL 
There  is  assuredly,  in  Britain,  no  deficiency  of  men  distinguished 
by  skill  in  judging  of  the  quality  of  materials  and  work,  and  in 
directing  the  operations  of  workmen, — by  that  sort  of  skill,  in 
&ct,  which  is  purely  practical,  and  acquired  by  observation  and 
experience  in  business.  But  of  that  scientifically  practical  skill 
which  produces  the  greatest  effect  with  the  least  possible  expendi- 
ture of  material  and  work,  the  instances  are  comparatively  rare 
In  too  many  cases  we  see  the  strength  and  the  stability,  which 
ought  to  be  given  by  the  skilful  arrangement  of  the  parts  of  a 
sti-ucture,  supplied  by  means  of  clumsy  massiveness,  and  of  lavish 
expenditure  of  material,  labour,  and  money;  and  the  evil  i« 
increased  by  a  perversion  of  the  public  taste,  which  causes  workk 
to  be  admired,  not  in  proportion  to  their  fitness  for  their  purposes, 
or  to  the  skill  evinced  in  attaining  that  fitness,  but  in  proportion 
to  their  size  and  cost 

With  respect  to  those  works  which,  from  unscientific  design, 
give  way  during  or  immediately  after  their  erection,  I  shall  say 
littie ;  for,  with  all  their  evils,  they  add  to  our  experimental  know- 
ledge, and  convey  a  lesson,  though  a  costly  one.  But  a  class  of 
structures  fraught  with  much  greater  evils  exists  in  great  abundance 
throughout  the  country : — namely,  those  in  which  the  faults  of  an 
unscientific  design  have  been  so  £ax  counteracted  by  massive  strength, 
good  materials,  and  careful  workmanship,  that  a  temporary  stability 
has  been  produced,  but  which  contain  within  themselves  sources  of 
weakness,  obvious  to  a  scientific  examination  only,  that  must  inevi- 
tably cause  their  destruction  within  a  limited  number  of  years. 

Another  evil,  and  one  of  the  worst  which  arises  from  the  sepaia- 
tion  of  theoretical  and  practical  knowledge,  is  the  &ct  that  a  large 
number  of  persons,  possessed  of  an  inventive  turn  of  mind  and  of 
considerable  skill  in  the  manual  operations  of  practical  mechanics, 


FREUlflNABT  DIB8ERTATIOH.  7 

are  destitate  of  that  knowledge  of  scientific  principles  which  is 
reqnidte  to  prevent  their  being  misled  by  their  own  ingenuily. 
Such  men  too  often  spend  their  money,  waste  their  liyes,  and  it 
may  be  loee  their  reason,  in  the  vain  pursuit  of  visionary  inventions^ 
of  which  a  moderate  amount  of  theoretical  knowledge  would  be 
sufficient  to  demonstrate  the  fallacy;  and  for  want  of  such  know- 
Iddgd^  many  a  man  who  might  have  been  a  useful  and  happy 
member  of  society,  becomes  a  being  than  whom  it  would  be  hisurd 
to  find  anything  more  miserabla 

The  number  of  those  unhappy  persons — ^to  judge  from  the  patent- 
listBy  and  from  some  of  the  mechanical  journals — ^must  be  much 
greater  than  is  generally  believed.  The  most  absurd  of  all  their 
delnsionay — ^that  commonly  called  the  perpetual  motion,  or  to  speak 
more  accurately,  the  inexhaustible  source  of  power, — ^is,  in  various 
tanaoy  the  sabject  of  several  patents  in  each  year. 

The  ill  success  of  the  projects  of  misdirected  ingenuity  has  very 
Batnrally  the  effect  of  driving  those  men  of  practical  skill  who, 
thoogh  without  scientific  knowledge,  possess  prudence  and  common 
amse,  to  the  opposite  extreme  of  caution,  and  of  inducing  them  to 
avoid  all  experiments,  and  to  confine  themselves  to  the  careful 
copying  of  successful  existing  structures  and  machines:  a  course 
^iich,  although  it  avoids  ri^  would,  if  generally  followed,  stop 
the  progress  of  all  improvement.  A  similar  course  has  sometimes, 
indeed,  been  adopted  by  men  possessed  of  scientific  as  well  as 
practical  skill :  such  men  having,  in  certain  cases,  &om  deference 
to  popubir  prejudice,  or  from  a  di-ead  of  being  reputed  as  theorists, 
eoDSidered  it  advisable  to  adopt  the  worse  and  customary  design 
&r  a  work  in  preference  to  a  better  but  unusual  design. 

Some  of  the  evils  which  are  caused  by  the  fallacy  of  an  incom- 
patibility between  theory  and  practice  having  been  described,  it 
most  now  be  admitted,  that  at  the  present  time  those  evils  show  a 
decided  tendency  to  decline.  The  extent  of  intercourse,  and  of 
mutoal  assistance,  between  men  of  science  and  men  of  practice,  the 
piictical  knowledge  of  scientific  men,  and  the  scientific  knowledge  of 
practical  men,  have  been  for  some  time  steadily  increasing ;  and  that 
oombination  and  harmony  of  theoretical  and  practical  knowledge — 
that  skill  in  the  application  of  scientific  principles  to  practical 
porpoeea,  which  in  former  times  waa  confined  to  a  few  remarkable 
individuals,  now  tends  to  become  more  generally  diffused  With 
*  view  to  promote  the  diffusion  of  that  kind  of  skill,  Chairs  were 
instikited  at  periods  of  from  fifteen  to  ten  years  ago,  in  the  two 
CoUeges  of  the  XJniyersity  of  London,  in  the  iJniversity  of  Dublin, 
in  the  three  Queen's  Colleges  of  Belfiist,  Cork,  and  Qalway,  and  in 
tbia  University  of  Glai^w. 

For  the  sake  of  a  parallel,  it  may  here  be  worth  while  to  refor 
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to  another  branch  of  practical  science — ^that  of  Medicine.  From,  the 
time  of  the  first  establishment  of  Medical  Schools  in  XJniyersities, 
there  have  existed,  not  only  Chairs  for  the  teaching  of  the  porelY 
scientific  departments  of  Medical  Science,  such  as  Anatomj  and 
Physiology,  but  also  Chairs  for  instruction  in  the  art  of  applying 
scientific  principles  to  practice,  such  as  those  of  Surgery,  the 
Practice  of  Physic,  and  others.  The  institution  of  a  Chair  of 
Mechanics  and  Engineering  in  a  University  where  there  hare 
long  existed  Chairs  of  Mathematics  and  Natural  Philosophy,  is  an 
endeavour  to  place  Mechanical  Science  on  the  same  footing  with  that 
of  Medicine. 

Another  parallel  may  be  foimd  in  an  Institution,  which,  though 
not  a  University,  and  though  established  as  much  for  the  advance- 
ment as  for  the  diffusion  of  knowledge,  has  had  a  most  beneficial 
effect  in  promoting  the  appreciation  of  science  by  the  public, — I 
mean  the.  British  Association.  When  that  body  was  first  instituted, 
both  the  theoretical  advancement  and  the  practical  application  of 
Mechanics,  and  the  several  branches  of  Physics,  were  allotted  to  a 
single  section,  called  Section  A.  The  business  before  that  Section 
soon  became  so  excessive  in  amount,  and  so  multifiuious  in  lis 
character,  that  it  was  found  necessary  to  institute  Section  G,  for  tlie 
purpose  of  considering  the  practical  application  of  those  branches 
of  science  to  whose  theoretical  advancement  Section  A  was  now 
devoted;  and  notwithstanding  this  separation,  those  two  Sections 
work  harmoniously  together  for  the  promotion  of  kindred  objects ; 
and  the  same  men  are,  in  many  instances,  leading  members  of  both. 
What  Section  G  is  to  Section  A  in  the  Britii^  Association,  this 
class  of  Engineering  and  Mechanics  is  to  those  of  Physics  and 
Mathematics  in  the  University. 

It  being  admitted,  that  Theoretical  and  Practical  Mechanics  are 
in  harmony  with  each  other,  and  depend  on  the  same  first  prin- 
ciples, and  that  they  differ  only  in  the  purposes  to  which  those 
principles  are  applied,  it  now  remains  to  be  considered,  in  what 
manner  that  difference  affects  the  mode  of  instruction  to  be  followed 
in  communicating  those  branches  of  science. 

Mechanical  knowledge  may  obviously  be  distinguished  into  three 
kinds :  purely  scientific  knowledge, — ^purely  practical  knowledge— 
and  that  intermediate  knowledge  which  relates  to  the  application 
of  scientific  principles  to  practical  purposes,  and  which  aiises 
from  understanding  the  harmony  of  theory  and  practice. 

The  objects  of  instruction  in  purely  scientific  mechanics  and 
physics  are,  first,  to  produce  in  the  student  that  improvement  of 
the  understanding  which  results  from  the  cultivation  of  nataral 
knowledge,  and  that  elevation  of  mind  which  flows  from  the  con- 
templation of  the  order  of  the  universe;  and  secondly,  if  possible, 


FBEUMDrABT  DISSERTATION.  9 

to  qualify  him  to  become  a  scientific  discoyerer.  In  this  branch  of 
iiUidy  exactness  is  an  essential  feature ;  and  mathematical  difficulties 
must  not  be  shrunk  from  when  the  nature  of  the  subject  leads  to 
them.  The  asceiiainment  and  illustration  of  truth  are  the  objects ; 
and  structures  and  machines  are  looked  upon  merely  as  natural 
bodies  are : — ^namely,  as  furnishing  experimental  data  for  the  ascer- 
taining of  principles,  and  examples  for  their  illustration. 

Instruction  in  purely  practical  knowledge  is  that  which  the 
student  acquires  by  his  own  experience  and  observation  of  the 
transactiop.  of  business.  It  enables  him  to  judge  of  the  quality  of 
materials  and  workmanship,  and  of  questions  of  conyenience  and 
commercial  profit,  to  direct  the  operations  of  workmen,  to  imitate 
fmstrng  structures  and  machines,  to  follow  established  practical 
roles,  and  to  transact  the  commercial  business  which  is  connected 
with  mechanical  pursuits. 

The  third  and  intermediate  kind  of  instruction,  which  connects 
tiie  first  two,  and  for  the  promotion  of  which  this  Chair  was  estab- 
Ushed,  relates  to  the  application  of  scientific  principles  to  practical 
purpoees.  It  qualifies  the  student  to  plan  a  structure  or  a  makshine 
far  a  given  purpose,  without  the  necessity  of  copying  some  existing 
example,  and  to  adapt  his  designs  to  situations  to  which  no  existing 
example  affords  a  paralleL  It  enables  him  to  compute  the  theo- 
retical limit  of  the  strength  or  stability  of  a  structure,  or  the 
efficiency  of  a  machine  of  a  particular  kind, — ^to  ascertain  how  far 
an  actual  structure  or  machine  &ils  to  attain  that  limit, — ^to  dia- 
corer  the  causes  of  such  shortcomings, — and  to  devise  improvements 
for  obviating  such  causes;  and  it  enables  him  to  judge  how  far  an 
estal^jshed  practical  rule  is  founded  on  reason,  how  far  oivmere 
custom,  and  how  far  on  error. 

There  are  certain  characteristics  in  the  mode  of  treating  the 
subjeets,  by  which  this  practical-scientific  instruction  ought  to  be 
distinguished  from  instruction  for  purely  scientific  purposes. 

In  the  first  place  it  will  be  universally  admitted,  that  as  fiur  as  Ib 
Ijossible,  mathematical  intricacy  ought  to  be  avoided. 

In  the  origiDal  discovery  of  a  proposition  of  practical  utiliiy,  by 
deduction  from  general  principles  and  frt)m  experimental  da^  a 
oomi^ex  algebraical  investigation  is  often  not  merely  useful,  but 
indi^wnsable ;  but  in  expounding  such  a  proposition  as  a  part  of 
practical  science,  and  applying  it  to  practical  purposes,  simpHciiy  is 
of  the  first  importance : — and,  in  fact,  the  more  thoroughly  a  scien- 
tific man  has  studied  the  higher  mathematics,  the  more  frdly  does 
he  become  aware  of  this  truth, — and,  I  may  add,  the  better  qualified 
does  he  become  to  free  the  exposition  and  application  of  scientific 
principleB  firom  inathematical  intricacy.  I  cannot  better  support 
this  Tiew  than  by  referring  to  Sir  John  Herschel*s  OuOmM  of 
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AstTcmomy — a  work  in  which  one  of  the  most  profound  mathema 
ticiaos  in  the  world  has  succeeded  admirably  in  divesting  of  aH 
mathematical  intricacy  the  explanation  of  the  principles  of  that 
natural  science  which  employs  the  higher  mathematics  most 

In  fact,  the  symbols  of  algebra,  when  employed  in  abstruse  and 
complex  theoretical  investigations,  constitute  a  sort  of  thought- 
saving  machine,  by  whose  aid  a  person  skilled  in  its  use  can  solve 
problems  respecting  quantities,  and  dispense  with  the  mental  labour 
of  thinking  of  the  quantities  denoted  by  the  symbols,  except  at  the 
begimiing  and  end  of  the  operation.  In  treating  of  the  practical 
application  of  scientific  principles,  an  algebraical  formula  should 
only  be  employed  when  its  shortness  and  simplicity  are  such  as  to 
render  it  a  clearer  expression  of  a  proposition  or  rule  than  common 
language  would  be,  and  when  there  is  no  difficulty  in  keeping  the 
thing  represented  by  each  symbol  constantly  before  the  mind. 

Another  characteristic  by  which  instruction  in  practical  science 
should  be  distinguished  from  purely  scientific  instruction,  is  one 
which  appears  to  me  to  possess  the  advantage  of  calling  into  opera- 
tion a  mental  fietcidty  distinct  from  those  which  are  exercised  by 
theoretical  science.     It  is  of  the  following  kind : — 

In  theoretical  science,  the  question  is — Wh(U  are  we  to  think  t 
and  when  a  doubtful  point  arises,  for  the  solution  of  which  either 
experimental  data  are  wanting,  or  mathematical  methods  are  not 
sufficiently  advanced,  it  is  the  duty  of  philosophic  minds  not  to  dis- 
pute about  the  probability  of  conflicting  suppositions,  but  to  labour 
for  the  advancement  of  experimental  inquiry  and  of  mathematics, 
and  await  patiently  the  time  when  these  shall  be  adequate  to  solve 
the  question. 

But  in  practical  science  the  question  is — WhaJt  a/re  we  to  dof — 
a  question  which  involves  the  necessity  for  the  immediate  adoption 
of  some  rule  of  working.  In  doubtful  cases,  we  cannot  allow  our 
machines  and  our  wor&  of  improvement  to  wait  for  the  advance- 
ment of  science ;  and  if  existing  data  are  insufficient  to  give  an  exact 
solution  of  the  question,  that  approximate  solution  must  be  acted 
upon  which  the  best  dal^  attainable  show  to  be  the  most  probable. 
A  prompt  and  sound  judgment  in  cases  of  this  kind  is  one  of  the 
characteristics  of  a  practical  han,  in  the  right  sense  of  that  term. 

In  conclusion,  I  will  now  observe,  that  the  cultivation  of  the 
Harmony  between  Theory  and  Practice  in  Mechanics — of  the 
application  of  Science  to  the  Mechanical  Arts — ^besides  all  the 
benefits  which  it  confers  on  us,  by  promoting  the  comfort  and 
prosperity  of  individuals,  and  augmenting  the  wealth  and  power  of 
the  nation— confers  on  us  also  the  more  important  benefit  of  raising 
the  character  of  the  mechanical  arts,  and  of  those  who  practise 
them.     A  great  mechanical  philosopher,  the  late  Dr.  Robison  of 
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Zdmburgli,  after  stating  that  the  principles  of  Carpentry  depend 
on  two  branches  of  the  science  of  Statics,  remarks —  '*  It  is  this 
which  makes  Carpentry  a  liberal  art" 

So  also  is  Masonry  a  liberal  art^ — so  is  the  art  of  working  in 
Iron,  so  is  every  art,  when  guided  by  scientific  principles.  Every 
sfemcture  or  machine,  whose  design  evinces  the  guidance  of  science, 
is  to  be  r^arded  not  merely  as  an  instrument  for  promoting  con- 
venience and  profit,  but  as  a  monument  and  testimony  that  those 
who  planned  and  made  it  had  studied  the  laws  of  nature;  and  this 
renders  it  an  object  of  interest  and  value,  how  small  soever  its 
balk,  how  common  soever  its  material. 

For  a  century  there  has  stood,  in  a  room  in  this  College,  a  small, 
mde,  and  plain  model,  of  appearance  so  uncouth,  that  when  an 
utist  lately  introduced  its  l^eness  into  a  historical  painting,  those 
who  saw  the  likeness,  and  knew  nothing  of  the  origmaJ,  wondered 
what  the  artist  meant  by  painting  an  ol^ect  so  imattractive. 

But  the  artist  was  right ;  lor  ninety-one  years  ago  a  man  took  that 
model,  applied  to  it  his  knowledge  of  natural  laws,  and  made  it 
into  the  first  of  those  steam  engines  that  now  cover  the  land  and 
the  sea;  and  ever  since,  in  Epson's  eye,  that  small  and  imcouth 
mam  of  wood  and  metal  shines  with  imperishable  beauty,  as  the 
earliest  embodiment  of  the  genius  of  James  Watt 

Thus  it  is  that  the  commonest  objects  are  by  science  rendered 
precioos;  and  in  like  manner  the  engineer  or  the  mechanic,  who 
plans  and  works  with  understanding  of  the  natural  laws  that  regulate 
the  lesnlts  of  his  operations,  rises  to  the  dignity  of  a  Sage. 
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DKrnnnoN  of  general  terms  and  division  of  the  subject. 

AxT.  1.  nechsaica  is  the  scieiioe  of  rest,  motion,  and  forca 
The  law8y  or  Jirst  prmciplea  of  mechanics,  are  the  same  for  all 
bodies,  celestial  and  terrestrial,  natural  and  artificial 

The  methods  of  applying  the  principles  of  mechanics  to  particolar 
cases  are  more  or  less  different,  according  to  the  circumstances  of 
the  caseL     Hence  axise  branches  in  the  science  of  mechanic& 

%  AppUcd  nechaaics. — ^The  branch  to  which  the  term  "  Applibi> 
Mechanics"  has  been  restricted  by  custom,  consists  of  those 
oonseqiiences  of  the  laws  of  mechanics  which  relate  to  works  of 
human  art 

A  treatise  on  applied  mechanics  must  commence  hj  setting  fortli 
thoee  first  principles  which  are  common  to  all  branches  of  mechanics  ^ 
but  it  must  contain  only  such  consequences  of  those  principles  a» 
aie  applicable  to  purposes  of  art 

3.  WMmntat  (considered  mechanically)  is  that  which  fills  spacer 

4.  mm4km  are  limited  portions  of  matter.  Bodies  exist  in  three 
conditions — the  solid,  the  liquid,  and  the  gaseous.  Solid  bodies 
tend  to  preserve  a  definite  size  and  shape.  Liquid  bodies  tend  to 
preserve  a  definite  size  only.  Gaseous  bodies  tend  to  expand  inde- 
finitely. Bodies  also  exist  in  conditions  intermediate  between  the 
aolid  and  liquid,  and  possibly  also  between  liquid  and  gaseous. 


5.  A.  Hafcrtai  OF  Phyiical  T«taMe  is  the  space  occupied  by  a  body 
or  bj  a  part  of  a  body. 


d.  A  mmtaeUk  or  Phnical  8«rflic«  is  the  boundary  of  a  body,  or 
between  two  parts  of  a  body. 


7.   £Jae»  P«tat,  PhyiiMl  Polat*  M CMara  •f  E.mi«ik. — In  mechanics, 

9M  in  g^metry,  a  Link  is  the  boundary  of  a  surfince,  or  between  two 
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parts  of  a  surfiaxse ;  and  a  Point  is  the  boundary  of  a  line,  or  be- 
tween two  parts  of  a  line ;  but  the  term  *'  Physical  Point*'*  is  some- 
tunes  used  by  mechanical  writers  to  denote  an  imm&Murably  smaU 
body — a  sense  inconsistent  with  the  strict  meaning  of  the  word 
''  point  ;*'  but  still  not  leading  to  error,  so  long  as  it  is  rightly  under- 
stood. 

In  measwririg  the  dimensions  of  bodies,  the  standard  British  unit 
of  length  is  the  ya/rd,  being  the  length  at  the  temperature  of  62° 
Fahrenheit,  and  at  the  mean  atmospheric  pressure,  between  the 
two  ends  ofa  certain  bar  which  is  kept  in  the  office  of  tlie  Exchequer, 
at  Westminster. 

In  computations  respecting  motion  and  force,  and  in  expressing 
the  dimensions  of  large  structures,  the  unit  of  length  commonly 
employed  in  Britain  is  theybot,  being  one-third  of  the  yard. 

In  expressing  the  dimensions  of  machineiy,  the  unit  of  length 
commonly  employed  in  Britain  is  the  tnc4,  being  one-thirty-sixth 
part  of  the  yard.  Fractions  of  an  inch  are  veiy  commonly  stated 
by  mechanics  and  other  artificers  in  halves,  quarters,  eighths,  six- 
teenths, and  thirty-second  parts ;  but  according  to  a  resolution  of 
the  Institution  of  Mechanical  Engineers,  passed  at  the  meeting  held 
at  Manchester  in  June,  1857,  the  practice  has  been  introduced  of 
«xmressing  fractions  of  an  inch  in  decima]& 

The  French  unit  of  length  is  the  m^re,  being  about  ^ooAoofl  ^f 
the  earth's  circumference,  measui*ed  round  the  pole&  (See  table 
at  the  end  of  the  volume.) 

8.  RcM  is  the  relation  between  two  points,  when  the  straight 
line  joining  them  does  not  change  in  length  nor  in  direction. 

A  body  is  at  rest  relatively  to  a  point,  when  every  point  in  the 
body  is  at  rest  relatively  to  the  first  mentioned  point 

9.  nitttioM  is  the  relation  between  two  points  when  the  straight 
line  joining  them  changes  in  length,  or  in  direction,  or  in  both. 

A  body  moves  relatively  to  a  point  when  any  point  in  the  body 
moves  relatively  to  the  fint  mentioned  point 

10.  Fixed  p«iBt. — ^When  a  single  point  is  spoken  of  as  having 
motion  or  rest,  some  other  point,  either  actual  or  ideal,  is  always 
either  expressed  or  imdei'stood,  rdtUivdy  to  which  the  motion  or 
rest  of  the  first  point  takes  place.  Sudi  a  point  is  called  s^Jixed 
point 

So  far  as  the  phenomena  of  motion  alone  indicate,  the  choice  of 
a  fixed  point  with  which  to  compare  the  positions  of  other  points 
appears  to  be  arbitrary,  and  a  matter  of  convenience  alone ;  but 
when  the  laws  of  force,  as  affecting  motion,  come  to  be  oonsidered. 
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it  win  be  seen  that  there  are  reasons  for  calling  certain  points 
fixed,  in  preference  to  others. 

In  the  mechanics  of  the  solar  system,  the  fixed  point  is  what  is 
called  the  eamman  eaUre  of  gramiy  of  the  bodies  composiog  that 
system.  In  applied  mechanics,  ti^e  fixed  point  is  either  a  point 
which  IB  at  rest  relatively  to  the  earth,  or  (if  the  structure  or 
TOaf^hine  muder  consideration  be  moveable  from  place  to  place  on 
the  earth),  a  point  which  is  at  rest  relatively  to  the  structure,  or  to 
the  frame  of  the  machine,  as  the  case  may  ba 

Points,  lines,  surfaces,  and  volumes,  which  are  at  rest  relatively 
to  a  fixed  point,  are  fixed. 

11.  €a»iiMwtic». — The  comparison  of  motions  with  each  other, 
withoat  reference  to  their  causes,  is  the  subject  of  a  branch  of 
geometiy  called  '^  Cinematics,** 


12L  F«vc0  is  an  action  between  two  bodies,  either  causing  or 
tending  to  cause  change  in  their  relative  rest  or  motion. 

The  notion  of  force  is  first  obtained  directly  by  sensation;  for 
the  fioiroes  exerted  by  the  voluntary  muscles  can  be  felt  The  ex- 
istenoe  of  forces  other  than  muscular  tension  is  inferred  from  their 


ISw  k^mIIAHmm  or  B«iKac0]B  the  condition  of  two  or  more 
fiiroes  which  are  so  opposed  that  their  combined  action  on  a  body 
produces  no  change  in  its  rest  or  motion. 

The  notion  of  balance  is  first  obtained  by  sensation;  for  the 
loroea  exerted  by  voluntary  muscles  can  be  felt  to  balance  some- 
timee  each  other,  and  sometimes  external  pressures. 


14.  ladf  •««  njmmmicm. — Forces  may  take  efiect,  either  by 
l<^^T><*ifig  other  forces,  or  by  producing  change  of  motion.  The 
former  of  those  effects  is  the  subject  of  Statics;  the  latter  that  of 
Dynamics;  these,  together  with  Cinematics,  already  defined,  form 
the  three  great  divisions  of  pure,  abstract^  or  general  mechanics. 


15.  tiwuMM  aa^  ra aciiiaM. — The  works  of  human  art  to  which 
the  science  of  applied  mechanics  relates,  are  divided  into  two 
daaaes,  according  as  the  parts  of  which  they  consist  are  intended  to 
rest  or  to  move  relatively  to  each  other.  In  the  former  case  they 
are  called  Structures;  in  the  latter,  Machmes,  Structures  are  sub- 
jects of  Statics  alone;  Machines,  when  the  motions  of  their  parts 
are  considered  alone,  are  subjects  of  Cinematics;  when  the  forces 
tctiiig  on  and  between  their  parts  are  alao  considered,  machines  are 
nlnecta  of  Statics  and  Dynamics. 
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16.  OcBcna  ARMagMBMit  of  the  Sabjcet. — ^The  Subject  of  thu  pn»* 
sent  treatiBe  will  be  arranged  as  follows: — 

L  First  Fhincifles  of  Static& 
IL  Theobt  of  Stbuctubes. 

IIL   FiBST  P&IKOIPLES  OF  CINEMATICS. 
lY.  Theobt  OF  MBCHAinSlf. 

y.  FiBST  Pbinciplbs  of  Dyvamjol 
YL  Tjobobt  of  MAOHonss. 


PART  I. 

PRINCIPLES  OF  STATICa 


CHAPTER  L 

BALA17CE  AND  IfEASUREMENT  OF  FOBCES  ACnKG  DT  OSB 

STRAIGHT  LIKE. 


17.  F«rcc«  iww  ]>«icnabMd. — Although  eveiy  force  (as  has  been 
stated  in  Art  12}  is  an  action  between  two  bodies,  still  it  is  con- 
duciTe  to  simplicity  to  consider  in  the  first  place  the  condition  of 
one  of  those  two  bodies  alone. 

The  nature  of  a  force,  as  respects  one  of  the  two  bodies  between 
which  it  acts,  is  determined,  or  made  known,  when  the  following 
three  things  are  known  respecting  it : — ^first,  the  plcux,  or  part  of 
the  body  to  which  it  is  applied;  secondly,  the  direction  of  its 
action;  thirdly,  its  mo^th^ 

1 8.  Place  •€  Ap^calioM — Poteft  of  AvpUtmUom.  — ^The  place  of  the 

i^yplication  of  a  force  to  a  body  may  be  the  whole  or  part  of  its  in- 
ternal mass;  in  which  case  the  force  is  an  attraction  or  a  repulsion, 
aooording  as  it  tends  to  move  the  bodies  between  which  it  acta 
towards  or  finom  each  other;  or  the  place  of  application  may  be  the 
surface  at  which  two  bodies  touch  each  other,  or  the  bounding 
snrfiice  between  two  parts  of  the  same  body,  in  which  case  the  force 
is  a  tension  or  pull,  a  thrust  or  push,  or  a  lateral  stress,  according 
to  circn instances. 

Thus  eveiy  force  has  its  action  distributed  over  a  certain  space, 
tnther  a  Tolume  or  a  surface;  and  a  force  concentrated  at  a  single 
point  has  no  real  existence.  Nevertheless  it  is  necessary,  in  treating 
of  the  principles  of  statics,  to  begin  by  demonstrating  the  properties 
cf  such  ideal  forces,  conceived  to  be  concentrated  at  single  points. 
It  will  afterwards  be  shown  how  the  conclusions  so  arrived  at  re- 
specting single/aroea  (as  they  may  be  called),  are  made  applicable  to 
the  distributed  forces  which  really  act  in  nature. 

In  illustrating  the  principles  of  statics  experimentally,  a  force 
eonoentrated  at  a  sin^e  point  may  be  represented  with  any  required 
d^ree  of  accuracy  by  a  force  distributed  over  a  very  small  spaoe^  if 
ihiU  space  be  made  small  enough 

o 
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19.  SMppotUioM  of  Perfect  Rigidity- — In  reasoning  respecting 
forces  concentrated  at  single  points,  they  are  assumed  to  be  applied 
to  solid  bodies  which  are  perfectly  rigid,  or  incapable  of  alteratioii 
of  figure  under  any  forces  which  can  be  applied  to  them.  This 
also  is  a  supposition  not  realized  in  nature.  It  will  afterwards  be 
shown  how  its  consequences  are  applied  to  actual  bodies. 

20.  Direction— litne  of  jLctioM. — ^The  DiBEcmoK  of  a  force  is  that 
of  the  motion  which  it  tends  to  produce.  A  straight  line  dra^n[i 
through  the  point  of  application  of  a  single  force,  and  along  its 
direction,  is  the  line  of  action  of  that  force. 

21.  oiagnitade— iTnit  of  Force. — The  magnitudes  of  two  forces 
ore  equal,  when  being  applied  to  the  same  body  in  opposite  direc- 
tions along  the  same  line  of  action,  they  balance  each  other. 

The  magnitude  of  a  force  is  expressed  arithmetically  by  stating 
in  numbers  its  ratio  to  a  certain  unit  or  standard  of  force,  which,  is 
usually  the  weight  (or  attraction  towards  the  earth),  at  a  certain 
latitude,  and  at  a  certain  level,  of  a  known  mass  of  a  certain 
matenal  Thus  the  British  unit  of  force  is  the  standard  pound 
(vooirdupais;  which  is  the  weight  in  the  latitude  of  London  of  a 
certain  piece  of  platinum  kept  in  the  Exchequer  office  (See  the  Act 
18  and  19  Vict,  cap.  72;  also  a  paper  by  I^fessor  W.  H.  Miller, 
in  the  Philosophical  Transactions  for  1856). 

For  the  sake  of  convenience  or  of  compliance  with  custom,  other 
imits  of  force  are  occasionally  employed  in  Britain,  bearing  certain 
ratios  to  the  standard  pound;  such 


The  grain  =  tthtt  of  a  pound  avoirdupois. 

The  troy  pound  =  5,760  grains  =  0*82285714  pound  avoirdupois. 

The  hundredweights  112  pounds  avoirdupois. 

The  ton  =  2,240  pounds  avoirdupois. 

The  French  standard  unit  of  force  is  the  gramme,  which  is  the 
weight,  in  the  latitude  of  Paris,  of  a  cubic  centimetre  of  pure  water, 
measured  at  the  temperature  at  which  the  density  of  water  is 
greatest,  viz.,  4°'l  centigrade,  or  39^*4  Fahrenheit,  and  under  the 
pressure  which  supports  a  barometric  column  of  760  millimetres  of 
mercuiy. 

A  comparison  of  French  and  British  measures  of  force  and  of 
size  is  given  in  a  table  at  the  end  of  this  volum& 

22,    Resnliiuit  of  Forces  Aetiag  in  Omo  SCnlgiit  liime. — ^The   Ke* 

SULTANT  of  any  number  of  given  forces  applied  to  one  body,  is  a 
single  £oTO&  capable  of  balancing  that  single  force  which  balances 
the  given  forces ;  that  is  to  say,  tike  resultant  of  the  given  forces  is 
equal  and  directly  opposed  to  the  force  which  balances  the  given 
forces;  and  is  equvvalent  to  the  given  forces  so  far  as  the  balance  of 
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libe  body  is  oonoeniecL     The  giyen  forces  are  called  components  of 
their  resiiltant. 

The  resnltant  of  any  nuinber  of  forces  acting  on  one  body  in  the 
BBine  straight  line  of  action,  acts  along  that  line,  and  is  equal  in 
magnitade  to  the  sum  of  the  component  forces ;  it  being  under- 
stood,  that  when  some  of  the  component  forces  are  opposed  to  the 
others^  the  word  "  mmh "  is  to  be  taken  in  the  algebraical  sense ;  that 
is  to  say,  that  forces  acting  in  the  same  direction  are  to  be  added  to, 
and  forces  acting  in  opposite  directions  subtracted  from  each  other. 

23.  JBcpvcMaoitiMi  •f  F«rcc«  by  Unca. — ^A  single  force  may  be 
lepresented  in  a  drawing  by  a  straight  line ;  an  extremity  of  the 
line   indicating    the    point    of 
application  of  the  force, — ^the    '^'"^^ 
dirociion  of  the  line,  the  direc- 
tion of  the  force, — andthelength 
of  the  line,  the  magnitude  of  the 
force,  aooording  to  an  arbitrary 

■»!«•  ^      ,      ^  Rg.  1. 

For  example,  in  ng.  1,  the 

&ct  that  the  body  BBBB  is  acted  upon  at  the  point  Oj  by  a 
given  force,  may  be  expressed  by  drawing  from  Oi  a  straight  line 
OiFi  in  the  direction  of  the  force,  and  of  a  length  representing  the 
magnitude  of  the  force.  

If  the  force  represented  by  OiFj  is  balanced  by  a  force  applied 
either  at  the  same  point,  or  at  another  point  0%  fwhich  must  be  in 
the  line  of  action  L  L  of  the  force  to  be  balancea),  then  the  second 
force  will  be  represented  by  a  straight  line  O2  F^  opposite  in  direc- 
tion, and  equal  in  length  to  OiF„  and  lying  in  the  same  line  of 
action  LL. 

If  the  body  BBBB  (fig.  2),  be  balanced  by  several  forces  acting 
in  the  same  straight  line  LL,  applied  at  points  Oi  Og,  &c.,  and  re- 
presented by  lines  OiF„  0,F„  &a ;  then  either  direction  in  the 
Hne  L  L  (such  as  the  direo- 

tion  towards  +  L)  is  to  be  ^     *^*-— -^+^. 

oofnaidered  as  positive,  and 
the  opposite  direction  (such 
as  the  direction  towards 
-  L)  as  negative ;  and  if  the 
Bom  of  all  the  lines  repre- 
senting forces  which  point 

positively  be  equal  to  the  ys%,  t, 

sum  of  all  those  which  point 

negatively,  the  algebraical  sum  of  all  the  forces  is  nothing,  and  the 
boify  is  balanced. 


iO  .    PRINCIPLES  OF  STATIOB.      • 

^  84.  Prnwiii. — ^Most  writers  on  mechanics,  in  treating  of  the 
first  principles  of  statics,  use  the  word  "pressure*^  to  denote  any 
haianced  force. 

In  the  popular  sense,  which  is  also  the  sense  generally  employed 
in  applied  mechanics,  the  word  pressure  is  used  to  denote  a  force, 
of  the  nature  of  a  thrust,  distributed,  over  a  surface;  in  other  words, 
the  kind  of  force  with  which  a  body  tends  to  expand,  or  resists  an 
effort  to  compress  it. 

In  this  treatise,  care  will  be  taken  so  to  employ  the  word  ^^  pres- 
•ore"  that  the  context  shall  show  in  what  sense  it  is  used. 
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THBOST  OF  OOUFLEB  AND  OF  THE  BALANCE  OF  PARALLEL  FOBCEB, 


Section  1. — On  Couples  with  the  Same  Axis. 

25.^  CiMpiiw. — ^Two  forces  of  equal  magnitude  applied  to  the  same 
l>o47  in  parallel  and  opposite  directions,  but  not  in  the  same  line  of 
action,  oonstitute  what  is  called  a  "  cmupUr 

2^   F«cce  •f  •  CoMple— Am  mt  I^ercrage. — The,/?»ioe  of  a  couple  18 

the  common  magnitude  of  the  two  equal  forces;  the  arm  or  leverage 
of  a  couple  is  the  perpendicular  distance  between  the  lines  of  action 
of  the  two  equal  foroe& 

Wiia  fcawiiii  ewKpUm. — The  tendency  of  a  couple  is  to  turn  the  body 
to  which  it.is  applied  in  the  plane  of  the  couple — that  is,  the  plane 
whidi  contains  the  lines  of  action  of  the  two  forces.  (The  plane  in 
which  a  body  turns,  is  any  plane  parallel  to  those  planes  in  the 
body  whose  position  is  not  altered  by,  the  turning).  The  asAs  of  a 
couple  is  any  line  perpendicular  to  its  plane.  •  Ilie  turning  of  a 
body  is  said  to  be  right-handed  when  it  appears  to  a  spectator  to 
take  place  in  the  same  direction 
with  that  of  the  hands  of  a  watch, 
and  leftrhanded  when  in  the  opposite 
direction;  and  couples  are  desig- 
nated asright-handed  or  left-hand^ 
acoording  to  the  direction  of  the  ' 
taming  which  they  tend  to  pro- 
duce. 

Thus  in  fig.  3,  the  equal  and 

opposite  forces  0^  F|,  OjF^  whose 

leverage  is  Lj~L^  form  a  right-  . 

handed  couple;  and  the  equal  and  . 

opposite  forces  O^F,,  0«  F^,  form  a  lefb-handed  coupla 

28.   K^irfraleBt  €«vplM  mt  A^imI  Fmtm  aadi  I<eTcni«e. — ^In   Order 

that  two  couples  similar  in  direction,  and  of  equal  force  and  lever- 
age, may  be  exactly  alike  or  equwalent  in  their  tendency  to  turn  the 
body,  it  is  neoessaiy  and  sufficient  that  their  planes  should  be  either 
identical  orpanlld. 


n0.a. 
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Two  couples  applied  to  the  same  body  in  the  same  plane^  or  in 
parallel  planes,  of  equal  force  and  leverage,  but  opposite  in  direction, 
balance  each  other;  and  if  for  either  of  the  two  an  equivalent 
couple  be  substituted,  the  equilibrium  will  not  be  disturbeid. 

29.  in[«Ment  of  a  Conpie. — The  fnomefU  of  a  couple  means  the 
product  of  the  magnitude  of  its  force  by  the  length  of  its  arm.  If 
the  force  be  a  certain  number  of  pounds,  and  the  arm  a  certain 
number  of  feet,  the  product  of  those  two  numbers  is  called  the 
moment  in  foot-pounds,  and  similarly  for  other  measures. 

30.  Addition  of  Conples  of  Eqnal  Force. — TiEMMA.      TtOO  COUples  of 

equal  force  acting  in  the  same  direction^  wiih  the  same  axis,  are  eqmoa- 
lent  to  a  couple  whose  moment  is  the  sum  of  their  moments.  Let  the 
two  couples  be  denoted  by  A  and  B;  let  Fa  =  Fb  be  their  equal 

forces;  let  Lj,  and  L^  be  their 
respective  arms;  then  Fj^Lj^  and 
Fb  Lb  are  their  moments,  which, 
as  their  forces  are  equal,  are  pro- 
portional to  the  arms.  In  fig.  4, 
let  the  forces  Fj,  constituting  A 
be  appUed  in  linespasmogthroT^h 
a  and  c,  ac  or  L^^  being  perpen- 
dicular to  the  lines  of  action  of 
Fig.  4.  the  forces;  and  if  the  forces  con- 

stituting B  be  not  already  applied  as  shown  in  the  figure,  sub- 
stitute for  B  an  equivalent  couple  of  equal  force  and  arm,  having 
its  forces  Fb  applied  in  lines  parallel  to  the  lines  of  action  of  the 
forces  Fj^,  and  passing  one  through  the  point  c  and  the  other  through 
5,  so  that  the  arm  c  &  or  Lb  shall  be  in  the  same  straight  line  with 
a  c  or  L^.  Then  the  equal  and  opposite  forces  F^,  Fb,  applied  at  c, 
balance  each  other,  and  there  remain  only  the  equal  and  opposite 
forces  Fa,  Fb,  applied  at  a  and  b,  which  form  a  couple  whose  foroo 
is  Fa  =  Fb,  and  its  arm  a  6  =  L^  +  Lp,  being  the  sum  of  the  arms  of 
the  couples  A  and  B ;  so  that  its  moment  is  the  sum  of  their 
moments;  and  this  couple  is  equivalent  to  the  two  couples  A  and  B. 

31.  EqntTaleMt  Coaplcs  of  Bqaal  IHoMeMt. — THEOREM.      If  the  mO" 

ments  of  two  couples  acting  in  the  same  direction  and  with  the  sams  axis 
are  equals  those  couples  are  equivalent  Let  one  of  the  couples  be  called 
A,  and  let  its  force,  arm,  and  moment  be  respectively  F^,  L^,  and 
Fa  La;  let  the  other  couple  be  called  B,  and  let  its  force,  arm,  and 
moment  be  respectively  Fb,  Lg,  and  Fb  Lb.  The  equality  of  the 
moments  of  those  couples  is  expressed  by  the  equation 


Fa  La  =  FbL 


» 


If  the  forces  and  arms  of  the  two  couples  be  commensurable^  so 
that 
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let 


and 


Fa 

:Fb:  : 

L,: 

Lj^  :  :  m 

:  n 

(« 

and 

n  being 

two  whole  numbers), 

/  = 

Fa 

m 

I  = 

Lb 

La 

Then  the  couple  A  is  equivalent  to  m  n  couples  of  the  moment^  {  ; 
and  80  also  is  the  couple  B;  therefore  the  couples  A  and  B  are 
eq[iiivalent  to  each  other. 

If  the  forces  and  arms  are  incommensurable,  it  is  always  possible 
to  find  forces  and  arms  which  shall  be  commensurable,  aixd  shall 
differ  from  the  given  forces  and  arms  hj  differences  less  than  any 
given  qxumtity ;  so  that  if  the  theorem  were  in  error  for  incommen- 
soraUe  forces  and  arms,  it  would  also  be  in  error  for  certain  com- 
mensurable forces  and  arms ;  but  this  is  impossible ;  therefore  the 
theorem  is  true  for  incommensurable  as  well  as  for  commensurable 
fi[>ioe8  and  arm& 

32.  llMliaMf  •f  Cmq^lM  with  the  ««■«  Axfti. — COBOLLART.      A 

wndniuUion  of  amy  nv/mber  ofcau/pLea  hewing  the  same  aods  is  equivor' 
laU  to  a  omfU  whose  mamerU  is  the  algebraical  sum  o/the  moments 
cfihe  combined  couples, 

33.  B4«lllferi«M  ef  CmhMcs  hATtag  the  8mm  Axis. — ^Two  opposite 

eouples  of  equal  moment,  having  the  same  axis,  balance  each  other. 
Any  numb^  of  couples,  having  the  same  axis,  balance  each  other 
when  the  moments  of  the  right-handed  couples  are  together  equal 
to  tlie  moments  of  the  left-Smded  couples ;  in  other  words,  when 
Uie  resultant  moment  is  nothing. 

34.  itcprcjfiBtnriow  of  Coapics  hj  uUics. — ^The  nature  and  amount 
of  the  tendency  of  a  couple  to  turn  a  body  are  completely  known 
when  tiie  moment  and  direction  of  the  couple,  and  the  position  of 
its  axis,  are  known-  These  circum- 
stances are  expressed  by  means  of  a 
line  in  the  following  manner. 

In  fig.  5,  fix)m  any  point  O  draw  a  ^ 
ftraight  line  OM,  parallel  to  the  axis 
(that  is,  perpendicular  to  the  plane)  of 
tile  couple  to  be  represented,  and  in  such 
a  direction,  that  to  an  observer  looking 
fiom  O  towards  M  the  couple  shall  seem  right-handed ;  and  make 
the  length  of  the  line  0^1  represent  the  moment  of  the  couple, 
to  any  assigned  scale. 


fig.  6. 


•^JF 
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Sechon  2. — On  Couples  with  Different  Axes. 

35.  ReMllaMt  of  Tw«  Conplcs   with   Dltferait  Axc& — ThXOKESL 

If  the  two  sides  of  a  pa/raUelogTam  represent  the  pdsiUons  of  the  aaxe, 
and  His  directions  cmd  moTMrUSy  of  two  couples  a^ng  on  the  scuha 
body  J  tlie  diagonal  of  the  pa/raUelogram  will  in  like  mcmner  represent 
the  position  of  the  aocis,  the  direction  and  the  moment  of  the  resultant 
couple,  which  is  eqmvalenb  to  those  two, 

Li  fig.  6,  let  the  plane  of  the  paper  represent  a  plane  which  con- 
tains the  axes  of  the  two  couples,  and  is  therefore  perpendicular  to 
both  their  planes.     Let  ac,  c  6  be  parts  of.  the  lines  in  which  the 

planes  of  the  couples  A,  B,  respectively  intersect 
the  plane  of  the  paper.  If  the  couples  are  not 
already  of  equal  force,  reduce  them  to  equiva- 
lent couples  of  equal  force ;  let  F  denote  the 
common  magnitude  of  their  forces,  and  let  Jj^^ 
Lb  denote  the  respective  arms  of  the  couples. 
From  c,  the  intersection  of  the  three  planes 
already  mentioned,  take  ca  =^  L^,  ch  ^  1jb» 
and  join  ah.  Conceive  the  couple  A  (or  an 
eqidvalent  couple)  to  consist  of  iSie  force  +  F 
acting  forwards  at  a,  andthe  equal  and  opposite 
force  —  F  acting  backwards  at  c  j  also  conoeive 
the  couple  B  (or  an  equivalent  couple)  to  con- 
sist of  the  force  +  F  acting  foiwards  at  c,  and 
the  equal  and  opposite  force  —  F  acting  back- 
wards at  h.  The  forces  +  F,  —  F,  at  c  balance  each  other ;  and 
there  are  left  the  equsd  and  opposite  forces  +  F  at  a,  and  ~  F  at  5^ 
forming  the  resuUami  cowpUy  which  is  equivalent  to  the  two  couples 

A  and  B,  and  has  for  its  arm  the  third  side  a  6  =  Lo  of  the  triangle 
ahc. 

Now  from  any  point  O  draw  O  M^^  perpendicular  to  a  c,  and 
OMb  perpendicular  to  5  c,  and  representing  the  axes,  directions, 
and  moments  of  the  couples  A  and  B  :  complete  the  pfltrallelogram 
of  which  those  lines  are  the  sides,  and  draw  its  diagonal  OMq. 
This  diagonal  will  be  perpeiidicular  to  a  6,  and  will  therefore  re- 
present the  axis  and  direction  of  the  resultant  couple ;  and  because 
of  the  similarity  of  the  triangles  a  6  c,  O  Mq  Mb,  the  following  pro- 
portions will  exist : —    . 

O^A  :0¥b:OMo, 

and  consequently  OM^  will  also  represent  the  moment  of  the  rd- 
sultant  couplea — Q.  K  D. 


PARALLEL  FOHCEa  S5 


36L   MmUMkmiwam  mt  Tkvee  Cmmplmm  wilk  mffsrait  Axes  te  Ike 

PImm. — CosOLLABT.     A  oouple  equal  amd  opposite  to  that  represented 

ly  the  diagonal  O  Mc  halcmcee  the  eouplea  represented  by  the  sides 

OM4,  OMb.     In  other  toordsy  three  couples  represented  by  the  three 
sides  of  a  triangle  balance  each  other. 

37.   K«MfllkrtaM  ef  aay  NaMbcr  ef  Conplcs. — COROLLABT.       If  a 

number  of  couples  acting  on  the  same  body  be  represented  by  a  series 
of  lines  joined  end  to  end,  so  as 


to  form  sides  of  a  polygeny  and  if 
the  polygon  is  dosed,  these  couples 
balance  each  other.  To  fix  the 
ideas  let  there  he  five  couples, 
whoee  moments  are  respectively 
M,,  M^  Ms,  M<,  M^;  and  let 
thm  he  represented  hy  the  sides 
of  the  polygon  in  fig.  7  in  such  a 
manner  that 

Ml  is  represented  by  O  A,  snd  leems  rigfat-handed  looking  from  A  towards  O. 
Hf  —  AB,  —  —  from  B  towards  A. 

Hs  —  BC,  —  —  from  C  towards  B. 

II4  —  CD,  —  —  from  D  towards  C. 

M,  —  DO,  —  —  from  O  towards  D. 

Then  hy  the  theorem  of  Article  35,  the  resultant  of  Mi  and  M,  is 
O  B ;  the  resultant  of  this  and  M,  is  OC ;  the  resultant  of  this  and 
M4 is  OB,  right-handed  in  looking  from  D  towards  O,  and  con- 
sequently equal  and  opposite  to  M5,  which  last  oouple  halances  it^ 
and  redaoes  the  final  resultant  to  nothing. — Q.  K  D. 

This  proposition  evidently  holds  for  any  number  of  couples,  and 
whether  the  closed  polygon  he  plane  or  ga/uche  (that  is  to  say,  not 
plane). 

The  resultant  of  the  couples  represented  by  all  the  sides  of  the 
polygon,  except  one,  is  equal  and  opposite  to  the  couple  represented 
hj  the  excepted  sida 

Section  3. — On  FaraUd  Forces. 


38.   MmtmwM^d  Pamllel  Ferees  la  Oeacral. — ^A  balanced  system  of 

parallel  forces  consists  either,  of  pairs  of  directly  opposed  equal 
hfces,  or  of  couples  of  equal  forces,  or  of  combinations  of  such 
pairs  and  oouple& 

Hence  the  following  propositions  as  to  the  relations  amongst  the 
wiagnitudes  of  systems  of  pcirallel  forces  are  obvious  : — 

L  In  a  balanced  system  of  parallel  forces,  the  sums  of  the  forces 
acting  in  opposite  directions  are  equal ;  in  other  words,  the  alge* 
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braical  sum  of  the  magnitudes  of  all  the  foi-oes  taken  "with  tlieir 
proper  signs  is  nothing. 

II.  The  magnitude  of  the  resultant  of  any  combination  of  par- 
allel forces  is  the  algebraical  sum  of  the  magnitudes  of  the  forces. 

The  relations  amongst  the  posUiona  of  the  lines  of  action  of 
balanced  parallel  forces  remain  to  be  investigated;  and  in  this 
inquiry^  all  pairs  of  directly  opposed  equal  forces  may  be  lefl  out  of 
consideration ;  for  each  such  pair  is  independently  balanced  what- 
soever its  position  may  be  ;  so  that  th^  question  in  each  case  is  to 
be  solved  by  means  of  the  theory  of  couples. 

39.  Sqnillbrliim  of  Three  Parallid  Fercee  In  One  Plave*      Pvte- 

dple  ef  the  l^ercr. — ^Theoreil     If  three  poroUd/orces  applied  to  one 

body  bcUanae  each  other  ^  they 
must  he  in  (me  pLame;  ihe  two 
extreme  /oroea  must  act  in  the 
eamve  direction;  the  middle  force 
must  act  in  the  opposite  du-eo- 
tion;  o/nd  the  magnitude  of  each 
force  must  he  proportional  to 
the  di8tan4se  hetioeen  the  lines  oj 
action  of  the  other  two.  Let 
a  body  (fig.  8)  be  maintained 
in  equilibria  by  two  opposite 
oouples  having  the  same  axis^  and  of  equal  moments, 

F4  Lj^  =  Fb  Lb, 
according  to  the  notation  already  used ;  and  let  those  couples  be  so 
applied  to  the  body  that  the  lines  of  action  of  two  of  these  forces, 
—  Fa,  —  Fb,  which  act  in  the  same  direction,  shall  coincida 
Then  those  two  forces  are  equivalent  to  the  single  middle  force 
Fo  =  —  (F^  +  Fb),  equal  and  opposite  to  the  sum  of  the  extreme 
forces  +  Fa,  +  Fb,  and  in  the  same  plane  with  them ;  and  if  the 
straight  line  A  C  B  be  drawn  perpendicular  to  the  lines  of  action 
of  the  forces,  then 


Fig.  8. 


AC=La;  CB  =  Lb;  AB  =  La  +  L.; 
and  consequently 

Fa'.FbiFo:  :C1B:  A"C:AB; 

80  that  each  of  the  three  forces  is  proportional  to  the  distance 
between  the  lines  of  action  of  the  other  two ;  and  if  any  three 
parallel  forces  balance  each  other,  they  must  be  equivalent  to  two 
couples,  as  shown  in  the  figure. 

40.   Resnlcant  ef  Two  ParaUel  Ferces.^ — The  resultant  of  any  twO 

of  the  three  forces  F^,  Fb,  Fc,  is  equal  and  opposite  to  the  third. 
Hence  the  resultant  of  two  parallel  forces  is  parallel  to  thenif 
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■nd  in  tiie  same  plane ;  if  they  act  in  the  same  directian,  then  their 
resoltant  is  their  sum,  acts  in  the  same  direction,  and  lies  between 
them ;  if  they  act  in  opposite  directions,  their  resultant  is  their 
difierence,  acts  in  the  direction  of,  and  lies  beyond,  the  prepon- 
deratiog  force  ;  and  the  distance  between  the  lines  of  action  of  any 
two  of  those  three  forces — the  resultant  and  its  two  components 
— is  proportional  to  the  third  force. 

In  order  that  two  opposite  parallel  forces  may  have  a  single 
resultant,  it  is  necessary  that  they  should  be  unequal,  the  resultant 
being  their  difference.  Should  they  be  equal,  they  constitute  a 
couple,  which  has  no  single  resultant 

41.  Wi— ■■■■■  •r*  CMvie  aad  •  SlBCle  Fwrce  te  Pualld  PhiMcs.— 

Let  M  denote  the  moment  of  a  couple  applied  to  a  body  (fig.  9)  ; 

s&d  at  a  point  O  let  a  single 

force  F  be  applied,  in  a  phme 

pardlel  to  that  of  the  couple. 

For  the  given  couple  substitute 

an  equivalent  couple,  consisting 

ofaforoe  —F  equal  and  directly 

oppo&dd  to  F  at  O,  and  a  force 

?  applied  at  A,  the  arm  A  O 

being  ==_,  and  of  course  par-  ^ 

allel  to  the  plane  of  the  couple 

M.  Then  the  forces  at  O  balance  each  other,  and  F  applied  at 
A  is  the  resultant  of  the  single  force  F  applied  at  O,  and  the  couple 
M ;  that  is  to  say,  that  if  to  a  single  force  F  there  be  added  a  couple 
U  whose  plane  is  parallel  to  the  force,  the  effect  of  that  addition  is 
to  shift  the  line  of  action  of  the  force  parallel  to  itself  through  a 

distance  O  A  =  -^;— to  the  left  if  M  is  right- 
banded — ^to  the  right  if  M  is  left-handed. 

42.  M^Met  mf  m  Fwce  witk  wrmpwt  t»  •■  Axis. 

—Let  the  straight  line  F  represent  a  force  ap- 
plied to  a  body.  Let  O  X  be  any  straight  line 
perpendicular  in  dii^ection  to  the  line  of  action 
of  the  force,  and  not  intersecting  it,  and  let  A  B 
be  the  conmion  perpendicular  of  those  two  lines. 
At  B  conceive  a  pair  of  equal  and  directly  op- 
poeed  forces  to  be  applied  in  a  line  of  action 
pttaneltoF,viz.:  F=F,  and-F=-F.  The 
sopposed  application  of  such  a  pair  of  balanced 
forces  does  not  alter  the  statical  condition  of  the 


Rg.  10. 


body.    Then  the  original  single  force  F,  applied  in  a  line  tm- 
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versing  A,  is  equivalent  to  the  force  F  applied  in  a  line  traverBing  S^ 
the  point  in  O  X  which  is  nearest  to  A,  combined  with  the  couple 
composed  of  F  and  —  F,  whose  moment  is  F  *  AB.  This  is 
called  the  moment  of  the  force  F  reUUivdy  to  the  ctxis  O  X/  loid 
sometimes  also,  the  moment  of  the  force  F  rdativdy  to  the  plane 
which  contains  O  X,  and  is  parallel  to  the  line  of  action  of  the 
force. 

If  from  the  point  B  there  be  drawn  two  straight  lines  B  D  and 
B  £,  to  the  extremities  of  the  line  F  representing  the  foroe,  the 
Ai*ea  of  the  triangle  BD£  being  =  ^  F '  AB,  represents  one-half  d 
ftie  moment  of  F  relatively  to  OX. 

43.   EqalUbriam  of  any  »jwiem  •€  Paimllel  Fmtcm  te  Oae  Plnc^ 

— In  order  that  anj  system  of  parallel  forces  whose  lines  of  action 
are  in  one  plane  may  balance  each  other,  it  is  necessary  and  suffi- 
cient that  the  following  conditions  should  be  fulfilled  : — 

I.  (As  already  stated  in  Art  38)  that  the  algebraical  sum  of 
the  forces  shall  be  nothing : — 

IL  That  the  algebraical  sum  of  the  moments  of  the  forces  rehr 
tively  to  any  axis  perpendicular  to  the  plane  in  which  they  act 
shall  be  nothing : — 

two  conditions  which  are  expressed  symbolically  as  follows : — 
let  F  denote  any  one  of  the  forces,  considered  as  positive  or  nega- 
tive, according  to  the  direction  in  which  it  acts ;  let  y  be  the  per- 
pendicular distance  of  the  line  of  action  of  this  force  from  an 
arbitrarily  assumed  axis  O  X,  y  also  being  considered  as  positive  ov 
negative,  according  to  its  direction ;  then, 

Sum  of  forces,         S  •  F  =  0  ; 
Sum  of  moments,    2  -yF  =  0, 

For,  by  the  last  Article,  each  force  F  is  eqtdvalent  to  an  equal  and 
parallel  force  F  applied  directly  to  O  X,  combined  with  a  couple 
y  F ;  and  the  system  of  forces  F,  and  the  system  of  couples  y  F, 
must  each  be  in  equilibrio,  because  when  combined  they  are  equiva- 
lent to  the  balanced  system  of  forces  F. 

In  summing  moments,  right-handed  couples  are  usually  considered 
as  positive,  and  left-handed  couples  as  negative. 

44.   Resaltaat  of  luiy  Nambcr  of  Parallel  F«rces  la  €Hi«  Plaae. — ^Tho 

resultant  of  any  number  of  parallel  forces  in  one  plane  is  a  force  in 
the  same  plane,  whose  magnitude  is  the  algebraical  sum  of  the 
magnitudes  of  the  component  forces,  and  whose  position  is  such, 
that  its  moment  relatively  to  any  axis  perpendicular  to  the  plane  in 
which  it  acts  is  the  algebraical  sum  of  the  moments  of  the  com- 
ponent force&  Hence  let  Fr  denote  the  resultant  of  any  number 
of  parallel  forces  in  one  plan€^  and  y^  the  distance  of  the  line  of 
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action  of  that  lesultant  froia  the  assmued  axis  0  X  to  vliiich  the 
pontioiu  of  foroea  are  referred  :  th^i 

F,  =  2  ■     F  J 
2-yF 

In  some  cases,  the  forces  maj  have  no  single  resultant,  >  *  F 
bang  =  0 ;  and  then,  unless  the  forces  balance  each  other  com- 
|detely,  tbc^  reaaltant  is  a  couple  of  the  moment  s    -  " 

45.  irii-T  r--'-° '"-  — r'  ~ 

— ^In  fig,  11,  let  F  be  any  single 
iane;  O  an  arbitrarily-assumed 
pouit,called  the  "  originof  co-ordin' 
otes,'  -X  0  +  X,  -  T  0  +  T, 
a  pair  of  axes  traverdng  0,  at 
tight  angles  to  each  other  and  to 
the  line  of  action  of  F.  Let 
A  B  =  y,  be  the  conunon  perpen- 
dinikr  of  F  and  OX  )  let  AC  =:  a^ 
be  the  common  perpendicular  of  F 
•ndOY.  xandy  are  the  "rectan- 
gular co-ordinates"  of  the  line  of 
■cttoD  of  F  relatively  to  the  axes 
-XO-.-X,  -YO-t-y,  re- 
flectively. According  to  the  ar- 
nogement  of  the  axes  in  tlie 
figore,  X  is  to  be  considered  as  Fig.  II. 

pootive  to  the  right,   and  n^^ 

tixe  to  the  left,  of  -  YO  +  Y ;  and  y  is  to  be  considered  as 
positive  to  the  left,  and  negative  to  the  right,  of-  X  0  ^-  X  ;  right 
and  left  referring  to  the  spectator's  right  and  left  hand.  In  the 
particular  case  represented,  x  and  y  are  both  positiva  Forces,  in  the 
figure,  are  considered  as  positive  upwards,  and  negative  downwards ; 
■nd  in  the  particnlar  case  represented,  F  ia  positive. 

At  B  conceive  a  pair  of  equal  and  opposite  forces,  F  and  -  F, 
to  be  i^iplied ;  F  being  equal  and  parallel  to  P,  and  in  the  same 
direction.  Then,  as  in  Article  42,  F  is  equivalent  to  the  single  force 
F = F  applied  at  B,  combined  with  the  conple  constituted  \sj  F  and 
-  F  with  the  arm  y,  whose  moment  is  y  F  ;  being  positive  in  the 
COM  represented,  because  the  conple  is  right-handed  Next,  at  the 
origin  0,  conceive  a  pair  of  equal  and  oppotdte  forces,  F  and  —  F', 
to  be  applied,  F  being  equal  and  parallel  to  F  and  F,  and  in  the 
aune  (Erection.  Then  the  single  force  F  is  equivalent  to  the 
nude  fijrce  F  =  F  =  F  applied  at  O,  combined  with  the  couple 
-    -  dttyFand- FwiththearmOB  =  aiiwhoieir""'"'*'" 
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—  0$  F ;  being  negative  in  the  case  represented,  because  the  couple 
IS  left-handed. 

Hence  it  appears  finallj,  that  a  force  F  acting  in  a  line  whose 
co-ordinates  with  respect  to  a  pair  of  rectangular  axes  perpendicular 
to  that  line  are  x  and  y,  is  equivalent  to  an  equal  and  parallel 
force  acting  through  the  origin,  combined  with  two  couples  whose 
moments  are, 

y  F  relatively  to  the  axis  O  X,  and  —  a?  F  relatively  to  the  axis 
O  Y ;  right-handed  couples  being  considered  positive ;  and  +  Y 
lying  to  the  left  of  +  X,  as  viewed  by  a  spectator  looking  from 
+  X  towards  O,  with  his  head  in  the  direction  of  positive  foroesL 

46.    Eqnllibrlniii  •€  mnj    »jwimm   of  Pandlel   Forces. — In   order 

that  any  system  of  parallel  forces,  whether  in  one  plane  or  not,  may 
balance  each  other,  it  is  necessaiy  and  sufficient  that  the  three 
following  conditions  should  be  fulfilled : — 

L  (As  already  stated  in  Art  38),  that  the  algebraical  sum  of  l^e 
forces  shall  be  nothing : — 

IL  and  III.  That  the  algebraical  sums  of  the  moments  of  the 
forces,  relatively  to  a  pair  of  axes  at  right  angles  to  each  other,  and 
to  the  lines  of  action  of  the  forces,  shall  each  be  nothing  : — 

conditions  which  are  expressed  sjrmbolically  as  follows : — 

2-F  =  0;  2-yF  =  0;  2-ajF  =  0; 

for  by  the  last  Article,  each  force  F  is  equivalent  to  an  equal  and 
parallel  foitje  F"  applied  directly  to  O,  combined  with  two  couples, 
y  F  with  the  axis  OX,  and  -a;  F  with  the  axis  O  Yj  and  the 
system  of  forces  F",  and  ^e  two  systems  of  couples  y  F  and  —  a;  F, 
must  each  be  in  equilibrio,  because  when  combined  they  are  equi- 
valent to  the  balanced  system  of  forces  F. 

47.  RendtMtt«fwirNnBbcr«fPaniii«iF«TCM. — ^The  resultant  of 
any  number  of  parallel  forces,  whether  in  one  plane  or  not,  is  a 
force  whose  magnitude  is  the  algebraical  sum  of  the  magnitudes  of 
the  component  forces,  and  whose  moments  relatively  to  a  pair  of 
axes  perpendicular  to  each  other  and  to  the  lines  of  action  of  the 
forces,  are  respectively  equal  to  the  algebraical  sums  of  the  moments 
of  the  component  forces  relatively  to  the  same  axes.  Hence  let 
F^  denote  the  resultant,  and  av  and  y^  the  co-ordinates  of  its  line 
of  action,  then 

F,  =  2  •     F, 
2  -gcF 

^'2^~F' 

2j_yF 
y^  ~  2  •     F 

In  some  caaes^  the  forces  ma^  l»ave  no  single  resultant^  a  •  F 
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being  =  0  ;  and  then,  unless  the  forces  balance  each  other  com- 
pleteljy  their  resultant  is  a  couple,  whose  axis,  direction,  and 
moment  are  found  as  follows  : — 

Let  M,  =  2.yF;  ]Vi,=  -  s.aF; 

be  the  moments  of  the  pair  of  partial  resultant  couples  relatively  to 
the  axes  O  X  and  O  Y  respectively.  From  O,  along  those  axes, 
set  off  two  lines  representing  respectively  M,  and  JSSL  according  to 
the  role  of  Art.  34 ;  that  ia  to  say,  proportional  to  tnose  moments 
in  length,  and  pointing  in  the  direction  from  which  those  couples 
most  respectively  be  viewed  in  order  that  they  may  appear  light- 
handed.  Complete  the  rectangle  whose  sides  are  those  lines ;  its 
diagonal  (as  shown  in  Art.  35)  will  represent  the  axis,  direction, 
and  moment  of  the  final  resultant  couple.  Let  M^  be  the  moment 
of  this  couple )  then 

M,=  Y^  {  1^.  +  ]S<   }; 

•nd  if  ^  be  the  angle  which  its  axis  makes  with  O  X, 

SBcmoK  4. — On  CemHres  ofPa/rdUd  Forces. 

48.  citifi  •f  a  JPair  •€  PamUei  fotccs. — In  fig.  12,  let  A  and 
B  represent  a  pair  of  points,  to  which  a  pair  of  parallel  forces,  F^ 
and  F^  of  any  given  mtagnitudes,  are  applied.  Li  the  straight  line 
joining  A  and  B  take  the  point  C  such, 
that  its  distances  from  A  and  B  respec- 
tively diall  be  inversely  proportional  to  the 
finx»s  applied  at  those  point&  Then  from 
the  principle  of  Art  40  it  is  obvious  that 
the  resultant  of  F^  and  Fb  traverses  C.  It 
is  also  obvious  that  the  position  of  the  point  J^ 
C  depends  solely  on  the  proportionate  mag- 
nitude of  the  parallel  forces  F^  and  Fb>  and 
not  on  their  absolute  magnitude,  nor  on  the  angular  position  of 
their  lines  of  action;  so  that  if  for  those  forces  there  be  substituted 
another  pair  of  parallel  forces,  ^^  in  any  other  angular  position, 
and  if  those  new  forces  bear  to  each  other  the  same  proportion  with 
the  original  forces,  viz. : — 

/.  : >J  :  : F^  :  Fb  :  :  BC" :  TUl 

ftepoint  0  where  the  resultant  cuts  A B  will  stiU  be  the  same, 
liis  point  is  called  the  Centre  ofPcvraUd  Forces,  for  a  pair  of 
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forces  applied  at  A  and  B  respectively^  and  haying  the  given 
ratio  B G  :  AOL 

^f^^^  Forcca — Let  parallel  forces,   F©,   Fj,    be 

applied  at  the  points  A^  Ai  (fig.    13.)^ 
Draw  the  straight  line  Aq  ^u  ^  which 
,At  take  Oi^  so  that 


Fig.  13. 


Fo  :  F,  :  :  C,  A,  :  C,  A^; 

then  will  Ci  be  the  centre  of  a  pair  of 
parallel  forces  applied  at  Aq  and  A^,  and 
having  the  proportion  ¥q  :  Fj.  At  a  third 
point,  Ag,  let  a  third  parallel  force,  Fg,  be  applied.  Then,  because 
the  forces  Fq,  Fj,  are  together  equivalent  to  a  parallel  force,  F^  +  F^, 
applied  at  C^,  draw  the  straight  line  C^  Ag,  in  which  take  Cj,  so  that 


Fo  +  Fi:F 


2 


^2^2 


CjCx; 


then  will  Co  be  the  centre  of  three  parallel  forces  applied  at  A^,  A^, 
Ag,  and  having  the  proportions  Fq  :  Fi  :  Fg.  At  a  fourth  pointi 
A3,  let  a  fourth  parallel  force,  F3,  be  applied.  Then,  because  the 
forces  Fq,  F^,  Fj,  are  together  equivalent  to  a  parallel  force,  F^  + 
Fi  +  Fjt  applied  at  C^  draw  the  straight  line  O2,  A3,  in  which  take 


O3,  so  that 


Fo  +  F,  +  F,  :  F,  :  :  C,  A,  :  CTC^ 


then  will  Oj  be  the  centre  of  four  parallel  forces  applied  at  A^  A„ 
As,  As,  and  having  the  proportion  Fq  :  F| :  F^ :  Fs.  By  continuing 
tMs  process  the  centre  of  any  S3rstem  of  parallel  forces,  how  nume- 
rous soever,  may  be  found;  and  hence  results  the  following 

Theorem.  If  tliere  he  given  a  system  of  points,  and  the  mutual 
ratios  of  a  system  of  pa/raUd  forces  applied  to  Uwse  points,  then  there 
is  one  point,  amd  one  only,  which  is  traversed  by  tJie  line  ofa^ion  of 
the  resulta/nt  of  every  system  of  parallel  forces  having  the  given  nvutual 
ratios  amd  applied  to  the  given  system  ofpoinis,  whatsoever  may  he 
the  absolute  Truignitudes  of  those  forces,  amd  tJiA  angvlar  position  of 
Hieir  lines  of  action, 

50.   €*-ordlBate«  of  Geatre  •!  Parallel  Forces. — The    method    of 

finding  centres  of  parallel  forces  described  in  the  preceding  Article, 
though  suitable  for  the  demonstration  of  the  theorem  just  stated, 
is  tedious  and  inconvenient  when  the  number  of  forces  is  great^  in 
which  case  the  best  method  is  to  find  the  rectangular  co-ordinates  of 
that  point  relatively  to  three  fixed  axes,  as  follows : — 

Let  O  be  any  convenient  point,  taken  as  the  origin  of  oo-ordi- 
nates,  and  OX,  O  Y,  OZ,  three  axes  of  co-ordinates  at  right  angles 
to  each  other. 
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Fig,  14. 


Let  A  be  any  one  of  the  points  to  which  the  ejstem  of  parallel 
feroes  in  question  are  applied  From  A  draw  x  parallel  to  OX, 
and  perpendicular  to  the  plane  YZ, 
y  paraUel  to  OY,  and  perpendicular 
to  the  plane  ZX,  and  z  parallel  to 
O  Z,  and  perpendicular  to  the  plane 
XT.  x,yy  and  z  are  the  rectangu- 
lar oo-OTdmates  of  A,  which,  being 
known,  the  position  of  A  is  deter- 
mined. Let  F  denote  either  the 
magnitade  of  the  force  applied  at  A, 
or  any  magnitude  proportional  to 
that  magnitade.  x,  y,  z,  and  F  are 
supposed  to  be  known  for  every  point  of  the  given  system  of 
points. 

Then  first,  conceive  all  the  parallel  forces  to  act  in  lines  parallel 
to  the  plane  Y  Z.  Then  the  sum  of  their  moments  relatively  to 
an  axis  in  that  plane  is 

sicF; 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centre  of  parallel  forces  from  that  plane  is  given  (as  in  Articles  44 
and  47),  hy  the  equation 

_  s  'icF 

Secondly,  conceive  all  the  parallel  forces  to  act  in  lines  parallel 
to  the  plane  Z  X.  Then  the  sum  of  their  moments  relatively  to  an 
uis  in  that  plane  becomes 

3-yF; 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centre  of  parallel  forces  from  that  plane  is  given  by  the  equation 

_  3'yF 

Thirdly,  conceive  all  the  parallel  forces  to  act  in  lines  parallel  to 
Ui«  plane  X  T.  Then  the  stun  of  their  moments  relatively  to  an 
axis  in  that  plane  becomes 

^  consequently  the  distance  of  their  resultant,  and  also  of  the 
<^tie  of  parallel  forces  from  that  plane  is  given  by  the  equation 

3  -gF 
**•  "  2  -F  ■ 
Thus  are  Ibond  a^  y^y  ^rf  tihe  three  rectangular  co-ordinates  of 
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the  centre  of  parallel  forces,  for  a  syBtem  of  forces  applied  to  any 
giyen  system  of  points,  and  having  any  given  mutual  iatio& 

If  the  parallel  forces  applied  to  a  system  of  points  are  all  equal, 
then  it  ia  obvious  that  the  distance  of  the  centre  of  parallel  forces 
from  any  given  plane  is  simply  the  mean  of  the  distances  of  the 
points  of  the  system  £rom  that  plane. 
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CHAPTER  rCL 

BALAHCE  OF  IKCLD7ED  FOBCBSL 

Sbctiok  1. — Inclined  Forces  applied  at  OnePainL 


^^>x 


51.  ^wumBtMmgrmm  •f  Fotcm. — ^ThEOBEV.   If  tWO  fOTCeS  tohose  Urtei 

rf  action  traverse  one  point  be  represented  in  direction  and  magnitude  by 
ike  sides  of  a  parallelogram,  their  resultant  is  represented  by  the  diagonal. 

Pint  i»twwiiini>M — ^Througli  the  point  O  (£g.  15),  let  two 
Ibices  act,  represented  in  direction 
ftnd  magnitude  by  OA  and  OB. 
The  resultant  or  equivalent  single 
£nroe  of  those  two  forces  must  be  a 
fovoe  such,  that  its  moment  relatively 
to  any  axis  whatsoever  perpendicu- 
lar to  the  plane  of  O  A  and  O  B,  is 
the  sum  of  the  moments  of  O  A  and 
O  B  relatively  to  the  same  axis. 

Now,  first,  the  force  represented  in 
direction  and  magnitude  by  the  dia-  Rg.  16. 

gonal  O  C  of  the  parallelogram  A  B 

fulfils  this  condition.  For  let  F  be  any  point  in  the  plane  of  O  A 
and  O  By  and  let  an  axis  perpendicular  to  that  plane  traverse  F. 
Join  F  A,  F  B,  F  C,  F  O.    Then,  as  already  shown  in  Art.  42,  the 

moments  of  the  forces  OTA,  OB,  O  C,  relatively  to  the  axis  P,  are 
represented  respectively  by  the  doubles  of  the  triangles  FOA, 
FOB,  FOC.  Draw  AD  ||  BE  ||  OF,  and  join  FD,  FR 
Then  A  FOP   =   A  FOA,  and  A  FOE  =  A  FOB;  but  be- 

cause  OD  +  OE  =  0  0, .-.  A  FOG  =  A  FO D   +  a  FOE  = 

A  FOA  +  A  FOB  ;  and  the  moment  of  O  0  relatively  to  F  is 
equal  to  the  sum  of  the  moments  of  O  A  and  OB;  and  that 
whatsoever  the  position  of  F  may  be. 

Secondly.  The  force  represented  by  00  is  the  only  force  which 
fulfils  this  condition.  For  let  O  Q  represent  a  force  whose  moment 
relatively  to  F  is  equal  to  the  sum  of  the  moments  of  O  A  and  O  R 
JoniF4     Then  AOFQ  =  AFOC,and.-.  CQ||FO;  so  that 
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O  Q  fulfils  the  required  oondition  for  those  axes  only  which 
situated  in  a  line  OF  ||  C  Q,  and  not  for  any  other  axis. 

Therefore  the  diagonal  O  0  of  the  parallelogram  A  B  repn^sents 
the  resultant,  and  the  only  resultant,  of  the  forces  represented  by 

OA  and  O  B.— Q.  R  D. 

Second  i>eHiMisMiioB.— Suppose  a  perpendicular  to  be  erected  to 
the  plane  O  A  B  at  the  point  O,  of  any  length  whatsoever ;  call  the 
other  extremity  of  that  perpendicular  B ;  and  at  K  conceive  two 
forces  to  be  applied,  respectively  equal,  parallel,  and  opposite  to 

O  A  and  O  R  Then  O  B  is  the  arm  common  to  two  couples  whose 
axes  and  moments  are  represented  (in  the  manner  described  in  Art 
34)  by  lines  perpendicular  and  proportional  respectively  to  O  A  and 
OB.  On  the  Imes  so  representing  the  couples,  construct  a  paral- 
lelogram ;  then,  as  shown  in  Art  35,  the  diagonal  of  that  parallelo- 
gram represente  the  resultant  couple  constituted  by  the  resultant 

of  OA  and  O  B  acting  at  O,  and  an  equal  and  opposite  force  at  B; 
and  as  the  parallelogram  of  couples  has  its  sides  perpendicular  and 

proportional  to  O  A  and  O  B,  its  diagonal  must  be  perpendicular 
and  proportional  to  6  C,  which  consequently  represents  the  result- 
ant of  OA  and  OB.— Q.  K  D. 

[There  are  various  other  modes  of  demonstrating  the  theorem  of 
the  parallelogram  of  forces,  all  of  which  may  be  studied  with  ad- 
vantage :  especially  those  given  by  Dr.  Whewell  in  his  Elementary 
Treatise  on  Mechanics,  and  by  Mr.  Moseley  in  his  Mechanics  of  En- 
gineering  and  Architecture.^      < 

52.  EqaUlbriniii  of  Three  Forces  acting  throngh  One  Point  In  One 

Pinne. — To  balance  the  forces  OA  and  OB,  a  force  is  required 
equal  and  directly  opposed  to  their  resultant  00.  This  may  be 
otherwise  *  expressed  by  saying,  that  if  the  directions  and  mag- 
nitudes of  three  forces  be  represented  by  the  three  sides  of  a  triangle, 

(such  as  O  A,  A  C,  C  O),  then  those  three  forces,  acting  through 
one  point,  balance  each  other.  v.. 

53.  Eqnilibrinm  ofnnr  Sratem  ofForcea  acting  fiirongh  One  Point. — 

CoHOLLAKY.  If  a  number  of  farces  acting  through  the  same  paint  be 
represented  by  lines  equal  and  parotid  to  the  sides  of  a  dosed  poly gon^ 

those  forces  balance  each  other,  «  To  fix 
the  ideas,  let  there  be  five  forces  acting 
through  the  point  O  (fig.  16),  and  re- 
presented in  direction  and  magnitude 
by  the  lines  F„  F^F^'F^,  F„  which 
are  equal  and  parallel  to  the  sides 
ji^'l^,  of  the  closed  polygon  O  A  B  C  D  0  • 

viz.: — 
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8T 


ri  =  and||OA; 

r,=  aiid||  AB; 

F,  =  and  II  B  C ; 

F4  =  and||CD; 

Vs  =  and  II  D  O. 

Then  by  the  theorem  of  Art  52,  the  resultant  of  F,  and  Fj  is  O  B; 
the  resultant  of  F,,  F,  and  F,  is  O  C;  the  resultant  of  F„  F„  F,, 
and  F4  is  O  D,  equal  and  opposite  to  Fj,  so  that  the  final  resultant 
is  nothing. 

The  closed  polygon  may  be  either  plane  or  gauche. 

54.  Paniictopip«d  •€  F«rcca. — ^The  simplest  gauche  polygon  is 
one  of  four  sides.  Let  OABC£FGH(%  17),beapanillelopiped 
whose  diagonal  is  OH.  Then  any  three 
suooessive  edges  so  placed  as  to  begin  at  O 
mnd  end  at  H,  form,  together  with  the  dia- 
gonal H  O/  a  closed  quadrilateral ;  conse- 
quently if  three  forces  F„  F„  F^,  acting 
throngh  O,  be  represented  by  the  three 
edges  O  A,  CTB,  OCJ  of  a  pcurallelopiped, 

the  diagonal  O  H  represents  their  result^t, 
and  a  fourth  force  F4  equal  and  opposite  to 


Rg.  17. 
— From  the  theo- 


O  H  balances  them. 

rem  of  Art  51,  it  is  evident  that  in  oi-der  that  a  given  single  force 
may  be  resolvable  into  two  components  acting  in  given  lines  inclined 
to  each  other,  it  is  necessary,  Jirstf  that  the  lines  of  action  of  those 
components  should  intersect  the  line  of  action  of  the  given  force  in 
one  point;  and  secondly,  that  those  three  lines  of  action  should  be 
in  one  phuie. 

Returning,  then,  to  fig.  15,  let  O  C  represent  the  given  force, 
-which  it  is  required  to  resolve  into  two  component  forces,  acting  in 
the  lines  O  X,  O  Y,  which  lie  in  one  plane  with  O  C,  and  intersect 
it  in  one  point  O. 

Through  C  draw  C  A  ||  O  Y,  cutting  O  X  in  A,  and  C  B  ||  0  X, 
cutting  O  Y  in  B.  Then  will  O  A  and  O  B  represent  the  com- 
ponent forces  required 

Two  forces  respectively  equal  to  and  directly  opposed  to  OA 
and  <0B  will  balance'OX^. 

56.  Mwllia^  mfm  Wmtf  tet»  Three  CiMfff — ^In  Older  that  a 

^en  sini^e  force  may  be  resolvable  into  three  components  acting 
in  given  lines  inclined  to  each  other,  it  is  only  necessary  that  the 
lines  of  action  of  the  components  should  intersect  the  line  of  a«tic». 
el  the  given  force  in  one  point 
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Returning  to  ^g,  17,  let  O  H  represent  the  given  force  which  it 
is  required  to  resolve  into  three  component  forces,  acting  in.  the 
lines  O  X,  O  Y,  O  Z,  which  intersect  O  H  in  one  point  O. 

Through  H  draw  three  planes  parallel  respectively  to  the  planes 
YOZ,  Z  OX,  X  O  Y,  and  cutting  re^ectively  O  X  in  A,  O  Y  in 

B,  O  Z  in  C.  Then  will  O  A,  OB,  0  0,  represent  the  component 
forces  required 

Three  forces  respectively  equal  to,  and  directly  opposed  to  OA, 

OB,  and  O C,  wiU  balance  OH. 

57,  BecmngMinr  Compoifeento. — ^The  rectangular  components  of  a 
force  are  those  into  which  it  is  resolved  when  the  directions  of 
their  lines  of  action  are  at  right  angles  to  each  other. 

For  example,  in  fig.  17,  suppose  O  X,  O  Y,  O  Z,  to  be  three  axes 
of  co-ordinates  at  right  angles  to  each  other.  Then  O  H  is  resolved 
into  three  rectangular  components  simply  by  letting  fell  firom  H 
perpendiculars  on  O  X,  0  Y,  O  Z,  cutting  them  at  A,  B,  C, 
respectively.  

To  express  this  case  algebraically,  let  E  =  OH  denote  the  force 
to  be  resolved.     Let 

«  =  ^XOH,  /3  =  ^Y0H,  y  =  ^ZOH, 

be  the  angles  which  its  line  of  action  makes  with  the  three  rect- 
angular axes.  Then,  as  is  weU  known,  those  three  angles  are  con- 
nected  by  the  equation 

cos'flf  +  cos'/3  +  cos'y  =  l, (1.) 

Let 

Fi==oa;  f,=ob;  f,=oc; 

be  the  three  rectangular  components  of  F  j  then 

Fi  =  F-  cos  flf ) 

F,  =  F-co8/3 V(2.) 

F8  =  F-cosy J 

In  order  to  distinguish  properly  the  direction  of  the  resultant  P 
as  compared  with  ^e  directions  of  the  axes,  it  is  to  be  borne  in 
mind  that 

the  oosme  of  «ii{  ^^  }  angle  is   {  ^^^^  | 

From  a  well  known  property  of  right-angled  triangles  (also  em- 
bodied in  equation  1),  it  follows  that 

F«  =  F{  +  R  +  Tl (3.) 

To  express  algebraically  the  case  in  which  a  force  is  resolved  into 


FOBCBB  Acrmra  m  one  flake.  39 

two  rectangoIaT  components  in  one  plane  witli  it,  let  the  plane  in 
qnestion  be  that  of  OX  and  O  Y.  Then  the  angles  are  subject  to 
the  following  eqnatious : — 

y  =  a  right  angle ;  «  +  /S  =  a  right  angle; 

coBy  =  0  ;  cos/S  =  sin  «;  cob  «  =  sin /3. (4) 

•ndoo!D8eqii0ntl7theequation82and  3are  leduoed  to  the  following  :— 

Fi  =  F-  cos  «  =  F-  mnfi; ) 

F,  =  F- sin  «  =  F-  cos  i8; V(5.) 

F,  =  0;       P=F?  +  K- j 

In  nsmg  these  eqn&tions,  the  rule  respecting  the  positive  and 
negative  signs  of  cosines  is  to  be  observed ;  and  it  is  also  to  be  borne 
in  mindy  that  the  angle  •  is  reckoned  from  O  X  in  the  direction 
towards  Y,  and  the  angle  fi  £rom  O  Y  in  the  reverse  direction,  that 
i^  towards  X,  and  that 

If  a  system  of  forces  acting  through  one  point  balance  each  other, 
their  resultant  is  nothing ;  and  ther^ore  the  rectangular  components 
of  their  resultant,  which  are  the  resultants  of  their  parallel  systems 
of  lectangular  components,  are  each  equal  to  nothing;  a  case 
presented  as  follows  : — 

2-F,  =  0j  2Ft  =  0;  S*F,  =  0. (6.) 

SecnoK  2. — Inclined  Foreea  Applied  to  a  System  o/Foinis, 

^    FwcM  acttes  !■  Oae  Fluie.     OTnyMc  S^lntimi. — Let    any 

^stem  of  forces  whose  lines  of  action  are  in  one  plane,  act  together 
<Hi  a  rigid  body,  and  let  it  be  required  to  find  their  resultants 

Assome  an  axis  perpendicular  to  the  plane  of  action  of  the  forces 
ftt  any  point,  and  let  it  be  called  O  Z.  According  to  the  principle 
of  ArtL  42,  let  each  force  be  resolved  into  an  equal  and  parallel 
^orce  acting  through  O,  and  a  couple  tending  to  produce  rotation 
^vt  0  Z;  so  that  if  a  force  F  be  applied  along  a  line  whose  per- 
pendicular distance  from  O  is  L,  that  force  shall  be  resolved  into 

F  =  and||F 

^c&g  through  O,  and  a  couple  whose  moment  is 

M  =  LF, 

^  which  is  right  or  left-handed  according  as  O  lies  to  the  right  or 
left  of  the  direction  of  F. 
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The  tnagmJbud^  and  direction  of  the  resultant  are  to  be  found  hj 
forming  a  polygon  with  lines  equal  and  parallel  to  those  representixig 
the  forces,  as  in  Art  53,  when,  if  the  polygon  is  closed,  the  forces 
have  no  single  resultant;  but  if  not,  then  the  resultant  is  equal, 
parallel,  and  opposite  to  that  represented  by  the  line  which  is 
required  ia  order  to  close  the  polygon.  Let  B  be  its  magnitude 
if  any. 

The  position  of  the  line  of  action  of  the  resultant  is  found  as 
follows: —  ... 

Let  2  *  M  be  the  resultant  of  the  moments  of  all  the  couples  M^ 
distinguishing  right-handed  from  left-handed,  as  in  Arts.  27  ani 
32.  If  2*M  =  0,  and  also  K  =0,  then  the  couples  and  forces 
balance  completely,  and  there  is  no  resultant.  If  s-M  =  0,  while 
R  has  magnitude,  then  the  resultant  acts  through  O.  If  s '  M 
and  £.  both  have  magnitude,  then  the  line  of  action  of  the  resultani 
£.  is  at  the  perpendicular  distance  from  O  given  by  the  equation 

and  the  direction  of  that  perpendicular  is  indicated  by  the  sign  of 
2'M.  If  £.  =  0,  while  2-M  has  magnitude,  the  only  resultant  of 
the  given  system  of  forces  is  the  couple  2«M. 

59.   Forces  acting  la  One  Plane* — Solatlon  by  Reclangnlar  Ca-er* 

diaates. — ^Through  the  point  O  as  origin  of  co-ordinates,  let  any  two 
axes  be  assiuned,  O  X  and  O  Y,  perpendicular  to  each  other  and 
to  O  Z,  and  in  the  plane  of  action  of  ^e  forces ;  and  in  looking  &om 
Z  towards  O,  let  Y  lie  to  the  right  of  X,  so  that  rotation  from  X 
towards  Y  shall  be  right-handed.  Let  F,  as  before^  denote  any  one 
of  the  forces;  let  »  be  the  angle  which  its  line  of  action  makes  to 
the  right  of  O  X ;  and  let  x  and  y  be  the  co-ordinates  of  its  point 
of  application,  or  of  any  point  in  its  line  of  action,  relatively  to  the 
assumed  origin  and  axes.  Besolve  each  force  F  into  its  rectangular 
components  as  in  Art  57, 

Fi  =F  •  cos  «;  Fj  =  F  •  sin  a; 
then  the  rectangular  components  of  the  resultant  are  respectively 

parallel  to  OX,  2(F  cos  «)  =  Ri, )  ,,  v 

paraUeltoOY,  s(F-sina)  =B„j  ^^'^ 

its  magnitude  is  given  by  the  equation 

R»  =  R!  +  E|; (2.) 

and  the  angle  a^  which  it  makes  to  the  right  of  O  X  is  found  by  the 
equations 


R|  Rf  /A  V 

oosa,  =  ^';  sma,  =  ^ (3.) 


— " 
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The  qaadrant  in  which  the  direction  of  II  lies  is  indicated  by  tlie 
algebraical  signs  of  R,  and  E,,  as  already  stated  in  Art.  57. 

The  perpendicular  distance  from  O  of  the  line  of  action  of  any 
feroe  f  is 

L  =  a;  'Bin  « — y  "cos  « 

vhich  is  poeitiTe  or  negative  according  as  O  lies  to  the  right  or  to 
the  left  of  that  line  of  action ;  and  hence  the  resultant  moment  of 
the  sytitem  of  forces  relatively  to  the  axis  O  Z  is 

a'PL  =  3-F  (a;  sin  « — y  cos  «) 

=  2(a;F,  — yF,).. (4.) 

whence  it  follows,  that  the  perpendicular  distance  of  the  resultant 
force  from  O  is 

j^^j^JWFO (5.) 

Let  x^  and  y,  be  the  co-ordinates  of  any  point  in  the  line  of  action 
of  the  resultant;  then  the  equation  of  that  line  is 

avR,  — y.Ri  =  RL,     ] 

which  is  equivalent  to  V  (6.) 

av  sin  «,  — y^cos  «^  =  Iv  j 
As  in  Art  58,  if  a*F  L  =  0,  the  resultant  acts  through  the 
origin  O;  if  2'FL  has  magnitude,  and  B.  =  0  (in  which  case 
Ri  =  0,  R, = 0)  the  resultant  is  a  couple.    The  conditions  of  equili- 
brium of  the  system  of  forces  are 

Ri  =  0;  R,  =  0;  2-FL  = 
or  in  other  symbols  V . . .  .(7.) 

3'Fi  =  0;  i-F,  =  0;  i(a;F,.        "         ' 

The  moment  of  the  resultant  relatively  to  the  axis  O  Z  can  also 
be  arrived  at  by  considering  the  moment  F  L  of  each  force  as  the 
resultant  of  x  F,,  which  is  right-handed  when  x  and  F,  are  both 
pontive,  and  of  —  y^u  ^£ch  is  left-handed  when  y  and  F^  aro 
both  positive. 

60.  Amf  Stmom  fff  Fmcm. — ^To  find  the  resultant  and  the  con- 
ditions of  equilibrium  of  any  system  of  forces  acting  through 
any  aystem  of  points,  the  forces  and  points  are  to  be  i^erred  to 
three  rectangular  axes  of  co-ordinates. 

As  in  Art  57,  let  O  denote  the  origin  of  co-ordinates,  and 
OX,  OY,  OZ,  the  three  rectangular  axes;  and  let  them  be 
arranged  (as  in  fig.  17),  so  that  in  looking  from 

X)  [YtowardsZ] 

Y  >  towards  O,  rotation  from  <  Z  towards  X  > 
Z)  (X  towards  Yj 

■hall  appcKT  zight-haaded* 


L..(7.: 

yFO=o.j 
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Let  F  denote  any  one  of  the  forces;  x,  y,  z,  the  co-ordinates  of  a 
point  in  its  line  of  action ;  and  «,  /S,  y,  the  angles  which  its  directiiOii 
makes  with  the  axes  respectively.  Then  the  three  rectan^poilffir 
components  of  F  being  as  in  Art  57, 

F,  =  F  •  cos  «  along  OX,) 

Fj  =  F  •  cos  /3  along  O  Y,  V (1.) 

F,  =  F  •  cos  y  along  0  Z,  j 

it  can  be  shown  by  reasoning  similar  to  that  of  Art.  59,  that  ihiB 
total  moments  of  these  components  relatiyely  to  the  three  axes  are 
respectively 

yF,  —  »F,  =  F'(ycosy — z  cos  fi)  relatively  to  O  X,  ) 

z  Fi  —  a;F,  =  F  {z  cos«  —  x  cosy)  relatively  to  O  Y,  W2.) 

a;  Fa  —  y  Fi  =  F  (a;  cos  /S  —  y  coa  a)  relatively  to  O  Z;  j 

80  that  the  force  F  is  equivalent  to  the  three  forces  of  the  fomrals 
1  acting  through  O  along  the  three  axes,  and  the  three  couples  of 
the  formulsB  2  acting  round  the  three  axes. 

Taking  the  algebraical  sxmis  of  all  the  forces  which  act  along  the 
same  axes,  and  of  all  the  couples  which  act  round  the  same  axes, 
the  six  following  quantities  are  found,  which  compose  the  resultant 
of  the  given  system  of  forces ; — 


along  OX;  Ri=  a  •  F  cos  «,  ) 

„    O  Y  ;  E,=  3  •  F  cos  A   } (3.) 

„    OZ;  B,=  3-Fcosy,  j 

Conplfsa* 

round  OX;  M,  =  2{F  (y  cos  y  -  z  coa  fi)h 

„      0Y;M,=  2p(«  cos«  -  ajcosy)], (4j 

„      OZ  ;M,=  s[f  (ajcosiS  -  ycos«)i» 

The  three  forces  Ri,  E,,  R,,  are  equivalent  to  a  single  force 

R=^(R!  +  RJ  +  EJ), (5.) 

acting  through  O  in  a  line  which  makes  with  the  axes  the  angles 
given  by  the  equations 

R                   R.                    R. 
<50fl«P  =  5;^;  cos/3,=^.  cos  yp=^ (&) 

The  three  couples  M„  M^  Mj,  according  to  Article  37,  are  eqiu- 
valent  to  one  couple,  whose  magnitude  is  given  by  the  equation 

M=  V(Mr  +  MJ  +  MJ) (7.) 
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•nd  ^luxie  axis  makes  with  the  axes  of  oo-ordinates  the  angles  given 
hy  the  eqiiatiom» 

Ml  M2  M. 

in  which  i  !l  I   <^®^^*®  respectively  the  angles 
1^1    made  hy  the  axis  of  M  with 

The  c»«diiti«—  of  Eopiiiibriam  of  the  sjstem  of  forces  may  be  ex- 
pressed  in  either  of  the  two  following  forms  : — 

R,=0;  R,  =  0;  R,=0:  Mi  =  0;  M,  =  Oj  M,  =  0...(9.) 

or  R  =  0;  M  =  0. (10.) 

When  the  system  is  not  balanced,  its  resultant  may  faH  under 
one  or  other  of  the  following  cases  : — 

Cm—  I. — When  M  =  0^  the  resultant  is  the  single  force  B  acting 
throngh  O. 

Ciw  II. — WTien  the  axis  o/M  is  <U  right  cmgles  to  the  direction  of 
By — a  case  expressed  by  either  of  the  two  following  equations : — 

cos  ct,  COB  X  4  cos  fir  COS  ^  +  COS  y^  COS  »  =  0; )       /,  1  V 
or  R,  M,  +  R,M,  +  E,M,  =  0;  f -'(^^') 

the  resultant  of  M  and  R  is  a  single  force  equal  and  parallel  to  R, 
acting  in  a  plane  perpendicular  to  the  axis  of  M,  and  at  a  perpen- 
dicular distance  from  O  given  by  the  equation 

^=^ m 

c^ae  HI. — When  R  =  0,  there  is  no  single  resultant;  and  the 
only  resultant  is  the  couple  M. 

CiBM  IT. — When  the  cuas  ofM.  is  po/raUel  to  the  line  0/ action  ofR, 
that  is,  when  either 

A  =  «^;  M  =  ^r;  »  =  y« (13). 

or  7iZ^  — Orl  f*  =  — fir,   f^  =  —  y^j (U). 

there  is  no  single  resultant;  and  the  system  of  forces  is  equiva- 
lent to  the  force  R  and  the  couple  M,  being  incapable  of  being 
&rdier  simplified. 

CtaM  ▼. — When  the  asds  ofM  ie  oblique  to  the  direction  of  "R, 
TM^nn^  with  it  the  angle  given  by  the  equation 

cos  ^  =  cosxcos«^  +  coB^cos/3^  +  cosj'COS  y^....(15). 

the  couple  M  is  to  be  resolved  into  two  rectangular  components, 
tit; — 
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M  sin  ^  round  an  axis  perpendicular  to  R,  and  in  1 

the  plane  containing  the  direction  of  It  and  of  [  (16.} 
the  axis  of  M; 

M  cos  6  round  an  axis  parallel  to  K. 

The  force  R  and  the  couple  M  sin  ^  are  equivalent,  as  in  CaaC 
II.,  to  a  single  force  equal  and  parallel  to  It,  whose  line  of  action 
is  in  a  plane  perpendicular  to  that  containing  II  and  the  axis  of 
M,  and  whose  perpendicular  distance  from  O  is 

M  sin  ^  ,,^  . 

L=      ^      (17.) 

The  couple  M  cos  $,  whose  axis  is  parallel  to  the  line  of  action  of  . 
R,  is  incapable  of  further  combination.  . 

Hence  it  appears  finally,  that  every  system  of  forces  which  is  not 
self-balanced,  is  equivalent  either,  (A) ;  to  a  single  force,  as  in  Cases 
I.  and  II.  (B) ;  to  a  couple,  as  in  Case  III.  (C) ;  to  a  force,  com- 
bined with  a  couple  whose  axis  is  parallel  to  the  line  of  action,  of 
the  force,  as  in  Cases  IV.  and  V.  This  can  occur  with  inclined 
forces  only,  it  having  been  shown  in  Article  47,  that  the  resultant  " 
of  any  number  of  parallel  forces  is  either  a  single  force  or  a  couple. 
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ON  PAHALLEL  PROJECTIONS  IN  8TATICSL 

* 

61.  Pwallel  PrctlccltoM  mtm  Figare  deAa«d. — ^If  two  figures  be  BO 

plated,  that  for  each  point  in  one  there  is  a  corresponding  point 
in  the  other,  and  that  to  each  pair  of  equal  and  parallel  lines  in  the 
one  there  corresponds  a  pair  of  equal  and  parallel  lines  in  the  other, 
those  figures  are  said  to  be  paballel  pbojections  of  each  other. 

The  relation  between  such  a  pair  of  figures  may  be  otherwise 
expreased  as  follows : — Let  any  figure  be  referred  to  axes  of  co- 
ordinatefli,  whether  rectangular  or  oblique;  let  x,  y,  Zy  denote  the 
eo-ordinates  of  any  point  in  it,  which  may  be  denoted  by'A  :  let  a 
second  figure  be  constructed  from  a  second  set  of  axes  of  co-ordinates, 
either  agreeing  with,  or  differing  from,  the  first  set  as  to  rectan- 
gnlaiity  or  obliquity ;  let  a/,y,  s!,  be  the  co-ordinates  in  the  second 
figure,  of  the  point  A'  which  corresponds  to  any  point  A  in  the 
first  figure,  and  let  those  co-ordinates  be  so  related  to  the  co-ordi- 
nates of  A,  that  for  each  pair  of  corresponding  points,  A,  A',  in  the 
two  figures,  the  three  pairs  of  corresponding  co-ordinates  shall  bear 
to  each  other  three  constant  ratios,  such  as 

—  =  a-  ^  =  h'—  =  e' 
X  *    y  *   z  ' 

* 

then  are  these  two  figures  parallel  projections  of  each  other. 

62.  niiBMimiiMi  pmpcmim  •rpuraiici  Pr«jecttoM. — The  following 
are  the  geometrical  properties  of  parallel  projections  which  are  of 
most  importance  in  statics.  Being  purely  geometrical  propositions, 
they  are  not  here  demonstrated. 

I.- — ^A  parallel  projection  of  a  fffstem  of  three  points,  lying  in 
one  straight  line  and  dividing  it  in  a  given  proportion,  is  a^  a 
system  of  three  points,  lying  in  one  straight  line  and  dividing  it  in 
the  same  proportion. 

n. ^A  parallel  projection  of  a  system  of  paraUel  lines  whose 

lengths  bear  g^ven  ratios  to  each  other,  is  also  a  system  of  parallel 
lines  whose  lengths  bear  the  same  ratios  to  each  o&er. 

IIL — ^A  parallel  projection  of  a  closed  polygon  is  a  dosed 
polygon. 
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lY. — ^A  parallel  projection  of  a  paraUelogram  is  a  peraU* 
ogram. 

Y. — A  parallel  projectioii  of  a  parallelopiped  is  a  parallelopi; 

YI. — ^A  parallel  projection  of  a  pair  of  parallel  plane 
whose  areas  are  in  a  given  ratio,  is  also  a  pair  of  parallel  p 
surfaces,  whose  areas  are  in  the  same  ratio. 

YIL — ^A  parallel  projection  of  a  pair  of  yolnmes  having  a  given 
ratio,  is  a  pair  of  volumes  having  the  same  ratia 

63.  Appiicaiion  t»  Parallel  Forces. — It  has  been  shown  in  Chapi 
IL,  Sect.  3,  that  the  equilibrium  of  any  system  of  parallel  forces 
depends  on  the  mutual  proportions  of  the  forces  and  on  those  of  the  j 
distances  of  their  lines  of  action  from  given  planes.  By  considering  i 
this  in  connection  with  the  principles  L  and  IL  of  Article  62,  it  k 
evident,  that  if  a  balanced  system  of  parallel  forces  be  represented 
by  a  system  of  lines,  then  any  system  of  lines  which  is  a  paraJlel 
projection  of  the  first  system,  will  also  represent  a  balanced  system 
of  parallel  forces  ;  and  also,  that  if  there  be  two  systems  of  parallel 
forces  represented  by  systems  of  lines  which  are  parallel  projections 
of  each  other,  then  are  the  respective  resultants  of  those  systems  of 
forces,  whether  single  forces  or  couples,  represented  by  lines  which 
are  parallel  projections  of  each  other  related  in  the  same  manner 
with  the  other  pairs  of  corresponding  lines  in  the  two  systems.  In 
applying  this  principle  to  c<yuplea,  it  is  to  be  observed,  that  they 
are  not  to  be  represented  by  single  lines,  as  in  Art  34,  but  by  pairs 
of  equal  and  opposite  lines,  as  in  the  previous  articles,  or  by  areaa^ 
as  in  Articles  42  and  51. 

64.  AppUcatian  to  Centres  of  Parallel  ForcciL — ^If  twO  systems  of 

points  be  parallel  projections  of  each  other ;  and  if  to  each  of  those 
systems  there  be  applied  a  system  of  parallel  forces  bearing  to  each 
other  the  same  system  of  ratios,  then,  by  considering  the  principles 
L  and  II.  of  Article  62  in,  conjunction  with  those  of  Chap.  IX,  Sect 
4,  it  is  evident  that  the  centres  of  parallel  forces  for  those  two 
systems  of  points  will  be  parallel  projections  of  each  other,  mutually 
related  in  the  same  maimer  with  the  other  pairs  of  corresponding 
points  in  the  two  systems. 

65.  Application  to   Inclined  Forces  acting  throngk  dne  PoiaC— 

From  principles  IIL,  lY.,  and  Y.,  of  Article  62,  taken  in  conjunc- 
tion with  the  principles  of  Chap.  III.,  Sect  l,it  follows,  that  if  a  given 
system  of  lines  represents  a  balanced  system  of  forces  acting  throu^ 
one  point,  then  will  any  parallel  projection  of  that  system  of  lines 
also  represent  a  balanced  system  of  forces  acting  through  one  point ; 
and  also,  that  if  two  systems  of  forces,  each  acting  through  one 
point,  be  represented  by  two  systems  of  lines  whidi  are  parallel 
projections  of  each  other,  then  will  the  respective  resultants  of  those 
two  systems  of  forces  be  represented  by  a  pair  of  lines  which  aro 
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jMunllel  projectionB  of  each  other,  mutuallj  related  in  the  same 
TiM>^nT>prr  wilh  other  pairs  of  corresponding  linea 

66.  AppMcMti«»  t«  mmf  BfWImam  of  Forces. — As  eveiy  system  of 

forces  applied  to  any  system  of  points  can  be  reduced,  as  in  Art  60, 
to  a  fljystem  of  forces  acting  through  one  point,  and  certain  systems 
of  panllel  forces,  it  follows  that  if  a  balanced  system  of  forces  acting 
tiiroagh  any  system  of  points  be  represented  by  a  system  of  lines, 
then  will  any  parallel  projection  of  that  system  of  lines  represent  a 
|Mtl^Tir»<l  gystem  of  forces ;  and  that  if  any  two  systems  of  forces 
be  repicaented  by  lines  which  are  parallel  projections  of  each  other, 
the  Imes,  or  sets  of  lines,  representing  their  resultants,  will  be  cor- 
responding parallel  projections  of  each  other : — ^it  being  still  ob- 
served, as  in  Article  63,  that  couples  are  to  be  represented  by  pairs 
of  Hnesy  as  pairs  of  opposite  forces;,  or  by  axeasi,  and  not  by  single 
lines  along  their  axes. 
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CHAPTER  V. 

ON  DISTRIBUTED  FOBCE& 

67.  Bciirictioii  of  the  Sabject. — ^In  Article  18  it  has  already  been 
explained,  that  the  action  of  eyery  real  force  is  distributed  throngh.- 
out  some  yolume,  or  over  some  surface.  It  is  always  possible, 
however,  to  find  either  a  single  resiUtcmt,  or  a  resuUant  couple,  or  a 
combination  of  a  single  force  wUh  a  couple  (like  that  described  in 
Art.  60),  to  which  a  given  distributed  force  is  equivalent,  so  &r  as  it 
affects  the  equilibrium  of  the  body,  or  part  of  a  body,  to  which  it  is 
applied. 

In  the  application  of  Mechanics  to  Astronomy,  Electricity,  and 
Magnetism,  it  is  often  necessary  to  find  the  resultant  of  a  distri- 
buted attraction  or  repulsion,  whose  direction  is  sensibly  different 
at  different  points  of  the  body  to  which  it  is  applied ;  and  problems 
thus  arise  of  great  difficulty  and  complexity.  But  in  the  applicar 
tion  of  Mechanics  to  Structures  and  Machines,  the  only  force  dis- 
tributed throughout  the  volume  of  a  body  which  it  is  necessary  to 
consider,  is  its  vyeight,  or  attraction  towards  the  earth ;  and  the 
bodies  considered  are  in  every  instance  so  small  as  compared  with 
the  earth,  that  this  attraction  may,  without  appreciable  error,  be 
held  to  act  in  parallel  directions  at  each  point  in  each  body.  More- 
over, the  forces  distributed  over  surfaces,  which  have  to  be  consi- 
dered in  applied  mechanics,  are  either  parallel  at  each  point  of 
their  surfaces  of  application,  or  capable  of  beiug  resolved  into  sets 
of  parallel  forces.  Hence,  in  applied  mechanics,  parallel  distribuied 
forces  have  alone  to  be  considered ;  every  such  force  is  statically 
equivalent  either  to  a  single  resultant,  or  to  a  resultant  couple; 
and  the  problem  of  finding  such  resultant  is  comparatively  simple. 

68.   The  Intenaitr  of  a  l^istribnlcd  Force  is  the  ratio  which  the 

magnitude  of  that  force,  expressed  in  xmits  of  force,  bears  to  the 
space  over  which  it  is  distributed,  expressed  in  units  of  volume,  or 
in  units  of  surface,  as  the  case  may  be.  An  unit  of  Intensity  is  an 
unit  of  force  distributed  over  an  unit  of  volume  or  of  surfJEU^e,  as  the 
case  may  be ;  so  that  there  are  two  kinds  of  tmits  of  intensity. 
For  example,  one  pound  per  cubic  foot  is  an  unit  of  intensity  for  a 
force  distributed  throughout  a  volume,  such  as  weight ;  and  tms 
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per  $quain  fool  is  an  unit  of  intensity  for  a  force  dicrbibuted 
crer  a  soi&se,  sudi  as  pressure  or  friction. 

The  intensity  of  a  force  acting  at  a  single  point  would  be  infinite^ 
if  sodi  a  force  were  possible. 

Sectioh  1. — Of  Weight,  and  Ceniree  ofOvamJty. 

69.  Tlie  ■ptuMB  csvATitr  of  a  body  is  a  number  proportional  to 
the  wei|^t  of  an  unit  of  its  volume ;  for  example,  the  weight  in 
pounds,  of  a  cdbic  foot  of  the  volume  of  the  body.  The  pound  per 
cubic  foot  is  the  most  oonyenient  unit  of  specific  gravity  for  practi- 
cal pmposes ;  but  in  tables  of  specific  gravity,  a  special  unit  is  usu- 
ally employed,  viz.,  the  weight,  at  a  fixed  temperature,  of  unity  of 
volume  of  water.  In  Britain,  that  fixed  temperature  is  usually 
62^  Fahrenheit;  in  France,  and  on  the  continent  of  Europe 
generally,  it  is  the  temperature  at  which  water  is  most  dense,  vi^L, 
3^-95  centigrade,  or  SQ**-!  Fahrenheit 

In  a  table  at  the  end  of  this  volume  are  given  the  specific 
gravities  of  such  materials  as  most  conmionly  occur  in  structures 
and  machines.  So  fisir  as  this  and  similar  tables  relate  to  solid 
matenalB,  tbey  must  be  regarded  as  approximate  only;  for  the 
9pecaBc  gravity  of  the  same  solid  substance  varies  not  only  in 
difierent  specimens,  but  frequently  even  in  different  parts  of  the 
same  specimen ;  still  the  approximate  values  are  sufiidently  near 
the  truth  for  practical  purposes  in  the  art  of  construction. 

70.  The  CtoMTO  •£  GnwHf  of  a  body,  or  of  a  system  of  bodies,  is 
the  point  always  traversed  by  the  resultant  of  the  weight  of  the 
body  or  system  of  bodies, — in  other  words,  the  centre  ofparalld 
forces  for  the  weight  of  the  body  or  system  of  bodies. 

To  eupport  a  body,  that  is,  to  balance  its  weight,  the  resultant  of 
Hhe  supporting  force  must  act  through  the  centre  of  gravity. 

vi«H«u — Let  a  body  be  homogeneous,  or  of  equal  specific  gravity 
throu^^iout ;  let  it  idso  be  so  &r  symmetrical,  as  to  have  a  centre  of 
fyure;  that  is,  a  point  within  the  body,  which  bisects  every 
diameter  of  the  body  drawn  through  it;  then  it  is  self-evident, 
that  the  centre  of  figure  of  the  body  must  also  be  its  centre  of 
gravity. 

AmoDffst  the  bodies  which  answer  this  description  are,  the 
sphere,  the  ellipsoid,  the  circular  cylinder,  the  elliptic  cylmder, 
prisma  whose  bases  have  centres  of  figure,  and  paiallelopipedcf, 
whether  right  or  oblique. 

72.  MmMn  hsHsc  PUums  mp  Asm  m€  mfmmwHy, — ^If  a  homogene- 
ous hodr  be  of  a  figure  which  is  symmetrical  on  either  side  of  a 
given  plane,  the  centre  of  gravity  must  be  in  that  plana  If  two 
or  more  such  planee  of  symmetry  intersect  in  one  une,  or  axis  qf 


so 
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^^mmefiiy^  the  centre  of  gravity  must  be  in  tliat  azi&  If  thiee  or 
more  places  of  symmetry  intersect  each  other  in  a  point,  that  point 
must  be  the  centre  of  gravity. 

The  following  are  examples  : — 

L  In  fig.  18,  let  A  B  C  be  an  equilateral  triangle,  the  base  of  a 
right  equilateral  tricmgvlar  prism.  This  prism  has  one  plane  c^ 
symmetry  parallel  to  its  bases  at  the  middle  of  its  length.  It  has 
also  three  planes  of  symmetry,  A  a,  B  6,  0  c,  each  traversing  oae 
edge  of  the  prism  and  bisecting  the  opposite  side,  and  those  three 
planes  intersect  in  an  axis  G,  whose  perpendicular  distance  from. 
any  edge  is  two-thirds  of  the  distance  from  that  edge  to  the  opposite 

side,  that  is^  

GA       GB       GO         2 


Aa 


F6         TJc 


The  centre  of  gravity  of  the  prism  is  at  the  middle  of  this 


Fig.  19. 

IL  In  fig.  19,  let  A  B  C  D  be  a  regvUa/r  tetraedron,  or  triangular 

Pyramid,  bounded  by  four  equilateral  triangles.  Bisect  any  edge 
)  0  in  E ;  then  the  plane  ABE  drawn  through  the  point  of  bisec- 
tion and  ihe  opposite  edge  is  a  plane  of  £f3rmmetry.  There  are  six 
such  planes,  and  they  intersect  each  other  in  one  point  G,  which  is 
therefore  the  centre  of  gravity  of  the  tetraedron. 

It  may  be  shown  by  geometry,  that  the  point  G  can  be  found  in 
the  following  maimer.  From  any  summit,  such  as  B,  draw  B  £, 
bisecting  one  of  the  opposite  edges,  such  as  DO.     In  BE  take 

2  3 

BP  =  -^  BE.     Join  A F,  in  which  take  AG  =--r  AF ;  then 

is  G  the  centre  of  gravity  sought. 

73.  SfatoM  •€  syumiciHcai  Mmdiitm^ — ^Let  a  connected  system  of 
bodies  whose  absolute  or  proportional  weights  are  known,  and 
whose  centres  of  gravity  are  also  known  by  reason  of  the  symmetay 
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■id  iKRiiogeiiaity  of  each  body,  be  arranged  in  any  manner;  tben 
tiie  cammum  centre  ofgraml/y  of  the  whole  system  of  bodies  is  the 
same  with  the  oenire  of  paraUd  forces  for  a  system  of  forces  equal  or 
proportLonal  to  the  weights  of  the  bodies^  and  acting  through  their 
rapectiTe  centres  of  gravity. 

Consequently,  applying  to  this  case  the  principles  of  Chap.  IL, 
Section  4,  Article  50,  the  centre  of  gravity  is  found  in  the  following 

manner.  Let  yz  denote  any  fixed  plane,  x  the  perpendicular 
distance  of  the  centre  of  gravity  of  any  one  of  the  bodies  from  that 
plane,  and  W  the  weight  of  that  body,  so  that  Wo;  is  the  moment 
of  the  weight  of  the  body  in  question  with  respect  to  any  axis  in 

the  plane  yz. 
Let  x^  denote  the  perpendicular  distance  of  the  common  centre 

of  gravity  from  the  plane  yz.     Then  we  have,  total  moment  of  the 

Ejrstem  relatively  to  any  axis  in  the  plane  yzy 

aB^-a-W  =  3  -War; 
sod  consequently, 

By  proceeding  in  a  similar  manner,  the  distances  of  the  common 
centre  of  gravity  of  the  system  of  bodies  from  two  other  fixed 

pknea,  either  perpendicular  or  oblique  ix^yz  and  to  each  other,  are 
found  so  aa  to  determine  its  position  completely. 

The  same  pioceao  is  applicable  to  any  body  whose  figure  is  capable 
of  being  divided  into  symmetrical  figurea 

74.  MiMigBMBiM  M»<r  •f  «B7  Figave. — ^Let  w  be  the  specific 
gravity  of  a  homogeneous  body  of  any  figure,  V  its  volume,  and 
W  =  loY  its  weight  Conceive  three  fixed  co-ordinate  planes, 
yZj  Z7ty  and  xy^  perpendicular  to  each  other,  and  let  a^  yo,  ^  be 
the  ocMnrdinates  of  the  centre  of  gravity,  which  it  is  requnred  to 
find  ;  80  that  to Ya^  v>'Y y^  wY z^  are  the  moments  of  the  body 
relatively  to  the  three  co-ordinate  planes  respectively.  Conceive  the 
space  in  and  near  the  body  to  be  divided  by  three  series  of  equi- 
distant planes  parallel  to  the  co-ordinate  planes  respectively,  into 
equal  and  similar  small  rectangular  molecules,  whose  dimensions^ 
paialleJ  to  a;,  y,  and  Zj  respectively,  are 

ikXy  ay^  AZ, 

^^  ^Vy^^  ^0  co-ordinates  of  the  centre  of  one  of  these  mole- 
calea     Then  its  volume  is 

its  weight  WAXAy^stp 
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(1.) 


and  its  moiuents  relatiyely  to  the  three  oo-ordinate  planes  re* 
spectivelj, 

XtOAXAj/AZ;  yWAXAf/AZ;  ZfVAXAf/AZ. 

Whatsoever  may  be  the  figure  of  the  body  whose  centre  of  graTitj 
is  sought,  a  figure  (xpproadmcUing  to  it  may  be  hudU  by  patting 
together  a  proper  number  of  suitably  arranged  rectangular  mole- 
cules ;  so  that 

"V=r3'Aa;AyA«  nearly; 

Wsrtc^V  =.w  2'  iLX^y  Azneoffiy; 

wY  Xfi=zv)  '2'x  AX  Ay  AZ  nearly; 

therefore  omitting  the  common  and  constant  &ctor  w, 

2' X  AX  Ay  AZ  . 

Xo  = nearly; 

3 • ax  Ay  AZ  ^ 

and  similar  approximate  formulae  for  y^  and  Zq. 

"Now,  it  is  evident,  that  the  smaller  the  dimensions  ax,  a y,  az, 
of  each  rectangular  molecule, — or  in  other  words,  the  more  minnte 
the  subdivision  of  the  space  in  and  near  the  body  into  rnnA]} 
rectangles,  the  more  nearly  will  the  approximate  figure,  built  np  of 
rectangular  molecules,  agree  with  the  exact  figure  of  the  body,  and, 
consequently,  the  more  nearly  will  the  results  of  the  approximate 
formulsB  (1.)  agree  with  the  true  results ;  which,  therefore,  are  l^e 
limUa  towards  which  the  results  of  these  fonnul»  oontinoally 
approach  nearer  and  nearer,  as  the  dimensions  Ax,  Ay,  /^Zy  are 
diminished.  Such  limits  are  found  by  the  process  called  inlegroHon,* 
and  are  expressed  in  the  following  manner : — 


volume 
weight 


(2.) 


Y=i  j  j  j  dxdydz; 
W=:wY=zw  j  j  I  dxdydz; 

Wxo==to  J  J  j  xdxdydei 
Wyo  =  V)  j  J  j  y  dxdydz} 
Wzo  =  w  J  j  J  zdxdydz; 

•  P6r  forCher  daddation  of  the  meaning  of  symbolB  of  integration,  and  for  explana- 
lions  of  pfooeems  of  approximatelj  compatlDg  the  valaei  of  integrak  see  Art  Slia 
the  sequel  *      '  ••«*«• 


moments 


(a) 


CENTHE  OF  GRATITT. 


SZ 


co-ordiiuites 

of  the 

centre  of 

gnwity 


^  = 


yo= 


%  = 


/  /  /  xdxdydz 
iff  dxdydz 

j j  j ydxdydn 
III  dxdydz 

J  j  J  zdxdydz 
III  dxdydz 


(4.) 


Sndi  ue  the  general  fonnulie  for  finding  the  centre  of  grayity  of 
ft  homogeneotiB  body,  of  any  form  whatsoever. 

75.  CiMtm  m€  OcmTitf  WmumA  br  AMiitoa — ^When  the  figure  of  a 
body  consists  of  partSy  whose  respectiye  centres  of  gravity  are  known, 
the  centre  of  gravity  of  the  whole  is  to  be  found  as  in  Article  73. 

76.  e^mn  m€  csmriir  ANtad  br  SakinwtiML — When  the  figure  of 
a  homogeneous  body,  whose  centre  of  gravity  is  sought,  can  be 
made  by  taking  away  a  figure  whose 

cnitre  of  gravity  is  known  from  a  larger 
figure  whose  centre  of  gravity  is  known 
also,  the  following  method  may  be  used. 
Let  ACD  be  the  laiger  figure,  G,  its 
blown  centre  of  gravity,  Wi  its  weight. 
Let  ABE  be  the  smaller  figure,  whose 
centre  of  gravity  G,  is  known,  W,  its 
▼eight  LetEBCDbethefigurewhose 
centre  of  gravity  Gt  is  songht,  made  by 
taking  away  ABE  from  ACD,  so  that 
its  weight  is 

w.  =  w,  — W^ 

Join  0, 0, ;  G.  will  be  in  the  prolongation  of  that  straight  line  be- 
yond O^  In  the  same  straight  line  produced,  take  any  point  O  as 
origin  of  ooKmlinates,  and  an  axis  at  Ojperpendicul^      OGgGi  as 

axis  of  moments.     Make  OGl=»i;  0G,  =  a^  O  G.  (the  unknown 
quantity)  =  x^ 
Then  the  moment  of  W«  relatively  to  the  axis  at  O  is 


Tig.  20. 


ndthflivfoie 
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77.  Centiw  of  OraTliy  Altmnd  by  TnuisipoaitioB. — In  fig.    21,  M 

ABCD  be  a  body  of  the  weight  W^ 
whose  centre  of  gravity  G^  is  known.  Let 
the  figare  of  this  body  be  altered,  by  tnuos- 
poaing  a  jMjrt  whose  weight  is  W],  from,  the 
position  E  0  F  to  the  position  F  D  H,  so 
that  the  new  figure  of  the  body  is  A  B  H  £. 
Let  G}  be  the  original,  and  Gg  the  new 
position  df  the  centre  of  grayity  of  the 
transposed  part  Then  the  moment  of  the 
body  relatively  to  any  axis  in  a  plane  per- 
pendicular to  G,  Gt  will  be  altered  by  the 
amount  W,  •  Gi  G,;  and  the  centre  of  gravity 
of  the  whole  body  will  be  shifted  to  Gj^  in  a 

direction  Go  G,  parallel  to  Gi  G^  and  through  a  distance  given 

by  the  f armula 


Fig.  21. 


GoG3=G,G, 


W„ 


78.  CeMtrwofGniTilr  •fVrimmm  and  Flat  PIatM.^-The  general  foT- 

mul»  of  Article  74  are  intended  not  so  much  for  direct  use  in 
finding  centres  of  gravity,  as  for  the  deduction  of  formula  of  a  more 
simple  form  adapted  to  particular  classes  of  caaes.  Of  such  the  fol- 
lowing is  an  exampla 

The  centre  of  gravity  of  a  right  prism  with  parallel  ends  lies  in 
a  plane  midway  between  its  ends  ;  that  of  a  flat  plate  of  uniform 
thickness,  which  in  fact  is  a  short  prism,  in  a  plane  midway  between 
its  fisu>es.     Let  such  middle  plane  be  taken  for  that  of  a;y ;  any 

point  in  it  O  (fig.  22),  for  the  origin, 
and  two  rectangular  axes  in  it,  OX 
and  O  Y,  for  axes  of  co-ordinates,  to 
which  A  B,  the  transverse  section  of 
the  plate,  is  referred.  Conceive  the 
figure  A  B  to  be  divided  into  narrow 
bands,  by  equi-distant  lines  parallel  to 
one  of  the  axes  of  co-ordinates  O  Y', 
and  at  the  distance  a  x  apart  Let  x 
be  the  distance  of  the  middle  Ime  of 
one  of  these  bands  from  OY,  and 
yi>  ytf  the  distances  of  the  two  extremities  of  that  middle  line  from 
O  X*  Then  the  band  is  approximately  equal  to  a  rectangular  band 
of  the  length  y.  -  t/i,  and  breadth  A  x,  the  co-ordinates  of  whose 

centre  are  x,  and  ^^^v     Consequently,  if  «  be  the  nnifoim  thick- 


Fig.  22. 


nOaiD  AKD  FLAT  VLAIOKL 


of  the  plate,  and  to  its  specific  graidty,  we  have  for  a  aiiigb 
band, 

area  =  (^ft/i)  ^ «  nearly; 
Tolume  =  z  (yt— yi)  ^  »  nearfy; 
weight  :=w  z  isfi-yxi^x  nearly; 

moment  relatively  to  O  Y, 

=i(7«»(y,-y,)  ikxneatty; 

moment  relatiTelj  to  O  X, 


z=zWZ 


Axntarfy; 


¥ 


.'(L) 


aod  for  the  whole  plate 

area  =         ^'(f/t-yi)  ax  nearly; 

TofaimeY  =     »*a  (ya— yi)  ^ x  nearfy ; 
weig^  Wsm©*- J  (i/»'-yi)Axnearfy; 

moment  lelatiTely  to  O  Y, 

x^s=wz  •  ^«(yt-yi)  ^xnearfy; 
moment  xelatiTelj  to  O  X, 

eonaeqnently,  the  oo^yrdinates  of  the  oentre  of 
gravity  of  the  plate  (omitting  the  common  jbctois 
^z),Bxe 

^'xiy^-y^Ax        , 

^•""2a-(s^-yi)A« 

The  more  minntelj  the  cross-section  AB  is  subdivided  into 
Wndsy  the  more  nearly  do  these  apinozimate  formnlc  agree  with 
the  troth ;  so  that  the  tme  results  are  the  limits  to  which  the 
results  of  the  approximate  fonnul»  (1.)  approach  continuallj  aa 
Ax  becomes  smdier  j  that  is  to  say,  in  the  notation  of  the  integral 
calcofaii^ 


area  ==       j(f/a-yi)dx; 

volume    Y  =     « j  (y, -  y,)  dx; 
weight  K^Y  s  t«;«J(y,-y,)  dx; 


(2.) 


6« 


gBJscajjs8  or  sTATica 


]XI0IIl6lltB 


>««  •  ••  •••!  Wi  J 


co-ordinates 

of  the 

centre  of  grayity 


«-  = 


yo= 


/  (y.-yi)rf« 
j  hA-t/^dx 


.(4.) 


The  foregoing  process  is  what  is  nsoallj  called  hj  "writers  on 
mechanics^  ''Jmding  the  centre  of  gramly  of  a  plane  surface;**  but 
this  phrase  ought  always  to  be  understood  to  signify  ** finding  the 
cent/re  ofgrcmty  of  a  homogeneous  pUUe  ofvmiform  thickness^  the  faces 
of  which  cure  pUme  surfaces  of  a  given  figwre.** 

79.  B«dr  wttk  Mmilar  Cnn  ■ecti— ■■ — Let  all  the  cross-sections  of 
a  body  made  by  planes  parallel  to  a  given  plane  (say  that  of  xy), 
be  similar  figures^  but  of  different  sizea  The  areas  of  the  different 
cross-sections  are  to  each  other  as  the  squares  of  their  corresponding 
linear  dimensiona     Let  s  denote  some  definite  linear  dimension  of 

a  cross-section  whose  distance  from  the  plane  a?  y  is  ss,  bo  that  its 
area  shall  be 


af». 


(1.) 

a  being  a  constant.     Let  Xi,  y„ ;:;,  be  the  co-ordinates  of  the  centre  of 
gravity  of  a  flat  plate  having  its  middle  plane  coincident  with  the 

fiven  cross-section.     Then,  by  reasoning  similar  to  that  of  ArtLcles 
4  and  78,  we  find  the  following  results  for  the  whole  body  :— 


volume 
weight 


V=s       ajc»,  dst; 
W  =  toafs^.  dz; 


X2.) 


moments 


x^W 

y*w 


walx^fidzi 
wajyiAdz} 
tva  f  z  Adz 


;l 


(3.) 


CUKVJSD  BOD^ 


n 


oo-ordinates  of 
oentre  of  ipRKviiy 


X,  = 


y.  = 


j  Xi^  d  z 
jfdz 


yx  t* 


dz 


«.  = 


jfidg 
(zf  dz 

jf  dz 


<4.) 


Wlien  the  centres  of  all  the  cross-BectionB  L'e  in  one  straight  line^ 
u  in  pyiBmids,  cones,  conoids,  and  solids  of  revolution  generaUj, 
tlie  centre  of  gravitj  lies  in  that  line,  which  may  be  taken  as  the 
szis  of  «,  making  x^  =  0,  y»  =  0;  so  that  z^  is  the  only  co-ordinate 
^^Mdi  requires  to  be  det^nnined. 

80.  CmrwA  mmA. — ^In  fig.  23,  let  R  K  represent  a  curved  rod  so 
dender,  tiiat  its  diameter  maj,  without  sensible  error,  be  neglected 
in  oompaiison  with  its  radius  of  curva-  b 

tare  at  any  point ;  let  a  denote  its 
actional  area^  nnifoim  throughout,  and 
«^  as  usual,  its  specific  gravitj ;  so  that 
the  wei^t  of  an  unit  of  length  of  the 
rodiswa  IietOX,OY,  OZberect- 
augnlar  axes  of  co-ordinates.  Suppose 
Uw  rod  to  be  divided  into  arcs,  so  short 
••  to  be  nearlystraight ;  let  the  length  of 
•ny  one  of  these  arcs  be  denoted  by  a  f ; 
1^  8  8  represent  it  in  the  figure,  and 
let  M  be  the  middle  of  its  lengtiL  Then 
M  18  nearly  the  centre  of  gravity  of  a  f.  Let  MP  =:  s  be  the 
perpendicular  distance  from  M  to  the  plane  ot  yz.  Then  for  the 
diort  arc  S  S  we  have^ 

»ight  =t9a  A  f; 


Hg:  28. 


iDoment  with  respect  to  an  axis  in  the  plane  yz, 

=  10  a  IP  A  '  nearly; 
ud  for  the  entire  rod, 

"W  =  wa  2  •  A  f ; 
moment       a;W=r«oaS*a;Af  neafriy^ 
oo-ordinate  of      i  _  s*«Af 


centre  of  gravity 


A  # 


neofrly^ 


(1.) 
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and  similar  equations  for  y«  and  z^    Proceeding  by  the  metliod  of 
limits  as  before,  we  obtain  as  the  exact  formulse — 


W  =10  a  I  dt) 
m^W  =  w a  I  xd s; 

j  xdt 

lEU  =A- 


.(2.) 


and  similar  equations  for  y^  and  z^  The  forgoing  process  is  what 
is  often  called  by  writers  on  Mechanics,  *^ finding  ths  eenire  of 
gravity  qf  a  curved  line;^  but  what  ought  more  properly  to  be 
called,  ^^  finding  the  centre  qf  gravity  qf  a  slender  curved  rod  qf 
uniform  thickness,^ 

81.  Approximate  GompatatioB  of  integnla. — ^Frequent  refeienoe 
having  been  made  to  the  process  of  iviegration,  as  being  essentia] 
to  the  solution  of  most  problems  connected  with  distributed  foroe^ 
the  present  article  is  intended  to  afford  to  those  who  have  not 
made  that  branch  of  mathematics  a  special  study,  some  elemeatajy 
information  respecting  it. 

The  meaning  of  the  symbol  of  an  integral,  viz.:^^ 


j     Ud  Xy 


is  of  the  following  kind: — 

In  fig.  24,let  AC  DB  be  a  plane  area,  of  which  one  boundary,  A]^ 

is  a  portion  of  an  axis  of  absciaBSD 
OX,  —  the  opposite  boundaiy, 
C  D,  a  curve  of  any  figure, — and 
the  remaining  boundaries  A  C, 
£  D,  ordinates  perpendicular  to 
^  O  X,  whose  respective  abecisss, 
or  distances  &om  the  origin  O, 


j& 


fi 


Fig.  2i. 


OA 


a 


OlB  =  5. 


Let  E  F  =  u  be  any  ordinate  whatsoever  of  the  curve  C  D,  and 
O  E  =  a;  the  corresponding  abscissa.  Then  the  integral  denoted 
by  the  symbol, 


j  ^udXy 


means,  the  area  qf  the  figure  A  0  D  B.      The  abscissse  a  and  b 
which  are  tha  least  and  greatest  values  of  x,  and  which 
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ilie  longitadinal  extent  of  the  area,  are  called  the  limits  of  in- 
kffration;  bat  when  the  extent  of  the  area  is  otherwise  indicated, 
the  sywhoHa  of  those  limits  are  sometimes  omitted,  as  in  the  pre- 
ceding Artidea. 

When  the  rekitian  between  u  and  a;  is  expressed  by  any  ordinary 
ai^braical  equation,  the  value  of  the  integral  for  a  given  pair  of 
Tallies  of  its  limits  can  generally  be  found  by  means  of  formulse 
which  are  contained  in  works  on  the  Integral  Calculus,  or  by  means 
of  mathematical  tablea 

Gases  may  arise,  however,  in  which  u  cannot  be  so  expressed  in 
tarns  of  x;  and  then  ^>proximate  methods  must  be  employed 
Those  approximate  methods,  of  which  two  are  here  described,  are 
foanded  upon  the  division  of  the  area  to  be  measured  into  bands  by 
panllel  and  equi-distant  ordinates,  the  approximate  computation  of 
the  areas  of  those  bands,  and  the  adding  of  them  together ;  and 
the  more  minote  that  division  is,  the  more  near  is  the  result  to 
tbeinitL 

First  Appraximiitum» 

Divide  the  area  A  C  D  B,  as  in  fig.  25,  into  any  convenient 
nunher  of  bands  by  parallel  or- 
dinates, whose  uniform  distance     ^ 
apart  is  Ax;  so  that  if  n  be  the 
nimiher  of  bands,  n-\-l  will  be  the 
unnber  of  ordinates,  and 


""-j: 


Tig.  28. 


i  —  a=n  A  Xg 
the  lengtii  of  the  figure. 

Let  u\  ««f,  denote  the  two  ordinates  which  bound  one  of  the 
^Mads ;  ^en  the  area  of  that  band  is 


fZ  +  u' 
2 


A  X,  nuurly; 


of  all  the 


uid  oonseqaently,  adding  together  the  approximate 
hmdi^—  denoting  the  extreme  ordinates  as  follows, — 

m 

AO  =  «.;  BD  =  tt*; 

■1^  ^  intermediate  ordinates  by  U|,  we  find  fiar  the  approadmate 
^^^  of  the  integral — 


|*«rf«=(^+^+2«,)  A-«i, 


.(1.) 
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Seoond  Apprf^aiimaiion, 

Dmde  the  area  A  C  D  B^  as  in  fig.  26,  into  an  even  nniiiber  of 

bands,  by  parallel  ordinates,  wboee 
uniform  distance  apart  is  A  oel  The 
ordinates  are  marked  alternately  bj 
plain  lines  and  by  dotted  lines,  so  as 
to  arrange  the  bands  in  pairs.  Con- 
sidering any  one  pair  of  bandgj^  sa<^ 
3C  as  E  F  H  G,  and  assuming  that  the 
Fig.  26.  curve  F  H  is  nearly  a  pajnabola,  it 

appears,  from  the  properties  of  that  curve,  that  the  area  of  that 
pair  of  bands  is 

in  which  vl  and  v!"  denote  the  plain  ordinates  E  F  and  G  H,  and 
u"  the  intermediate  dotted  ordinate  ;  and  consequently,  adding 
together  the  approximate  areas  of  all  the  pairs  of  bands,  we  find, 
for  the  approximate  value  of  the  int^ral — 

/"  ud  x=^(u^  +  Ut,  -{-  2  2*«,  (plain) 

+  4  2  •  w,  (dotted)):^, (2.) 

It  is  obvious,  that  if  the  values  of  the  ordinates  u  required  in  Uiese 
computations  can  be  calculated,  it  is  unnecessary  to  draw  the  figure 
to  a  scale,  although  a  sketch  of  it  maybe  useful  to  assist  the  memory. 

When  the  symbol  of  integration  is  repeated,  so  aa  to  make  a 
dotthle  integral,  such  as 

u'dxdy. 


II 


or  a  triple  integral,  such  as 

J  J  ju'dxdffdsff 
it  is  to  be  understood  as  follows  : — 


Let 


=/« 


dx 


be  the  value  of  this  single  int^ral  for  a  given  value  of  y.  Con- 
struct a  curve  whose  abscissas  are  the  various  values  of  y  within  the 
prescribed  limits,  and  its  ordinates  the  corresponding  values  of  « 
Then  the  area  of  that  curve  is  denoted  by 


J v'dy =  j j  u 'dxd^ 
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Kext,let  t=fvdt, 


be  the  TBine  of  this  double  integral  for  a  given  value  of  z.  Con- 
tract a  cnrve  whose  abscisste  are  the  various  values  of  z  within  the 
prescribed  limits,  and  its  ordinates  the  corresponding  values  of  t 
Then  the  area  of  that  curve  is  denoted  by 

/  t,  dz=j  jv'dydz  =  /  /  /  w  'dxdydz; 

md  80  on  for  any  number  of  successive  integrations. 

82.  Ciiiii  m€  Oimyity  foaad  by  PrcdedtoB.— According  to  the  geo- 
metrical properties  of  parallel  projections,  as  stated  in  Chap.  IV., 
Article  62,  a  parallel  projection  of  a  pair  of  volumes  having  a  given 
latio  is  a  pair  of  volumes  having  the  same  ratio ;  and  hence,  if  a 
bodj  of  any  figure  be  divided  by  a  system  of  plane  or  other  sur- 
&oe8  into  parts  or  molecules,  either  equal,  or  bearing  any  given 
sjstem  of  proportions  to  each  other,  and  if  a  second  body,  whose 
^re  IS  a  parallel  projectiou  of  that  of  the  first  body,  be  divided 
in  the  same  manner  by  a  system  of  plane  or  other  surfaces  which 
are  the  corresponding  projections  of  the  first  system  of  plane  or 
other  surfifcoes,  the  parts  or  molecules  of  the  second  body  will  bear 
to  each  other  the  same  system  of  ratios,  of  equality  or  otherwise, 
vhieh  the  parts  of  the  first  body  da 

Also,  the  centres  of  gravity  of  the  parts  of  the  second  body  will 
be  the  parallel  projections  of  the  centres  of  gravity  of  the  parts  of 
the  first  body. 

And  hence  it  follows  (according  to  Article  64),  that  iftitafigtM'es 
(f  1w>  bodies  are  paraUd  projectiana  of  each  oUter,  the  centres  of 
gramty  of  these  two  bodies  are  correaponding  points  in  these  parcdUl 
projedions. 

To  express  this  sjrmbolically, — as  in  Article  61,  let  x,  y,  z,  be  the 
ocHxrdinateB,  rectangular  or  oblique,  of  any  point  in  the  figure  of 
the  first  body ;  a^,  ^, ;:;',  those  of  the  corresponding  point  in  the 
■eoond  body ;  x^y^z^  the  co-ordinates  of  the  centre  of  gravity  of 
the  first  body ;  a^^  f/^  af^  those  of  the  centre  of  gravity  of  the 
Moondbody;  then 

«^"«'    y*  '^  y '    z.  ^^ 

Hus  theorem  fiudlitates  much  the  finding  of  the  centres  of  gravity 
of  iigores  which  are  parallel  projections  of  more  simple  qk  more  sym- 
metrical figures 

For  example : — ^it  ajmears,  from  symmetry,  as  in  Art  72,  that 
tbe  centn  of  gravity  of  an  equilateral  triangular  prism  is  at  the 
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point  of  intersection  of  the  lines  joining  the  three  angles  of  tiie 
middle  section  of  the  pxism  with  the  middle  points  of  the  opposite 
sides  of  that  section.  But  all  triangular  prisms  are  parallel  pro- 
jections of  each  other ;  hence  the  above  described  point  of  inter- 
section is  the  centre  of  gravity  of  any  triangular  prism. 

Also^  as  in  Art  72,  the  centre  of  gravity  of  a  regular  tetraedrcm 
is  at  the  point  of  intersection  of  ti^e  planes  joining  each  of  the 
edges  with  the  middle  point  of  the  opposite  edge.  But  all  tetrae- 
drons  are  parallel  projections  of  each  other ;  hence  that  point  of 
intersection  is  the  centre  of  gravity  in  any  tetraedron. 

As  a  third  example,  let  it  be  supposed  that  a  formula  is  known 
(which  will  be  given  in  the  sequel)  for  finding  the  centre  of  gravitj 

of  a  sector  of  a  circular  diacy  and 
let  it  be  required  to  find  the  centre 
of  gravity  of  a  sector  of  an  elliptic 
disc.  In  fig.  27,  let  A F  AB"  be 
the  ellipse,  A  O  A  =  2  o^  and 
FOB' =  2  6,  its  axes,  and  CO  ly 
the  sector  whose  centre  of  gmvity 
is  required.  One  of  the  parallel  pno- 
jections  of  the  ellipse  is  a  drde^ 
ABAB,  whose  radius  is  the  semi-axis 
major  a.  The  ellipse  and  the  cxrcle 
being  both  referred  to  rectangular 
co-ordinates,  with  their  centre  as 
origin,  x  and  y  denoting  the  co- 
ordinates parallel  to  O  A  and  O  B  respectively  of  a  point  in  the 
circle,  and  d  and  ^  those  of  the  corresponding  point  in  the  ellipse^ 
those  co-ordinates  are  thus  related : — 


Fig.  27. 


X 


y 


a 


Thi-ough  C  and  D'  respectively  di-aw  B  C C  and  FIVD,  parallel 
to  0  B,  and  cutting  the  circle  in  C  and  D  respectively ;  the  cir- 
cular sector  C  O  D  is  the  parallel  projection  of  the  elliptic  sector 
(uOJy,  Let  G  be  the  centre  of  gravity  of  the  sector  of  the  circular 
disc,  its  co-ordinates  being 

OH  =  a?,;  HG  =  y,. 

Then  the  co-ordinates  of  the  centre  of  gravity  G'  of  the  sector  of 
the  elliptic  disc  are 

OH  =  x\  =  x^; 
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fVnrtlier  fframplenof  the  results  of  this  prooess  will  be  found  in  the 
Bczi  Artida 

83L  Xzmviea  «f  Ccams  of  GwmrUj. — ^The  following  examples 
oonnst  of  formul»  for  the  weight,  the  moment  with  respect  to  some 
^Kcified  ajoBf  and  the  position  of  the  centre  of  grayitj,  of  homo^ 
geneons  bodies  of  those  forms  which  most  commonly  occur  in 
pnctioe.  In  each  case,  as  in  the  formula  of  the  preceding  Articles, 
IP  denotes  the  specific  gravity  of  the  body,  W,  its  weighty  and  Xo,  &o., 
Uie  co-ordinates  of  its  centre  of  gravity,  which  in  the  diagrams 
is  maiked  6,  the  origin  of  co-ordinate&  being  marked  O. 

A. — ^Pjusms  akd  Ctundebs  with  Pailallel  Bases. 

The  woid  cylinder  is  here  to  be  taken  in  Hs  most  general  m  eaning^ 
as  oomjnehending  all  solids  traced  by  the  motion  of  a  plane  curvi- 
linear  figure  parallel  to  itself 

The  examples  here  given  apply,  of  course,  to  flat  plates  of  uni- 
feran  thickneas. 

In  the  formnlsB  for  weights  and  moments,  the  length  or  thickness 
is  supposed  to  be  unity. 

The  centre  of  gravity,  in  each  case,  is  at  the  middle  of  the  length 

iOT  thickness)  ;  and  the  formulse  give  its  situation  in  the  plane 
igore  which  represents  the  cross-section  of  the  prism  or  cylinder^ 
and  which  is  specified  at  the  commencement  of  each  example. 

L  TriangU    (Kg  28)  O,  any  angla     Bisect 
opposite  side  B  C  in  D.     Join  O  D. 

W  =  w'iTD  •B^sin.^i^ODO 

2 

n.  Polygon,     Divide  it  into  triangles;  find 
the  centre  of  gravity  of  each;  then  find  their  ]rfg.  28. 

common  centre  of  gravity  as  in  Art  15, 

in.  Trapezoid.     (Fig.  29.) 
AB||CE. 

Greatest  breadth,  A  B  =  B. 
Least  „        C  E  =  6. 

Bisect  AB  in  O,  C£  in  D; 
join  O  D. 
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IV.  Trapezoid  (Second  solution.)  (£^30.) 
Of  point  where  inclined  sides  meet  Let  OF 
=  iCi,  O D  =  jTji,  OG  =  X,. 

2     a?  — a{ 


W  =  to 


2 


•  sin*  ^i^  O  F  B. 


(cotan  .^  0  A  B  +  ootan  .^  O  B  A), 

irOFR 


(cotan .d^  OAB  +  cotan^i^  OBA). 


V.  Farabolic  Hal/- Segmeni. 
(OAB,  fig.  31.)  O,  vertex  of 
diameter  OX;  O A  =  «.;  A B 
s=  yi,  ordinate  ||  tangent  O  C  Y. 


3 


Fig.  81. 


2 
"Wrs  -^<^  •  »i  yi  •  sin  ,^i^  X  O  Y. 


VL  Pofrabolic  SpandriL    (0  B  C,  fig.  31.)    G',  centre  of  gravity, 

3  3 

W  =  -^  «>  •  «!  yi  •  sin  .^  X  O  Y. 


YIL  Circular  SeOor.    (O  A  0,  fig.  32.)    Let  O  X  bisect  the 

angle  AGO;  OYXGX 

Badius  O  A  =  r 

Half-arc,  to  radius  unity,  o  a  ri  =  ^ 

2       sin^ 
«.  =  -3-r-7-i  y.  =  0. 


Fig.S8. 


W  =  ti7r*l 


\ 
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TiJr.  Circular Sal/'Segnwnl.    (ABX,  %  32.) 

.    4  Wtt'-s  -  sin*  #  008  ^ 

^^"^^      3  (^  -  006  ^  Bin  ^  * 

W=:^  tor*  (^  -  008  ^  Bin  ^ 

IX.  Circu^  SpandrU.    (A  D  X,  fig.  32.) 

_]^    sinM 

"^'"3'"2am^-8m#ooB^-  f 


yo^-*-- 


1 
3 


3  8i]i'^-2am*^oo6#-4ain*7c 


2 


2  sin  ^  —  sill  ^  oos  ^  «-  # 


"W=tiT*  •  («dn#  -  2  ain  ^008  #  — "^j. 

X.  Sector  o/Bwg.    (AOFE,  fig.  32.)  OA=:r;  0£=sK 

2     f^-f^    sin^ 
^=3'  ,5-371  'IP 

XL  Ell^tikS0eU>r,ffal/-Seffment,orSpcmdriL  Centre  of  gravity 
to  be  found  hy  projection  fiom  that  of  cozxesponding  circalar 
figure,  as  in  Article  82. 

B. — Wedgesl 

A  Wedffc  ia  a  solid  bounded  by  two  planes  which  meet  in  an 
edg^  and  by  a  cylindrical  or  prismatic  sorfftce  {cyHndrieal^  as 
befaroy  being  used  in  the  most  general  sense). 

XTT,  General  Farmulm/ar  Wedges.    ^Fig.  33.)    All  wedges  may 
be  divided  into  parts  soch  as  the  figure  nere  represented.     O  A  Y, 
OXY,  planes  meeting  in  the  edge  0  Y;  AX  Y,  cylindrical  (or  pris- 
matic) sor&oe  perpendicular  to  the 
I^ane  OXY;  OXA,  plane  triangle 
perpendicolar  to  the  e^  O  Y;  O  Z, 
axis  perpendicular  to  XOY.  LetOX 

=  «i;  X  A  s=s  Jr^    Then  «  = 


*    « 


W=«a*— ^j  «y •  d« 


110.88. 
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«b  = 


I  xy  dx 

I  xf^'dx 

f^=J    . 

2  /  xydx 


«b  =  ^-  •     (Thifl  lafifc  equation  denotiug 

that  G  is  in  the  plane  which  traverses  0  Y  and  bisects  A  X.) 

In  a  synunetrical  wedge,  if  O  be  taken  at  the  middle  of  the  edge, 
^0  =  O.  Such  is  the  case  in  the  following  examples,  in  each  oif 
which,  lengthof  edge  =  2  yi. 

XTTL  Bectcmgular  Wedge.    (&=  Triangular  Prism.)    (Fig.  Si) 


X^ss    -^   Xi-, 


Fig.  84. 


XIV.  Triangular  Wedge.    (=  Triangular  F^mid.) 


W=  ^  » • «,  yi  «r 


Fig.  86. 

XY.  Semicirctdar  Wedge.    (Kg.  36.) 

BadiusOX  =  OY=r. 


^^     o"  *^l* 


Fig.  88. 


nearly). 
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XYX  Annular,  or  Hollow  &*endcirciilar  Wedge.     (Fig.  37.) 
Ifiztemal  radius,  r;  internal,  f< 

3,    f^  —  ^ 


«•  = 


16     f*  —  r^ 
C. — Cones  and  Ptrahids. 


Fig.  87. 


Lei  O  denote  the  apex  of  the  cone  or  pyramid,  taken  as  the 
origin,  and  X  the  centre  of  grayiiy  of  a  supposed  prism  whose 
middle  section  coincides  with  the  base  of  the  cone,  or  pyramid. 
The  centre  of  gravity  will  lie  in  the  axis  OX. 

Denote  the  area  of  the  base  by  A,  and  the  angle  which  it  makes 
with  the  ax3B  by  ^. 

XYIL  Complete  Cone  or  PyrcmidL    Let  the  height  OZ  =  h; 


^=  i 


3  h. 


"W  =   -  wAAdnA 


XTITL  Tnutealtd  Com  or  Pyramid.    Height  of  poctioiiinin- 
CMteds=&'. 

1     **-*" 

D. — PosnoHB  OF  A  Sfherx. 

XIX  ZofM  or  Ring  of  a  Spherical  Sltell,  bounded  by  two  conical 
snrfiices  having  their  common  apex 
at  the  centre  O  of  the  sphere  (fig.  38), 

OX,  axis  of  cones  and  zone. 

r,  external  radius  )  ^^  jL^n 
!  .  .        I      !•  »  >  or  snelL 
r ,  internal  radius  j 

.^:^XOA=5  «,half-angleof  less ) 

^X0B=/9,         „     gwater/*^**"^ 

Fig.8S. 
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3        f^   -  ^     COS  «  +  OOBfi 

W=^^(f'-r^)  .(co«^-co8«). 

XZ.  Sector  of  a  Hemispherical  ShelL     (OXD,  fig.  39.)    OY 
bisectB  angle  DOG;  i.  D  O  0  =  ^. 

^—  8"  'F^n^ 
3  «•    f^  -  r**    sin  ^ 


Fig.  89. 

84.  Hetn«g«Bc«m  B«dr. — ^If  a  bodj  consists  of  parte  of  definite 
figure  and  extent,  whose  specific  gravities  are  different,  althon^ 
each  individual  part  is  homogeneous,  the  centres  of  gravity  of  t£e 
parts  are  to  be  found  as  in  Article  74  and  the  subsequent  Aiticlefl^ 
and  the  common  centre  of  gravity  of  the  whole  as  in  Article  73. 

85.  CeatM  9f  OfmTltr  f^aad  Bzperineiitallr. — The  centre  of 
gravity  of  a  body  of  moderate  size  may  be  found  approximately  by 
experiment,  by  hanging  it  up  successively  by  a  single  cord  in  two 
different  positions,  and  finding  the  single  point  in  the  body  which 
in  both  positions  is  intersected  by  the  axis  of  the  cord.  For  the 
resistance  of  the  cord  is  equivalent  sensibly  to  a  single  force  acting 
along  ite  axis  ;  and  as  that  force  balances  the  weight  of  the  body 
when  hung  by  the  cord,  ite  line  of  action  must,  in  all  positions  of 
the  body,  traverse  the  centre  of  gravity  of  the  body. 

Section  2. — 0/ Stress,  and  Us  EesiiUants  cmd  GerUree. 

86.  flCTOM*  ita  Name  mad  lateaattr. — ^The  word  Stsess  has  been 
adopted  as  a  general  term  to  comprehend  various  forces  which  are 
exerted  between  contiguous  bodies,  or  parte  of  bodies,  and  which 
are  distributed  over  the  surfsMje  of  contact  of  the  masses  between 
which  they  act. 

The  Intensity  of  a  stress  is  ite  amount  in  unite  of  forccy  divided 
by  the  extent  of  the  smface  over  which  it  acts,  in  unite  of  area. 
Thid  French  and  British  imite  of  intensity  of  sti^ess  are  compared 
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in  a  table  annexed  to  this  volmna     The  following  table  shows  a 
oompaxiaon  between  different  British  nnits  of  intensily  of  stress : — 

Poonds  on  the     Founds  oo  fb% 
•qnore  ibot.         1000310  Indk 

One  povmd  on  the  sqaam  inch, , ••  144                1 

One  pound  on  the  square  foot, 1               xir 

One  inch  of  mercury  (that  is,  weight  of  a 

eohnnn  of  mercury  at  32^  Fahr.,  one 

ittdkhigh),: ^ 7078          0-4912 

One  foot  of  water  (at  89''*4  Fahr.), 62425        0*4385 

One  inch  of  water, 5*2021       0*086125 

One   atmoflphere,   of  29*922   inches  of 

mercury, 2116*4          14*7 

87.  €:Immm  •r  simm. — Stress  may  be  classed  as  follows  : — 
L  Thrtuty  or  Preasvre,  is  the  force  which  acts  between  two  con- 
tigaooa  bodies,  or  parts  of  a  body,  when  each  pushes  the  other  from 
xtaelf^  and  which  tends  to  compress  or  shorten  each  body  on  which 
it  acts,  in  the  direction  of  its  action.  It  is  the  kind  of  force  which 
is  exerted  by  a  fluid  tending  to  expand,  against  the  bodies  which 
surround  it. 

Thrust  may  be  either  fwrmat  or  Mique,  relative  to  the  sui&ce 
at  which  it  acts. 

IL  FuUy  or  Tentiony  is  the  force  which  acts  between  two  con- 
tiguous bodies,  or  parts  of  a  body,  when  each  draws  the  other 
towards  itself,  and  which  tends  to  lengthen  each  body  on  which  it 
acti^  in  the  direction  of  its  action. 

Pull,  like  thrust,  may  be  either  normal  or  oblique,  relatiyely  to 
the  snr&oe  at  which  it  acta 

IIL  Shear,  or  Tan^^enHal  Stress,  is  the  force  which  acts  between 
two  contiguous  bodies  or  parts  of  a  body,  when  each  draws  the  other 
fiidewaysy  in  a  direction  parallel  to  their  sur&ce  of  contact,  and 
which  tends  to  distort  eaA  body  on  which  it  acts. 

In  expressing  a  Thrust  and  a  Pull  in  paraUel  directions  algebrai- 
cally, if  one  is  treated  as  positive,  the  other  must  be  treated  as 
negativa  The  choice  of  the  positive  or  negative  sign  for  either  is 
a  matter  of  convenience.  In  treating  of  the  general-  theory  oi 
stesB,  the  more  usual  system  is  to  call  &puU  positive,  and  a  thrust 
negative :  thus,  let  p  denote  the  intensity  of  a  stress,  and  n  a 
certain  number  of  pounds  per  square  foot ;  p  =^n  will  denote  a 
puU,  and  p  =  —  n  a  thnist  of  the  same  intensity.  But  in  treating 
of  certain  special  applications  of  the  theory,  to  cases  in  which  thrust 
18  the  only  or  the  predominant  stress,  it  becomes  more  convenient 
to  reverse  this  system,  calling  thrust  positive,  and  pull  negative. 

The  word  **  Pressure,'*  although,  strictly  speaking,  equivalent  to 
"  thrust,**  is  sometimes  applied  to  stress  in  general;  and  when  this 
18  the  ease,  it  is  to  be  understood  that  thrust  is  treated  as  positive. 
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88.  Bendourt  «f  fltveM  i  its  BiagHitade. — If  to  a  plane  sor&oe  of 
any  figoie,  whose  area  is  S,  there  be  applied  a  stress,  either  normal, 
oblique^  or  tangential,  and  parallel  in  direction  at  all  points  of  the 
surfaoe  (accor(£ng  to  the  restriction  stated  in  Art  67),  then  if  the 
intensity  of  the  stress  be  uniform  over  all  the  surface,  and  denoted 
\>jPi  the  amount  or  magnitude  of  its  resultant  will  be 

P=i'S (1.) 

If  the  intensity  of  the  stress  is  not  uniform,  that  amount  is  to  be 

found  by  integration.     For  example,  in 

fig.  40,  let  A  A  A  be  the  plane  sur&ce,  and 

let  it  be  referred  to  rectangular  axes  of 

co-ordinates  in  its  own  plane,  0  X,  O  T. 

Oonceiye  that  plane  to  be  divided  into 

small  rectangles  by  a  network  of  lines 

parallel  to  O  X  and  0  Y  respectively,  and 

let  ^Xf  -^  y,  be  the  dimensions  of  any  one 

^*  ^^*  of  these  rectangles,  such  as  that  marked  a 

in  the  figure.   Conceive  a  figure  approximating  to  that  of  the  given 

planesuriiacetobe  composedof  several  of  these  small  rectangles,  so  that 

S  =  2'AajAy  nearly/ ,.(2.) 

let  jy  be  the  intensity  of  the  stress  at  the  centre  of  any  partioolar 
rectangle,  so  that  the  stress  on  that  rectangle  is 

p  Ax^y  nearly. 

Then  the  amount  of  the  resultant  stress  is  given  approximately  by 
the  equation 

P=:  2  ' p  Ax ^y  nearly. (3.) 

Then  pasmng,  as  in  previous  ezamplee,  to  the  integrals,  or  limits 
towards  which  the  sums  in  the  equations  2  and  3  approach  as  tho 
minuteness  of  the  subdivision  into  rectangles  is  indefinitely  in- 
creased, we  find,  for  the  exact  equations, 

B=  j  J  dxdy;     | 

T:^Jfp'dxdy.j  ^*"^ 

The  mean  »ra<l07m^y  of  the  stress  is  given  by  the  following  equation  :*- 

p         f  j pdxdy 
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A  eosiTeiiient  mode  of  lepreeenting  to  the  mind  tihe  foregoing 
proceoB  IB  as  follows: — ^In  %.  41,  let  A  A  be  the  given  plane 
8ar&oe ;  O  X,  OT,  the  two  axes  of  co-ordinates  ^ 

in  its  plane;  O  Z,  a  third  axis  perpendicular  to 
that  plane.    Conceiye  a  solid  to  exist,  bounded 
at  one  end  by  the  given  plane  sur&oe  A  A, 
ktetallj  hy  a  cylindrical  or  prismatic  sur&ce 
generated  by  the  motion  of  a  straight  line  par- 
allel to  O  Z  round  the  outline  of  A  A,  and  at     .  in<,  11 
theotherendbyaBorfiioeBB,  ofsuchafignre,  ^* 
that  its  ordinate  z  at  any  point  shall  be  proportional  to  the  intensity 
of  the  stress  at  the  point  of  the  surface  A  A  from  which  that 
ordinate  proceeds,  as  sdiown  by  the  equation 


/" 


P 

»=  — 

w 


.(6.) 


The  volume  of  this  ideal  solid  will  be 


V  =  /  /  z'dxdy. 


(7.) 


So  that  if  it  be  conceived  to  consist  of  a  material  whose  specific 
gravity  is  w^  the  amount  of  the  strees  will  be  equal  to  the  weight 
of  the  solid,  that  is  to  say, 

P  =  v>Y (8.) 

If  the  stress  be  of  opposite  signs  at  different  points  of  the  plane 
Ru&oe  A  A,  the  surface  B  B  and  the  solid  which  it  terminates 
will  be  partly  at  one  side  of  A  A  and 
partly  at  the  opposite  side,  as  in  fig.  42; 
and  in  this  case,  the  two  parts  into 
which  the  solid  A  B  A  B  is  divided  by 
the  i^aae  X  O  Y,  are  to  be  r^;arded  as 
having  opposite  signs,  and  Y  is  to  be 
held  to  lepreBent  the  differmict  of  their 
volumea 

The  jMon  jlraw  of  equation  5  is  evidently 

1^  =  ^^ —(9) 

in  which  z^  is  the  height  of  a  parallel-ended  prism  or  cylinder 
standing  on  the  base  AAA,  and  of  volume  equal  to  the  solid 
ABAR 

89.  The  C^atf  mt  fltrcM,  er  •€  PvcMnra*  in  any  sur&co,  IS  the 
point  traversed  by  the  resultant  of  the  whole  stress,  or  in  other 
words,  the  Centre  ofPcmdld  Forces  for  the  whole  stress.  Erom  the 
prindplea  already  proved  in  Ghap^  IL,  Section  4,  it  foUows,  that 
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the  podtioii  of  this  point  does  not  depend  upon  the  directioiii  of  Ae 
stress,  nor  upon  its  absolute  magnitude ;  but  solely  on  the  fonn  of 
the  surface  at  whidi  the  stress  acts,  and  on  the  proportions  between 
the  intensities  of  the  stress  at  different  point& 

As  in  Artide  88,  conceive  a  figure  approximating  to  that  of  the 
given  plane  sar&ce  AAA  (fig.  40),  to  be  composed  of  several  small 
rectangles ;  let  « /3  denote  the  angles  whidi  the  direction  of  the  slaress 
makes  with  O  X,  O  Y  respectively.  Then  the  moments,  relative  to 
the  co-ordinate  planes,  ZOX,  ZO  Y,  of  the  components  parallel 
to  those  planes  of  the  stress  on  ^z  ^y,  are  given  by  the  approxi- 
mate equations. 

Moment  relativelj  toZOX,    yp  ax  Ay    sin  i^X-,--— /-, 

„  „  ZOY;—xp  AX  Ay  *  ehiM)         ^' 

Summing  all  sudi  moments,  and  passing  to  the  integral  or  limit  of 
the  sxmi,  as  in  former  examples,  we  find  the  following  eiqfxressions, 
in  whi(^  obq  and  y^  denote  the  co-ordinates  of  the  centre  of  stress  ; 

yoT'taxi.fi  =  taxififjyp»dxdy 
XoT'wa»  =  anM  J  j  xp'dxdy 
Consequently  the  co-ordinates  of  the  centre  of  stress  are 


(L) 


/  /  xp'dxdy 


.(i) 


j  j  p*dxdy 
I  I  yp*dxdy 

y^=Mc 

/  I p'dxdy 

whi<^  are  evidently  the  same  with  the  co-ordinates,  parallel  to 
OX  and  O  Y,  of  the  cerUre  ofyrwnty  of  the  ideal  solid  of  fig.  41, 
whose  ordinates  z  are  proportional  to  the  intensity  of  the  pressure 
at  the  points  on  which  they  stand 

^  When  the  intensity  of  the  stress  is  positive  and  negative  at 
different  points  of  the  sur&ce  AAA,  cases  occur  in  which  the 
positive  and  negative  parts  of  the  stress  balance  each  other,  so  that 
the  total  stress  is  nothing,  that  is  to  say^ 


/  /  pdxdy:=iO. 


In  such  cases,  the  resultant  of  the  stress  (if  any)  is  a  conpUj  and 
there  is  no  centre  of  stress.  This  case  will  be  farther  oonaidered 
in  the  sequeL 
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90.  etmtrm  m€  VmUkum  In— — Jf  the  intensity  of  the  st^ress  be 
mifonn,  the  factory  in  equation  2  of  Article  89  becomes  constant^ 
and  maj  be  remoyed  from  both  numerator  and  denominator  of  the 
eznresBions  for  fl%  and  y^  whidi  then  become  simplj  the  co- 
aruinates  of  the  centre  of  gravity  qfaJUU  plaie  of  the  figure  A  A  A« 

This  also  a|^>earB  from  the  consideration^  that  the  surface  B  B 
in  £g,  41  becomes  a  plane  parallel  to  A  A,  and  the  solid  A  B  A  B| 
a  pairallftl-ended  prism  or  cylinder. 

91.  MiMiMi  m€  vaMMmir  WmMjim^  flttcM. — By  an  umfomdy 
9€uying  stress  is  understood  a  stress  whose  intensity,  at  a  given 
point  of  the  sorfiace  to  which  it  is  applied,  is  proportional  to  the 
distance  of  that  point  from  a  given  straight  lina  For  example,  let 
tlie  given  straight  line  be  taken  as  the  axis  O  Y ;  then  the  following 
eqnatkn 

p=ax,  (1.) 

•  being  a  constant,  represents  the  law  of  variation  of  the  intensity 
of  an  uniformly  varying  stress. 

The  amount  of  an  uniformly  varying  stress  is  given  by  the  equa- 
tion 


P=  r  f  p'dxdyssza  f  j  x'dxdy. 


,(2.) 


which,  if  the  axis  OT  traverses  the  centre  of  gravity  of  a  plate  of 
AeJSgwre  of  the  surface  of  action  AAA,  becomes  equal  to  nothing, 
the  positive  and  negative  values  of  p  balancing  each  other.  In 
this  case,  OT  is  calleid  a  seutral  axis  of  the  surfJEuse  AAA. 

In  fig.  43,  let  AAA  represent  the  plane  sur&ce  of  action  of  a 
Btreos;  let  O  be  its  centre  of  gravity  (that  is,  the  centre  of  gravity 
of  a  flat  plate  of  which  AAA 
istbe^gure); -YOY  the  " 

neutral  axis  of  the  stress 
api^ed;  ~XOX  perpendi- 
cular to  —  YOY,  and  in  the 
plane  of  AAA;  — ZOZ 
perpendicular  to  that  plana 
Conc^e  a  plane  B  B  inclined 
to  AAA  to  traverse  the 
neutral  axis,  and  to  form, 
with  the  plane  AAA,  a  pair 
of  wedges  bounded  by  a 
cytindricfti  or  prismatic  suifitce  parallel  to — ZOZ.  The  ordinate 
«,  drawn  from  any  point  of  AAA  to  BB,  will  be  proportional  to 
the  intensity  of  the  stress  at  that  point  of  AAA,  and  will  indicate 
hj  its  upward  or  downward  direction  whether  that  stress  is  positive 
ornegiUive;  and  the  nullity  of  the  total  stress  will  be  indicated  by 
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the  equality  of  tlie  positive  wedge  above  AAA.,  and  the  DfigativB 
wedge  below  AAA.  The  resultant  of  the  whole  stress  is  a  ooaple^ 
whose  moment,  and  the  position  of  its  axis,  are  found  in  the 
following  manner,  hj  the  application  of  the  process  of  Chapi  Hi., 
Sect  2,  Article  60. 

Let  «,  /9,  y,  be  the  angles  which  the  direction  of  the  stress  makes 
with  OX,  OY,  OZ,  respectively.  Let  Ax^y  denote;,  as  before^ 
the  area  of  a  small  rectangular  portion  of  the  snr&ce,  x,  y,  the  oo- 
ordinates  of  its  centre  (for  whidx  «  =  0),  and  p^ax,  the  int^osity 
of  the  stress  on  it,  so  that 

A  P  =i>  A  «  A  ^  =  a  a;  A  a?  Ay 

is  the  force  acting  on  this  rectangle. 

The  moments  of  this  force  relatively  to  the  three  axes  of  oo-cfdi- 
nates,  are  found  to  be  as  follows,  by  making  the  proper  aabstitatioDS 
in  equation  2  of  Article  60 : — 

round  OXj  AP'ycosy; 
„     OY; — AP'^cosy; 
„       OZ;  aP(«cos^  —  ycos«). 

Summing  and  integrating  those  moments,  the  following  aie  found 
to  be  the  total  moments : — 

round  OX;  M|sa  '  cosy  f  f  mydxdy 
„      OY;Mj  =  —  acoBY  j  I  a^'dxdy  ►(3.) 

„      OZ;  M^^a  |oos/3  j  faf'dxdy-^coBM  j  fxy'dxdyX 
For  the  sake  of  brevity,  let 

j  ja?'dxdy  =  Ij  f  f  xy*dxdy  =  K; (3a.) 

then,  as  in  equation  7  of  Article  60,  we  find,  for  the  micnneat  of 
the  resultant  couple, 

M=  V(M?  +  MJ  +  MJ) 
=  a-  ^{(P  +  E:")cos'y  +  P-oos*/8  +  K«-cos*« 

—  2 1  £  *  cos  M  -  cos  /3. 1 
=  a  ^/(P•Bin»«l+K»•sin«/3— 2IK-oos«oos/3);...(i.) 

and  for  the  angles  x,  ;*,  p,  made  by  the  axis  of  that  couple  with  ibe 
axes  of  oo-ordinates,  we  find  the  angles  whose  cosines  are  as  foliows:— 

^      Mx  M,  U. 
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The  fiaUowiBg  equation  is  easily  Yeiified : — 

008  «B  COS  X  +  cos  ^  cos  fx.  +  COS  y  cos  y  =  0...— ..•(5a). 

Tins  indicates  wLat  is  of  itself  obvious;  that  tlie  axis  of  the  resul- 
^Bnt  couple  M  is  perpendicular  to  the  direction  of  the  stress. 

The  following  form  is  often  the  most  convenient  for  the  constant 
a.  Let  j^  be  the  intensity  of  the  stress  at  some  fixed  distance^  x-^ 
firom  the  neaiial  axis;  then 

»  =  & (6.) 

92.  M«M0iM  •r  BcMdUim  ahmm. — 11  the  uniformly  varying  stress 
he  nonnal  to  the  sur^u^  at  which  it  acts;  that  is  to  say  in  symbols, 

^  coB«=sOj  008/3  =  0;  coBy=:l; (1.) 

then  it  is  evident  that 

ISt,  =  0;  cos  f  =  0; (2.) 

or  in  wards,  that  the  axis  of  the  resultant  couple  is  in  the  plane  of 
the  mAob  AAA-  Such  a  stress  as  this  is  called  a  ften^?^««r«*, 
fcr  leasoos  which  will  be  explained  in  treatmg  of  the  sfcrcaigth  of 
t»M^tAriVl«L  The  equations  of  Article  91,  when  applied  to  this  case, 
become  as  follows: — 

Mx  =  aK;  Mi  =  — al, 
M=:a- ^(I'-i-K*); 

C0BA=:8inf«^  K 


.(3.) 


.•.  tan^=  — --  i 

If  the  figure  AAA  is  symmetrical  on  either  side  of  the  axis 
OX,  then  for  every  point  at  which  y  has  a  given  positive  value, 
thoe  is  a  corresponding  point  for  which  y  has  a  n^ative  value  of 
equal  amount ;  so  that  for  sudi  a  figure 

K=  j  f  xy'dxdy  =  0, 

and  the  "m^m^  equation  may  be  fnlfilled  also  for  oerfcain  Tmsymme- 
irical  figoxeiL    In  this  case  we  have 

Mi=0;  M  =  M3=— al;  ^•==0; (4.) 

10  ^3iat  the  axis  of  the  couple  coincides  with  the  neutral  axis. 
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93.  Mmmtm  m€  Twisttef  SiveM. — ^If  the  sfcresB  be  tangentia], 
tendency  is  obviotualj  to  twist  the  sux&oe  AAA  about  the 
O  Z.     JxL  this  case  we  hare 

oosysO;  006«  =  Bin3;  oos/3  =  8iq«; 

M  =  M,  =  a(lBin«-Kco8«);  r K^) 

CO8A-=0;  CO6/E«  =  0;  C0Sf=:L 

In  the  cases  referred  to  in  Article  92^  for  which  K  =  0,  we 

M==al8in«; (2.) 

so  that  in  these  cases  it  is  only  the  component  of  the  stress  pandk 
to  the  neutral  axis  which  produces  the  twisting  coupl& 

94.  €)«atra  •r  iDmifrnnmif  TarjiMg  stwM. — When  the  amount  of 
an  uniformly  varying  stress  has  magnitude,  that  stress  may  be  con- 
sidered as  made  up  of  two  parts,  viz. : — 

First,  an  uniform  stress,  whose  intensity  is  the  mean  intenatf  of 
the  entire  stress,  and  whose  centre  is  the  centre  of  figure,  O,  of 
the  suiface  of  action.  As  in  Article  88^  equation  5,  this  meaa 
intensiiy  may  be  represented  by 

P         total  stress  ^ . 

^  -  -s-  -  —Sir- <^> 

Secondly y  an  uniformly-yarying  stress,  whose  neutral  axis  tra- 
yerses  O,  whose  amount  is  =  0,  and  whose  intensity,  j/,  at  a  given 
pointy  is  the  deviatum  of  the  intensity  at  that  point  from  the  mean; 
so  that  the  intensity  of  the  entire  stress  is  given  by  the  equation 

p=po  +  j/==Po  +  ax  (2.) 

ZiCt  M  be  the  moment  of  this  second  part  of  the  stress ;  its  e£fec^ 
as  has  been  already  shown  in  Article  60,  case  2,  is  to  shift  the 
resultant  P  parallel  to  itself  through  a  distance 

L  =  f (3.) 

to  the  opposite  side  to  that  whose  name  designates  the  tendency  of 
the  couple  M ;  and  the  direction  of  the  line  L  is  perpendicular  at 
once  to  that  of  the  stress,  and  to  that  of  the  axis  of  the  couple  M. 

The  co-ordinates  relatively  to  the  point  O  of  the  centre  of  stress 
as  thus  shifted,  being  the  point  where  the  line  of  action  of  the 
shifted  resultant  cuts  the  plane  of  A  A  A,  are  most  easily  found  by 
adapting  the  equation  2  of  Art.  89  to  the  present  case,  as  follows:—- 
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iorpendiciilar  ^ 


^    tothe 
aevtEElazis 

akngthe 
neutral  uds 


}- 


j  jxp''dxdy      aj  j^'dxdy      al 
=  p  =         "1p  ="p; 


(*•) 


The  angle  ^  wMch  the  line  joining  O  and  the  centre  of  atreai 
PMkea  wxtii  the  neutnd  axis  O  Y,  la  that  whose  cotangent  is 

^-4 («•) 

Xq  1  ^    ' 


cotan  0  s 


will  he  called  the  axis  eor^fugaie  to  the  neutral  axis 
-  Y  0  Y.    When  K  =  0^  it  is  perpendicular  to  the  neutral  axis. 

'dxdy  is  sometimes  called  ihe  moment  of  inertia  of  the  surface 
AAA  relatively  to  the  neutral  axis  —  YO Y.  This  is  a  term 
adopted  from  the  science  of  Dynamics  for  reasons  which  will  after- 
wds  aj^war.  The  present  Article  is  intended  to  point  out  certain 
idatMXDs  which  exist  amongst  the  moments  of  inertia  of  a  plane 
*ir&ce  of  a  given  figure  relatively  to  different  neutral  axes ;  a 
^Mnrledgs  of  which  relations  is  useful  in  the  determination  of  the 
^fnoA  of  a  bending  or  twisting  stress. 

I«t  A  A  in  fig.  44  represent  a  plane  surfJEUie  of  any  figure,  O  its 
ccotze  of  gravity,  YO  Y,  XOX,  a  pair  of  rectangular  axes  crossing 
«idi  other  at  O,  in  any  position. 

T^»kbg  YOY  as  a  neutral  axis,  let 
tiiemoiiient  of  inertia  relatively  toit  be 

I  =  j  /  a^  'dxdy; 

let  the  moment  of  inertia  re- 
l^tivelyto  XOX  as  a  neutral 
axis  be 

Iff.  ^^•> 

i&ilet 

^^  j  j  xydmdy. 

Kov  let  Y'OY',  X'OX;  be  a  new  pair  of  lectangukr  axes,  in 
^  {osition  wn^lnng  the  angle 

YOY'  =  XOX'  s  ^ 
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with  the  origmal  pair  of  axes ;  and  let 

r  =  f  faf'-dafdi/; 

J*  =  fft/''dafdi/';       [ (2.) 

K'  =:  j  jx'y'-dafdy'. 

The  following  relationfl  exist  between  the  origmal  co-ordinatesp 
Xj  y,  of  a  given  point,  and  the  new  co-ordinates  a/,  y',  of  the 
point; 


^z=zxmi(i  +  ycos/8;> (3.) 


(This  last  quantity,  which  is  the  square  of  the  distance  of  iiie 
given  point  from  O,  is  what  is  called  an  Isotropio  Function  of  the 
co-ordinates ;  being  of  equal  magnitude  in  whatsoever  position  tho 
rectangular  co-ordinates  are  placed.) 

From  the  equations  ^3),  the  following  relations  an  easilj  deduced 
between  the  original  integrals  I,  J,  £,  and  the  new  integzak 
r,J',K':— 

r=£l-coii'j8  +  J-sin«i3—  2K-coB/8sin/S;) 
J'=:I-sin*/8  +  J-cos*/3+   2K-oos/8sin/8;>  ...(4) 
K'  =  (I  — J)cos/8-8ini8+  K(cos'/S  — sin«A)j 

Also,  the  following  functions  of  those  integrals  aie  found  to  be 
isotropio; 

I  +  J  =r  r  +  J'  =  II  («•  +  sf^  •  d»dy (5.) 

(called  the  pclour  momemb  of  inerHa)  ; 

ij  —  K*  =  r  J'  —  K" (&) 

Equation  5  may  be  thus  expressed  in  words : — 

Theorem  I.  The  sum  of  the  moTnenis  of  merUa  of  a  mmfaet 
reUuivdy  to  a  pavr  of  rectangvJUvr  neutral  axes  is  isotropic 

Equations  5  and  6  in  conjunction  lead  to  the  following  conse- 
quences. Because  the  sum  I'  +  J'  is  constant,  T  must  be  a 
maximum  and  J'  a  minimum  for  that  position  of  the  rectangular 
axes  which  makes  the  difference  I' — J'  a  mA-rimniYi      Ajid  because 

(T  — JO*  =  (I'  +  JO*  — 41' J', 

r  —  J'  must  be  a  maximum  for  that  position  of  tfie  axis  which 
makes  T  J'  a  minimum.     But  bj  equation  6,  T  J'  —  K'*  is  constant 
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fior  all  pontioiis  of  the  axes;  therefore  when  £'  ^  0,  TiT  is  a 
BdnimuiD,  I'  —  J'  a  mazimxiin,  I'  a  TnATiTwuirt^  and  J'  a  TnipimnTn. 

Hence  foUows,  in  the  first  place, 

Thbobsx  XL  In  every  pla/ne  eur/ace  there  is  a  pair  of  rect* 
angndar  neutral  axes  for  one  of  uMch  the  momefnt  of  inertia  ia 
greater,  andjor  the  other  leesy  than  for  any  other  neui/ral  axis. 

These  axes  are  called  Principal  Axes,  Let  I|,  J^,  be  the  maximmn 
and  mhiiiimTn  moments  of  inertia  relatively  to  them,  and  let  /d|  be 
the  angle  which  their  position  makes  with  the  oiigmally-assamed 
axes ;  then  because  K,  s  0,  we  have,  from  the  third  of  the  equa- 
tions (4) 

tan2A=^ff^".°.^==J-g (7.) 

^^    coT/Si-sm'/Sx     I  —  J  ^   ' 

and  hecanse  I,  +  J,  =  I  +  J,  and  Ij  Jj  =  IJ  —  K*,  we  have,  by 
the  solution  of  a  quadratic  equation, 

,  =  -i.V{E=i^.K.} I 

The  position  of  the  principal  axes,  and  the  values  of  I,,  J,,  being 
ooee  known,  the  integrals  T,  J",  K',  for  any  pair  of  axes  which  make 
the  angle  fi^  with  the  principal  axes,  are  given  by  the  equations 

r  =  I,cos»/9r  +  J,.BinV;     ) 

J' =r  I,  sin* /flr  +  J,cos"/9r;      V (9.) 

K'  =  (I,  —  J,)  cos  /3'  sin  ^.    j 

liljssj^  then  P  =  «r  =  Ii,  and  £'  =  0,  for  all  axes  whatso- 
ever; and  the  given  figure  may  be  said  to  have  its  moment  of 
iiuaiJtL  eoTT^aletdy  ieotropic 

Kext^  as  to  Conjugate  Axes.  By  equation  5,  Article  94,  we  have 
for  the  angle  which  the  axis  conjugate  to  O  Y  makes  with  O  Y 

ootan  i  =r     "• 

For  the  principal  axes,  X  =  0,  cotan  ^  =  0,  and  ^  is  a  right 
anrie;  from  whidi  follows — 

Thsorex  til  The  principal  axes  are  conjugate  to  eadh  other: — 
that  is,  if  either  of  them  be  taken  for  neu^nal  axis,  the  other  will 
be  the  conjugate  axis. 

Betnraing  to  equation  4  of  the  present  Article,  let  us  suppose, 
that  the  axis  conjugate  to  the  originally  assumed  neutral  axis  Y  O  Y, 
has  been  determined,  and  that  its  position  is  Y'O  Y^  so  that 
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Let  this  conjugate  axis  be  assumed  as  a  new  neutral  azi&  Then  Ilia 
integrals  T,  J',  K',  belonging  to  it  are  determined  by  substitiiliBg 
0  for  fi  m  the  equation  4;  that  is,  bj  substituting  for  cos  fi  and 
ein  fi,  the  values  of  cos  0  and  sin  ^  in  terms  of  K  and  I,  viz,,:— - 


cos  ^r=: 


K 


sin  ^  = 


^r  +  EL*  ^r  +  K* 

which  substitution  havijag  been  made,  we  find 

•,       I(IJ  — K«) 
^  =      I*  +  K* 

_K(IJ-K') 

^""     r  +  K* 

Now  let  it  be  required  to  find  the  angle  ^,  which  the  new  con- 
jugate  axis  makes  with  the  new  neutral  cude  Y'O  Y'«  This  angte 
is  given  by  the  equation 


ao.) 


cotan^  = 


r 


=  —   |.   =  —  cotan  0, 


whence 

*'=-*, ai-) 

or  in  wordsy 

Theorem  PT.  If  the  axis  conjugate  to  a  given  neuiral  axis  he 
taken  cu  a  new  neuiral  axis,  the  original  neutral  axis  will  he  the  neio 
conjugate  axis. 

The  following  mode  of  graphically  representing  the  preceding 

theorems  and  relations   depends  on  wdl 
known  properties  of  the  ellipse. 

In  fig.  45,  let  O  X^  O  Y,  perpendicular 
to  each  other,  represent  the  principal  axes 
of  a  suiflEM^e.    With  the  semi-axes, 


a 

b 


=  0Y,  ==  VJi  j 


ng.45. 


describe  an  ellipse,  so  that  the  square  of 
each  semi-axis  shall  represent  the  moment 
of  inertia  round  the  other. 


Let  the  semidiameter  OY'  be  drawn  in  the  direction  of  any 
assumed  neutral  axis,  and  let  .^  YjO  Y'  =  /y.    Draw  OC,  the 
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(14) 


■emidiameter  conjugate  to  OY',  so  tibat  the  tangent  OT  shall  be 

parallel  to  OY^  Let  OT  =  ^,  and  let  the  nonnal  OT  =  fi.  Then 
it  is  well  known  that 

n^  z=a* '  COS*  fi^  +  V  sin'  fi>;    ) 

and  that  I (13.) 

n^  =  (a' — 6*)'00Bi3'-Bin/y;  j 

oonseqtientlj^  comparing  this  equation  with  the  equation  9^  we  find^ 

r  =  ««; 

XT  * 

eotan  ^  =  .=r-  =  -  =  cotan  Y'  O  0 ; 
1         n 

80  that  the  square  of  the  normal  O  T  represents  the  moment  of 

inertia  for  the  neutral  axis  O  Y',  and  the  semidiameter  00  con- 
jugate to  O Y'  is  also  the  conjugate  axis  of  the  neutral  axis  OY', 
and  vtc0  vend. 

In  fiT^<^1T^g  the  moment  of  inertia  of  a  surfiice  of  complex  figure, 
it  may  sometimes  be  desirable  te  diyide  it  into  parts,  each  of  more 
simple  figure,  find  the  moment  of  inertia  of  each,  and  add  the 
reaolte  together. 

In  a  case  of  this  krad,  the  neutral  axis  of  the  whole  sur£BU»  will 
not  necessarily  travene  the  centre  of  grayity  of  each  of  its  parts, 
and  it  becomes  necessary  to  use  formulae  for  finding  the  moment  of 
inertia  of  a  figure  relatively  to  an  axis  not  trayersing  its  centre  of 
gntvity. 

Let  O  Y  denote  such  an  axis,  x  the  distance  of  any  point  of  the 
given  figure  from  it,  and  x^  the  distance  of  the  centre  of  graviiy  of 
the  given  figure  from  the  axis  O  Y.  Through  that  centre  of  gravity 
cofnceive  an  axis  O'  Y'  to  be  drawn  parallel  to  O  Y  ;  the  point  which 
is  at  the  distance  x  firom  O  Y,  is  at  the  distance 

of  =^x  —  x^ 
from  O^Y\ 

The  leqmred  moment  of  inertia  is 


1=  j  j  o^dxdyi 

but  a?  ^^oi-^^x^oi-k-v!*; 

therefore^ 

I=:ai&  +  2xo  f  f  sf'dxdy-^  j  j  af^*dxdy; 

and  becauae  C  Y^  traverses  the  centre  of  gravity  of  S^ 

Jj  af'dxdy=Oi 
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SO  that  tbe  middle  term  of  the  expressioii  for  I  vanishes,  leaying 

l  =  aiQ-\-ffa^*'dxdf/; (15.) 

or  in  words, — 

Theobex  Y.  The  moment  of  inertia  of  a  surface  rdalivdytoan 
ttods  not  traversing  iia  centre  ofgra/mty  ia  greater  than  the  moment  of 
inertia  raamd  a  parallel  axie  traversing  its  centre  of  gravity,  by  the 
product  of  the  a/rea  of  the  mirface  into  the  square  of  the  distance  between 
those  two  aoces. 

The  following  is  a  table  of  the  principal  (or  maxima  and  minima) 
moments  of  inertia  of  siirfaces-of-action  of  stress  of  those  figures 
whidi  most  commonly  occm:  in  practice  : — 

«_M  Maximum  Ii  Minimom  Ji 

'*™'  (neatralaxisOY).  (neutral  axis  03> 

L  EaoTAjroLE. — Length  along  OX^ )  7^*b^  h  V 

A;  breadth  along  OY,  6 j  12"  12" 


IL  Squabe. — Side  =  h.^. 


U  12 


ITL  EuxraB. — Longer  axis,  h )  vh^h  whV 

Shorter  axis,  & j  ~6i~  64 

(^•^-■^=2o^**^y)- 

IV.  CmcLB.— Diameter,  h ^  •"** 


Y.  Hollow  symmetrical  figures;  sub- 
tract I  or  J  for  inner  figure,  from 
I  or  J  for  outer  figure. 

VI.  Symmetrical  assemblage  of  rec- 1  ^t^  ^y 

tangles;  dimensions  of  any  one  ^      a  •  -tq-  >*  To* 

A  II  re,  6  II  v;  distance  of  its  centre  I  ^^ 

fiomOY,a;j;fiK)mOX,yo J      +^"^^aJ  +^'hbyl 

SEcnoK  3. — Of  Internal  Stress,  its  Composition  amd  Resolution, 

96.  iMtenud  StNM  !■  CkncraL — ^If  a  body  be  conceived  to  be 
divided  into  two  parts  by  an  ideal  plane  traversing  it  in  any 
direction,  the  force  exerted  between  those  two  parts  at  the  plane  of 
division  is  an  internal  stress.  The  finding  of  the  resultant,  and 
of  the  centre  of  stress,  for  an  internal  stress,  depend  upon  the 
principles  relating  to  stress  in  general,  which  have  been  explained 
in  the  last  section.  The  present  section  refers  to  a  different  dass 
of  problems,  viz.,  the  relations  between  the  different 
which  can  exist  together  in  one  body  at  one  points 


A  body  m»7  be  divided  into  tvo  ports  ly  a  plane  traversing  a 
given  point,  in  an  indefinite  Dmnber  of  ways,  by  vaiTing  the  Bngulai 
poaition  of  tlie  plane ;  and  the  stresa  which  acts  between  the  two 
puis  maj  vary  in  diiection,  or  intensity,  or  in  both,  as  the  poaition 
of  the  plane  variea  The  object  of  the  present  section  is  to  show 
the  laws  of  soch  vajiation  ;  and  abo  the  efiect  of  applying  different 
itTMses  simultaneoofily  to  one  body. 

The  investigations  in  this  section  relate  strictly  to  stress  of 
lao/orm  tntentUj/  ;  bat  their  results  are  made  applicable  to  stress  of 
variable  intensity  to  any  required  degree  of  aocuracy,  by  sufficiently 
conbacting  the  space  nnder  considei^tion,  so  that  the  variationB  of 
the  stress  within  its  limits  shall  not  exceed  the  assigned  limits  of 
deviation  &om  unifomuty. 

97.  ■■■Ill  BUM  mmA  Ha  Nanui  ■■w—Hr. — ^A  Simple  stres  is  a 
pull  or  a  thmsL  In  the  following  investigatioDS  a  poll  will  be 
treated  as  positive,  and  a  thrust  as  n^ative. 

In  fig.  46,  let  a  prismatic  solid  body,  or  part  of  a 
KJid  body,  whose  sides  are  parallel  to  the  axis  O  X, 
be  kept  in  equilibrio  by  a  pull  applied  in  opposite 
directiong  to  its  two  ends,  of  uniform  intensity,  and 
of  the  amount  P, 

Let  an  ideal  plane  A  A,  perpendicular  to  O  X, 
be  conceived  to  divide  the  body  into  two  parts,  and 
kt  the  area  of  that  plane  of  section  be  S.  That 
each  of  these  parts  may  be  in  equilibrio,  it  is 
Daxnuy  that  tiiey  should  act  upon  each  other,  at 
thejdaaeofsection  AA,with  a  pull  in  the  direction 
0  X  of  tbe  amount  P,  and  of  the  intensity 

P 

This,  which  is  the  int«nsity  of  the  stress  as  distributed  over  a  plane 
Mnnal  to  its  direction,  may  be  called  its  normal  inietmiy. 

98.  MnlwWHw  af  BIwpfa  Sbch  m  wm  OMI«tM  rbM.^ — Next,  let 
tbe  plane  of  section  be  conceived  to  have  the  position  B  B,  oblique 
to  OX;  let  ON  be  aline  normal  to  BB,  and  OX  a  line  at  the 
intenection  of  the  planes  B  B  and  X  0  N.  Let  the  oAJt^mCy  of 
the  plane  dL  section  be  denoted  by 

#-^XON-^TOA. 

Tm  two  parts  into  which  B  B  divides  the  body  mnst  exert  on 
each  other,  as  in  the  former  case,  a  pull  of  the  amount  P,  and  in 
the  direction  0  X }  but  the  area  over  which  that  pnll  is  distributed 
i>now 
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area  BB= 3; 

oonBeqnently,  the  intensity  of  the  stress,  as  reduced  to  the 

picme  0/ section,  is 

Pcos^ 
Pr- — g — =l>.-oosl. 

99.   R«m»1mU«ii   •f  Obllqne    StNM   imtm    fimrmml   mUI 

€«BiFOM««*** — The  oblique  stress  P  on  the  plane  of  section  B  B  maj 
be  resolved  by  the  principles  of  Articles  55,  57,  into  two  oompo- 
nentSy  viz. : — 

Normal  component  a- )  -r>        . 

long  ON, t?. /         ^««'5 

Tangential  component )  p  e*    4 . 

along  OT, /         ^^^^^ 

and  the  intensities  of  these  components  are. 

Normal ;       p^=ip,cm^  =  jo,* cos* 0;       )  ^-  ^ 

Tangential ;  pt  =  jo, sin  0  =p^'coa  ^  sin  ^  J  ^  '' 

Suppose  another  oblique  pkne  of  section  to  cut  the  body  at  right 
angles  to  B  B,  so  that  its  obliquity  is 

^  =  90^  —  ^; 

and  let  the  intensity  of  the  stress  on  the  new  plane  be  denoted  by 
accented  letters ;  then 


p\  =  Jt?.  •  cosV  =  j5.  •  sin*  ^ ; )  .^  . 

p't  =  Pt;Pn+p\=PM',         J  ^  '^ 


so  that  we  obtain  the  following 

Theorem.  On  a  pair  0/  j^mes  0/  section  whose  obliquities  are 
together  equal  to  a  right  angle,  the  tangential  components  of  a  simple 
stress  a/re  of  equal  intensity,  and  the  intensities  of  the  normcU  com- 
ponents are  together  equal  to  the  normal  intensity  of  the  stress, 

100.  c«mp«nMd  smas  is  that  internal  condition  of  a  body  which 
is  made  by  the  combined  action  of  two  or  more  simple  stresses  in 
different  directions.  A  compoxmd  stress  is  known  when  the  direc- 
tions and  the  intensities,  reUtively  to  given  planes,  of  the  simple 
streaaes  composing  it  are  known.  The  same  compound  stress  may 
be  analyzed  (as  the  ensuing  Articles  will  show)  into  groups  of  simple 
stresses,  in  different  ways ;  such  groups  of  simple  stresses  are  said 
to  be  equivalent  to  each  other.  The  problems  of  fbiding  of  a  group 
of  stresses  equivalent  to  another,  and  of  determining  &e  relations 
which  must  exist  between  co-existing  stresses,  are  solved  by  con- 
sidering the  conditions  of  equilibrium  of  some  internal  part  of  the 
solid,  of  prismatic  or  pyramidal  figure,  bounded  by  ideal  planes. 
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101.  Pidr  m€  Cmm^m^iaMm  BttuMiii. — ^Theorem.  If  the  dresB  an  a 
given  plane  in  a  body  he  in  a  given  direction,  the  stress ,  on  any 
plane  paralld  to  that  direction  must  he  in  a  direction  paralld  to 
the  fa^t-meniianed  plane. 

In  fig.  47,  let  YOY  represent,  in  section,  a  given  plane  tra- 
Tersing  a  body,  and  let  the  stress  on 
that  plane  be  in  the  direction  X  O  X. 
Consider  the  condition  of  a  prismatic 
portion  of  the  body  represented  in  sec- 
tion by  ABCD,  bounded  by  a  pair 
of  pbines  A  B,  D  C,  parallel  to  the  given 
I^ane,  and  a  pair  of  planes  A  D,  B  C, 
parallel  to  each  other  and  to  the  given 
ditection  XOX,  and  having  for  its 
axis  a  line  in  the  plane  YOY,  cutting  '  Fig.  47. 

XOX  in  O. 

The  equal  resultant  forces  exerted  by  the  other  parts  of  the  body 
on  the  &ce8  AB  and  D  C  of  this  prism  are  directly  opposed,  their 
common  line  of  action  traversing  the  axis  O  ;  and  they  are  there- 
fore independently  balanced.  Therefore  the  forces  exerted  by  the 
other  parts  of  the  body  on  the  faces  A  D  and  B  C  of  the  prism 
must  be  independently  balanced,  and  have  their  resultants  directly 
opposed;  which  cannot  be  unless  their  direction  is  parallel  to  the 
pkneYOY.     Therefore,  &a—Q.  E.  D. 

A  pair  of  stresses,  each  acting  on  a  plane  parallel  to  the  direction  of 
the  other,  are  said  to  be  conjugate.  In  a  rigid  body,  it  is  evident  that 
their  intensities  are  independent  of  each  other,  and  that  they  may 
he  of  the  same,  or  of  opposite  kinds : — a  pair  of  puUs,  a  pair  of 
thrusts,  or  a  pull  and  a  thrust. 

In  those  cases  (of  frequent  occurrence  in  practice)  in  which  the 
planes  of  action  of  a  pair  of  conjugate  stresses  are  both  perpendi- 
cular to  the  plane  which  contains  their  two  directions,  their  obli- 
quity is  the  same,  being  the  complement  of  the  angle  which  they 
make  with  each  other. 

102.  Thf«e  €«Bj«c»t«  atre— c»  may  act  together  in  one  body,  the 
direction  of  each  being  parallel  to  the  line  of  intersection  of  the 
^Janea  of  action  of  the  other  two;  and  in  a  rigid  body,  the  kinds 
and  intensities  of  those  stresses  are  independent  of  each  other. 
Thufl^  in  fig.  47,  if  X  O  X  and  YOY  represent  the  directions  of 
two  stresses,  each  acting  on  a  plane  which  traverses  the  direction 
of  the  other,  the  intersection  of  those  planes  (which  may  make  any 
ao^e  with  XOX  and  Y  O  Y),  will  give  a  third  direction,  being 
that  of  a  third  stress  of  either  kind  and  of  any  intensity,  which 
may  act  on  the  plane  X  O  Y,  and  will  be  conjugate  to  each  of  the 
other  twa 


se 
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Three  is  the  greatest  number  of  a  group  of  conjugate  stresses;  tot 
it  is  evidently  impossible  to  introduce  a  fourth  stress  which  sliall  be 
coiijugate  at  once  to  each  of  the  other  three. 

The  relations  between  the  three  angles  which  the  directions  of 
three  conjugate  stresses  make  with  each  other,  the  three  obliqtdUeg 
of  those  stresses  (being  the  angles  which  they  make  with  the  per> 
pendiculars  to  their  respective  planes  of  action),  and  the  three  angles 
which  those  perpendiculars  make  with  each  other,  as  found  by  the 
ordinary  rules  of  spherical  trigonometry,  are  given  by  the  foUowing 
formulsB. 

General  Cass.  Let «,  y,  a,  denote  the  directions  of  the  three 
conjugate  stresses; 

yz,zx,osy,  their  inclinations  to  each  other; 
u,  V,  w,  the  directions  of  the  perpendiculars  to  their  planes  of 
action,  so  that  u  -L  plane  yZfV-^  plane  za^w^^  plane  xy; 

vw,  wu,  uv,  the  inclinations  of  those  perpendiculars  to  eac^ 
other ; 

AAA 

uXf  vy,  wzy  the  respective  obliquities  of  the  stresses. 
Then  those  nine  angles  are  related  as  follows : — 

_  A  A  m     ^  cv  ^  ^  ^ 

Jjet  1  —  cos'  y  a  —  cos  zx  —  cos"  a; y  +  2  cos  yz  cos  zx  cos  x y 

_  =0; (1.) 

Then 

,  _.                                  A  A  A 

JQ                  A       Qo&zx'oo^xy  —  cosya? 
— -^eH-^;cost;«7  = ,     A  A         > 

smzx'^imxy  sm«a?*sma?y 

_  AAA 

JO  A       COS  a;  .V*  COS  v^  —  cos«flf 

.      A        .      a;  «>fl«'«= ^      A         .       A > 

vrnxysaxyz  smxy  *Emyz 

I  r*  AAA 

A               JQ                  A       co^yz'QOhzx  —  COS  av 
smui;s= -j^ j^i  C0Bi6v= j^ ^ ^• 

Bmyz'WiZX  sin  j^ «  *  sin  »  a; 


.     A 


.       A 

smt(7U= 


(2.) 


eost«a;  = 


_  -yc 


;  cos vy  = 


_     s/O 


;   cos  iVZis^ 


_    n/O 


smy;;; 


'  •  •  ••••!  v«  1 


sm^ero; 


sin  xy 


Bestrigted  Case  I.  Suppose  two  of  the  stresses,  for  example, 
those  parallel  to  x  and  y,  to  be  perpendicular  to  each  other,  and 
oblique  to  the  third.     Then 

cosa;y  =  0;  sina;y  =  l;     ) 

^       ,  A  ^    A     ( (*•) 

t/  =  1  —  cos^ y  z  -  cos^ zx;  ) 


HJjaa  or  sqcal  gBMO. 
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^  JO 

Ota  t;^  ^^L — _-• 

Bin  ZX 


«,    -  '^  —  COB  VZ 


Bmzx 


Bmwu  = 


JG  A        — ooB«a; 

sin  y  «  auyz 


.      A 

an«v  = 


_  JO 

"r"A    ^   TT 

Bin  y«*  Bin  2;  OP 


A  ^C 

cos  UX  =1-^ — • 


A        cosy;8  •  008  «a; 
smyz'emzx 


'•••■••• 


(^.) 


y^  ;  coBvy  =    '^  ^  ;  cobm7«  =  ^0...(6.) 
nny«  Aazx 

BxBTRicTED  Cabe  II.  SuppoBo  ono  of  the  stresseB  (Buch  as  z) 
to  be  perpendicular  to  the  other  two,  which  are  oblique  to  each 
other.     Then 


A        ^  A        ^ 

coByz=iO;  cobzx  =  0; 
.A        ,      .     A 

r*  .A 

C  =  Bin'xy. 

.A  ,  A  ^     ,        A  ^^ 

Bni;to=  1;  co6««o=  0;  (ori;to  =  9(f): 

sinii^u=  1;  coBtiru  =  0;  (or  U7u  =  90^: 

A  .       A  A  A 

sin  u  9  =  Bin  a; y ;  cob  uv  =  —  ooaxyi 

(or,  ttt;  +  ajy=180^. 

A  .       A  A  .       A  A 

eoBtto;  =  Binary;  ooBvy^aina^y;  coawz  ^ 

A  A  ^^         A         A         ^ 

or«a;  =  ry  =  9(r  —  «y;  «7«  =*  0; 


.(7.) 


.(a) 


1 


.(9.) 


results  identical  with  thoBe  giren  at  the  end  of  Article  101. 

Restricted  Case  III.  All  three  streBses  perpendicular  to  each 
other.  In  this  case  the  normals  to  the  three  pluies  of  action  are 
perpendicular  to  each  other,  and  coincide  with  the  directions  of 
the  stresses. 

103.  PhuM*  •r  K«vMd  0h«V9  mt  Tai^Brallal  mtnm, — ^ThBOBXIL  1/ 
the  ttressu  on  a  given  pair  o/plcmeB  he  ianffential  to  thoee  plcMeSy  and 
paraOel  to  a  third  plaiie  tohich  ia  perpendicular  to  the  pair  qfplome$f 
ihooe  eireeeee  must  be  0/ equal  intensity. 

Let  the  third  plane  be  represented  b j  the  plane  of  the  paper  in 
%.  48,  and  let  the  pair  of  planes  on  which  the  stresses  are  tangent 
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tial,  and  parallel  to  the  plane  of  the  paper,  be  parallel  respectivelj 
to  AB  and  AD.     Consider  the  condition  of  a  right  prism  of  anj 

length,  represented  in  section  by  A  BCD,  and 
bounded  by  a  pair  of  parallel  planes,  AB,  CD, 
and  a  pair  of  parallel  planes,  AD,  CR  Let  p^ 
denote  the  intensity  of  the  shear  or  tangentud 
stress  on  AB,  CD,  and  planes  parallel  to  them, 
and  j/t  the  intensity  of  the  shear,  or  tangendal 
CI    .Q  stress  on  AD,  CB,  and  planes  parallel  to  them. 

^*     '  The  forces  exerted  by  the  other  parts  of  the  body 

on  the  pair  of  &ces  AB,  CD,  form  a  couple  (right-handed  in  the 

£gure),  of  which  the  arm  is  the  perpendicular  distance  EF,  between. 
AB  and  CD,  and  the  moment, — 

Pt  •  area  AB  •  EF. 

The  forces  exerted  by  the  other  parts  of  the  body  on  the  pair  o 
&ces  AD,  CB,  form  a  couple  (left-handed  in  the  drawing),  of  which 

the  arm  is  the  perpendicular  distance  GH  between  AD  and  CB^ 
and  the  moment 

p',-areaADGH. 

The  equilibrium  of  the  prism  requires  that  these  opposite  moments 

shall  be  equal     But  the  products,  area  AB  *  EF,  and  area  AD  * 

GH  ai-e  equal,  each  of  them  being  the  volume  of  the  prism;  there- 
fore the  intensities  of  the  tangential  stresses 

are  equal — Q.  R  D. 

The  above  demonstration  shows  that  a  shear  upon  a  given  plane 
cannot  exist  alone  as  a  solitary  or  simple  stress,  but  must  be  com- 
bined with  a  shear  of  equal  intensity  on  a  different  plane.  The 
tendency  of  the  action  of  the  pair  of  shearing  stresses  represented 
in  the  figure  on  the  prism  A  B  C  D  is  obviously  to  distort  it>  by 
lengthening  the  diagonal  DB,  and  shortening  the  diagonal  AC,  so 
as  to  sharpen  the  angles  D  and  B,  and  flatten  the  angles  A  and  C. 

104.  StreM  •■  Three  Becttiacalar  Pkuwe. — ^THEOREM.  If  there  be 

oblique  stress  on  three  planes  at  right  a/ngles  to  eadioUier^  the  tangefUiat 
components  of  the  stress  on  <my  two  of  tlu>se  planes  in  diredumi 
parallel  to  the  third  plane  must  be  of  equal  intensity. 

Let  yz,  zxy  xy,  denote  the  three  rectangular  planes  whose  intersec- 
tions are  the  rectangular  axes  of  x,  y,  and  z.  Consider  the  condition 
of  a  rectangular  portion  of  the  body,  having  its  three  pairs  of  &oes 
parallel  respectively  to  the  three  planes,  and  its  centre  at  the  point 
of  intersection  of  the  three  axes.  Let  ABCD  (fig.  49),  represent 
the  section  of  that  rectangular  solid  by  the  plane  of  xy,  the  &oe8 
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AB,  CD  being  parallel  to  the  plane  yz,  and  the  faces  AD,  CB, 

to  tlie  plane  z  x.  Let  the  equal  and  parallel  lines  XR  represent 
the  mtensities  of  the  forces  exerted  by  the  other  parts  of  the  body 
€»  the  pair  of  faces  AB,  CD;  resolye  each  of 

tbeae  ^Droes  into  a  component  XN,  parallel  to 

the  plane  z  x,  and  a  tangential  component,  XT, 
parmllel  to  the  axis  of  y;  the  resultants  of  the 
eotnponents  X  N  will  act  through  the  axis  of  2;,  and 
vill  prodaee  no  couple  round  that  axis;  the  com- 

ponentB  XT  will  form  a  couple  acting  round  that 
axis.  In  the  same  manner  the  intensities  of  the 
Ibroes  exerted  on  the  faces  AD,  CB,  being  re- 
presented by  the  equal  and  parallel  lines,  Yr, 

are  reaoWed  into  the  components,  Yn,  whose  resul- 
tants act  through  the  axis  of  Zy  and  the  compo- 
nents Y^,  which  form  a  couple  acting  round  that 
axis,  'which,  by  the  conditions  of  equilibrium  of  the  rectangular 
solid  A  BCD,  must  be  equal  and  opposite  to  the  former  couple; 
and  by  reasoning  similar  to  that  of  Article  103,  it  is  shown  that 
the  intensities  of  the  tangential  stresses  constituting  these  couples, 

XT  =  Yi, 

■rast  be  equal;  and  similar  demonstrations  apply  to  the  other 
planes  and  stresses. 

To  represent  this  symbolically: — ^let  p,  as  before,  denote  the 
intensity  of  a  stress;  and  let  small  letters  affixed  below p  be  used, 
the  first  small  letter  to  denote  the  direction  perpendicular  to  the 
plane  on  which  the  stress  acts,  and  the  second  to  denote  the  direc- 
tion of  the  stress  itself: — for  example,  let  p^  denote  the  intensity 

of  the  stress  en  the  plane  normal  to  y  (that  is,  the  plane  zx),  in  the 
direction  of  z.  Then  resolving  the  stress  on  each  of  the  three 
rectangnlar  planes  into  three  rectangular  components,  we  have  the 
fi^hrwing  notation : — 


zx 
xy 


intensitiea. 


Then,  in  virtue  of  the  Theorems  of  Articles  101  and  102,  we 
hftTS  the  ncrmal  ttru^et^p^p^p,^  conjugate  and  independent;  and 
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Fig.  60. 


in  virkie  of  the  theorem  of  this  Article^  there  are  thrm  pain  qf 
UmgenUal  stresses  qf  equal  irUensity, 

Pf-Pf^   Pm=P^9  Pxf-Pt^ 

[The  reader  who  wishes  to  confine  his  attention  to  the  xnoie 
simple  class  of  problems  may  pass  at  once  to  Article  108,  page  95.] 
105.  oretraedroB  of  strcM. — Pboblem  I.  The  intensities  of  three 
conjugaie  stresses  on  three  planes  tnwersing  a  body  being  givmiy  is  is 
required  to  find  the  direction  and  intensiti/  of  the  stress  on  a  Jaurlk 
pUme,  traversing  the  swme  body  in  any  direction. 

In  fig.  50,  let  YOZ,  ZO'X^  XOY,  be^ 
three  planes,  on  which  act  conjugate  stresses  in 
the  directions  OX,  O T,  O Z,  of  the  intensities 
Pmj  Pf)  P*'  Draw  a  plane  parallel  to  the  fooiih 
plane,  cutting  the  three  conjugate  planes  in  the 
triangle  ABC,  so  as  to  form  with  them  the  tri- 
angular pyramid  or  tetraedron  0  A  B  C.  Then 
muist  the  stresses  on  the  four  triangular  fiioes  of 
that  tetraedron  balance  each  other;  and  the 
total  stress  on  A  B  0  will  be  equal  and  opposite 
to  the  resultant  of  the  total  stresses  on  0  B  C,  O  0  A,  and  O  A  & 
On  0  X,  O  Y,  O  Z,  respectively  take 

OD  =  total  stress  on  OBC  =p^  •  area  OBC, 
O E  =  total  stress  on  O C  A  =  ^,  •  area  OCA, 
OE  =  total  stress  on  OABr=^  -  area  OAR 

Complete  the  parallelepiped  O  D  E  F  B  j  then  will  its  diagonal 
OB  represent  the  direction  and  amount  of  the  total  stress  on  an 
area  of  the  fourth  plane  equal  to  that  of  A  B  C ;  and  the  intensity 

of  that  stress  will  be i-^wr      Q.  E.  L 

area  ABC 

Hence  it  appears,  that  if  the  stresses  on  three  conjugate  planes 
in  a  body  be  given,  the  stress  on  any  other  plane  may  be  deter- 
mined ;  from  which  it  follows,  That  every  posmble  system  of^tressss 
which  can  co-^xist  in  a  body,  is  capable  of  being  resUved  into,  or  d»- 
pressed  by  means  of,  a  system  of  three  conjugate  stresses. 

Problem  II.  The  directions  amd  intensities  of  the  stresses  on  thw 
rectangular  co-ordinate  planes  being  given,  it  is  required  to  find  ths 
direction  and  intensity  of  tJie  stress  on  a  fourth  piane  in  any  posi- 
tion 

Let  the  planes  YOZ,  Z  0  X,  X  0  Y,  in  fig.  50,  represent  the 
rectangular  co-ordinate  planes,  so  that  OX,  O  Y,  O  Z,  are  now  at 
right  angles  to  each  other  (instead  of  being,  as  in  Problem  L,  ia 
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iDy  directions^  Bednce  the  three  given  stresses,  as  in  Article  104^ 
to  rectangular  components,  with  the  notation  alroady  explained. 

Let  A  B  C,  as  in  Problem  I.,  be  a  triangle  parallel  to  the  fourth 
plane,  enclosing,  with  three  triangles  in  the  co-ordinate  planes,  the 
tefanedron  O  A  £  0.  The  total  stress  on  A  £  0  will  be  equal  and 
opposite  to  the  resultant  of  all  the  rectangular  components  of  the 
total  stresses  on  0  £  C,  O  C  A,  and  O  A  B. 

ThereforOj  on  O  X,  O  Y,  O  Z,  respectively,  take 

OD=p^'areaO£C  +/?^ 'area  OCA  +  pM'areaOA£, 
OE  =  p^'areaO£C  +/?^*area  OCA  +  jt^^,  •  area  O  A £, 
OF=/>„"areaOBC  +/?^ -area  OCA  +p„'area  OABj 

Complete  the  rectangle  0  D  E  F  R ;  then  will  its  diagonal  O  It  re- 
present the  direction  and  amount  of  the  total  stress  on  an  area  of 
the  fourth  plane  equal  to  A  B  0,  and  the  intensity  of  that  stress 

To  express  this  algebraically,  let  xn^  yn,  zn,  denote  the  angles 
niach  a  normal  to  the  fourth  plane  makes  with  the  three  rectangu- 
lar axes  respectively ;  xr,  yr,  zr,  the  angles  which  the  direction 
<^  the  stress  on  that  plane  makes  with  the  three  rectangular  axes 
Kspectiyefy;  and  p^  the  intensity  of  that  stress.  Then,  it  is  well 
knovn  that  /^ 

area  O  B  C  =  area  A  B  C  *  cos  a;  f», 

area  00  A  =  area  A  BO  •oosyt^ 
area  OAB  =  area  ABO  *  cos«n; 
la  Hist  the  rectangular  components  of  the  intensity  p,  are 

AAA 

p^  =  p„ '  cos  xn  -^  Pmg'  cos  yn  -^  p„'  cos  z  n 

AAA 

jp^=/?^*cosa;n  +  /?^'cosy»  +  p^'coBzn 

AAA 

p„:=p„' COS  xn  +  p^'conyn  +  p„'coBzn 

The  resultant  intensity  of  the  stress  required  is  given  by  the 
equation 

tod  its  direction  by  the  equation 

co8ar  =  ^;   cosyr=— ;    cos«r=— V^/ 


a) 
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Hence  it  appears,  that  if  the  rectangular  components  of  the 
on  three  rectangular  planes  in  a  body  be  given,  the  stress  on  any 
fourth  plane  may  be  determined;  from  which  it  follows,  Thaieverf 
possible  system  (^stresses  toldch  can  co-exist  in  a  body,  is  eapaUe  of^ 
being  resolved  into,  or  caressed  by  means  of,  the  three  normal  streeseit 
and  the  six  pairs  o/tangential  stresses,  on  three  rectangular  co-ordknaU 
planes, 

106.  TraBsfMwuiUoB  •£  scmm. — For  the  direction  of  the  normal 
to  the  new  plane  of  action,  ABO,  which  direction  is  denoted  by  » 
in  Problem  11.  of  Article  105,  let  there  be  successively  assumed 
the  directions  of  three  new  rectangular  axes  oi,  %/,  s^,  and  let  it  be 
required  to  express  the  rectangular  components,  pjj,  &a,  of  a 
given  compound  stress  relatively  to  those  new  axes,  in  terms  of  Ihe 
rectangular  components,  p,^  ko,,  of  the  same  compound  stresB 
relatively  to  the  original  rectangular  axes,  x,y,z. 

To  solve  this  question,  let  n  be  taken  to  denote  any  one  of  the 
three  new  axes.  The  three  components,  parallel  to  tiie  original 
axes,  of  the  stress  on  the  plane  normal  to  n,  are  given  by  equation 
1  of  Article  105.  Each  of  these  components  being  further  resolved 
into  its  com{x>nents  parallel  to  the  new  axes,  and  the  nine  com- 
ponents so  found  collected  into  three  sums  of  intensities  parallel  to 
the  new  axes,  the  following  results  are  obtained : — 

A  A  A, 

pj^^p^'oosxaf  +  p^'coayx'  +  p„'coszx  ; 

AAA, 

P*f  =PnM'eo3xy  -^  p^'co&yy'  +p^*coszy; 

A  A,  A, 

jp„'  =:p^  cosxs^  -^  p^'coayz  +  |?„ 'cos zz. 

For  n  are  now  to  be  substituted  successively,  both  in  p^J,  <fec.,  and 
in  the  values  o£p^  <fec.,  according  to  equation  1  of  Article  105,  the 
symbols  ad,  y,  z' ;   and  thus  are  obtained  finally  the  following 
eg[uati(ms  of  trans/ormation : — 
NoRHAL  Stresses. — 

pJJ  =p„cosFxaf  +  p„  cos'yo/  +jt?„  ooa*zaf 

-t  2PfM<^osyxcoszx  +  2p„coszafcoa  xxr  +  2^^cosa;a^oosya^; 

PfV  =  ?*•  cos' oj  y* +1?^  cos*  y  y' +;?„  cos* «  y 

,-  A,  A  ^  A  A,,^  A  A 

+  2^^cosyycos«y'  +  z^^^cos^y'cosay  +  2^^cosa;y'Cosyy'; 

,  A  •  A     ,  ,  A 

p/g  ^Pm cos'xsf'\'p^  coa^ y  sf  +PsM  Gotrzz' 

+  2p^ coa yz' con  zz' +  2 p„coa zz  o(yBxz+2p^coaxz'iXMyaf^ 
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TjufOEanAL  Stresses. — 

A  A,  A,  A,  A,  A, 

J0^V=P«  cosay'ocwajjjf-f  p^cosyy   cosy z -{-pu  cob  zy  coazz 

,         A  A  A  A^  ,AA,  A  A^ 

•f  p^  {ooBZ^coeyit + ocmyj/oo&zz)  •^p„{coBX$^coazz  +  ooBzy'co&xz) 

A  A  A.  A^ 

-^  p^  {cob  yy*  COB  xsf  +  cos  a:  y^  cos  y^') ; 

A,  A     ,  A  A  A,  A, 

j?,V=j»^008ap«  oosxx'+l'yyCosyisroosyar+pMCOB^ep^oos  «« 
•f  p^{coBzzcoByaf  +  ooByzooBzai)  +  /^^(Gosxy  oos«a;  +  cos^s^oosxa^ 

A     A       '^     A. 

+p«,  (oo6  y  iz^  008  X  of  +  008  a;  2^  COS  y  a^ ; 

A     A  A  A,  A     A 

p/,  ==/>„  coe  a?  as' COB  a5  y*  +  jo*^  008  y  af  cos  y  y  +  p„  cos  «  aJ' COS  «  y' 

A     A ,  .     A     A  ^     ,    A     A,     A,    A^ 

-f /»^(co8»a^C06yy +008ya;'co6Js;y')  +  j:>M(oosaa::'oo62y  +  cos^za;  oosa;y^ 

+/?^  (cos  y  a?  cos  a;  y  +  cos  05  0?  008  y  y). 

The  two  systems  of  component  stresses,  p„y  &c,  relatiye  to  the 
lies  z,  y,  Zy  and  p,\%  &c,  relative  to  the  axes  of,  y,  sf,  which  con- 
rtitnte  the  same  compound  stress,  are  said  to  be  equiwilerU  to  each 
otiier. 

107.  Pvtacipai  AxM  of  SIMM.  —  Theoreic.  Fot  every  state  of 
dnm  in  a  body,  there  is  a  system  of  three  piUmes  perpendicuJUvr  to  aod^ 
«C&er,  en  each  ofuhich  the  stress  is  whoUy  normaL 

Beferring  to  the  equation  3  of  Artide  105,  it  is  evident  that  the 
mnditiony  that  the  direction  of  stress  on  a  pleine  shall  coincide  with 
the  nonnal  to  that  plane,  is  expressed  by  the  equations 

A        «__  A  A       p^  A 

eo6xr==^— ==006 a;n;  cosyr  =  -^  =  cosyn; 

Pr  Pr 

^  P»M  ^  /IN 

00B«r  =  —  =  oo6  2;n (l.) 

Pr 

Infcrodacing  these  values  into  the  equation  1  of  Article  105^  we 
«U8in  the  following : — 


A  A  A        A 

{p^^Pr)ooBxn  +p^  cosyn  +p^co8«n=U; 
p^coBa5n  +  (p„-p,)oo8y»+p^oo8«»=0; 

A  A      ,  ^  V  A        ^ 

p„eoB»n+p^ooByn+{p„^Pr)coBzn=:0. 


•...•f  ^.1 
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From  these  equations,  by  elmunation  of  the  three  coeiiie^  id 
obtamed  the  following  cubic  equation  ; —  ' 

Let  P»r+P„+PMM==^}  ] 

PnP»+P'fP*»  +P''Pf9  -pi  -P»  -1>JJ  =  B ;         (3.) 

Ps»P„P^  +  ^PfnP^P^  -P^mPI  -PnPl-P^nP^  =  C  f  , 

Then  pj  -  A^J  +  Bj?,- 0  =  0 (4) 

The  solution  of  this  cubic  equation  gives  ^ree  roots,  or  values  of 
the  stress  p,,  which  satisfy  the  condition  of  being  normal  to  their 
planes  of  action;  and  according  to  the  properties  of  conjugate 
stresses  stated  in  Article  102,  the  directions  of  those  three  normal 
stresses  must  be  perpendicular  to  each  other. — Q.  R  D. 

The  three  conjugate  normal  stresses  are  called  principal  sireneif 
and  their  directions,  j9Hnot/^  aa:ar  of  stiess. 

Jfpr  denote  the  intensity  of  one  of  those  principal  stresses,  the 
angles  which  it  makes  with  the  originally  assumed  axes  of  x,  y,  z,  are 
found  by  means  of  the  following  equations,  deduced  by  elinunatioa 
from  the  equation  2  of  this  Article  : — 

cos  xn^„p^-\.  (pr -pj)p,,}  =  cos yn^^p,,  +  (Pr-jPji?.,} 

=  ooazn\p^p„+  {p^^p„)p^] (5.) 

T^PifPttpt,  denote  the  three  values  of  p^y^^ch  satisfy  eqnatioii 
4.  Then,  fix>m  the  well  known  properties  of  equations^  it  follows 
that  the  co-efficients  of  that  equation  have  the  foUowing  values : — 

^=Pi+P%+P*; 
^=PtPz+PiPi+PiPif   ' (6.) 

0=Pip,P9- 

Hence  it  appears,  that  for  a  given  state  of  stress,  the  three  functiona 
denoted  by  A,  B,  0,  in  the  equations  3  and  6,  are  the  same  for  all 
positions  of  the  set  of  rectangular  axes  of  x,  y,  z,  or  are  isoiropie,  in 
the  sense  already  explained  in  Article  95. 

Let  the  principal  axes  of  stress  now  be  taken  for  axes  of  rectan- 
gular co-ordinates,  and  denoted  by  x^y^z;  and  let  it  be  required  to 
find  the  direction  and  the  intensity  p,  of  tiie  stress  on  a  plane  whose 

AAA 

normal  makes  the  angles  xn,  yn,  zn,  with  those  axes.  For  this 
purpose  the  equations  1, 2.  and  3,  of  Article  105,  are  to  be  modified 
by  making 
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lllnis  ire  obtain 

A  A  A  A 

pooBxp=zpiOoaxn;  p  cosyp^pacoayn; 

pcoszp  =  p^coazn (7.) 

p=  J ifi'oo^ xn  +piooB^yn+pl'  coa^zn  >  ...(8.) 
The  equations  7  are  eacdly  transformed  into  the  following  :— • 


COB 


xn    cosxp  ^  coByn    ooayp  ,  coszn_coazp     .^^ 

=s l  = }    — — — — ,,.\\9.) 


P  Pi  P  Pm  P  Pi 

Wlkich  equations  being  squared  and  added,  and  the  square  root  of 
the  gom  extracted,  give  the  foUowing  Yalne  for  the  reciprocal  of  the 
intensiiy  required : — 

l=^i  cosPgjp  ^  coff^y;?^  C08*gy  t (10.) 

^  \      fi  pi  Pl     ) 

ihe  irell  known  equation  of  an  dlipsoid,  in  which  pi,  p^,  pz,  denote 

the  three  semi-axes,  and  p  the  semi  diameter  in  anj  given  direction. 

The  cosine  of  the  MiquUy  of  the  stress  p  is  given  by  the  equation 

A  A  A  A  A     ,  A  A 

O08nj9  =  cosa;nco6a;pi'0osynoosyj'  +  oos«ncosjs;p 

C         A  A  A  ) 

=  p  <  cos*  g;  jp  ,  cos*  y  Pi  cor  z  p  y 

l"^~"        Pt  Pt     ) 

I  A  A  A 

=  ±(piC0fl"«fi+|?bC08*y»+p5C06"«;^> (11.) 

p 

nd  this  cosine,  by  being 

positive  ]  indicates  C  a  pull     \ 
nothing  >  that  the  <  a  shear    >  • 
negative  j  stress  p  is  (  a  thrust  j 

108.  Ottuw  Pmdiei  tv  Oae  PUuie. — In  most  practical  questions 
rapectrng  the  stress  in  structures,  the  directions  of  the  stresses 
diieflj  to  be  considered  are  parallel  to  one  plane,  to  which  their 
phnes  of  action  are  perpendicular,  the  remaining  stress,  if  any, 
Wg  a  principal  stress,  and  perpendicular  to  the  plane  to  which  the 

ctiien  are  pcunJleL 

The  problems  concerning  the  relations  amongst  stresses  parallel 
to  one  plane,  mi^t  be  solved  by  considering  them  as  particular 
OMsoltlie  more  general  problems  respecting  stresses  in  any  direo* 
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tioD,  which  have  been  treated  of  in  Articles  105,  106,  and  IM 
but  the  complexity  of  the  inyestigations  and  results  in  tlM^ 
Articles,  makes  it  preferable  to  demonstrate  the  principles  relftH^ 
to  stresses  parallel  to  one  plane,  independently. 

Problem  L  The  intensities  cmd  direcHons  of  a  pair  qfcor^ugd 
stresses,  paralld  to  a  plans  which  is  perpendicular  to  their  planes  4 
action,  being  given,  it  is  required  to  find  Hhs  direction  and  intensity  i 
the  stress  on  a/owth  plane,  perpendicula/r  also  to  the  first  fnenliom^ 
plane, 

In'fig.  51,  let  the  plane  of  the  paper  represent  the  plane  to  w 

^  the  stresses  are  parallel  j  let  O  X 

O  Y  represent  the  directions  of  the 

of  conjugate  stresses,  whose  intensities 

are  p^  and  p,;  and  let  A£  be  the  pl«M^ 

the  stress  on  which  is  sought.    ConsadBK| 

the  condition  of  a  prism,  0  A  B,  bonndel 

"»~5b      y        by  the  plane  A  B,  and  by  planes  paraikl 

Fig.  fil.  to  OX  and  OY  respectively.    Thef<»«« 

exerted  by  the  other  parts  of  the  body  on  the  face  O  A  of  the 

prism,  will  be  proportional  to 

_  JP/OAj 

on  0  Y  take  OE  to  represent  that  force.  The  force  exerted  by  the 
other  parts  of  the  body  on  the  face  O  B  of  the  prism,  will  be  pro- 
portional to 

on  O  X  take  O  D  to  represent  this  force.  The  force  exerted  by  the 
other  parts  of  the  body  on  the  face  A  B  of  the  prism,  must  balance 
the  forces  exerted  on  O  A  and  A  B ;  therefore  complete  the  paral- 
lelogram OD  BE;  its  diagonal  OB  will  represent  the  direction  and 
amount  of  the  stress  on  A  B,  and  the  intensity/  of  that  stress  will  be 

OB 

OS'+pl '  OA^  +  2p,p,  ■  OB  -  OXcos^^XOy) 
O  B»  +  O  A«  -  2  O  B  •  OAcos^X  O  Y.         j 

The  parallelogram  marked  in  the  figure  with  the  capital  letten 
'By  E,  corresponds  to  the  case  in  which  p^  and  p,  are  of  the  same 
kind,  both  pulls,  or  both  thrusts,  in  which  case  p,  is  of  the  same 
kind  also ;  the  parallelogram  marked  with  the  small  letters,  r,  e, 
corresponds  to  tlie  case  in  which  p.  and  p.  are  of  opposite  kinds,  one 
being  a  pull  and  the  othera  thrust;  in  which  case  p^  agrees  in  kind 


=  A^ 
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Wiih  that  one  of  the  given  conjugate  stresses  whose  direction  £eJ18 
|o  the  same  side  of  A  B  with  it.  When  Or  is  parallel  to  A  B,  j?^  is 
fk  shear,  or  tangential  stress. 

Problem  XL  The  iTdensUiea  cmd  cUrectiona  qfthe  stresaea  on  a 
pair  of  planes  perpendicular  to  each  other  cmd  to  a  plane  to  tohich  the 
pfmKV  are  paraUdy  being  given,  it  is  required  to  find  the  irUensUy 
fmd  direction  of  ike  streee  on  a  plane  in  cmy  position  perpendicular  to 
^ui  plane  to  which  the  streaeee  are  parallel. 

In  fig.  52,  let  the  plane  of  the  paper  represent 
the  plane  to  which  ^e  stresses  are  parallel,  and 
|0X,  OY,  the  pair  of  rectangular  planes  on 
^hich  the  stresses  are  given.  Let  those  stresses 
^  resolved,  as  in  Article  99,  into  rectangular 
iKMrmal  and  tangential  components.  Let  pxx  de- 
iioie  the  intensity  of  the  normal  stress  on  the 
ipbne  O  Y,  which  stress  is  parallel  to  O  X  ^  let 
pff  denote  the  intensity  of  the  normal  stress  on' 
ine  plane  O  X,  which  stress  is  parallel  to  0  Y. 

In  virtue  of  the  Theorem  of  Article  103,  the 
tangential  stresses  on  those  two  planes  must  he  of  equal  intensity; 
tad  they  may  therefore  he  denoted  by  one  83rmbol,  p^^,  which  sym- 
)»1  may  be  read  as  meaning 

the  intensity  of  (  x)   on  a  plane 
the  stress  along  \y  )    normal  to 

Let  0  N  be  a  line  normal  to  the  plane  the  stress  on  which  is 

sought,  TnalriTig  with  O  X  the  angle  X  0  N  =  a;  Tt.  Consider  the 
condition  of  a  prism  O  A  B,  of  the  length  unity,  bounded  by  the 
planes  OAj_y,  OBj_aj,  ABxON.  The  areas  of  the  faces  of 
tbat  prism  have  the  following  proportions  : — 

OB  =  AB 'COS  a;nj  O  A  =  AB  *  sin  xti. 

The  forces  exerted  on  the  faces  O  A  and  0  B,  m  a  direction  parallel 
to  Zj  consist  of  the  normal  stress  on  O  B,  and  the  tangentisd  stress 
on  0  A ;  that  is  to  say, 

Pxs'OB  +  px,*OA  =  AB'  <p„*  coaxn+  pxg*  mixn  >  ; 

Let  this  be  represented  by  O  D. 

The  forces  exerted  entire  faces  OA  and  OB,  in  a  direction  paral 

lel  to  jf,  consist  of  the  normal  stress  on  OA^  and  the  tangential 

stress  on  O  B ;  that  is  to  say, 

—  —      (  A     .  .      A   ) 

Pj,-OB -f-p^*OA  r=  AB"  ipxp' COB  xn  +  pfg*mnxn>' 

lei  this  be  represented  by  O  E. 


{i} 
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Complete  the  rectangle  O  D  B  E ;  the  amoimt  and  direction  of 
the  stress  on  A  B  will  be  represented  bj  its  diagonal^ 

0B=  VCOD'+Oi?) 
and  the  intensity  of  that  stress  by 

OB  f  A  A    .        . 

Pr="==  J  <pxx^' cos* xn+p„»' fan' xn+pj^* 

+  2pgp  (pxx-\-Pn)  COB  xfi' an xn  > (1.) 

From  B  draw  B  F  perpendicular  to  the  normal  ON;  then  the 
normal  and  the  tangential  components  of  the  total  stress  on  A  B  will 
be  represented  respectively  by 

OP  =  OD  'cosajw  +  OEsiiiajw; 

PB  srODsinajw-OE   cos  xn; 
and  the  intensities  of  these  components  by 


Pn  =  ■=  ^  pxx'co^xn+pp^'saji*xn  +  2psf'coBxn'suixni\ 
AB 


(2.) 


Pt  =  ^1=^  =  {Px»-Pn)  COS  xn  'sm  xn-^^p^  (sm  xn-co^  xn),, 
AB 

^^  A 

The  obliquiiyy  .^^  N  O  B  =  »r,  of  the  stress  on  AB  is  given  by 
the  equation 

tannr  =  ^ W 

109.   Priaeipal  Axes  nt  StrcM  Pamllel  c*  One  Plue. — ^ThBOREIL 

Fw  every  condition  of  stress  parallel  to  one  plane,  there  are  two  plana 
perpendicvla/r  to  each  other,  on  which  there  is  no  tangential  stress. 

As  in  Article  108,  let  the  three  rectangular  components,  pjo, 
Pwf  Pxjn  of  the  stress  on  two  rectangular  planes,  O  Y,  OX,  be  given. 
Tne  condition,  that  there  shall  be  no  tangential  stress  on  a  plime 
normal  to  0  N,  is  expressed  by  making /?,= 0  in  the  second  of  the 
equations  2  of  that  Article;  and  in  order  that  this  may  be  fulfilled, 

we  must  have 

A       .     A 
cos  0?  n  •  sin  a;  n    ^      jy^y 

cos' an  — sin' as  w      P*»~Pw 

or,  what  is  the  same  thing, 

tan2aj»  =     -^^^    ; d) 

P^-Pn  ^  ' 
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Kow  for  two  yalaes  of  x  n,  differing  by  a  right  angle^  the  values  of 

ian2xn  are  equal;  hence  there  are  two  directions  of  the  normal 
ON  peipendicular  to  each  other,  which  fulfil  the  condition  of  having 
no  tangential  stress. 

Those  two  directions  are  caUed  princ^Md  oases  of  stress,  and  the 
stresses  along  them  (which  are  conjugate  to  each  other)  principal 


There  may  be  a  third  principal  stress^  conjugate  and  at  right 
aisles  to  the  first  two;  but  as,  with  one  exception,  the  ensuing  in- 
vestdgations  of  this  section  relate  to  stresses  upon  planes  parallel  to 
the  direction  of  this  third  principal  stress,  whidi  does  not  affect 
such  planes,  it  may  be  left  out  of  consideration. 

The  most  simple  mode  of  expressing  the  relations  amongst  inter- 
nal stresses  pcurallel  to  a  plane  is  obtained  by  taking  the  two  prin- 
cipal axes  of  stress  in  that  plane  for  axes  of  co-ordinates;  and  thi£ 
is  done  in  the  ensuing  Article& 

110.  B^oal  Prtaicipal  Sere— e»     FIwM  Prtwmire. — ^ThEGBEK  L    I/a 

pair  of  principal  stresses  be  of  the  same  kind  and  of  equal  intensitff, 
every  stress  paraUd  to  the  same  plame  is  of  the  same  kind,  ofeqwdinr 
iamtyy  and  iwnnal  to  its  pUme  of  action^ 

In  fig.  53,  let  OX,  OY,  be  the  direc- 
tions of  the  given  principal  stresses,  and 
p„  p^  their  intensities.  By  the  condi- 
tions of  the  question,  those  intensities  are 
equal,  or 

I^  it  be  required  to  find  the  direction 

«nd  intensity  of  the  stress  on  any  plane  '*■ 

AB.     As  in  Article  108,  consider  the 

condition  of  the  triangular  prism  O- A  B; 

uid  let  the  length  of  that  prism,  in  a 

Section    perpendicular    to    the    plane 

XOY  be  unity.     Then_the  total  stresses  ^.W. 

on  the  fiicee  OB  and  O  A  will  be  respectively — 

p,  •  O  B  and  p,'0  A. 

^ 0 X and  O  Y respectively,  take  OD  to  represent  p« - O B,  and 

0  £  to  represent  p,  -  OA;  complete  the  rectangle  O  D  B  E;  then 

its  diagonal  O  B  will  represent  the  amount  and  direction  of  the 

stress  on  the  face  AB  of  the  prism,  and  the  intensily  of  that  stress 

^be  

OR    _ 

AB    ""    '^ 
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Now,  because  p,  =  p^  we  have 

OD  OE  OR 


• 


OB  OA  AB' 

and  consequently 

and  because  of  the  similarity  of  the  triangles  AOB,  0ER,OH 

is  perpendicular  to  A  R  Therefore,  the  stress  on  each  plane  per- 
pendicular to  X  O  T  is  normal,  and  of  equal  intensity  in  all  direc- 
tions.—Q.  K  D. 

In  this  case  it  is  obvious,  that  every  direction  in  the  plane 
X  0  T  has  the  properties  of  an  axis  of  stress. 

Corollary.  If  the  stress  in  all  directions  parallel  to  a  given  plane 
be  norma.],  it  must  be  of  equal  intensity  in  all  those  directions^ 

Theorem  II.  In  a  perfect  Jluid,  t/ie  pressure  at  a  given  point 
is  normal  and  of  equal  intensity  in  aU  directions. 

Vinid  is  a  term  opposed  to  sclid^  and  comprehending  the  liquid 
and  gaseous  conditions  of  bodies,  which  have  been  defined  in  Article  4. 
The  property  common  to  the  liquid  and  the  gaseous  conditions  is 
that  of  not  tending  to  preserve  a  definite  shape,  and  the  possession  of 
this  property  by  a  body  in  perfection  throughout  all  its  parts,  con- 
stitutes that  body  a  perfect  fluid.  The  parts  of  a  body  resisting 
alteration  of  shape  must  exert  tangential  stress;  a  perfect  fluid  does 
not  resist  alteration  of  shape;  therefore  the  parts  of  a  perfect  fluid 
cannot  exert  tangential  stress;  therefore  the  stress  exerted  amongst 
and  by  them  at  eveiy  point  and  in  every  direction  is  normal ;  there- 
fore at  a  given  point,  it  is  of  equal  intensity  in  every  direction. 
— Q.E.  D. 

This  theorem,  and  its  consequences,  form  the  branch  of  statics 
called  Hydrostoitics,  which  is  sometimes  treated  of  separately,  bat 
which,  in  this  treatise,  it  has  been  considered  more  convenient  to 
include  in  the  subject  of  the  statics  of  distributed  forces  in  general. 

Gaseous  fluids  always  tend  to  expand,  so  that  the  stress  in  them 
is  always  a  pressure.  Liquid  fluids  are  capable  of  exerting  to  a 
slight  extent  tension,  or  resistance  to  dilatation,  as  well  as  pressure; 
but  in  all  cases  of  practical  importance  in  applied  mechanics,  the 
only  kind  of  stress  in  liquids  which  is  of  sufficient  magnitude  to  be 
considered,  is  pressv/re. 

The  i^rm  fluid  pressfwre  is  used  to  denote  a  thrust  which  is  normal 
and  equally  intense  in  all  directions  round  a  point. 

The  idea  of  perfect  fluidity  is  not  absolutely  realized  by  actual 
liquids,  they  having  all  more  or  less  a  tendency  in  their  parts  to 
resist  distortion,  which  is  called  viscosity,  and  which  constitutes  an 
approach  to  the  solid  condition ;  nevertheless^  in  problems  of  applied 
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bydrostatics,  the  assomption  of  perfect  fluidity  gives  results  near 
enough  to  the  truth  for  practical  purposes. 

111.  0pp<riia  jPriMcipoi  butcmm. — ^Theoreu.  If  a  pair  of  prin- 
cipal stresses  be  of  equal  intensities,  hvJb  of  opposite  kinds,  the  stress 
OH  any  plane  perpendicuUvr  to  ike  pUme  of  the  directions  of  the 
principal  stresses  is  of  the  same  intensity,  aind  the  angles  which  its 
direction  makes  with  the  normal  to  its  pLamje  are  bisected  by  the  axes 
of  principal  stress. 

In  fig.  53,  let  the  stresses  acting  along  the  rectangular  axes  OX, 
OT'y  be  as  before,  of  equal  intensity;  but  let  them  now  be,  not  as 
before,  of  the  same  kind,  but  of  opposite  kinds,  one  being  a  thrust 
and  the  other  a  pull : — a  condition  expressed  by  the  equation 


and  let  it  be  required  to  find  the  direction  and  intensity  of  the  stress 

on  the  plane  A  B,  to  which  OR  is  normal  

In  this  case  CFD  is  to  be  taken  as  before,  to  represent  j9«  *  OB, 
the  total  stress  on  the  face  OB  of  the  triangular  prism  O  A  B; 
but  instead  of  taking  0£  in  the  direction  from  O  towards  B,  to 
represent  the  total  stress  on  O  A,  viz.,  p^  *  OA,  we  are  now  to  take 
O0  of  equal  length,  but  in  the  contrary  direction.  Complete  the 
rect^^e  ODre;  then  the  diagonal  Or  will  represent  the  total  stress 
on  AB.     The  intensity  of  this  stress  is  the  same  as  before,  viz., 

Pr  =  P,; 

but  its  direction  Or,  instead  of  being  perpendicular  to  AB,  makes  an 
angle  XOr  on  one  side  of  the  axis  OX,  equal  to  the  angle  XOB 
which  the  normal  OB  makes  on  the  other  side  of  that  axis;  and 
O  X  bisects  the  angle  of  obliquity  B  Or. — Q.  E.  D. 

The  stress  p^  agrees  in  kind  with  that  one  of  the  principal  stresses 
to  which  its  direction  is  nearest ;  and  when  it  makes  angles  of  45^ 
with  each  of  the  axes,  it  is  shearing  or  tangential;  so  that  a  pull 
and  a  thrust  of  equal  intensity,  on  a  pair  of  planes  at  right  angles  to 
each^  other,  are  equivalent  to  a  pair  of  shearing  stresses  of  the 
same  intensity  on  a  pair  of  planes  at  right  angles  to  each  other, 
and  making  angles  of  ^5°  with  the  first  pair. 

112.  KUipM  •€  BtKM. — ^Pboblem  L  a  pair  of  principal  stresses 
of  any  intensities,  and  of  the  same  or  opposite  kinds,  being  given,  it  is 
requAred  to  find  the  direction  and  intensity  of  the  stress  on  a  plane  in 
any  position  at  rigJu  angles  to  the  plane  paralld  to  which  the  two 
prineipal  stresses  acL 

Let  OX  and  O  Y  (figa  54  and  5S),  be  the  directions  of  the  two 
pfincipal  sferesies  j  O  X  being  the  direction  of  the  greater  stresa 
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Let  p^  be  the  intensity  of  the  greater  streaB  ; 
and  p^  that  of  the  lesaL 


•»T 


— T 


Q  T 


Fig.  64.  Fig.  65. 

The  kind  of  stress  to  which  each  of  these  belongs,  pull  or  throst, 
is  to  be  distinguished  by  means  of  the  algebraical  signs.  If  a  pull 
is  considered  as  positive,  a  thrust  is  to  be  considered  as  negatiye, 
and  vioe  versd.  It  is  in  general  convenient  to  consider  that  kind 
of  stress  as  positive  to  which  the  greater  principal  stress  belongs. 
Eig.  54  represents  the  case  in  which  p,  and  p,  are  of  the  same  kind ; 
£g.  65  the  case  in  which  they  are  of  opposite  kinds.  In  all  the 
following  equations,  the  sign  of  p^  is  held  to  be  implied  in  that 
symboL 

Consider  the  two  equations 


Pm  = 


P'  -^  Pi 


+       2      ' 


ft 


_ft   +ft  PS.  —  P,. 


2 


2 


From  these  it  appeanf,  that  the  pair  of  stresses,  p,  and  p^  may  be 
considered  as  made  up  of  two  pairs  of  stresses,  viz.: — ^a  pair  of 
stresses  of  equal  intensity  and  of  the  same  kind,  whose  common 

value  is  ^^'^  and  a  pair  of  stresses  of  equal  intensily,  but 

2 

opposite  kinds,  whose  values  are  +  ^^  ^  *^. 

Now  let  AB  be  the  plane  on  which  it  is  required  to  ascertain  the 
direction  and  intensity  of  the  stress,  and  ON  a  normal  to  that  plane^ 
making  with  the  axis  of  greatest  stress  the  angle 

.^  X  O  N  =  a  n. 
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On  ON  take  0M  =  ^=4-^^  this  ^will  represent  a  normal  stresa 
on  ABof  the  same  kind  with  the  greater  principal  str^s,  andof 
an  intenidty  which  is  a  mean  between  the  intenaUes  of  the  two 
nindnil  strosees  :  and  this,  according  to  Article  110,  Theorem  I., 

wiUbe  the  effect  upon  the  phine  A  B,  of  the  pair  of  stresses  — ^ 

ThrouA  M  draw  PMQ,  making  with  the  axis  of  stress  the  same 
angles  iFhich  ON  makes,  bat  in  the  opposite  direction;  that  is  to 
BY  takeMP  =  MQ  =  MO.     On  the  line  thus  found  set  off  from 

M  towsrds  the  axis  of  greatest  stress,  ME  =  ^'  g    '     '^^^' **^ 

coidiiMrto  Artide  111,  will  lepteaent  the  direction  and  the  mtensity 
dTflieobliqne  stress  on  AB,  which  is  the  effect  of  ihe  pur  of  stresses 

P.  —  P, 

2     • 

Join  OR.     Then  will  that  line  represent  the  resdtent  of  the 

fon»  represented  by  OM  and  MR ;  that  is  to  say,  the  direction  and 

intenstr  of  the  entire  stress  on  AR — Q.  ^  !• .        .,      vx  •     j  v_ 

mTKbraical  expression  of  this  solution  »  «»«ly  "^^^^ 

meHU  ofthe  formula  of  plane  trigonometry,  and  oonsistB  of  the  two 

following  equations: —  ^ 

Intensity,  OR  or  p,=  J  {j^.-ooS-asn  +  pj-sirfasn} (1.) 

an  equation  which  might  have  been  obtained  by  makmgp,  =  0  m 
eqoation  1  of  Artide  108,  Problem  IL  ^ 

Obliquity,  .^i  N  0  R  or  n  r. 

=  »«sin-(sin2A&i^) (2) 

This  obliquity  is  always  towards  the  axis  of  greatest  stress. 

In  fig.  64,  p  and  p,  are  represented  aa  bang  of_ae  same  kind; 

and  MR  is  ooiaequently  less  than  OM,  so  that  OR  falls  on  the 

■me  ade  of  OX  with  ON,  that  is  to  say, »  r  ^  »  n.__In  fig.  55, 

p.  and  p,  are  of  opposite  kinds,  MR  is  greater  than  OM,  and  O^R 

&lb  on  the  opposite  side  of  OX  to  OM;  that »  *o,»y,  »»•  :^'^ 
The  locnsTthe  point  M  is  obviously  a  arde  of  the  radius 

?i±fi,  and  that  of  the  point  B,  an  dlipee  whose  semi-axes  are 
p.  Ld  L  and  which  may  be  caUed  the  Ei™  of  Sn^l»»uBe 
f;  aei^Siameter  in  any  direction  lepreeente  the  intensity  of  the 
streai  in  that  direction. 
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Hie  yrimeipaL  wtneoOy  bemg  icpicscnted  hy  the  semi-axes  of  this 
ellipeey  are  lespectxvelj  the  ^reaieti  and  laui  of  the  stresses  paralM 
to  the  plane  XOT. 

The  dtnet  and  tkearing^  or  nofmal  and  tangeniial  oomponents  of 

O  R  =  /v  'ki^  foand  by  letting  £dl  a  xwrpendicnhur  firom  R  open 
O  N,  and  are  as  follows: — 

Diredfp^  =  p,  'oo^nx  +  p,  *  sin'osn; (3.) 

SkdorimfffPt  =  (p,  —  p^)  cos  as » *  sin  2  n ; (4.) 

eqoaiioDS  which  might  have  been  dednoed  from  the  equations  2  of 
Article  108,  Problem  IL 

Rnom  equation  3  it  is  obyionsi,  that  the  mm  of  the  normal  Hresset 
on  a  pair  of  planes  at  right  angles  to  ea/ch  other  is  o^[ual  to  the  sum 
of  the  principal  stresses ;  and  firom  equation  4  follows  the  principle^ 
alreadj  demonstrated  otherwise  in  Article  104,  of  the  equality  of 
the  ghpftring  stress  on  a  pair  of  planes  peipendicular  to  each  other. 

PboblemIL  a  pair  of  prineip(d  stresses  being  given^  it  is  required 
to  find  the  positions  of  Qie  planes  on  which  the  iiear^  or  tangential 
eomponent  of  the  stress,  is  most  intense^  and  the  intensity  of  that  ihear. 
It  is  evident  that  the  shear  is  greatest  when  M  R  is  perpendicular 

to  O  M ;  and  then  M  R  itself  represents  the  intensity  of  the  shear; 
that  is  to  say, 

P»  —  Pw  /-% 

maximum  p,=^- — r—" (o.) 

In  this  case,  A  B  is  either  of  the  two  planes  which  make  angles 
of  45°  with  the  axes  of  stress. 

Pbobleic  UL  To  find  the  planes  on  which  the  obliquUy  of  the 
stress  is  greatest,  the  intensity  of  that  stress,  and  the  angle  of  its 
obliquity. 

Case  1.  When  the  prineipal  stresses  are  ofthe  same  kind.  (Fig.5i.) 
In  this  case  MR  ^  JTO,  and  it  IB  evident  that  the  angle  of 

obliqtdiy,  .^  M  O  R  =  nr  is  greatest,  when  M  R  is  perpendicular 
to  O  R^  and  that  its  value  is  given  by  the  equation 


A  MR 

TnaTimum  nr  ■=  arc  *  sm  -         - 

OM 
=  arc  •  sin^*~^r (6.) 


o^-^^* 


To  find  the  poiMon  of  the  normal  ON  to  the  plane  AB,  we  have  to 
consider  that, 

A        1 
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but^  PMN  =  ^  MRO  +  ^  MOR 

=  90**  +  max.  n  r; 
ooofleqnentlj  in  this  case^ 

^       90®  +  max.  nr  ,^. 

^n = — 2 — a^') 

(an  obtuse  angle). 
And  for  the  position  of  the  plane  AB  itself,  we  have 

^vAA        oAo         ^       ^^ — max.wr  ,q. 

.^XOA  =  90''  —  xn=  s (o.) 

(an  acate  angle). 

These  equations  apply  to  a  pair  of  planes,  making  equal  angleei 
at  opposite  sides  of  O  X. 

The  inUnsity  of  the  most  oblique  stress  is  obviously 

Pr  =  j(pW  —  SW\ 

=  V  {  ^P^-i£^  }  =  J(p.p,). (9.) 

or  a  mean  proportional  between  the  principal  stresses.      This  is 
otherwise  evident  from  the  consideration,  that  when  O  It  -L-  PRQ, 

then  OR  =  J0^  '  ^)>  *^^  ****  RQ  =  |?«  PR  =  p^ 

Cask  2.  nhen  the  principal  stresses  are  of  opposite  kinds  (%.  55), 
it  is  evident^  that  the  most  oblique  stress  possible  is  a  tangential 
fltresB,  and  that  the  problem  amounts  to  finding  the  circumstances 
under  which  O  R  lies  in  the  plane  AB.  In  this  case  it  is  evident, 
that  the  triangle  OMR  becomes  right-angled  at  O,  and  conse- 
qnentl J,  that  the  intensity  of  the  stress  is  given  by  the  equation 

=  J(r-V.P,\ (10.) 

being,  as  before,  a  mean  proportional  between  the  principal  stressea 
The  product  —  jE>«  p,  is  a  positive  quantity,  notwithstanding  its 
nentive  sign,  beoiuse  p,  in  this  case  is  implicitly  negative. 
The  position  of  the  normal  O  N  is  found  by  considering,  that 

«n  =  i^PMN, 

•ndtliat        ^PMN  =»  ^  MOR  +  ^MRO 


90°  +  arc  •  nn 


Si. 


P'-Ps* 
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90' 


arc  'Bm, 


.A±A 


''-P,f 


(11.) 


consequently, 

xn^  2  1  ^^  +  *^ 
(an  obtuse  angle); 

^  XOA  =  90^  — A  =  ^  { 

(an  acute  angle). 

In  these,  as  in  the  other  formulsB  applicable  to  the  case  in  which 
p,  andjp,  are  of  opposite  kinds,  it  is  to  be  borne  in  mind  that  p, 
is  impUeiUf/  negoUiive,  and  that  consequently  p,  +  p,  means  the 
differerux,  and  p^  —  p^  the  sum,  of  the  a/rUhmeUocU  values  of  the 
principal  stresses. 

Pbobleu  I Y.  The  irUensUieaf  kinds,  <md  MiquiUee,  of  amy  tu» 
etressea  whose  planes  o/acUon  a/re  perpendicuJUvr  to  the  plane  of  their 

directions,  being  given,  it  is  required  to  find  the 
prirudpal  stresses  and  axes  of  stress.     Case  L 
When  the  given  stresses  a/re  of  the  same  kmd, 
and  wruequaL 

In  fig.  56,  let  AB,  A'H,  represent  the 
given  planes,  OK,  0 N*,  their  normals,  OB^ 
O  B',  l3ie  stresses  upon  them. 

Let  the  intensities  be  denoted  algebraically 
by 

p  =  0R;|/  =  0R', 

Fig.  66.  and  the  obliquities  by 

^  NOR  =  t/V;  ^  N'OR'=  ^¥. 

In  fig.  d7|  take  0  N  to  represent  at  once  the  noimals  to  both 
planes. 

Make  ^  NOR  =  nri  ^NOR'=:nV; 

OR=|>j  OR'  =|/. 

Join  RR'i  bisect  it  in  S,  from  which  draw  SM  -I-  RR',  catting 

K  ONinM.  Join  MR,  MR, 
which  lines  are  evidently 
equal  Then  from  a  com- 
parison of  the  construction 
of  this  figure  with  the  gene- 
ration of  the  ellipse  of  stress^ 
as  described  imder  Problem 
Biff.  67.  L,  is  evident,  that 
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OM  =  ^•'t^';  Sfi  =  MR'  =  ^'~^'i 

and  oonsequentij  that  the  principal  stresses  are 

1>,=  0M  +  MR;  jp,=(JM-S1R; (12.) 

tad  it  is  also  evident^  that  the  angles  made  by  the  axis  of  greatest 
ifcresB,  with  the  two  normals  respectiyely,  are 

A=.-^^NMR;  «n'=y^NMR'; (13.) 

vbich  data  are  sufficient  to  determine  the  position  of  the  axes.— 

Cabs  2.  When  the  given  stresses  are  of  oppasUe  kinds,  the  con- 
struction is  the  same  in  every  respect,  except  that  the  lesser  of  the 
firen  stresses  mnst  be  represented  in  fig.  57  by  a  line  in  the  pro- 
kmffoiion  of  its  direction  beyond  O^  Tnalnng  an  obtuse  angle  with 
ON,  equal  to  the  supplement  of  its  obliquity. 

In  either  of  the  two  cases  that  have  been  stated,  the  angle 
letween  the  normals  to  the  two  given  planes  must  have  one  or 
other  of  the  two  following  values  : — 

A,      (eithera?n'+ an=.d:::NMS)  ,,,, 

(or       an  -  «n-.^RMS  J 

ieoocdmg  as  tlie  two  normals  are  at  opposite  sides,  or  at  the  same 
&de  of  the  axis  of  greatest  stress. 

The  solution  of  cases  1  and  2  is  expressed  algebraically  by  the 
foflowing  equationsy  which  are  deduced  from  the  geometrical 
adution  by  means  of  well  known  formula  of  trigonometry  : — 

«^=0M= <-P'        A^^ W 

2  (j>  COS  w  r  -  j/ COS  n' r  / 

£iZ&  =  MR  =  SiK 
«^|(&±^  +  p»-(p.+p,)pco6n'V} 

«^|(fcJ«£^  +  p'.«(p,  +  p^)p,cosnV}; (16.) 


A 

A       2f>cosnr-p,-p. , 
oo8  2xn  =  -^- — "  ; 

A 

^  A       2p'cosnV-t>,-o- 

P'-Pf 


.(17.) 
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In  using  these  equations,  it  is  to  be  observed  that  the  ooeizie  cf 
an  obtuse  angle  is  negative. 

Simplified  Forma  of  Gases  1  and  2. 

Case  3.  When  the  two  given  stresses  a/re  conjwgaJt/e^^  they  are  of 
equal  obliquity;  and  the  points  0,  B',  S,  E^  in  fig.  57,  are  in  one 
straight  line,  to  which  M  S  is  perpendicular ;  the  angle  betvreen 
the  two  normals  being 

^NMS  =  7Ai'  =  9r/'Hn^- (1&) 

In  this  case,  equation  15  becomes 


2  o        '^  '• 

2  cos  nr 


(19) 


equation  16  becomes 


J 


l4co8*nr  I 


.(20.) 


equations  17  are  modified  only  by  the  equality  of  nr'  to  nr. 

Case  4.  When  the  pUmes  of  action  of  the  ttoo  given  stresses  tars 
perpendicidar  to  each  other,  M  S  is  perpendicular  and  K  B!  parallel 
to  0  N,  in  ^,  57,  so  that  we  have,  for  the  tangential  component  of 
each  stress, 

MS  =p  sin  n  r  =j/  sin  n V  =p^ 
Let  the  normal  components  of  the  given  stresses  be  denoted  by 

Pn  =P  COS  n  r  j  pn=p'  008  n  r. 
Then  equation  15  becomes 

2      '      2      ' 

equation  16  becomes 

£iZ&.j{i£-£^+pj} 

The  equations  17  become 

oos2a;n=  —  0082  an'  =r  P*^P*  * 

P'-Pf 

or,  what  is  equivalent,  (23.) 

tan  2  »n  =  -  tan  2  aj' n' = -A&_. . 
being  the  same  with  equation  1  of  Article  109. 


(21.) 


(22.) 
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V.  7%B  stress  in  wery  direction  being  a  if  trust,  and  ike 
fnaiest  Miquxty  being  given,  it  is  required  to  find  tite  ratio  ofi/uoo 
wnjugaie  thrusts  uhose  common  obliquity  is  given. 

Let  0  denote  the  given  greatest  obliquity.     Then  according  to 
Pkoblem  lEL, 

P-^^?'=8in^ 

Let  n  r,  which  must  not  exceed  ^,  denote  the  common  obliquity 
rfa  pair  of  conjugate  thrusts,  so  that,  as  in  Problem  lY.,  case  3, 

QO^  +  fTr 

dall  be  the  angle  between  the  normals  to  their  planes  of  action, 
ind 

^{f  —  nr 

Ae  an^e  between  those  planes  themselves.  Let  p  be  the  intensity 
of  the  greater,  and  p  that  of  the  less,  of  those  conjugate  thrusts 
whose  ratio  is  sought ;  then  dividing  equation  20  of  this  Article  by 
equation  19,  and  squaring  the  result,  we  find 

tftraDsposing 

(P+PT^  cos*  n^r ,25, 

^pp         cos'<p  ^     ' 

Hence  it  follows  that  the  ratio  of  the  conjugate  stresses,  p,  p",  is 
that  of  the  two  roots  of  a  quadratic  equation. 

tt«_2coBnr'u  +  co8«(p=  0. (26.) 

that  is  to  say,  let  p  be  the  greater  thrust,  and  p  the  less,  then 

p     COS  nr  —  J  (cos'  nr  —  cos*  9) /27\ 

^     cosnr  +  ^y  (cos*  nr — cos*^) 

When  n  r  =  0,  this  becomes  the  ratio  of  the  principal  thrusts,  viz. :— « 

Pl  =  I^ZF^J, : „ (2a) 

j>,     1  +  sin  ^ 

itei  nr^^f  the  ratio  becomes  that  of  equality. 
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113.   Combined  StMMes  in  Oae  Plane.— PBOBLEIL    OwenthetUf^ 

rjud  mtensUies  and  directions  of  amy  nwmber  ofsimpie 


directions  (vre  m  the  ewme  plane;  required,  the  dvredMtns  and 
sities  of  the  pair  o/princ^xd  stresses  resulting  Jrom  their  combfnatieOk 

Distinguish  the  pulls  from  the  thrusts  by  oonsideiing  tibe  kind 
whose  sum  is  grcat^  as  positive,  and  the  opposite  kind  as  iiega;tive. 
Assume  two  planes  at  right  angles  to  each  other  (which  may  be 
called  planes  of  reduction),  to  each  of  which,  by  the  prooesB  oC 
Article  98,  reduce  all  the  given  stresses  3  and  then  resolve,  as  in 
Article  99,  each  of  the  reduced  stresses  thus  obtained  into  a  direct 
or  normal,  and  a  shearing  or  tangential  component.  Gompate 
(attending  to  the  positive  and  negative  signs)  the  two  sams  of  the 
direct  component  stresses  on  the  two  planes  of  reduction  respectivelj; 
compute  also  the  sum  of  the  shearing  components,  which  will  be 
the  same  for  each  plane  of  reduction  :  lastly,  from  the  pair  of  total 
direct  stresses,  and  the  total  shearing  stress,  thus  computed,  re- 
latively to  the  assumed  rectangular  planes  of  reduction,  determine, 
as  in  Article  112,  Problem  I  v.,  case  4,  the  directions  and  inten- 
sities of  the  resultant  principal  stresses. — Q.  E.  I. 

The  algebraical  expression  of  this  solution  is  as  follows : — ^Let  n 
be  taken  to  denote  the  normal  to  one  of  the  rectangular  planes  of 
reduction. 

Let  p  denote  the  Tiormal  intensity  of  any  one  of  the  given  direct 

stresses,  and  np  the  angle  which  its  direction  makes  with  the 
normal  n.  The  symbol  s,  as  in  previous  examples,  denotes  the 
operation  of  taking  the  sum  of  a  set  of  quantities,  with  due  regard 
to  their  algebraical  signs,  that  is  to  say,  adding  the  positive  and 
subtracting  the  negative  quantities. 

The  direct  and  shearing  components  of  a  single  stress  p,  ss 
reduced  to  the  rectangular  planes  of  reduction  respectively^  aoxirdr 
ing  to  the  principles  of  Article  99,  are  as  follows : — 

(  n   ^ 

Normal  )  ^^  *^®  plane  normal  ton,p  cos'  np\ 

( on  the  other  plane,  p  sin*  np; 

Tangential  on  each  plane,  p  cos  npeinnp. 

Consequently,  the  total  direct  and  shearing  stresses  on  the  planes 
of  reduction,  are  as  follows  : — 


{p.=  2  (p  ain*  np)  ', 
Tangential,  p,ss  3  {p  cos  np  am  np}. 
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Intxodncmg  these  Tallies  into  the  equations  21,  22,  and  23,  of 
Aitide  112,  and  observing  tliat 

A  A  A  ,   A  A 

ooiPfi|>  +  8in'n|}=l;  cos'np  —  sin'np  =  co8  2np, 

A      .A      1   .    ^  A 
cos  np'sin.np  =  -^3in.2np, 

we  obtain  the  following  resolts : — 


^4^'=^^-P (1.) 


2     -2      P 


^'2^^°  2  ^  {  ('  -poos  2»p)  +  (3  •p8in2np)'}-(2.) 


A 


A      1          ^      2'»sin2np  /«x 

nx^-;^  arc-tan— ^^^ f- (3.) 

3'pcos2n|j 

The  equation  2  is  capable  of  being  expressed  in  another  form,  as 
Mows.     Let  a,  a'  be  any  two  angles.     Then 

cos  a  cos  a' +  sin  a  sin  {^  =  cos  (a  —  a'). 

Kaw  the  quantity  under  the  sign  J,  in  equation  2,  consists  of  the 
fcUowmg  classes  of  terms  : — 

1.  All  the  squares  p*  cos*  2  np; 

/        «   A         ^  A 

2.  AU  the  products  2pp  cos2npcos2ni/; 

wbae  p,  ffy  are  any  pair  of  the  given  stresses  ; 

3.  All  the  squares  p*  sin'  2  np; 

.    «  A     .    ^  A 

4.  All  the  products  2pp'sm2npsm2  np^. 

The  fiist  and  third  of  these  classes  being  added  together,  make 

^{f);  the  second  and  fourth  make  2  a  (pp"  cos  2 pp*);  p]/ being 
the  angle  between  p  and  p'.     Equation  2  thus  becomes 

^^'  =  Y  >/  {'  (P*)  +  ^  '  (PP'  cos2pV)}  (4.) 

From  the  equations  (1)  and  (4)  it  appears  that  the  inteMtUes  of 
^  principal  stresses  p,  andp,  can  be  computed  without  assuming 
planes  of  reduction ;  for  the  only  angles  involved  in  this  pair  of 

eqoaiioni  axe  the  several  angles  pp^,  which  the  given  stresses  make 
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with  each  other  when  oompared  by  pairs  in  evety  possible  oom- 
bination.  To  find  the  directiona^  however^  of  those  piincipal  atressei^ 
planes  of  reduction  must  be  assumed. 

In  using  the  equation  (4),  it  is  to  be  remembered  that  when 

2pp'  exceeds  90**,  we  have 

cos2pp'  =  — cos(l80*  — 2pi/). 

Section  4. — Of  the  Interned  Equilibrium  of  Stress  cmd  Weighij 

and  tJie  Frindplea  of  ffydrostatics. 

114.  TaryiKa^ Internal  Sireas. — ^The  investigations  of  the  preced- 
ing section  have  been  conducted  as  if  the  internal  stress,  whetha 
simple  or  compound,  were  uniform  at  all  points  in  the  body  undet 
consideration;  but  their  results  are  nevertheless  correctly  applicable 
to  internal  stress  which  varies  from  point  to  point  of  the  body ; 
for  those  results  are  arrived  at  by  considering  the  conditions  ot 
equilibrium  of  a  pyramidal  or  prismatic  portion  of  the  body  con- 
taining the  point  at  which  the  relations  amongst  the  components 
of  the  stress  are  to  be  determined ;  and  when  the  stress  varies  from 
point  to  point,  then  by  supposing  the  pyramid  or  prism  to  be  small 
enough,  its  condition  of  stress  may  bo  made  to  deviate  from  uni- 
formity to  an  extent  less  than  any  assigned  limit  of  deviation; 
but  the  truth  of  the  propositions  of  the  preceding  section  for  an 
uniform  stress  is  independent  of  the  size  of  the  prism  or  pyramid ; 
therefore  they  can  be  proved  to  deviate  from  the  truth  for  a  vary- 
ing stress  by  less  than  any  assignable  error ;  therefore  they  must 
be  true  for  a  varying  as  well  as  for  an  uniform  stress. 

115.  Caasc*  of  Tnrjing  Sireaa. — The  internal  stress  exerted 
amongst  the  parts  of  a  body,  may  vaiy  from  point  to  pointy  irom 
three  classes  of  causes,  viz. : — 

I.  Mutual  attractions  and  repulsions  between  the  parts  of  the 
body  ; 

IL  Attractions  and  repulsions  exerted  between  the  parts  of  the 
body  in  question  and  external  bodies  ; 

TIL  Stress  exerted  between  the  body  in  question  and  external 
bodies  at  their  surfaces  of  contact. 

I.  The  first  of  these  classes  of  causes  may  be  left  out  of  considera- 
tion in  the  present  treatise;  because  the  mutual  attractions  and 
repulsions  of  the  parts  of  an  artificial  structure  are  too  small  to  be 
of  practical  importance  in  the  art  of  construction. 

IL  Of  the  second  class  of  causes,  the  only  force  which  is  of 
sufficient  magnitude  to  be  considered  in  the  art  of  constmction,  is 
iffeigJiL 

ILL  The  consideration  of  the  third  class  of  causes  belongs  to 
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the  subject  of  the  fltrength  of  materials,  which  will  be  treated  of  iu 
the  sequcL 

The  subject  of  the  present  section,  therefore,  is  the  relation  be- 
tween the  weight  of  the  parts  of  a  bodj^  and  the  variation  of  its 
condition  of  stress  from  point  to  point. 

116.    GeiMnd  PMblem  of  iMtenial  B^BlllbriaHi. — Let  W  denote 

the  weight  per  unit  of  volume  of  a  body,  or  part  of  a  body,  and  let 
it  bo  required  to  determine  what  modes  of  variation  of  internal 
stress  are  consistent  with  that  specific  gravity. 

Consider  the  condition  of  a  rectangular 
molecule  A  (fig.  58),  bounded  by  ideal 
planes,  whose  edges  are  parallel  to  three 
rectangular  axes,  OX,  OY,  OZ.  The 
position  of  this  set  of  axes  is  immaterial 
to  the  result ;  but  the  algebraic  formulse 
are  simplified  by  assuming  one  axis  to  be 
vertical;  let  O  Z,  then,  be  vertical,  and 
let  distances  along  it  be  positive  upwards. 
Then  weight  must  be  treated  as  a  nega- 
tive force  ;  and  the  weight  of  a  portion 
of  the  body  of  the  volume  V  will  be  denoted  by 

-  wY. 
Let  the  dimensions  of  the  molecule  A  be 

AX  parallel  to  OX, 
Ay  n  »  ^Y, 
AZ      „         „      OZ. 

Then  its  weight  is  represented  by 

-^  to  '  AX  Ay  Ag, 

Hie  BIX  faces  will  be  designated  as  follows  : — 

FarthMtlroin  O. 
parallel  to 

ZOX 

XOY 
^That  is,  the  horizontal  pair. 


Fig.  6a. 
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Let  the  six  intensities  of  the  components  of  the  stress  be  denoted 
as  in  Article  104,  viz. : — 

Normal,  pxs9  Pm  P-9 
Tangential,  p^,  ptx9  Psr 

As  for  the  signs  of  normal  stress,  let  pull  be  positive  and  thrust 

I 
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negativa     Ab  for  the  signs  of  tangential  stress,  let  those  stresses 
be  considered  as  <  ^^4.-  ^  \  which  tend  to  make  the  pair  of  cor- 
ners of  the  molecule  which  are  nearest  and    farthest  &om  0 
{sharper ) 
flatter  f 

In  the  first  place,  let  the  rtUe  of  variation  of  the  stress,  of  what 
kind  soever,  from  "poiat  to  point,  be  uniform ;  that  is  to  say,  for 
example,  if  the  mean  intensity  of  any  one  of  the  components  of 
the  stress  at  the  face  —  Ax  >^y  hep,  then  at  the  &ce  +  A  a;  A y, 
whose  distance  from  —  A  a;  A  y  is  Az,  let  the  meap  intensity  of 
the  same  component  be 

dp 
in  which  -^  is  a  constant  co-efficient  or  &ctor,  meaning  ''  the  rab 

ofva/riaiion  of  p  dUmg  z,"  which  is  positiye  or  negative,  aooording 
as  the  variation  oi  p  is  of  the  same  or  of  the  contrary  kind  to  that 
of  z.  Bates  of  variation  are  also  known  by  the  name  of  differential 
co-efflcienis.  As  there  are  six  components  in  the  stress,  and  three 
axes  of  co-ordinates,  there  are  eighteen  possible  differential  co- 
efficients of  the  stress  with  respect  to  the  co-ordinates ;  but  it  will 
presently  appear  that  nine  only  of  those  co-efficients  are  oonceined 
in  the  solution  of  the, present  problem. 

The  relations  amongst  the  weight  of  the  molecule  A,  and  the 
variations  of  the  intensities  of  the  component  stresses  on  its  differ- 
ent flEu^es,  depend  on  this  principle,  that  the  force  arising  from  die 
vcMriatione  of  stress  must  balance  the  weight  of  the  fnolecule;  that  is 
to  say,  the  resultant  force  parallel  to  each  of  the  horizontal  axes, 
which  arises  from  the  variation  of  stress,  must  be  nothing,  and  the 
resultant  force  parallel  to  the  vertical  axis,  which  arises  from  the 
variation  of  streiss,  must  be  uptoard,  and  equal  to  the  toeight  of  the 
molecule— a.  principle  expressed  by  the  iJuee  foUowing  equa- 
tions:— 

-^AX*Af/AZ  +  -^Af/'  AZAX  +  -^AZ'AXAf/  =  0; 


.^SLax^AVAZ  +  J^  Ay  AZAX  -h  ^~^AZ*  AXAy^Ol 

dx  ^  dv      ^  da  ^        ' 


^A«-AyA«+^Ay.A«A«  +  ^ 


dy-^    -^-^^^A^.Aa:Ay 

=  W  AX  Ay  AZ, 


(1) 


INTEBITAL  EQUIIIBBIUIL  115 

Eadi  of  the  nine  terms  which  compose  the  left  sides  of  the  above 
equations  is  the  product  of  four  factors  5  the  first  being  the  rate  of 
Taiiation  of  a  stress^  the  second  the  distance  between  two  faces  on 
which  that  stress  actis,  and  the  third  and  fourth  the  dimensions  of 
those  faces,  whose  product  is  their  common  area. 

£sch  tenn  of  those  three  equations  contains  as  a  common  £sictor 
the  Tofaime  of  the  molecule,  ax  ^f/AZ',  dividing  by  this,  they  are 
ledooed  to  the  following : — 

^£«F     •     dpxp    ^    dp„    =    0-1 
dx  dy  dz  ' 


dpx9      I     dpjf^  dpj^    _    Q. 

dx  dy  dz  ' 


dpxx      ,     dp^  dp, 


dx  dy  dz 


=    w. 


(2.) 


In  this  second  form,  the  equations  are  applicable  to  rates  of  varia- 
tion which  are  not  uniform  as  well  as  to  those  which  are  imiform. 
For  as  the  rectangular  molecule,  from  the  conditions  of  whose 
equilibrium  these  equations  are  deduced,  is  of  arbitrary  size,  it  may 
be  supposed  as  small  as  we  please;  and  when  the  rates  of  variation 
of  the  stress  are  not  nniform,  we  can  always,  by  supposing  the 
molecule  small  enough,  make  the  rates  of  variation  of  the  stresses 
throughout  its  bulk  deviate  from  imiform  rates  to  an  extent  less 
than  any  given  limit  of  error. 

The  equations  2  can  easily  be  modified  so  as  to  adapt  them  to 
any  different  arrangement  of  the  axes  of  co-ordinate&  Thus,  if  z 
be  made  positive  downwards  instead  of  upwards,  —  te?  is  to  be  put 
for  10  in  the  third  equation.  If  a;  or  y,  instead  of  2;,  be  made  the 
vertical  axis,  tr  is  to  be  substituted  for  0  in  the  first  or  the  second 
equation,  as  the  case  may  be,  and  0  for  w  in  the  third  equation. 
If  the  axes  of  x,  y,  and  z  make  respectively  the  angles  «,  /3,  and  y, 
with  a  line  pointing  vertically  upwards,  the  force  of  gravity  is  to 
be  resolved  into  three  rectangular  components,  each  of  which  must 
be  separately  balanoed  by  variations  of  stress ;  so  that  for 

0,  0,  w, 

in  the  first,  second,  and  third  equations  respectively,  are  to  be 
iobstitated 

tocosMy  tDooe^,  wway. 

The  equations  of  this  Article  are  not  in  general  sufficient  of 
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themselYes  to  detennme  the  mode  of  Tariation  of  the  intensitj  of 
the  stress  in  a  solid  bodj,  because  of  their  number  not  being  so 
great  as  that  of  the  number  of  unknown  quantities  to  be  determined. 
They  have  therefore  to  be  combined  with  other  equations,  deduced 
from  the  relations  which  are  foimd  by  experiment  to  exist  between 
the  alterations  of  figure,  which  the  parts  of  a  solid  body  undeigo 
when  a  load  acts  on  it,  and  the  stresses  which  at  the  same  time  act 
amongst  the  disfigured  parts.  These  relations  belong  to  the  sub- 
ject of  elasticity  and  of  the  strength  of  materials,  and  not  to  that 
of  the  principles  of  statica  The  remainder  of  the  present  section 
will  relate  to  those  more  simple  problems  which  can  be  solved  by 
means  of  the  equations  2  alone. 

117.  E^aiiibriaai  •£  Fi«M«. — ^It  has  already  been  explained  in 
Article  110,  that  in  a  fluid  the  only  stress  to  be  considered  in 
practice  is  a  thrust  or  pressure,  normal  and  of  equal  intensity 
in  all  directions.  This  is  expressed  symbolically  in  the  following 
manner: — 


«'} (1.) 


the  single  symbol  p  being  used,  for  the  sake  of  convenience  and 
brevity,  to  denote  the  irdensity  of  Hie  fluid  pressure  at  any  given  point 
in  the  fluid. 

In  adapting  the  equations  2  of  Article  116  to  this  case,  it  is  con- 
venient to  take  X  to  denote  vertical  co-ordinates,  and  to  make  it 
positive  downwards.  Then,  bearing  in  naind  that  p  is  now  a  thrust, 
being  positive  (and  not  a  pull  when  positive  and  a  thrust  when 
n^ative,  as  in  the  genersd  problem),  we  obtain  the  following 
equations: — 

dp 


=  w\ 


dy  dz 


(2.) 


The  first  of  these  equations  expresses  the  &ct,  that  m  a  bahmced 
fluid,  the  pressure  increases  with  the  vertical  depth,  at  a  rate  expressed 
hy  the  weight  of  the  fluid  per  wnit  of  volume;  and  the  second  and  third 
express  tJie  fact,  that  in  a  balanced  fluid,  the  pressure  has  no  variation 
in  any  horizontal  direction ;  in  other  words,  ^lAt  the  pressure  is  equal 
at  all  points  in  the  same  level  surface, 

[The  exact  figure  of  a  level  surface  is  spheroidal ;  but  for  pui^ 
poses  of  applied  mechanics  it  may  be  treated  as  a  plane,  without 
aenaible  error.] 
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Those  princdples  may  also  be  proved  directly.     Let  fig.  59  re- 
mt  a  vertical  section  of  a  fluid;  ^ 


presei 
YOl 


O  Y  any  horizontal  plane,  O  X  a 
vertical  axi&  Let  BB  be  a  hori- 
zontal plane  at  the  depth  x  below  0 ; 
C  C  another  horizontal  plane  at  the 
depth  X  -k-  AX.  Let  A  be  a  small 
rectangular  molecule  contained  be- 
tween thoee  two  horizontal  planes; 


£ 


▲ 

n 


T- 


X 

Fig.  59. 

and  let  a  y  and  a  «  be  its  horizontal  dimensions,  so  that  its  weight  is 

w  AX  Ay  AZ, 

The  pressure  exerted  by  the  other  portions  of  the  fluid  against  the 
vertical  faces  of  this  molecule  are  horizontal,  and  must  balance  each 
other;  therefore  there  can  be  no  variation  of  pressure  horizontally. 
Let /\|,  then,  be  the  uniform  pressure  at  the  horizontal  plane  YO  Y, 

Py  that  at  the  plane  B  B,  and  p  +  -y-  ^  x  that  at  the  plane  C  C,  -j^ 

d  X  ax 

being  the  rate  of  increase  of  pressure  with  depth.     The  molecule  is 

pressed  downwards  by  the  pressure  whose  amount  is 

p^y^z, 

and  upwards  by  the  pressure  whose  amount  is 

The  diflerence  between  those  forces,  viz. : — 

dp^ 


^& 


dx 


AX-  Ay  AZf 


has  to  be  balanced  by  the  weight  of  the  molecule;  equating  it  to 
which,  and  dividing  by  the  common  factor  ax  Ay  a z,  we  obtain 
the  fint  of  the  equations  2  of  this  Article. 

The  pressure  p^  at  the  surface  Y  Y  being  given,  the  pressure  p 
at  any  given  depth  x  below  Y  Y  is  found  by  means  of  the  integral, 


p*-"!'. 


dp 


Po  +  I    todx; 


(3.) 


that  is  to  say,  it  is  equal  to  the  pressure  at  the  plane  Y  Y,  added  to 
the  weight  of  a  vertical  column  of  the  fluid  whose  area  of  base  is 
ttittty,  and  which  extends  from  the  plane  Y  Y  down  to  the  given 
depth  X  below  that  plane. 
It  is  obviously  necessary  to  the  equilibrium  of  a  fluid,  that  the 
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8peci£c  gravity,  as  well  as  the  pressure,  should  be  tlie  nme  at  all 
points  in  the  same  level  surface^ 

The  preceding  principles  are  the  base  of  the  science  of  Hydro- 
statics. 

118.  Eqnttibrium  of  a  JLiqaid. — ^A  liquid  18  a  fluid  whose  paits 
tend  to  preserve  a  definite  size ;  that  is  to  say,  a  portion  of  a  liquid 
of  a  given  weight  tends  to  occupy  a  certain  definite  volume;  and  to 
make  it  occupy  a  greater  or  a  less  volume,  tension  or  pressure,  83 
the  case  may  be,  must  be  applied  to  it.  The  volume  occupied  by  an 
unit  of  weight  is  the  reciprocal  of  the  weight  of  an  unit  of  volume; 
so  that  the  preceding  principle  might  otherwise  be  stated  by  say- 
ing, that  a  liquid  tends  to  preserve  a  definite  specific  gravity,  which 
may  be  increased  by  pressure,  or  diminished  by  tension. 

The  volume  which  a  given  weight  of  a  liquid  tends  to  occupy 
depends  on  its  temperature  according  to  laws  which  belong  to  the 
science  of  Heat. 

The  alterations  of  the  specific  gravity  of  liquids  produced  by  any 
pressures  which  occur  in  practice,  are  so  small,  that  in  most  pro- 
blems respecting  the  equilibrium  of  liquids,  the  specific  gravity  w 
may  be  treated  without  sensible  error  as  a  constant  quantity,  inde- 
pendent of  the  pressure  p,  In  the  case  of  water,  for  example,  the 
compression  of  volume,  and  increase  of  specific  gravity,  produced  by 
a  pressure  of  one  otTnosphere,  or  14'7  pounds  per  square  inch,  is  about 
Q-oUv,  or  ttfliooo  for  each  poimd  on  the  square  inch. 

If,  then,  the  specific  gravity  w  be  treated  as  a  constant  in  equation 
3  of  Article  117,  it  becomes  as  follows: — 

p  =  Po  +  wx; ^ (1.) 

that  is  to  say : — let  Pq  be  the  pressure  at  the  upper  surface,  Y  O  Y, 
(fig.  59)  of  a  mass  of  liquid;  then  the  pressure  p  at  any  given  depth 
X  below  that  surface  is  greater  than  the  superficial  pressure  p^  by 
an  amount  found  by  midtiplying  that  depth  by  the  weight  of  an 
unit  of  volume  of  the  liquid. 

When  the  mass  of  liquid  is  in  the  open  air,  the  superficial  pres- 
sure Pq  is  that  arising  from  the  weight  of  the  earth's  atmosphere 
of  air,  and  at  places  near  the  level  of  the  sea,  is  estimated  on  an 
average  at  14*7  pounds  on  the  square  inch.  In  a  dose  vessel, 
the  superficial  pressure  may  be  greater  or  less  than  that  of  the 
atmosphere. 

119.  EqaillbriuBi  of  dlflTerent  Fluids  In  contact  with  «nch  ochcr.— - 

If  two  difierent  fluids  exist  in  the  same  space,  they  may  unite  so 
that  each  of  them  shall  be  distributed  throughout  the  whole  spacer 
either  by  chemical  combination  or  by  diflusion ;  but  in  such  cases 
they  form,  in  fact,  but  one  fluid,  which  is  a  compound  or  mixture^ 
^8  the  case  may  be.     The  present  Article  has  reference  to  the  case 


XQUILIBRIUX  OF  DIFFEBSNT  FLUIDS.  119 

'when  fluids  of  different  kinds  remain  in  contact,  imcombined  and 
unmixed.  In  this  case,  the  condition  of  equilibrium  is,  that  the 
pressures  of  two  fluids  at  each  point  of  their  surface  of  contact  shall 
be  €!qual  to  each  other, — a  condition  which,  when  the  two  fluids 
are  of  difierent  specific  gravities^  can  only  be  fulfilled  when  the 
snr&ce  of  contact  is  horizontal 

If,  then,  two  or  more  fluids  of  difierent  specific  gravities,  which 
do  not  combine  nor  Tni-r  with  each  other,  be  contained  in  one  vessel 
nnintermpted  by  partitions,  they  will  arrange  themselves  in  hori- 
2Gntal  strata,  the  heavier  fluids  being  below  the  lighter. 

If  two  fluids  of  different  specific  gravities  be  contained  in  the 
two  l^s  of  a  tube  shaped  like  the  letter  TJ  (and  called  an  '^inverted 
siphon"),  or  if  one  of  the  two  fluids  be  contained  in  a  vertical  tube 
open  below,  and  the  other  in  the  space  surrounding  that  tube;  or, 
generally,  if  the  two  fluids  be  partially  separated  from  each  other  by 
a  vertical  or  nearly  vertical  partition,  below  which  there  is  a  com- 
munication between  the  spaces  on  either  side  of  it;  the  horizontal 
surface  of  contact  of  the  fluids  will  be  at  that  side  of  the  partition 
at  which  the  lighter  fluid  is  found,  so  that  it  may  be  above,  and  the 
heavier  fluid  below,  that  surface  of  contact. 

Let  po  denote  the  common  pressure  of  the  two  fluids  at  their  sur- 
face of  contact,  and  let  any  ordinate  measured  from  that  surface 
upwardsj  be  denoted  by  x.  Let  td  denote  the  specific  gravity,  and 
p  the  pressure,  of  the  lighter  fluid;  uP  the  specific  gravity,  and  p* 
the  pressure,  of  the  heavier  fiuid.  Then  at  any  given  elevation  m 
above  the  surface  of  contact 


p'  ^p.—\\ufdx', 


(1.) 


which  equations,  when  the  fluids  are  liquids,  and  ttf,  uf,  constants^ 
become 

pf  ^  Po  -  vjx;  p"  =^  po-  io'x (2.) 

As  in  the  case  of  the  barometer,  and  the  mercurial  pressure  gauge, 
the  height  at  which  a  liquid  stands  in  a  tube,  closed  and  empty  at 
the  upper  end,  above  its  surface  of  contact  with  another  fluid,  may 
be  xued  to  determine  the  pressure  exerted  by  that  other  fluid  at  the 
sorfaoe  of  contact.     In  this  case,  p"  =  0,  or  nearly  so;  consequently 

f\»  =  t^«, (3.) 

Let  of,  x",  be  two  heights  above  the  surface  of  contact  at  which 
the  respective  pressures  of  the  lighter  and  the  heavier  fluid  are 
either  equal  to  each  other,  or  both  equal  to  nothing;  then  p"  ^Jf» 
and  consequently,  for  fluids  in  general. 
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If  the  fluids  be  both  liquids,  this  beoomes, 

10' «  =  w'jb", (5.) 

or,  the  heights  are  inversely  as  the  specific  gravities. 

If  the  heavier  fluid  be  a  liquid  (such  as  the  mercury  in  the  baio- 
meter)  and  the  lighter  a  gas  (such  as  the  atmosphere)  the  equati<Hi 
becomes 

''ix^dx^'ud'x''; (a) 


/ 


0 


and  on  this  last  formula  is  founded  the  method  of  determining 
differences  of  level  \yj  barometric  observations  of  the  atmosphezic 
pressure. 

120.   Evnllilnrlwii  of  a  Floating  Bodj.^ — ^ThEOREIL     A  8olid  body 

floating  on  ike  stirfobce  of  a  liquid  is  bcUcmced,  when  it  displaces  a 
volume  of  liquid  whose  weight  is  equal  to  the  weight  of  the  floating 
body,  and  when  the  centre  of  gravity  of  the  floating  body,  and  that 
of  Sie  volume  from  which  the  liquid  is  displaced,  are  in  tite  same 
vertical  line. 

Let  fig.  60  represent  a  solid  body  (such  as  a  ship),  floaung  in  a 
liquid,  whose  horizontal  upper  surface  is  YY.     Suppose,  in  the  first 

place,  that  there  is  no  pressure  on 
the  surface  YY.  Consider  a  small 
portion  S  of  the  sur&ce  of  the  im- 
mersed part  of  the  solid  body.  The 
liquid  will  exert  against  S  a  normal 
pressure,  whose  amount  will  be  ex- 
pressed hj 

Fig.  60.  Bp  =  Stooj, 

where  S  is  the  area  of  the  small  portion  of  the  immersed  sur&oe,  x 
the  depth  of  immersion  of  its  centre  below  the  le^el  sur&ce  YY, 
and  w  the  weight  of  unity  of  volume  of  the  liquid. 

Let  «  denote  the  angle  of  inclination  of  the  area  S  to  a  horizontal 
plane,  or,  what  is  the  same  thing,  the  angle  of  inclination  of  the 
pressure  on  S  to  the  vertical  Conceive  a  vertical  prism  H  S  to 
stand  on  the  area  S ;  the  area  of  the  horizontal  transverse  section 
of  this  prism  is  what  is  called  the  horizoTitcd  projection  of  the  area 
S,  and  its  value  is 

S  cos  «. 

Conceive  a  liorixontal  prism  ST  to  have  its  axis  in  the  vertical 
plane  whicli  ia  perpendicular  to  S,  and  to  have  the  area  S  for  an 
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obUqne  section ;  ihe  yeoriical  transverse  section  of  this  piism  is  what 
is  cslled  the  varHcal  projection  of  the  area  S,  and  its  value  is 

Ssin  CI. 

This  horLDcmtal  prism  cats  the  immersed  sur£9U»  in  another  small 
srea  T,  'whose  projection  on  a  vertical  plane  perpendicular  to  the 
axis  of  tbe  prism  S  T  is  equal  to  that  of  S,  and  which  is  immersed 
to  the  same  depth,  and  sustains  pressure  of  the  same  intensity. 

Resolve  the  total  pressure  on  S  into  a  horizontal  component  and 
a  TertiGal  component.     The  horizontal  component  is 

Bp  '  sin  a  ^Btox'  sin  «, 

being  equal  to  the  product  of  the  intensity  p  by  the  vertical  projection 
of  8;  bat  this  component  is  balanced  by  an  equal  and  opposite  com- 
ponent of  the  total  pressure  on  T ;  and  the  same  is  the  case  for 
eveiy  portion  such  as  S  into  which  the  immersed  surface  can  be 
divided  ;  therefore  the  resultant  of  all  the  horizontal  compouents  of 
the  preaBore  exerted  by  the  liquid  against  the  solid  is  noMng, 
llie  vertical  component  of  the  pressure  on  S  is 

Spcostf  =  SwxooBa, 

being  equal  to  the  product  of  the  intensity  p  by  the  luyrizontal 
projection  of  S.  But  S  x  coa  «  is  the  volume  of  the  vertical  prism 
H  S,  standing  upon  the  small  area  S,  and  bounded  above  by  the 
hoEiaontal  8mr£Eu»  Y  Y,  and  w  is  the  weight  of  unity  of  volume  of 
the  liquid;  therefore  Bwx cos  «  is  the  weight  of  liquid  which  the 
prism  H  S  would  contain;  so  that  the  vertical  component  of  the 
presBore  on  S  is  an  upward  force,  eqmd  and  opposite  to  the  vceight  of  the 
liquid  dispheed  hy  the  prismatic  portion  of  the  solid  body  which  stands 
ver^eaUy  above  &  Then  if  the  whole  of  the  immersed  surface  be 
divided  into  small  areas  such  as  S,  the  resultant  of  the  pressure  of 
the  liquid  against  that  entire  surface  is  the  sum  of  all  tJie  vertical 
eomponents  of  the  pressures  on  the  small  areas ;  that  is,  a  force 
equal  and  opposite  to  the  sum  of  the  weights  of  liquid  displaced  by  alt 
the  pfriams  such  as  H S;  that  is,  a  sum  equal  and  opposite  to  the 
weight  of  the  whole  volume  of  liquid  diisplaced  by  the  floating 
body;  and  the  line  of  action  of  that  resultant  traverses  the  centre 
of  gravity  of  the  volume  of  liquid  so  displaced. 

Let  O  denote  that  centre  of  gravity,  which  is  also  called  the 
Cewirs  of  Buoyancy,  Let  G  denote  the  centre  of  gravity  of  the 
floating  body.  Let  W  denote  the  weight  of  the  floating  body,  and 
T  the  volume  of  liquid  dLsplaced  by  it 

Then  the  conditions  of  equilibrium  of  the  floating  body  are  ob- 
▼kmsly  the  following : — 

Firwt : — W  =  w  V ;  or  its  weight  must  be  equal  to  the  weight  of 
the  yohime  of  liquid  displaced  by  it; — 
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Seconctty: — ^its  centre  of  gravity  G^  and  the  centace  of  bacjancf 

C,  must  be  in  the  same  vertical  line.— Q.  R  D. 

The  preceding  demonstration  has  reference  to  the  case  in  ^whidi 
the  pressure  on  the  horizontal  surface  Y  Y  is  nothing.  In  the  case 
of  bodies  floating  on  water,  that  surface,  as  well  as  the  non-immersed 
part  of  the  surface  of  the  floating  body,  have  to  sustain  the  pressuie 
of  the  air.  To  what  extent  this  fact  modifles  the  conclusions 
arrived  at  will  appear  in  the  next  Article. 

121.  PrcMuro  on  an  Immersed  Body. — ^ThEOREIL      If  a  SoHd  hodhf 

he  wholly  immersed  in  afiuid,  the  resultant  of  the  'pressure  of  the  ^ad 
on  Hie  solid  body  is  a  vertical  forcey  equal  and  directly  opposed  to  the 
weight  of  the  portion  of  the  fluid  which  the  solid  body  displaces. 

Let  fig.  61  represent  a  solid  body  totally  immersed  in  a  fluid, 

r  whether  liquid  or  gaseous.  Conceive  a  small 
vertical  prism  SU  to  extend  from  a  portion 
S  of  the  lower  surfia^ce  of  the  body,  to  ih» 
portion  TJ  of  the  upper  surface  which  is  ver- 
tically above  S.  Also  let  S  T  be  a  horizontal 
prism  of  which  S  is  an  oblique  section,  and 
UV  a  horizontal  prism  of  which  IT  is  an 
^    g-  oblique  section,  as  in  Article  120. 

Then,  as  in  Article  1 20,  it  may  be  proved 
that  the  horizontal  component  of  the  pressure  on  S  is  balanced  by 
an  equal  and  opposite  component  of  the  pressure  on  T,  and  the 
horizontal  component  of  the  pressure  on  TJ  by  an  equal  and  opposite 
component  of  the  pressure  on  Y;  so  that  the  horizontal  component 
of  the  resultant  of  the  pi*essure  of  the  fluid  on  the  entire  body  is 
nothing,  and  that  resultant  is  vertical. 

The  vertical  .component  of  the  pressure  on  S  is  upward,  and 
equal  to  the  weight  of  the  prismatic  portion  of  the  fluid  which 
would  stand  vertically  above  S  if  a  part  of  it  were  not  displaced  by 
the  solid  body.  The  vertical  component  of  the  pressure  on  XJ  is 
downward,  and  equal  to  the  weight  of  the  prismatic  portion  of  the 
fluid  which  stands  vertically  above  U.  The  vertical  force  arising 
from  the  pressures  on  S  and  on  U  together  is  upward,  and  equal 
to  the  difference  between  those  two  weights;  that  is,  it  is  equal 
and  directly  opposed  to  the  weight  of  the  portion  of  the  fluid  dis- 
placed by  the  prismatic  portion  S  XJ  of  the  immersed  body. 

Hence  the  resultant  of  the  pressure  of  the  fluid  over  the  eniaie 
surface  of  the  immersed  body  is  equal  and  directly  opposed  to  the 
weight  of  the  portion  of  fluid  displaced  by  that  body. — Q.  R  D. 

The  centre  of  gravity  C,  of  the  portion  of  fluid  which  would 
occupy  the  position  of  the  body  if  it  were  not  immersed,  is  called, 
as  before,  the  centre  of  bttoyancy,  and  is  traversed  by  the  vertical 
line  of  action  of  the  resultant  of  the  pressure  of  the  fluid,  which  is 
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fcilf  called  the  huoffoney  of  the  immened  body,  and  ionietimes  the 
^fgaraU  lass  qftoeighi. 

U?o  maintain  an  immersed  body  in  equilibrio,  there  must  be  applied 
o  it  a  foice  or  couple,  as  the  case  may  be,  eqnal  and  directly  op- 
Kieed  to  the  resultant,  if  any,  of  its  downward  weight  and  upward 
tofojancy;  that  resultant  being  determined  according  to  the  principles 
€  Articles  39  and  40. 

When  a  body  floats  in  a  heavier  fluid  (as  water)  haying  its  upper 
Ktrikm  soirounded  by  a  lighter  fluid  (as  air),  its  total  buoyancy  is 
iqiial  and  opposite  to  the  resultant  of  the  weights  of  the  two  portions 
if  the  respective  fluids  which  it  displaces. 

In  practical  questions  relative  to  the  equilibrium  of  ships,  the 
b«ioyancy  arising  from  the  displacement  of  air  is  too  small  as  com- 
pared with  that  arising  from  tiie  displacement  of  water,  to  require 
bu  be  taken  into  account  in  calculation. 

122.  Apfuwi  HTcishta- — ^The  only  method  of  testing  the  equality 
of  the  weights  of  two  bodies  whidi  is  sufficiently  delicate  for  exact 
adentific  purposes^  is  that  of  hanging  them  from  the  opposite  ends 
€if  a  lever  with  equal  arms. 

If  this  process  were  performed  in  a  vacuum,  the  balancing  of  the 
Indies  would  prove  their  weights  to  be  equal ;  but  as  it  must  be 
performed  in  air,  the  balancing  only  proves  the  equaUty  of  the 
apparent  weights  of  the  bodies  in  air,  tnat  is,  of  the  resp^rtive  ex- 
eesaes  of  their  weights  above  the  weights  of  the  volumes  of  air  which 
they  disf^aoe.  The  real  weights  of  the  bodies,  therefore,  are  not 
eqiui  unless  their  volumes  are  equal  aka  If  their  volumes  are 
vnequal,  the  real  weight  of  the  larger  body  must  be  the  grreater  by 
an  amount  equal  to  the  weight  of  the  difierence  between  the  volumes 
of  air  which  they  displace. 

The  weight  of  a  cubic  foot  of  pure  dry  air,  imder  the  pressure  of 
one  atmosphere  (14*7  lbs.  on  the  square  inch),  and  at  the  temperature 
of  melting  ice  (32°  Fahrenheit)  is 

0*080728  pound  avoirdupois. 

Let  this  be  denoted  by  w^  Then  the  weight  of  a  cubic  foot  of  air 
imder  any  other  pressure  of  p  atmospheres,  and  at  the  temperature  t 
of  Fahresiheit^s  scale,  is  given  with  a  degree  of  accuracy  sufficient 
fbr  most  porposeSy  by  the  formula^ 

•"  =  ^^^7Ti6F2' <^> 

and  if  19,  t^,  be  the  weights  of  a  given  volume  of  air,  under  the 
remective  preasunes  Pfp',  and  at  the  temperatures  t,  t,  of  Fahrenheit's 
scale,  then 

^  _Ti  <  ^-  46r-2  .Qv 

w  "  p'  r  +  461°-2 ^  ' 


and  conaequentlj 

W"       

W'  ""  w.  —  w  ' 


-^?i-=^-     .(2.) 
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I^t  Wi  denote  Uie  tme  weight  of  a  body,  Y|  its  volume,  toi  its 

per  unit  of  volume^  w  the  weight  of  imitj  of  volume  of  aiz;      Thea 

and  the  apparent  weight  of  the  same  body  in  air  is 

w  =  (w.  _  to)  V, = ^^^^  w, (a.) 

Let  this  body  now  be  balanced  against  another  body  in  an  aocunite 
pair  of  scales,  and  let  their  apparent  weights  be  equal.  Then,  if 
W,  denote  the  true  weight,  and  tOt  the  weight  per  unit  of  volume^ 
of  the  second  body,  we  have 

BJLH  w,  =  !5lZLif  w. (4) 

80  that  the  proportion  between  the  real  weights  of  the  bodies  is 

==  =  -^—^ — (o.) 

123.  BeiatiTtt  8pMi«c  cirBTitic«. — K  the  true  weight  of  a  solid 
body  be  known,  and  that  body  be  next  weighed  while  immersed  in 
a  liquid,  the  proportion  of  the  specific  gravities  of  the  solid  body 
aud  of  the  liquid  can  be  deduced  from  the  apparent  loss  of  weight, 
which  is  the  weight  of  the  volume  of  liquid  displaced  by  the  body. 

Let  W„  as  in  equation  3  of  Article  122,  denote  the  true  weight 
of  the  solid  body,  to,  its  weight  per  imit  of  volume,  «7j  the  weight  of 
an  unit  of  volume  of  the  liquid  in  which  its  apparent  weight  is 
found,  and  W"  the  apparent  weight;  then  by  the  equation  alreaci^ 
referred  to 

and  consequently 

«.  — -wr^ ^^f 

Let  the  first  weighing  take  place  in  air  and  the  second  in  the  liquid, 
and  let  W  be  the  apparent  weight  in  air  j  then 

w, 


ID  to 

80  that  if  ~  is  known,  -i  may  be  found  by  the  equatiaii 
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to. 


W  —  W"  — 


(3.) 


-    W  —  W" 

When  the  ohject  of  weighing  of  this  kind  is  to  determine  the 
^Kcific  gravities  of  solids,  tlie  liquid  usually  employed  is  pure  water; 
uid  the  results  ohtained  are  the  ratio8  of  the  specific  gravities  of 
uAid  bodies  to  that  of  pure  water.  If  these  ratios,  or  relative  spe- 
eifie  gravities,  be  multiplied  by  the  weight  of  a  cubic  foot  of  pure 
vmter,  the  weight  of  a  cubic  foot  of  tlie  solid  is  obtained. 

The  weight  of  a  cubic  foot  of  pure  water  at  the  temperature  of  its 
maTimnm  density  (being,  according  to  Playfair  and  Joule,  39°*  1 
Fahrenheit)  is,  according  to  the  best  existing  data, 

62*425  pounds  avoirdupois. 

For  any  other  temperature  t  on  Fahrenlieit  s  scale,  the  weight  of  a 
cubic  foot  of  pore  water  is 

62i26 (4) 

V 

where  v  denotes  the  volume  to  which  a  mass  of  water  measuring  one 
cubic  foot  at  39^-1  expands  at  ^;  a  volume  which  may  be  computed 
for  temperatures  from  32°  to  77°  Fahrenheit,  by  means  of  the  follow- 
ing empirical  formula,  extracted  from  Prof.  W.  H.  Miller's  paper  on 
the  Standard  Pound  in  the  Philosophical  Transactions  for  1856 : — 

log.  «« 10-1  («—  39-1)2  —  0-0369  («—  39-1)^ -^  10,000,000.  (5.) 
The  relative  specific  gravities  of  two  liquids  are  determined  by 

weighing  the  same  solid  body  immersed  in  them  successively  and 

comparing  its  apparent  losses  of  weight. 
124.  i»n— iij  •■  ■■  iMmcned  PbuM. — ^If  a  horizontal  plane  bqT" 

&oe  of  any  figure  be  immeraed  in 

a  fluid,  the  pressure  on  that  sur- 

&ce  18  vertical,  and  uniformly 

distributed;  its  amount  is  the 

product  of  the  intensity  of  the 

pressore  at  the  depth  to  which 

the  plane  is  immersed  by  the  area 

of  the  plane;  and  the  centre  of 

prttswe  (as  already  shown  in 

Art  90)  is  the  centre  of  gravity 

of  a  flat  plate  of  the  figure  of 

the  plane  sur^hce,  or,  as  it  is 


Fig.  6S. 


usually  termed,  the  centre  of  gravity  of  the  plane  sur&oa 

If  an  indin^  or  vertical  plane  suriace  be  immersed  in  a  liquid, 
let  OT  (fig.  62),  represent  a  section  of  the  horizontal  plane  at 
which  the  pressure  is  nothing,  and  B  F  a  vertical  section  of  the 
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immersed  plane.  Let  o^i  s=  BE  be  the  deptli  to  which  the^i 
edge  of  this  plaae  is  immersed  below  OY.  From  B  draw  BD 
BE,  and  -i-  BE;  produce  the  plane  BE  till  it  cuts  the  hoiizool 
plane  of  no  pressure,  O  Y,  in  the  line  represented  in  sectioii  hy 
through  O  and  D  draw  a  plane  O  H  D,  and  oonoeive  the 
B  D  H  E  to  stand  normaUj  upon  the  base  B  E  and  to  be  boi 
above  by  the  plane  D  H.  The  pressure  on  the  plane  BF  will 
normal;  its  amount  will  be  equal  to  the  weight  of  fluid  ocfai 
in  the  volume  B  D  H  E ;  that  is  to  say,  let  Xo  denote  the  depth,  ol 
the  centre  of  gravity  of  the  plane  BE  below  O  Y,  and  w  the  w^eigbl 
of  unity  of  the  Yolume  of  liquid]  then  the  mean  tntensiiy  of  thfl 
pressure  on  B  E  is 

p^  =  WXq, (1.) 

and  the  amount  of  the  pressure 

P  =  ti^fl^s-areaBE (2L) 

Let  C  be  the  centre  of  gravity  of  the  volume  B  D  H  E;  then  iht 
centre  of  pressure  of  the  surface  B  E  is  the  point  where  it  is  cut  bf 
the  perpendicular  CP  let  fell  on  it  from  C. 

As  the  intensity  of  the  pressure  on  any  point  of  BF  is  propcwv 
tional  to  its  depth  below  OY,  and  consequently  to  its  distance  fron^ 
O,  this  is  a  case  of  vmxf&nmly  varying  stress,  and  the  formube  or 
Article  94  are  applicable  to  it  In  the  application  of  those  formula 
it  is  to  be  observed,  that  the  ordinates  y  are  to  be  measured  hori- 
zontally in  the  plane  BE,  whose  centre  of  gravity  is  to  be  taken  as 
the  origin;  that  the  co-ordinates  x  are  to  be  measured  in  the  same 
plane,  along  the  direction  of  steepest  dedivUy,  and  reckoned  positive 
downwards ;  and  that  the  value  of  the  constant  a  in  the  equations  of 
Article  94  is  given  by  the  formula 

a  =  to  sin  « (3.) 

where  «  is  the  angle  of  inclination  of  the  plane  B  E  to  a  horizontd 
plane. 

125.   PreMMure  ia  ■■  iBdeilwftc  ITnlforailr  Slopfsg  SalM.^ — Conceive 

a  mass  of  homogeneous  solid  mate- 
rial to  be  indefinitely  extended 
laterally  and  downwanls,  and  to 
be  bounded  above  by  a  plane  sur- 
face, making  a  given  angle  of  de- 
clivity B  with  a  horizontal  plane* 
In  fig.  63,  let  Y  O  Y  represent  a  ver- 
tical section  of  that  upper  sloping 
surface  along  its  direction  of  greatest 
declivity,  and  O  X  a  vertical  pkne 
Fig.  68.  perpendicular  to  the  plane  of  vertical 


PARALLEL  PROJECTION  OF  STRESS  Ain>  WEIGHT.  127 

fection  which  is  represented  by  the  paper.  Let  w  be  the  uniform 
weight  of  unity  of  volmne  of  the  substance.  Let  B  B  be  any 
plane  parallel  to,  and  at  a  vertical  depth  x  below  the  plane  Y  Y. 
if  the  substance  is  exposed  to  no  external  force  except  its  own 
'.  weight,  the  only  pressure  which  any  portion  of  the  plane  B  B  can 
liave  to  sustain  is  the  weight  of  the  material  directly  above  it. 
Hence  follows — 

Theorem  L  In  an  indefinite  homogeneous  solid  hounded  above  hi/ 
a  doping  plane,  the  pressure  on  any  plane  parallel  to  that  sloping 
ma/aee  is  vertical,  and  of  an  uniform  intensity  equal  to  the  tveight  of 
Ae  vertical  prism  tohich  stands  on  unity  of  area  ofHiA  given  plane. 

The  area  of  the  horizontal  section  of  that  prism  is  cos  B,  conse- 
fjsently,  the  intensity  of  the  vertical  pressure  on  the  plane  B  B  at 
^e  depth  x  is 

p«  K  toa;oos^ ^ ^ (1.) 

Rom  the  above  theorem,  combined  with  the  principle  of  conjugate 
stresses  of  Article  101,  there  follows — 

Theorem  LL  The  stress,  if  any,  on  amy  vertical  plane  is  parallel 
lo  (^  doping  surface,  and  conjugate  to  the  stress  on  a  pUme  paralld 
to  thai  surface. 

Consider  now  the  condition  of  a  prismatic  molecule  A,  bounded 
above  and  below  by  planes  B  B,  C  C,  parallel  to  the  sloping  surface 
T  Y,  and  laterally  by  two  pairs  of  parallel  vertical  planes.  Let 
tiie  common  area  of  the  upper  and  lower  surfaces  of  this  prism  be 
imity,  and  its  height  a  x  \  then  its  volume  is  A  a; '  cos  ^,  and  its 
wei^t  t9  A  a;  *  cos  %,  which  is  equal  and  opposite  to,  and  balanced 
by  the  excess  of  the  vertical  pressure  on  its  lower  face  above  the 
vertical  pressure  on  its  upper  face.  Therefore,  the  pressures  paral- 
lel to  the  sloping  sur&oe,  on  the  vertical  faces  of  the  prism,  must 
balanoe  each  other  independently  j  therefore  they  must  be  of  equal 
mean  intensity  throughout  the  whole  extent  of  the  layer  between 
the  planes  B  B,  CO;  whence  follows — 

Theorem  IIL  The  state  of  stress,  ai  a  given  uniform  depth  below 
the  sloping  surface,  is  uniform, 

126.  •■  tlM  randlcl  Pi«i«cll«B  af  0treM  waA  ITeickt. — ^In  apply- 
ing the  principles  of  parallel  projection  to  distributed  forces,  it  is 
to  be  borne  in  mind  that  those  principles,  as  stated  in  Chapter  lY., 
are  applicable  to  lines  representing  the  amwwrds  or  reaiullJUunls  of 
distrimited  forces,  and  not  their  intensities.  The  relations  amongst 
the  intensities  of  a  system  of  distributed  forces^  whose  resultants 
have  been  obtained  by  the  method  of  projection,  are  to  be  arrived 
at  by  a  subsequent  process  of  dividing  each  projected  resultant  by 
the  projected  roace  over  which  it  is  distributed. 

Examples  of  the  application  of  processes  of  this  kikid  to  practical 
foesiionB  will  appear  in  the  Second  Part 


126 


CHAPTER  VL 

ON  STABLE  AND  UNSTABLE  EQUILIBRIUH. 

127.  stable  a«d  VnMable  E^pilllbrinm   of  a  Free  Badr. Sap^ 

pose  a  body,  'W'hich  is  in  equilibiio  under  a  balanced  system  of  foroea^ 
to  be  free  to  move,  and  to  be  caused  to  deviate  to  a  small  extent 
from  its  position  of  equilibrium.  Then  if  the  body  tends  to  deviate 
further  from  its  original  position,  its  equilibrium  is  said  to  be  tm- 
stable;  and  if  it  tends  to  return  to  its  original  position,  its  equi- 
librium is  said  to  be  stable. 

Cases  occur  in  which  the  equilibrium  of  the  same  body  is  stable 
for  one  kind  or  direction  of  deviation,  and  unstable  for  another. 

When  the  body  neither  tends  to  deviate  further,  nor  to  reoover 
its  original  position,  its  equilibrium  is  said  to  be  indifferent 

The  solution  of  the  question,  whether  the  equilibrium  of  a  giv«n 
body  under  given  forces  is  stable,  unstable,  or  indifferent,  for  a 
given  kind  of  deviation  of  position,  is  effected  by  supposing  the 
deviation  made,  and  finding  the  I'esultant  of  the  forces  which  act 
on  the  body,  altered  as  they  may  be  by  the  deviation,  in  amount^  in 
position,  or  in  both.  If  this  resultant  acts  towards  the  same  direc- 
tion with  the  deviation,  the  equilibrium  is  unstable — if  towards  the 
opposition  direction,  stable — and  if  the  resultant  is  still  nothing, 
the  equilibrium  is  indifferent 

The  disturbance  of  a  free  body  from  a  position  of  stable  equi- 
librium causes  it  to  oscillate  about  that  position. 

128.  stabiutr  of  a  Fixed  Bodj. — The  term  ''stability,"  as  ap- 
plied to  the  condition  of  a  body  forming  part  of  a  structure,  has^  in 
most  cases,  a  meaning  different  from  that  explained  in  the  last 
Article,  viz.,  the  property  of  remaining  in  equUibrio,  without  sen- 
sible deviation  of  position,  notwithstanding  certain  deviations  of 
the  load,  or  externally  applied  force,  from  its  mean  amount  or  posi- 
tion. Stability,  in  this  sense,  forms  one  of  the  principal  subjects  of 
the  second  part  of  this  treatise. 
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129.  strsctves— Piece*— jr«iata. — Structures  have  already,  in 
Article  15^  been  diatinguulied  from  machines.  A  structure  oon- 
Bflts  of  two  or  more  solid  bodies,  called  its  pieoeSf  which  touch  each 
other,  and  are  connected  at  portions  of  their  surfaces  called  j(n?ito. 

130.  B»ppwi>  F— ■dUrttoaa. — Although  the  pieces  of  a  structure 
are  fixed  relatively  to  each  other,  the  structure  as  a  whole  may  be 
either  fixed  or  moyeable  relatiyely  to  the  earth. 

A  fixed  structure  is  supported  on  a  part  of  the  solid  material  of 
the  earth,  called  the  /oundcttum  of  the  structure ;  the  pressures  by 
which  the  structure  is  supported,  being  the  resistances  of  the  various 
parts  of  the  foundation,  may  be  more  or  less  oblique. 

A  moveable  structure  may  be  supported,  as  a  ship,  by  floating  in 
water,  ofr  as  a  carriage,  by  resting  on  the  solid  ground  through 
wheels.  When  such  a  structure  is  actually  in  motion,  it  partakes 
to  a  certain  extent  of  the  properties  of  a  machine  ;  and  the  deter- 
mination of  the  forces  by  which  it  is  supported  requires  the  con- 
sideration  of  dynamical  as  well  as  of  statical  principles ;  but  when  it 
is  not  in  actusd  motion,  though  capable  of  being  moved,  the  pres- 
sures which  support  it  are  determined  by  the  principles  of  statics ; 
and  it  is  obvious  that  they  must  be  wholly  vertical,  and  have  their 
resultant  equal  and  directly  opposed  to  the  weight  of  the  structure. 
131.  Tbe  CMidlttou  ef  S^aiUbHuM  mt  a  fltnictara  are  the  three 
following  :— 

I.  Thai  the  forces  exerted  on  the  whole  etructttre  by  external  hodiee 
thall  balance  each  other.  The  forces  to  be  considered  under  this  head 
are-— (1.)  the  Attraction  of  the  Earth,  that  is,  the  weigfU  of  the 
structure ;  (2.)  the  External  Load,  arising  from  the  pressures  exerted 
against  the  structure  by  bodies  not  forming  part  of  it  nor  of  its 
foundation ;  (these  two  kinds  of  forces  constitute  the  grose  or  total 
load;  ^Z^f  the  Supporting  Preaev/reSy  or  resistance  of  the  founda- 
tion. Those  three  classes  of  forces  will  be  spoken  of  together  aa 
the  External  Forcee. 
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II.  ThcU  the  forces  exerted  on  each  piece  of  the  etrtidure  AaU 
balcmce  each  other.  These  consist  of — (1.)  the  Weight  of  the  piaoe^ 
and  (2.)  i^i&ExtemalLoad  on  it,  making  together  theGroesLoad/  and 
(3.)  the  Beeistcmoee,  or  stresses  exerted  at  the  joints^  between  the 
piece  under  consideration  and  the  pieces  in  contact  with  it. 

ITT.  That  the  foroee  exerted  an  each  of  ths  parts  irUo  tchich  the 
pieces  of  the  sbrwAvfre  can  he  conceived  to  be  divided  shall  hodanoe 
each  o^ver.  Suppose  an  ideal  surface  to  divide  any  part  of  any  one 
of  the  pieces  of  the  structure  from  the  remainder  of  the  piece;  the 
forces  which  act  on  the  part  so  considered  are-— (1.)  its  weight,  and 
(2.)  (if  it  is  at  the  external  sur&ce  of  the  piece)  the  external  stress 
applied  to  it,  if  any,  making  together  its  gross  load;  (3.)  the  sirets 
exerted  at  the  ideal  surface  of  division,  between  the  part  in  ques- 
tion and  the  other  parts  of  the  piece. 

132.  stabiUi7f  Strength,  sad  stUAicM. — ^It  is  neoessaiy  to  the  per- 
manence of  a  structure,  that  the  three  foregoing  conditions  of 
equilibrium  should  be  fulfilled,  not  only  imder  one  amount  and 
one  mode  of  distribution  of  load,  but  under  all  the  variations  of  die 
load  as  to  amount  and  mode  of  distribution  which  can  occur  in  the 
use  of  the  structure. 

Stability  consists  in  the  ^filment  of  the  first  and  second  condi- 
tions of  equilibrium  of  a  structure  under  all  variations  of  load 
within  given  limit&  A  structure  which  is  deficient  in  stabilitj 
gives  way  by  the  displacement  of  its  pieces  from  their  proper  posi- 
tions. 

Strength  consists  in  the  fulfilment  of  the  third  condition  of  equi* 
librium  of  a  structure  for  all  loads  not  exceeding  prescribed  limits; 
that  is  to  say,  the  greatest  internal  stress  produced  in  any  part  of 
any  piece  of  the  structure,  by  the  prescribed  greatest  load,  must  be 
such  as  the  material  can  bear,  not  merely  without  immediate  break* 
ing,  but  without  such  injury  to  its  texture  as  might  endanger  its 
br^kking  in  the  course  of  time. 

A  piece  of  a  structure  may  be  rendered  unfit  for  its  puipoae  not 
merely  by  being  broken,  but  by  being  stretched,  compressed,  bent^ 
twisted,  or  otherwise  strained  out  of  its  proper  ^lape.  It  is  neoe»- 
feaiy,  therefore,  that  each  piece  of  a  structure  should  be  of  such 
dimensions  that  its  alteration  of  figure  under  the  greatest  load 
applied  to  it  shall  not  exceed  given  limits.  This  property  is  called 
etiffnesSy  and  is  so  connected  with  strength  that  it  is  necessary  to 
consider  them  together. 

From  the  for^^ing  considerations,  it  is  evident  that  the  theoiy 
of  structures  may  be  divided  into  two  divisions,  relating,  the  first 
to  STABILITY,  or  the  property  of  resisting  displacement  of  the  pieces, 
and  the  second  to  strength  and  btiffnesS|  or  the  power  of  each 
piece  to  resist  fracture  and  disfigurementp 
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133.  ■>— fc««f  cipt—  iiMid. — ^The  mode  of  distrilration  of  the 
inteomtj  of  the  load  upon  a  giyen  piece  of  a  stmcture  affects  the 
strength  and  stifQiess  only.  So  &r  as  etability  alone  is  conoemedy 
it  is  sufficient  to  know  the  magnitude  and  position  of  the  resuUant 
of  that  load,  which  is  to  he  found  hy  means  of  the  principles  ex- 
plained in  the  First  Part  of  this  work,  and  may  then  he  treated  as 
a  smgle  force. 

134.  fToMve  •€  Bciiaiaace  •€  a  jr«iau — In  like  manner,  when 
stability  only  is  in  question,  it  is  sufficient  to  consider  the  position 
and  magnitude  of  the  resuUcmt  of  the  resistance  or  stress  exerted 
between  two  pieces  of  a  structure  at  the  joint  where  they  meet, 
and  to  treat  that  resultant  as  a  single  force.  The  point  where  its 
line  of  action  traverses  the  joint  is  called  the  cetUre  of  resistance  of 
that  jointb 

135.  A  MJmm  mt  B««ifltaac«  is  a  line,  straight,  angular,  or  curved, 
traversing  the  centres  of  resistance  of  the  joints  of  a  structure.  It 
is  to  be  borne  in  mind,  that  the  direction  of  this  lino  at  any  given 
joint  does  not  necessarily  coincide  with  the  direction  of  the  resist- 
ance at  that  joints  although  it  may  so  coincide  in  certain  cases. 

136.  jr«tai«  cisMed^ — Joints,  and  the  structures  in  which  they 
occur,  may  be  divided  into  three  classes,  according  to  the  limits  of  the 
variation  of  position  of  which  their  centres  of  resistance  are  capable. 

L  Framework  joirUs  are  such  as  occur  in  carpentry,  in  finunes  of 
metal  bars,  and  in  structures  of  ropes  and  chains,  fixing  the  ends 
of  two  or  more  pieces  together,  but  offering  little  or  no  resLstance 
to  change  in  the  relative  angular  positions  of  those  piece&  In  a 
joint  of  this  class,  the  centre  of  resistance  is  at  the  middle  of  the 
joint,  and  does  not  admit  of  any  variation  of  position  consistently 
with  security, 

n.  Bloehcark  joints  are  such  as  occur  in  masonry  and  brickwork, 
being  plane  or  curved  surfaces  of  contact,  of  considerable  extent  as 
oompared  with  the  dimensions  of  the  pieces  which  they  connect^ 
capable  of  resisting  a  thrust  more  or  less  oblique,  according  to 
laws  to  be  afterwards  explained,  but  not  of  resisting  a  pull  of  suf- 
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ficient  intensity  to  be  taken  into  account  in  practice.  In  sadi 
joints  the  position  of  the  centre  of  resistance  may  be  Tailed  vithiu 
certain  limits. 

IIL  FaMened  joints^  at  which,  by  means  of  some  strong  cement^ 
or  of  bolts,  rivets,  or  other  fastenings,  two  pieces  are  so  connected 
that  the  joint  fixes  their  relative  angular  position,  and  is  capable  of 
resisting  a  pull  as  well  as  a  thrust  In  this  case,  the  centre  of 
resistance  may  be  at  any  distance  from  the  centre  of  the  joint ;  and 
there  may  even  be  no  centre  of  resistance,  when  the  resultant  ci 
the  stress  at  the  joint  is  a  couple,  as  explained  in  Articles  91,  92, 
and  93.  It  is  obvious  that  the  effect  of  a  joint  thus  cemented  or 
fiEuH;ened  is  to  make  the  two  pieces  which  it  connects  act  as  one 
piece,  and  that  the  resistance  which  it  is  capable  of  exerting  is 
a  question  not  of  stability  but  of  strengtL 

Section  1. — Equilibrium  and  StabiliJty  of  Frames, 

137.  Frame  is  here  used  to  denote  a  structure  composed  of  bars, 
rods,  links,  or  cords,  attached  together  or  supported  by  joints  of 
the  first  class  described  in  the  last  Article,  the  centre  of  resistance 
being  at  the  middle  of  each  joint,  and  the  line  of  resistance,  con- 
sequently, a  polygon  whose  angles  are  at  the  centres  of  the  joints. 
The  condition  of  a  single  bar  will  be  considered  first,  then  that  of  a 
combination  of  two  bars,  then  of  three  bars,  and  then  of  any  number. 
138.  Tie. — Let  ^g,  64  represent  a  single  bar  of  a 
frame,  L  the  centre  of  resistance  where  the  load  is  ap- 
plied, and  S  the  centre  of  resistance  where  the  sapport- 
ing  force  is  applied ;  so  that  the  straight  line  L  S  is  the 
"  line  of  resistance." 

The  bar  is  represented  as  being  straight  itself,  that 
being  the  figure  which  connects  the  points  L  and  S,  and 
gives  adequate  stiffness  and  strength,  with  the  least  ex- 
Fi    64      P^^<^*^"'e  of  material.    But  the  bar  may,  consistently 
^'  with  the  principles  of  this  Article,  be  of  any  other  figure 

connecting  those  two  points,  provided  it  is  sufficiently  strong  and 
stiff  to  prevent  their  distance  from  altering  to  an  extent  inconsistent 
with  the  purposes  of  the  structure. 

The  condition  of  the  bar  is  the  same  with  that  of  the  solid  in 
Article  23;  and  it  is  obvious  that  the  load  P,  and  the  supporting 
resistance  R,  must  be  equal  and  directly  opposed,  and  must  both 
act  along  the  line  of  resistance  L  S. 

In  the  present  case  those  forces  are  supposed  to  be  directed  out- 
ward, or  from  each  other.  The  bar  between  L  and  S  is  in  a  state 
of  teTision,  and  the  stress  exerted  between  any  two  divisions  of  it  is 
a  pull,  equal  and  opposite  to  the  loading  and  supporting  forces.    A 
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Imut  in  this  condition  is  called  b,  tie.     It  is  obvious  that  a  rope  or 
thain  will  answer  the  purpose  of  a  tie. 

The  ejuiUbrium  of  a  tie  is  stable;  for  if  its  angular  position  be 
deviated,  the  equal  forces  P  and  K,  which  originallj  were  directly 
opposed,  now  constitute  a  couple  tending  to  restore  the  tie  to  its 
original  potation. 

139.  fliivt. — ^If  the  equal  and  opposite  forces  applied  to  the 
two  ends^  L  and  S,  of  the  line  of  resistance  of  a  bcur  be  direct- 
ed (as  in  fig.  65)  inwards,  or  Unoards  each  other,  the  bar,  be- 
tween L  and  S,  is  in  a  state  of  compression,  and  the  stress 
exerted  between  any  two  divisions  of  it  is  a  thrust  equal  and 
opposite  to  the  loading  and  supporting  forces.  It  is  obvious 
that  a  flexible  body  will  not  answer  the  purpose  of  a  strut. 

The  eguUibrium  of  a  moveable  strvJt  is  unstable;  for  if  its 
angular  position  be  deviated,  the  equal  forces  P  and  B, 
which  originally  were  directly  opposed,  now  constitute  a  Fig.66, 
couple  tending  to  make  it  deviate  still  farther  from  its 
ori^^nal  position. 

In  order  that  a  strut  may  have  stability,  its  ends  must  be  pre- 
vented from  deviating  laterally.  Pieces  connected  with  the  ends 
of  a  stmt  for  this  purpose  are  called  stays, 

140.  TNsnMCMC  mf  Ike  Weight  of  a  Bar. — In  the  two  preceding 
Articles,  the  weight  of  the  bar  itself  has  not  been  taken  into  ao- 
eoonL  But  the  principles  of  those  Articles,  so  far  as  they  reUUe  to 
the  equiUbrium  of  the  ba/r  as  a  whole,  continue  to  be  applicable  when 
the  weight  of  the  bar  is  treated  in  the  following  manner.  Besolve 
that  weight,  by  the  principles  of  Articles  39  and  40,  into  two  paral- 
lel components,  acting  through  L  and  S  respectively.  Let  P  now 
represent  not  merely  the  external  load,  but  the  resultant  of  that 
load,  and  of  the  component  of  the  weight  which  acts  through  lu 
Let  B  represent  not  merely  the  supporting  force,  but  the  resultant 
of  that  force  and  of  the  component  of  the  weight  which  acts  through 
S.    Then  P  and  B,  as  before,  must  be  equal  and  directly  opposed. 

In  many  cases,  the  weight  of  a  strut  or  tie  is  too  small  as  com- 
pared with  the  load  applied  to  it  to  require  to  be  specially  con- 
■Idered  in  practice. 

141.  Mtmmt  aader  Parallel  Farces. — A   bar  supported   at  two 

points,  and  loaded  in  a  direction  perpendicular  or  oblique  to  its 
length  is  called  a  beam.  In  the  first  plaoe^  let  the  supporting 
praisures  be  parallel  to  each  other  and  to  the      %g  ^ 

direction  of  the  load ;  and  let  the  load  act      |      ^ v 

between  the  points  of  support,  as  in  lag,  66;  ^^.      i    ^* 

where  P  represents  the  resultant  of  the  gross   0^       I 
load,  induding  the  weight  of  the  beam  itself,    '"'^      ^ 
It,  the  point  where  the  line  of  action  of  that  ^'  ^ 


134 


THEO&T  OF  8TBUCTUBES. 


xesoltant  intersects  the  axis  of  the  beam,  Ri,  B^  the  two  si^ 
porting  pressures  or  resistances  of  the  props  parallel  to,  and  in  the 
same  plane  with  P,  and  acting  through  the  points  8^  S^  in  the 
axis  of  the  beam. 

Then,  according  to  the  Theorem  of  Article  39,  each  of  those 
three  forces  is  proportional  to  the  distance  between  the  lines  of 
action  of  the  other  two ;  and  the  load  is  equal  to  the  sum.  of  tlie 
two  supporting  pressures ;  that  is  to  say, 


and  P  =  Ri  +  B» 


(1.) 
(2.) 


31/ 


ri 


t 


Fig.  67. 


Next,  let  the  load  act  beyond  the  points  of 
support,  as  in  fig.  67,  which  represents  a  canti- 
lever  or  projecting  beam,  held  up  by  a  wall  or 
other  prop  at  Sj,  held  down  by  a  notch  in  a  mass 
of  masonry  or  otherwise  at  St,  and  loaded  so  that 
P  is  the  resultant  of  the  load,  including  the 
weight  of  the  beam.  Then  the  proportional 
equation  (1)  remains  exactly  as  before;  but  the  load  is  equal  to 
the  difference  of  the  supporting  pressures ;  that  is  to  say, 

P  =  Ri  -  R, (3.) 

In  these  examples  the  beam  is  represented  as  horizontal;  but  Ihe 
same  principles  would  hold  if  it  were  inclined ;  for  the  proportiona 
amongst  the  distances  between  parallel  lines  in  the  same  plane  are 
the  same,  whether  they  be  measured  in  a  direction  perpendicular 
or  oblique  to  those  lines. 

142.  BcttM  aBder  iKciined  Force*. — Let  the  directions  of  the 

'%  supporting  forces  Ri,  R^,  be  now  inclined 
to  that  of  the  resultant  of  the  load,  P,  as 
in  fig.  68.  This  case  is  that  of  the  equili- 
brium of  three  forces  treated  of  in  Articles 
dl  and  52 ;  and  consequently  the  following 
principles  apply  to  it. 

I.  The  lines  of  action  of  the  supporting 
forces  and  of  the  resultant  of  the  load  must 
Fig.  6S.  \yQ  in  one  plane. 

IL  They  must  intersect  in  one  point  (C,  fig.  68). 

IIL  Those  three  forces  must  be  proportional  to  the  three  sides  of 
triangle  A,  respectively  parallel  to  their  directions;  or  in  other 
words,  to  the  sides  and  diagonal  of  a  parallelogram. 

Probleil  Gfiven  tha  resultant  of  the  load  in  mcLgnUude  and 
posUian,  P,  tJie  line  of  action  of  one  of  ike  supporting  forces,  R,,  and 
the  centre  of  resistance  of  Uie  other y  S2;  required  Hie  line  of  action  qf 
the  second  supporting  foroe^  and  the  magnitudes  of  both. 
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Produoe  the  line  of  action  of  B  till  it  cuts  the  line  of  action  of 
P  at  the  point  0 ;  join  0  S^ ;  this  will  be  the  liQe  of  action  of  Bi; 
construct  a  triangle  A  with  its  sides  respecdvely  parallel  to  those 
three  lines  of  action ;  the  ratios  of  the  sides  of  ihat  triangle  will 
give  the  ratioB  of  the  forces. — Q.  E.  L 

To  expreas  this  algebraically,  let  ii,  i^,  be  the  angles  made  by  the 
lines  of  action  of  the  snpporting  forces  with  that  of  the  resultant 
of  the  load  ;  then  because  each  side  of  a  triangle  is  proportional  to 
the  sine  of  the  angle  between  the  other  two, 

P:Bi:Bs: :  sin(ii  +  ti):  sin^isinii. 

143.   Mi— J   — ppwuidi  by  TluPM  Parallel  ForcM. — ThEOBEML     ][f 

four  paraUd/orcea  haLomct  each  oikeTy  Id  their  Unea  of  action  be  inter* 
Kcted  by  afiame,  and  let  the  four  points  of  intersection  be  joined  b$ 
AT  ttraighi  lines  so  as  to  form  four  triangles;  each  force  vnll  be  pro- 
porUonal  to  the  area  of  the  triangle  whose  angles  are  in  the  Uncs  qf 
action  of  the  other  three, 
liL  fig.  69,  let  the  plane  of  the  papr  represent  the  plane  which 

is  cut  \>j  the  lines  of  action  of  the  four  forces 

in  the  points  L,  S,,  S,,  ^;  let  P,  Bj,  B»  H^ 

denote  the  four  paralld  forces.     Join  the  four 

points  bj  six  lines  as  in  the  figure,  and  pro- 
duce each  of  the  three  lines  S  L  till  it  cuts  the 

opposite  line  S  S  in  one  of  the  points  B. 
Because  the  forces  balance  each  other,  the 

lesoltant  of  B|  and  B«,  whose  magnitude  is  Fig.  69. 

B,+  B„  must  traverse  Bi;  and  b^use  the 

resultant  of  that  resultant  and  Bi  is  equal  and  opposite  to  P,  wb 

must  hare  the  following  proportion : — 

P : Bi : :  SbI  : LBi : :  a S^S, S^ :  aS, L S,; 

and  applying  the  same  reasoning  to  the  forces  B^  Bi^  we  find  the 
proportions, 

P:Bi:B,:B,::ASiS,%:AS,LS,:A6tLSi:AS|LS,. 

By  the  aid  of  this  Theorem  may  be  determined  the  proportion 
in  which  the  load  of  a  given  body  is  distributed  amongst  three 
props,  exerting  parallel  supporting  forces. 

144.  jlmA  MipvMied  1^  Thrae  iMciiiMd  Fwcm. — ^The  case  of  a 
load  supported  by  three  inclined  forces  is  that  considered  in  Artioles 
54  and  56.  The  lines  of  action  of  the  three  supporting  forces  must 
intersect  that  of  the  load  in  one  point ;  and  the  magnitudes  of  the 
three  supporting  forces  are  represented  by  the  three  edges  of  a 
{Miallelopiped,  whose  diagonal  represents  the  load. 
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145.  Fni»«  •€  Tw«  Ban— B^MllttriMBi.— FbOBUOL    FigoreB  70^ 

7I9  and  72  represent  three  cases  in  which  a  frame  consisting  of  two 

p 

»9^ 


Fg.  70.  Fig.  71.  Fig.  72. 

bars,  jointed  to  each  other  at  the  point  L,  is  loaded  at  that  point  with 
a  given  force,  P,  and  is  supported  by  the  connection  of  the  bars  at 
their  farther  extremities,  Si,  Sj,  with  fixed  bodies.  It  is  required 
to  find  the  stress  od  each  bar,  and  the  supporting  forces  at  Si  and  S,. 

Besolve  the  load  P  (as  in  Article  55)  into  two  components,  R,,  R^ 
acting  along  the  respective  lines  of  resistance  of  the  two  bars. 
Those  components  are  the  loads  borne  by  the  two  bars  respectively; 
to  which  loads  the  supporting  forces  at  Si,  S2,  are  equal  and  directly 
opposed. — Q.  R  L 

The  symbolical  expressioD  of  this  solution  is  as  follows : — ^let  t\,  t^ 
be  the  respective  angles  made  by  the  lines  of  resistance  of  the  bars 
with  the  line  of  action  of  the  load ;  then 

P  :  Bi  :  B.3  : :  sin  (ii  +  i^)  :  sin  t^  :  sin  »(. 

The  inward  or  outward  direction  of  the  forces  acting  along  each 
bar  indicates  that  the  stress  is  a  thrust  or  a  pull,  and  the  bar  a 
strut  or  a  tie,  as  the  case  may  be.  Fig.  70  represents  the  case  of 
two  ties ;  fig.  7 1  that  of  two  struts  (such  as  a  pair  of  rafters  abutting 
against  two  walls);  fig.  72  that  of  a  strut,  L  S|,  and  a  tie,  L  S9  (such 
as  the  gib  and  the  tie-rod  of  a  crane). 

146.  FnuM  •€  Xw«  Ban — fiMabiutr. — ^A  frame  of  two  bars  is 
stable  as  regards  deviations  in  the  plane  of  its  lines  of  resistance. 

With  respect  to  latercd  deviations  of  angular  position,  in  a 
direction  perpendicular  to  that  plane,  a  frame  of  two  ties  is  stable; 
so  also  is  a  ficame  consisting  of  a  strut  and  a  tie,  when  the  direction 
of  the  load  inclines ^rom  the  line  Si  Sg,  joining  the  points  of  support. 

A  frame  consisting  of  a  strut  and  a  tie,  when  the  direction  of  the 
load  inclines  towa/rda  the  line  Si  S^,  and  a  frame  of  two  struts  in  all 
cases,  are  unstable  laterally,  unless  provided  with  lateral  stays. 

These  principles  are  true  of  any  pair  of  adjacent  bars  tohoae  farther 
centres  of  resistance  are  fixed;  whether  forming  a  frame  by  them- 
selves, or  a  part  of  a  more  complex  frame. 

147.  Tvwitnieiic  ^f  Biatribated  liMids. — Before  applying  Uie  prin- 
ciples of  Article  145,  or  those  of  the  following  Aiiicles,  to  frwies 
in  which  the  load,  whether  external  or  arising  from  the  weight  of 
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ilie  bairsy  is  distributed  over  their  length,  it  is  necessaiy  to  reduce 
thht  distributed  load  to  an  equivalent  loaid^or  series  of  loads,  applied  at 
the  centres  of  resLstance.    The  steps  in  this  process  are  as  follows : — 
I.   find  the  resultant  load  on  each  single  bar. 
IX.   ItesolTe  that  load,  as  in  Article  141,  into  two  parallel  compo- 
nents actingthroughthe  oentresof  resistance  at  the  two  ends  of  the  bar. 
ILL  At  each  centre  of  resistance  where  two  bars  meet,  combrue 
the  component  loads  due  to  the  loads  on  the  two  bars  into  one 
resultant,  which  is  to  be  considered  as  the  total  load  acting  through 
that  cental  of  resistance. 

XV.  When  a  centre. of  resistance  is  also  a  point  of  support,  the 
component  load  acting  through  it,  as  found  by  step  IL  of  the  pro- 
cesBy  is  to  be  left  out  of  consideration  until  the  supporting  force 
reqxiiTed  by  the  system  of  loads  at  the  other  joints  has  been  deter- 
mined ;  with  this  supporting  force  is  to  be  compounded  a  force 
equal  md  opposite  to  the  component  load  acting  diroctly  through  the 
point  of  support,  and  the  resultant  will  be  the  total  supporting  force. 
In  the  following  Articles  of  this  section,  all  the  frames  will  be 
ppofied  to  be  loaded  only  at  those  centres  of  resistance  which 
fwi  points  of  support ;  and  therefore,  in  those  cases  in  which 
components  of  the  load  act  directly  through  the  points  of  support 
aLfOy  forces  equal  and  opposite  to  such  components  must  be  com- 
bined with  the  supporting  forces  as  determined  in  the  following 
Articles,  in  order  to  complete  the  solution. 

148.    TvteafBiar  Fnuie. — Let  fig.   73  represent  a  triangular 
frame,  consisting  of  the  three  bars  A,  B,  C,  con- 
nected at  the  three  joints  1,  2,  3,  viz. :  C  and  A  at 

1,  A  and  B  at  2,  B  and  0  at  3.     Let  a  load  P^  be  ^^ 
applied  at  the  joint  1  in  any  given  direction ;  let 
Kopporting  forces,  P,,  P,,  be  applied  at  the  joints        ^  ^^^ 

2,  3  ;  the  lines  of  action  of  those  two  forces  must 

he  in  the  same  plane  with  that  of  Pj,  and  must  either  be  parallel 
to  it  or  intersect  it  in  one  point.  The  latter  case  is  taken  firsts 
hecaoae  its  solution  comprehends  that  of  the  former. 

The  three  external  forces,  in  virtue  of  Article 
13 ly  condition  L,  balance  each  other,  and  are 

'  therglbre  proportional  to  the  three  sides  of  a  tri- 

>  uigrfe  respectively  paraUel  to  their  directions.    In 
£g.  73*  let  A  B  0  be  such  a  triangle,  in  which 

CA  represents  Pi, 
1  XB        ...        P^ 

BC        ...        P„  Plg.78». 

by  the  conditions  of  equilibrium  of  a  finame  of  two  banr 
145),  the  external  force  P,  applied  at  the  joint  1,  and  the 


rThen  Ir 

kArlide 


X38  THEOBT  OF  STRUCIUBEB. 

resistances  or  stresses  along  tlie  bars  C  and  A  which  meet  at  iJifl^ 
joint,  are  represented  in  magnitude  by  the  sides  of  a  trian^e  i» 
spectively  parallel  to  their  directions.  Therefore,  in  fig.  73*,  dww 
CO  parallel  to  the  bar  C,  and  AO  parallel  to  the  bar  A,  meetiogl 
in  the  point  O,  and  those  two  lines  will  represent  the  Btresses  oa 
the  bars  C  and  A  respectively.  In  the  same  manner  it  is  proved 
that  BO  represents  the  stress  on  the  bar  R  The  three  lines  C(^ 
AO,  BO,  meet  in  one  point  O,  because  the  components  along  ths 
line  of  direction  of  a  given  bar,  of  the  external  forces  applied  ai 
its  two  extremities,  are  equal  and  directly  opposed. 

Hence  follows  the  following 

Theorem.  If  i^vree  forces  he  repreaented  hy  the  three  sidee  of  a 
irUmgley  cmd  if  three  straight  lines  radicUirigfrom  one  poirU  he  dratm 
to  the  three  angles  of  that  triangle,  then  a  triangular  frame  to^ 
lines  of  resistance  a/re  parallel  to  the  three  radiating  lines  tmll  he  m 
equilHyrio  under  the  three  given  forces,  eaeh  force  heing  applied  to  ike 
joint  where  the  two  lives  of  resista/nce  meet,  which  are  paralld  to  the 
radioing  lines  contiguous  to  that  side  of  the  original  triangle  w^A 
represents  the  force  vn  question. 

Also,  the  lengths  of  the  three  radiating  limes  wiU  represent  tks 
stresses  on  the  bars  to  which  tJiey  are  respectively  paraUd, 

149«   Xriangakur  Frante  «Kdcr  Parallel  Farces. — ^When  the  three 

external  forces  are  parallel   to  each  other,  the 

triangle  of  forces  A  B  C  of  fig.  73*  becomes  a 

straight  line  0  A,  as  in  fig.  74*,  divided  into  two 

segments  by  the  point  R   Let  straight  lines  radiate 

from  O  to  A,  B,  0 ;  and  let  fig.  74  represent  a 

^*  triangular  frame  whose  sides  12orA,23<n'^ 

^     3  1  or  0,  are  respectively  parallel  to  O A,  OB,  0 C; 

then  if  the  load  CA  be  applied  at  1  (fig.  74),  ABappHed 

at  2,  and  B  C  applied  at  3,  are  the  supporting  foree» 

required  to  balance  it;  and  the  radiating  lines  OA, 

OB,  00,  represent  the  stresses  on  the  bars  A,  B^  G^ 

respectively.  _ 

From  O  let  fall  OH  perpendicular  to  CA,  the  com- 
mon direction  of  the  external  forces.     Then  that  line 
Fig.  74  .      .^^  represent  a  component  of  the  stress,  which  is  of 

equal  amount  in  each  bar.     When  0  A,  as  is  usually  the  case,  is 

vertical,  OH  is  horizontal;  and  the  force  represented  by  it  is 
called  the  ^'horizontal  thrust^*  of  the  i^rama  Horizontal  Stress  (a 
Besistanoe  would  be  a  more  precise  term;  because  the  force  ia 
question  is  a  pull  in  some  parts  of  the  frame,  and  a  thrust  in  oiheia 
In  fig.  74,  A  and  0  are  struts,  and  B&tie,     If  the  frame  wen 
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Bacd J  inverted,  all  the  forces  would  bear  the  same  proportions  to 
»ch  others  bat  A  and  C  would  be  ties,  and  B  a  strvl. 

The  trigonometrical  expression  of  the  relations  amongst  the  forces 
leting  in  a  triangular  &ame,  under  parallel  forces,  is  as  follows  : — 

Let  a,  by  e,  denote  the  respective  angles  of  inclination  of  the  bars 

Ly  B,  C^  to  the  line  O  H  (that  is,  in  general,  to  a  horizontal  line). 
tkesD,  LoadOA=:OH'(tanc=i=tana);  ^ 

SopportingJ  ABs=OH'(tana=;=  tan&);    '.. .(1.) 

Forces     |  FO  =  (TH  •  (tan  6  =1=  tan  c)  3  J 

Hie  mm  /  '*'  1  ^  ^  ^  ^^^^  when  the  two  )  opposite  direotions 
^^  \  —  j         inclinations  are  in        j  the  same  direction. 

(JA  =  0H  -seca 

.(2.) 


0B=:0H*8ec& 


tOO  =  OH    secc 


0H  = 


CA 


tan  c=i=  tana 


,<3.) 


150.  P«iy«Mwi  FnuM-s^aUikriua.— The  Theorem  of  Axtide 
148  is  the  simplest  case  of  a  general  theorem 
Rqiecting  polygonal  frames  consisting  of  anv 
■amber  of  bars,  which  is  arrived  at  in  the  fol* 
lowing  manner.  In  fig.  75,  let  A,  B,  C,  D,  E,  be 
Ibe  lines  of  resistance  of  the  bars  of  a  polygonal 
bune,  connected  together  at  the  joints,  whose 
nntRS  of  retdstance  are,  1  between  A  and  B,  2 
ktween  Band  G,  3  between  0  and  D,  4  between 
B  and  £,  and  5  between  E  and  A  In  the  figure, 
iht  frame  consists  of  five  bars;  bnt  the  demonstra- 
tioa  is  aj^licable  to  any  nnmber.     From  a  point 

0,  in  fig.  75*  (which  may  be  called  the  Diagraim        

4^  Forces),  draw  radiating  lines  OA,  OB,  00,  OD,  OlE,  parallel 

icmectively  to  the  lines  of  resistance  of  the  bars;  and  on  those 

™WtiTig  lines  take  any  lengths  whatsoever,  to  represent  the  stresses 

on  the  several  bars,  which  may 

haye  aOT  magnitudes  within  the 

fimits  of  strength  of  the  material 

Join  the  points  thus  found  by 

straight  lines,  so  as  to  form  a 

dosed  polygon  ABODE  A ;  then 

it  is  evident  that  AB  is  the  ex-  VW-  7A. 
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ternal  force^  which  being  applied  at  the  joint  1  of  A  and  S, 

produce  the  stress  U  A  on  A  and  OB  on  B ;  that  BC  is  the  e: 
force  which  being  applied  at  the  joint  2  of  B  and  C,  will  prodi 

the  stress  OB  on  B  (already  mentioned)  and  OC  on  C;  and 
on  for  all  the  sides  of  the  2x>l7gon  of  forces  A  B  C  D  E  A. 
follows  this 

Theorem.     If  lines  radiating  /rom  a  point  be  chawn  pcunaUd 
the  lines  of  reaxetamjce  of  the  bars  of  a  polygonal  frame,  then  the 
of  any  polygon  whose  a/ngles  lie  in  those  radiating  lines  wHl 
a  system  (^forces,  whicli,  being  applied  to  the  joinis  oftheframe^ 
balance  eacfh  other  ;  each  sudi  force  being  applied  to  the  joint 
tlie  bars  whose  lines  ofresistamce  are  parallel  to  tlve  pair  oj 
lines  tluU  enclose  the  side  of  the  polygon  offorceSy  representing  the  Jo 
in  question.     Also,  the  lengtlis  of  the  radiating  lines  unU  represewt  tkB 
stresses  along  the  bars  to  wJu>se  Hives  of  resistance  they  are  respecUr^ly 
parallel, 

151.  Open  Polygonal  Frame. — ^When  the  polygonal  frame,  instead 
of  being  closed,  as  in  fig.  75,  is  converted  into  an  Opek  fjume,  hy 
the  omission  of  one  bar,  such  as  E,  the  corresponding  modification 
is  made  in  the  diagram  of  forcei^  by  omitting  the  lines  O  E,  D  E^ 
E  A   Then  the  polygon  of  external  forces  becomes  A  B  C  D  O  A ;  and 

J)  O  and  O  A  represent  the  supporting  forces  respectively,  equal  and 
directly  opposed  to  the  stresses  along  the  extreme  bars  of  the  frames 
J)  and  A,  which  must  be  exerted  by  the  foimdations  (called  in  this 
case  abutments),  at  the  points  4  and  5,  against  the  ends  of  thoea 
bars,  in  order  to  maintain  the  equilibrium. 

152.  Polygonal  Frame— aiabiiity. — The  stability  or  instability  of 
a  polygonal  frame  depends  on  the  principles  already  stated  in 
Articles  138  and  139,  viz.,  that  if  a  bar  be  free  to  change  ite 
angular  position,  then  if  it  is  a  tie  it  is  stable,  and  if  a  struts 
unstable ;  and  that  a  strut  may  be  rendered  stable  by  fixing  its 
ends. 

For  example,  in  the  frame  of  fig.  75,  E  is  a  tie,  and  stable ;  A,  B^ 
0,  and  D,  are  struts,  free  to  change  their  angular  position,  and 
therefore  imstable. 

But  these  struts  maybe  i*endered  stable  in  the  plane  of  the  fnms 
by  means  of  stays ;  for  example,  let  two  stay-bars  connect  the  jointB 

1  with  4,  and  3  with  5 ;  then  the  points  1,  2,  and  3,  are  all  fixed, 
so  that  none  of  the  struts  can  change  their  angular  positions.  The 
same  efiect  might  be  produced  by  two  stay-bai-s  connecting  the  joint 

2  with  5  and  4. 
The  frame,  as  a  whole,  is  unstable,  as  being  liable  to  overtoni 

laterally,  unless  provided  with  lateral  stays,  coimecting  its  jointv 
with  fixed  points. 
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KoWy  sappoee  the  frame  to  be  exactly  inverted,  the  loads  at  1,  2, 
hd  3,  and  the  supporting  forces  at  4  and  5,  being  the  same  aa 
bfore.  Then  £  becomes  a  strut ;  but  it  is  stable,  because  its  ends 
■e  fixed  in  position ;  and  A,  B^  C,  and  D  become  ties,  and  are 
Adble  without  being  stayed. 

An  open  polygon  consisting  of  ties,  such  as  is  formed  by  A,  B,  C^ 
Bid  D  when  inverted,  is  called  by  mathematicians  ^Junicular  poly- 
pm,  because  it  may  be  made  of  ropes. 

It  is  to  be  observed,  that  the  stability  of  an  unstayed  polygon  of 
See  is  of  the  kind  described  in  Article  127,  and  admits  of  osculation 
b  and  fix>  about  the  position  of  equilibrium.  This  oscillation  may 
be  injuriooB  in  practice,  and  stays  may  be  required  to  prevent  it. 

153.    P«l7c*aAl    Frame   wader   Parallel   Forces* — 

When  the  external  forces  are  parallel  to  each  other, 
be  polygon  of  forces  of  fig.  75*  becomes  a  stitdght 
kbe  A  D,  as  in  £g.  75**,  divided  into  segments  by 
be  radiating  lines ;  and  each  segment  represents  the  ^ 
•ttenud  force  which  acts  at  the  joint  of  the  bars 
lines  of  resistance  are  parallel  to  the  radiating 
that  bound  the  segment.  Moreover,  the  s^- 
t  of  the  straight  AD  which  is  intercepted  be- 
tvcen  the  radiating  lines  parallel  to  the  lines  of 
nutanoe  of  any  tioo  bars  tofiether  contigttous  or  not, 
iciveaentB  the  resultant  of  the  exterDal  forces  which 
•ei  at  points  between  the  bars. 

Thus,  AD  represents  the  total  load,  consisting  of  the  three  por- 
tions AB,  B  C,  C  D,  applied  at  1,  2,  3  respectively.  DA  represents 
tlie  total  supporting  force,  equal  and  opposite  to  the  load,  consist- 

a^  of  the  two  portions  D  E,  E  A,  applied  at  4  and  5  respectively. 

AC  represents  the  resultant  of  the  load  applied  between  the  bars 
A  and  C;  and  similarly  for  any  other  pair  of  bars. 

From  O  draw  O  H  perpendicular  to  A  D ;  then  that  line  re- 
pRsents  a  component  of  the  stress,  whose  amount  is  the  same  in 
cadi  bar  of  the  frame.  When  the  load,  as  is  usually  the  case,  is 
vertical,  that  component  is  caUed  the  "horhxmtal  tJirust"  of  the 
frame,  and,  as  in  Article  149,  might  more  correctly  be  called  Aori- 
itmtal  stress  or  resistance,  seeing  that  it  is  a  pull  in  some  of  the 
Un  and  a  thrust  in  others. 

The  trigonometrical  expression  of  these  principles  is  as  follows: — 

Let  the  force  O  H  be  denoted  simply  by  H. 
Let  i,  ^,  denote  the  inclinations  to  O  H  of  the  lines  of  resistance 
^ony  two  bcurs,  contiguous  or  not. 
Let  Ry  R'y  be  the  respective  stresses  which  act  along  those  bam 
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Let  P  be  the  Tesnltant  of  the  external  forces  acting  through 
joint  or  joints  between  those  two  bars. 
Then  R  =  H  •  sec t;  R' =  H 

P  =  H(tan  i  =±=  tan  t^ 
sum      )  of  the  tangents  of  the  inclinations  is  (  opposite )  | 
difference  j     to  be  used  according  as  they  are     (   fsjinilar  y 

154.  OpMi  Pol7g««a  Frame  nndcr  PanOlel  Fwcca. — ^When 

frame  becomes  an  open  polygon  by  the  omission  of  the  bar  E^ 
diagram  of  forces  75^  is  modified  by  omitting  the  line  O  £. 

Then  the  supporting  forces  exerted  by  the  abutments  at  4  and 
are  no  longer  represented  by  the  segments  D  E  and  E  A  of  the 
A D,  but  by  the  inclined  lines  DO  and  OA,  equal  and 
opposed  respectively  to  the  stresses  along  the  extreme  bars  of 
frame,  D  and  A. 

Let  t4  and  t«  denote  the  angles  of  inclination  of  those  bars; 

Let  R4  =  O  D  and  It.=  OA  be  the  stresses  along  them. 

Let  2  *P  =  AD  denote  the  total  load  on  the  frame.  Then  bj 
the  equations  of  Article  153, 

tant^  +  tant.' 
Etf  =  H  *  sec  f^;  R.  =  H  *  sec  f.. 

155.  Bnictag  ^r  FvAMM. — ^A  brace  is  a  stay-bar  on  which 
is  a  permanent  stress.     When  the  external  forces  applied  to  a  polj^^ 
gonal  frame,  although  balancing  each  other  as  an  entire  system, 
distributed  in  a  manner  not  consistent  with  the  equilibrium  of 
bar  separately,  then  by  connecting  two  or  more  joints  togeUier 
means  of  br(xceSy  which  may  be  either  struts  or  ties,  the 
of  those  braces  may  be  made  to  supply,  at  the  joints  which 
connect,  the  forces  wanting  to  produce  equilibrium  of  each  bar. 

The  resistance  of  a  brace  introduces  a  pair  of  equal  and 
forces,  acting  along  the  line  of  resistance  of  the  brace,  upon  th< 
pair  of  joints  which  it  connects.  It  therefore  does  not  idter  thel 
reetdtatU  of  the  forces  applied  to  that  pair  of  joints  in  amomit  nor  I 
in  position;  but  only  the  distribution  of  the  components  of  that] 
resultant  on  the  pair  of  joints. 

The  same  remark  appHes  to  any  number  of  joints  connected  bj  a 
system  of  braces. 

To  exemplify  the  use  of  braces  and  the  mode  of  determimng  the 
stresses  on  them,  let  fig.  76  represent  a  frame  such  as  frequently 
occurs  in  iron  roofs,  consisting  of  two  struts  or  rafters,  A  and  ^ 
and  three  tie-bars,  B,  0,  and  D,  forming  a  polygon  of  five  sides, 
jointed  at  1,  2,  3,  4,  5,  loaded  vertically  at  1,  and  supported  bj  the 
vertical  resistance  of  a  pair  of  waUs  at  2  and  5.     The  joints  3  and 


oppoflitej 
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4^  liftviiig  no  loads  applied  to  them^  are  connected  with  1  by  the 


4 
g^ « 

Pig.  76. 

teaees  1 4  and  IS.    It  is  reqtdred  to  find  the  streaseB  on  those 
braoesty  and  on  the  other  pieces  of  the  frame. 

To  make  tiie  diagram  of  forces  (tig.  76*),  draw  the  vertical  lino 
£  Af  as  in  Article  153,  to  represent 
Hie  direction  of  the  load  and  of  the  ^Jb, 
sapporting  forces. 

The  two  segments  of  that  line,  AB  ^  ^^^,^^-Z^^|^C.l> 

and  DE^  are  to  be  taken  to  represent    dxf 
the  supporting  forces  at  2  and  5;  and  ^ig,  76.* 

Hie  whole  line  E  A  will  represent  the 
lotA  at  1.  From  the  ends,  and  from  the  point  of  division  of  the 
scale  of  external  forces  E  A,  draw  straight  lines  parallel  respectively 
to  the  lines  of  resistance  of  the  frame,  each  line  being  drawn  from 
the  point  in  E  A  that  is  marked  with  the  corresponding  lettei*. 
Then  A  a  and  B  6,  meeting  at  a,  6,  will  represent  the  stresses  along 
A  and  B  respectively;  and  E0  and  Dd,  meeting  in  d,  e,  will 
represent  the  stresBes  along  D  and  E  respectively;  but  those  four 
lisesy  instead  of  meeting  each  other  and  0  0  parallel  to  C  in  one 
poin^  leave  ^c^,  which  are  to  be  filled  up  by  drawing  straight  lines 
parallel  to  Uie  braces:  that  is  say,  from  a,  6,  to  c,  parallel  to  13; 
and  frt>m  d^  e,  to  e,  parallel  to  4  1.  Then  those  straight  lines  will 
vqvesent  the  stresses  along  the  braces  to  which  they  are  respectively 
parallel ;  and  C  c  will  represent  the  tension  along  C.  Upon 
analyang  the  diagram  of  forces  so  constructed,  it  will  be  found 
that  to  each  joint  in  the  frame,  ^g.  76,  there  corresponds  in  fig. 
7^y  a  triangle,  or  other  closed  polygon,  having  its  sides  respec- 
tivdy  parallel,  and  therefore  proportional,  to  the  forces  that  act  at 
tiiat  joint     For  example, 

Joints,         1,  2,  3,  4,  5, 

Polygons,  EAao«E;  AB&A;  Bc&B;  Dc^eD;  DE0D. 

The  order  of  the  letters  indicates  the  directions  in  which  the 
finroes  act  relatively  to  the  joints.* 

The  method  of  arranging  the  positions  of  braces,  and  determining 
the  sifcsBCs  along  them,  of  which  an  example  has  been  given,  may 
be  thns  described  in  general  terms. 

If  the  distribution  of  the  loads  on  the  joints  of  a  polygonal  frame, 
ttoag^  consistent  with  its  equilibrium  as  a  whole,  be  not  consistent 

*  Tfaia  msibod  of  treating  hraoed  frames  contsiiis  an  improvement  sag* 
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with  the  equilibrium  of  each  bar,  then,  iu  the  diagram  of  Ibneiy 
when  converging  lines  respectively  parallel  to  the  lines  of  resistanee 
are  drawn  from  the  angles  of  the  polygon  of  external  forces,  thoae 
converging  lines,  instead  of  meeting  in  one  point,  will  be  foand  to 
have  gaps  between  them.  The  lines  necessary  to  fill  up  those  gaps 
will  indicate  the  forces  to  be  supplied  bv  means  of  the  resiatance 
ofbracea  ^* 

156.  Risiditr  af  a  TniM.— The  word  truss  is  applied  in  caipentiy 
and  iron  framing  to  a  triangular  frame,  and  to  a  polygonal  fi&me  to 
which  rigidity  is  given  by  staying  and  bracing,  so  that  its  £guie 
shall  be  incapable  of  alteration  by  turning  of  the  bars  about  their 
joints.  If  each  joint  were  absolutely  of  the  kind  described  as  the 
first  class  in  Article  136,  that  is,  like  a  hinge,  incapable  of  offeiing 
any  resistance  to  alteration  of  the  relative  angular  position  of  the 
bars  connected  by  it,  it  would  be  necessary,  in  order  to  fulfil  the 
condition  of  rigidity,  that  every  polygonal  frame  should  be  divided 
by  the  lines  of  resistance  of  stays  and  braces  into  triangles  and  other 
polygons  so  arranged,  that  every  polygon  of  four  or  more  sides 
should  be  surrounded  by  triangles  on  all  but  two  sides  and  the 
included  angle  at  farthest.  For  every  unstayed  jxjiygon  of  four  sides 
or  more,  with  flexible  joints,  is  flexible,  unless  all  the  angles  except 
one  be  fixed  by  being  connected  with  trianglea 

Sometimes,  however,  a  certain  amount  of  stiffness  in  the  joints  o£ 
a  frame,  and  sometimes  the  resistance  of  its  bars  to  bending,  is  relied 
upon  to  give  rigidity  to  the  frame,  when  the  load  upon  it  is  snb- 
ject  to  small  variations  only  in  its  mode  of  distribution.  For 
example,  in  the  truss  of  fig.  81  (for  wliich  see  Article  161,  &rther 
on),  the  tie-beam  A  A  is  made  in  one  piece,  or  in  two  or  more 
pieces,  so  connected  together  as  to  act  like  one  piece ;  and  part  of 
its  weight  is  suspended  from  the  joints  C,  C,  by  the  rods  C  B,  C  R 
These  rods  also  serve  to  make  the  resistance  of  the  tie-beam  C  C  to 
being  bent,  act  so  as  to  prevent  the  struts  AC,  CC,  C  A,  from 
deviating  fit)m  their  proper  angular  positions,  by  turning  on  the 
joints  A,  C,  C,  A.  If  A  B,  B  B,  and  B  A,  were  three  distinct 
pieces,  with  flexible  joints  at  B,  B,  it  is  evident  that  the  frame 
might  be  disfigured  by  distortion  of  the  quadrangle  B  C  C  R 

157.  TartetUM  •€  i«««d  •u  TnMs.-.The  object  of  stiffening  a 
truss  by  braces  is  to  enable  it  to  sustain  loads  variously  distributed ; 
for  were  the  load  always  distributed  in  one  way,  a  frame  might  he 
designed  of  a  figure  exactly  suited  to  that  load,  so  that  there  should 
be  no  need  of  bracing. 

The  variations  of  load  produce  variations  of  stress  on  all  the 

pieces  of  the  frame,  but  especially  on  the  braces ;  and  each  piece 

must  be  suited  to  withstand  the  greatest  stress  to  which  it  is  bable. 

Some  pieces,  and  especially  braces,  may  have  to  act  sometimes  u 
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and  flometdmes  as  ties,  aooordmg  to  the  mode  of  distribution 
of  tlieload. 

158,  Bar  c«nmMi  f  sercnU  Frames. — ^When  the  same  bar  forms 
at  the  same  time  part  of  two  or  more  different  frames,  the  stress 
mknig  it  is  determined  by  the  aid  of  the  following 

Thbobeil  The  stress  on  a  bar  common  to  two  or  more  /rcmes,  is 
the  resuUant  of  the  different  stresses  to  which  U  is  subject,  in  virtue  of 
UspoMon  in  the  different  frames. 

ninstrations  of  this  will  be  found  in  the  following  Articles. 

159.  gwjBiy  TniMiiiC. — A  secondary  truss  is  a  truss  which  is 
supported  by  another  truss. 

When  a  load  is  distributed  over  a  great  number  of  centres  of 
reeistanoe,  it  may  be  advantageous,  instead  of  connecting  all  those 
ceiitares  by  one  polygonal  frame,  to  sustain  them  by  means  of  several 
small  trusses,  which  are  supported  by  larger  trusses,  and  so  on,  the 
whole  structure  of  secondaiy  trusses  resting  finally  on  one  large 
tmssy  which  may  be  called  the  primary  truss.  In  such  a  oombinar 
tMKiy  the  same  piece  may  often  form  pcurt  of  different  trusses ;  and 
then  the  stress  upon  it  is  to  be  determined  according  to  the  Theorem 
of  Article  158. 

Exxpmple  L  Fig.  77  represents  a  kind  of  secondaiy  trussing  corn- 
mop  in  the  framework  of  iron  roofk 


fte.77. 


The  entire  frame  is  supported  by  pillars  at  2  and  3,  each  of  which 
sustains  in  all,  half  the  weight. 

1  2  3  is  the  primary  truss,  consisting  of  two  rafters  1  3,  1  2^  and 
a  tie-rod  2  3. 

The  weight  of  a  division  of  the  roof  is  distributed  over  the 


The  middle  point  of  each  rafter  is  supported  by  a  secondary  truss; 
one  of  those  is  marked  14  3;  it  consists  of  a  staiit,  1  3  (the  rafter 
itself),  two  ties  4  1, 4  3,  and  a  strut-brace,  5  4,  for  transmitting  the 
load,  applied  at  5,  to  the  point  where  the  ties  meet. 

Each  of  the  two  larger  seoondaiY  trusses  just  described  supports 
two  smcdler  secondary  trusses  of  similar  form  and  construction  to 
itself;  two  of  those  are  marked  1 7  5, 5  6  3;  and  the  subdivision  of 
the  load  might  be  carried  still  fitrther. 

Iii_  determining  the  stresses  on  the  pieces  of  this  structure,  it  is 
so  fiur  as  mathematical  accuracy  is  conoemed,  whethOT  we 
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oommenoe  with  the  primaiy  trufls  or  with,  the  aecondaiy  tmsBei; 
but  by  commencing  with  the  primaiy  traas,  the  process  xa  rendered 
more  simple. 

(1.)  Primary  Truss  12  3.  Let  W  denote  the  weight  of  the  roof; 
then  ^  W  is  distributed  over  each  rafter,  the  resultants  ading 
through  the  middle  points  of  the  ra/lers.  Divide  each  of  those 
resultants  into  two  equal  and  parallel  components,  each  equal  to 
^  W,  acting  through  the  ends  of  the  rafter ;  then  i  W  is  to  be 
considered  as  directly  supported  at  3,  J  W  at  2,  and  i  W  +  ^  W 
s=  ^  W  at  1 ;  therefore  the  load  at  the  joint  1  is 

Let  i  be  the  inclination  of  the  rafters  to  the  horizon;  then  by  the 
equations  of  Article  149 

^-"2teni-"4tani' ^^ 

This  is  the  pull  upon  the  horizontal  tie-rod  of  the  primaiy  troB^ 
2  3 ;  and  the  thnist  on  each  of  the  rafters  13,  1  2,  is  given  by  the 
equation 

B=:HBec<  =  ^??^* (8.) 

(2.)  Secondary  Truss  14  3  5.  The  rafter  1  3  has  the  load  ^  W 
distributed  over  it;  and  reasoning  as  before,  we  are  to  leave  two 
quarters  of  this  out  of  the  calculation,  as  being  directly  supported 
at  1  and  3,  aqd  to  consider  one-half,  or  ^  W,  as  being  the  vertical 
load  at  the  point  5.  The  truss  is  to  be  considered  as  consisting  of 
a  polygon  of  four  pieces,  5 1, 1  4,  4  3,  3  5,  two  of  which  happen  to  be 
in  the  same  straight  line,  and  of  the  strut-brace,  5  4,  which  exerts 
obliquely  upwards  against  5,  and  obliquely  downwards  against  4,  a 
thrust  equal  to  the  component  perpendicular  to  the  rafter  of  tiie 
load  \  W;  which  thmst  is  given  by  the  equation 

Bf«=^Woos« (3.) 

Then  we  eaoly  obtain  the  following  values  of  the  stresses  on  the 
rafter  and  ties,  in  which  each  stress  is  distinguished  by  having  affixed 
to  the  letter  B  the  numbers  denoting  the  two  joints  between  whidi 
it  acts. 


onties{^»  =  ^i  =-2^7=8^'^^*' 


Thrusts 

on 

rafter 


Il„=«^.4-iw8int=  iwcosec* 
2tan«      8  8 

Bii=  Q     *.  -  g  Wsint  =  ^W(co0ec%-2sint) 


w 


8I00in>ABY  TBussnrck 


U7 


Tbe  differenoe  between  the  thmstB  on  the  two  divifdons  of  the 


m  tlie  component  along  (he  rafter  of  the  load  at  the  point  5. 

(3.)  SmaJOjcr  Seecmdary  TruaseB,  175,  5  6  3.— These  trasses  are 
Minilar  in  every  respect  to  the  larger  secondary  trasses,  except 
that  the  load  on  each  point  is  one-half,  and  consequently  each  of 
tike  stresses  is  reduced  to  one-half  of  the  conesponding  stress  in  the 
eq[iiation8  3  and  4. 

(4.)  BetuUani  8tre88e»>  The  pull  on  the  middle  division  of  the 
great  tie-rod  2  3  is  simply  that  due  to  the  primaiy  truss,  12  3.  The 
noil  on  the  tie  4  7  is  simply  that  due  to  the  secondary  truss  14  3. 
The  pollfl  on  the  ties  5  7,  6  6,  are  simply  those  due  to  the  smaller 
eeoondaiy  trasees,  1 5  7,  5  6  3.  But  agreeably  to  the  Theorem  of  Art 
158,  the  pull  on  the  tie  1  7  is  the  sum  of  those  due  to  the  larger 
secondary  truss  14  3,  and  the  smaller  secondary  truss  17  5,  The 
pnll  on  6  4  is  the  sum  of  those  due  to  the  primary  truss  12  3  and  to 
iiielacgersecondary  truss  143.  The  pull  on  6  3  is  the  sum  of  those 
doe  to  the  primary  truss  1  2  3,  to  the  larger  secondary  truss  143,  and 
to  the  smaller  secondary  truss  5  6  3.  The  thrust  on  each  of  the  four 
divuions  of  the  rafter  1  3,  is  the  sum  of  three  throats,  due  re- 
flectively to  the  primary  truss,  the  larger  secondary  truss,  and  one 
or  other  of  the  ainaller  secondary  trusses. 

Bxaanple  IL  Fig.  78  represents  another  form  of  truss  common  in 
too£l     Let  W  be  the  weight  of  the  roof,  as  before,  distributed  over 


th6i«flersl2, 13.  2  3  is  the  great  tie-rod;  1  7,  6  5,  8  9,  suspension- 
lods;  7  6,  7  8, 5  4,  9  10,  struts. 

(1.)  Prtmorv  TruM  1  2  3.  The  load  at  1,  as  before,  is  to  be  taken 
as  =  ^W. 

{2.)  Seamdanf  Trunea  7  6  S,  7  S  2.  The  load  at  6  is  to  be  held  to 
consist  of  one-half  of  the  load  between  6  and  1,  and  one-half  of  the 
load  between  6  and  3 ;  that  is,  one-half  of  the  load  between  1  and 
3,  or  ^  W.  The  trusses  are  tnangolar,  each  consisting  of  two  stmts 
and  a  tie,  and  the  stresses  are  to  be  found  as  in  Article  149. 

The  suspension-rod  1  7  supports  two-thirds  of  the  load  on  7  6  3, 
and  two-thirds  of  the  load  on  7  8  2;  that  i8,t'i'WaiW;  and 
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this,  together  with  i  W  which  rests  dxtwiLy  on  1^  makes  up  the 
load  of  k  W,  already  mentioned 

(3.)  SfnallerSecondcMryTru88e8Si5,d  10  2.     Each  of  the  points 

4  and  10  sustains  a  load  of  i  W,  from  which  the  stresses  on  the  ban 
of  those  smaller  trusses  can  be  determined 

One-half  of  the  load  on  4,  that  is  i^i  W,  hangs  by  the  suiqpension- 
rod  6  6;  and  this,  together  with  i  W,  which  rests  directly  on  6, 
makes  up  the  load  of  i  W  on  that  point,  formerly  mentioned  The 
same  remarks  apply  to  the  suspension-rod  8  9. 

(4.)  EeauUant  Stresses,  The  pull  between  6  and  9  is  the  sum  of 
those  due  to  the  primaiyand  larger  secondary  trusses;  that  between 

5  and  3,  and  between  9  and  2,  is  the  sum  of  the  pulls  due  to  the 
primary,  larger  secondary,  and  smaller  secondaiy  trusses. 

The  thrust  on  1  6  is  due  to  the  primaiy  truss  alone ;  that  on  6  4 
to  the  primaiy  and  larger  secondary  truss ;  that  on  4  3  to  the 
primaiy,  larger  secondaiy,  and  smaller  secondaiy  trusses;  and 
similarly  for  the  divisions  of  the  other  rafter. 

Exampts  III.  Suppose  that  instead  of  only  three  diviaionSy  there 
are  n  divisions  in  each  of  the  rafters  1  3,  1  2,  of  fig.  78 ;  so  that  be- 
sides the  middle  suspension-rod  1  7,  there  are  n  —  2  suspension-rocb 
under  each  rafter,  or  2  n  —  4  in  all ;  and  n  —  1  sloping  strati 
under  each  rafter,  or  2  n  —  2  in  all.  There  will  thus  be  2  n  —  1 
centres  of  resistance ;  that  is,  the  ridge-joint  1,  and  n  —  1  on 
each  rafter ;  and  the  load  dvrecUy  suj^xnied  on  each  of  these 

W 
points  will  be  ^r— . 

W 

The  total  load  on  the  ridge-joint,  1,  will  be  as  before,  -^  ;  that 

TIT  TXr      •  TV 

is  to  say,  ^  directly  supported,  and  -^  f  1 j  hung  by  the 

middle  suspension-rod 

The  total  load  on  the  upper  joint  of  any  secondary  truss,  distant 

from  the  ridge-joint  hym  divisions  of  the  raft»r,will  be,  — W; 

4n 

that  is  to  say,  ^  directly  supported,  and  .  W  hung  by 

a  suspension-rod 

The  stresses  on  the  stmts  and  tie  of  each  truss,  primaiy  and 
secondaiy,  being  determined  as  in  Article  149,  are  to  be  combined 
as  in  the  preceding  examples. 

160.  CmpMmdi  Twmmm. — Several  frames,  without  being  distin- 
gniahable  into  primaiy  and  aecondarf  .  mav  be  combined  and  oon- 
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149 


nected  in  such  a  mannery  that  oertain  pieces  are  oommon  to  two  or 
more  of  them,  and  require  to  have  their  streeses  determined  by  the 
lliearem  of  Article  158. 

Bxample  I.  In  fig.  79,  8  9  represents  part  of  the  horizontal  plat- 
fena  of  a  suspension  bridge,  supported  and  balanced  by  being  hung 
fipom  the  top  of  a  central  pier,  1,  by  pairs  of  equally  inclined  rods  or 
lopesi,  Ti& :— 1  8  and  1  9;  1  6  and  1  7;  14andl  5;  1  2  and  1  a 


Kg.  79. 

Here  8  1  9  is  to  be  considered  as  a  distinct  triangular  frame, 
eoAsistiiig  of  a  strut  8  9,  and  two  ties  1  8  and  1  9,  loaded  with 
equal  weights  at  8  and  9,  and  supported  at  1.  Let  x  denote  the 
hei^t  of  the  point  of  suspension  1  above  the  level  of  the  loaded 
points,  y%  =  y^  the  distance  of  those  points  on  either  side  of  the 
middle  of  the  pier,  P  the  load  at  each  point,  Rg  =  B«  the  pull  on 
each  of  the  ties,  1  8, 1  9,  Tg^  the  thrust  between  8  and  9  along  the 
platfonn.     Then  we  have 


>8» 


and  similar  equations  for  each  of  the  other  distinct  frames  6  1  7, 
4  1  5,  2  1  3. 

Then  uang  a  similar  notation  in  each  case,  the  thrust  along  the 
platform 

between  8  and  6  )  .   rp 
7and9f"^«^ 
6  and  4 
5  and  7 


n 
n 


is  Te,  ^  Te,, 


and  so  on  for  as  many  pairs  of  divisions  as  the  platform  oomdsts  o£ 
Bxample  IL  Fi^  80  represents  the  framework  for  supporting 
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fig.  so. 

one  side  of  a  timber  bridge,  resting  on  two  piers  at  1  and  4 
CQDnsts  of  four  distinct  trusses,  viz.. 


It 
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1  2  3  41oadedat2aiidS» 

15  6  4        „        6    „   6, 

17  84        „        7    „   8, 
194        „        9; 
bat  all  those  trasses  have  the  same  tie-beam,  14;  and  the  poll 
along  that  tie-beam  is  the  som  of  the  polls  dae  to  the  four  trassea 

161.   BMlMuice  mt  FnuMe  at  a  SecaM. — ^ThBOBKIL      If  a  Jvomm 

he  wAed  upon  by  amy  system  of  eademal  foreesy  and  if  that  frame  Im 
eonorinod  io  he  eomjSetdy  divided  irUo  two  parte  by  an  ideal  eurface^ 
the  streesee  along  the  bars  which  are  inter seded  by  that  surfttee^  beUemm 
theexternalforces  which  act  on  each  (f  the  two  parts  of  the  ffTM^ 

This  theorem,  which  requires  no  demonstration,  fumiahes  in 
some  cases  the  most  convenient  method  of  determining  the  strconea 
along  the  pieces  of  a  frame.  The  following  consideration  shows  to 
what  extent  its  use  is  limited. 

Case  1.  When  the  lines  of  resistance  of  the  bars,  and  the  lines 
of  action  of  the  external  forces,  are  all  in  one  plane,  let  the  frame 
be  supposed  to  be  intersected  anywhere  by  a  plane  at  right  angles 
to  its  own  plane.  Take  the  line  of  intersection  of  these  two  pUnes 
for  an  axis  of  co-ordinates ;  say  for  the  axis  of  y,  and  any  convenient 
point  in  it  for  the  origin  O ;  let  the  axis  of  as  be  perpendicular  to 
this,  and  in  the  plane  of  the  frame,  and  the  axis  of  z  perpendicular 
to  both,  and  in  the  plane  of  aectior^ 

The  external  forces  applied  to  the  part  of  the  frame  at  one  side 
of  the  plane  of  section  (either  may  be  chosen)  being  treated  as  in 
Article  59,  give  three  data,  viz.,  the  total  force  along  a;  =:  F^;  the 
total  force  along  y  =  F^  and  the  moment  of  the  couple  acting 
round  z=:'M.;  and  the  bars  which  are  cut  by  the  plane  of  8ecti<Hi 
must  exert  resistances  capable  of  balancing  those  two  forces  and 
that  couple.  If  not  more  than  three  bars  are  cut  by  the  plane  of 
section,  there  are  not  more  than  three  unknown  quantities,  and 
three  relations  between  them  and  given  quantities,  so  that  the 
problem  is  determinate ;  if  more  than  three  bars  are  cut  by  the 
plane  of  section,  the  problem  is  or  may  be  indeterminate. 

The  formulsB  to  which  this  reasoning  leads  are  as  follows : — ^Let 
m  be  positive  in  a  direction  from  the  plane  of  section  towards  the 
part  of  the  structure  which  is  considered  in  determining  F^  F^  and 
M ;  let  +  y  lie  to  the  right  of  +  ^  when  looking  from  z ;  let  angles 
measured  from  O  x  towards  +  y,  that  is,  towards  the  right,  be 
positive ;  and  let  the  lines  of  resistance  of  the  three  bars  cut  by  the 
plane  of  section  make  the  angles  i,,  ta,  ta,  with  as.  Let  tii,  ni^  ti|^  be 
the  perpendicular  diBtanoes  of  those  three  lines  of  resistance  from 
O,  distances  towards  the 

•jg*}ofO«b«Bg«»udderedaB{]^;^}. 
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Ijet  Biy  R»  Bfl,  be  the  xeoBtaiioeSy  or  total  BbreBsea,  along  the 
ban,  imUs  being  positiye,  and  thrnsts  negativa     Then  w# 
the  following  throe  equations : — 

F«  =  B,co6i|  +  B|Ooe%  +  B9008^; 
F,  =rB,Binii  +  RBBUiH  +  I^^^> 

fipom  which  the  three  quantities  sought,  Bi^  "EL,,  Eg,  can  be  found 
Speaking  with  reference  to  the  given  plane  of  section,  F«  may  be 
caJkMJ  the  normal  stress^  F,  the  Bkemrvng  stress,  and  M  the  mamaU 
offiejBMfts  or  bending  stress;  for  it  tends  to  bend  the  finume  at  the 
section  under  consideration. 

Case  2.  When  the  bars  of  the  frame,  and  the  forces  applied  to 
tiiem,  act  in  any  direction,  the  forces  applied  to  one  of  the  two 
diTisioiis  of  the  frame  are  to  be  rednced  to  rectangular  components; 
lUftd  the  three  resultant  forces  along  these  rectangular  axes,  F^  1^, 
F„  and  the  three  resultant  couples  round  these  three  axes,  M^  ]kl^ 
M^  are  to  be  found  as  in  Article  60.  Those  forces  said  couples 
must  be  equal  and  opposite  to  the  corresponding  forces  said  couples 
arisiiig  from  the  stresses  along  the  bars  cut  1^  the  sectiop ;  and 
thus  are  obtained  six  equations  between  those  stresses  and  Imown 
quantities ;  so  that  if  the  section  cuts  not  more  than  six  bars,  the 
problem  is  determinate;  if  more,  it  is  or  may  be  indeterminate. 

The  equations  are  obtained  as  follows : — Let  B  denote  the  stress 
along  any  one  of  the  bars,  pull  being  positiye  and  thrust  negative. 
Lieit  «,  ^,  y,  be  the  inclinations  of  the  line  of  resistance  of  that  bar 
to  the  axes  of  x,  y,  z.  Let  n  be  its  perpendicular  distance  from  O. 
CSonceive  a  plane  to  pass  through  O  and  through  the  line  of  resistance 
of  the  bar,  and  a  normal  to  be  drawn  to  that  plane  in  such  a  direc- 
tion,  that  looking  from  the  end  of  that  normal  towards  O,  the  bar 
is  seen  to  lie  to  the  right  of  O,  and  let  x,  ^,  »,  be  the  angles  of 
inclination  of  that  normal  to  the  three  axe&  Let  s  denote  the 
summation  of  six  corresponding  quantities  for  the  six  bam  Then 
the  six  equations  are, 

F,=  3Kcoei»;  F,  =  »-Ecoe/8;F,  =  »-RooBy; 

—  M^  =  2BncosX;  — M,=:S-Bnco8f«;        \  {2). 
—  M,  sS-Bncosv; 

from  which  the  six  stresses  sought  can  be  computed  by  elimination. 

The  pkneof  V  2;  being  as  before,  that  of  the  section,  F^  is  the  total 
dtrsd  stress  on  it;  F.  and  F,  are  tiie  total  shearing  stresses  ;  M,  and 
M«  aze  bending  couples^  and  M«  a  twisting  couple. 

Rkharks. — Every  problem  respecting  the  equilibrium  of  frames 
which  can  be  solved  by  the  meUkod  {^sections  explained  in  this 
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Article,  can  also  be  solved  by  the  metliod  o/polf/gons  explamed  m 
the  previous  Articles;  and  the  choice  between  the  two  metliodB  is 
a  question  of  convenience  and  simplicity  in  each  particular  case. 

The  following  is  one  of  the  simplest  examples  of  the  solution  of 
a  problem  in  both  ways.     Kg.  81  represents  a  truss  of  a  form  veiy 

common  in  carpentry  (already  referred 
to  in  Article  1^6),  and  consisting  of 
three  struts,  A  C,  C  C,  C  A,  a  tie- 
beam  A  A,  and  two  suspension-rods, 
C  B,  C  B,  which  serve  to  suspend  part 
of  ihe  wei^t  of  the  tie-beam  fiom 
^ff-  ®^-  the  joints  0  C,  and  also  to  stiffen  the 

truss  in  the  manner  mentioned  in  Article  156. 

Let  i  denote  the  equal  and  opposite  inclinations  of  the  iwftera 
A  C,  C  A,  to  the  horizontal  tie-beam  A  A ;  and  leaving  out  oi 
consideration  the  portions  of  the  load  directly  supported  at  A  A, 
let  P,  P,  denote  equal  vertical  loads  applied  at  C  C,  and  —  P, 
—  P,  equal  upward  vertical  supporting  forces  applied  at  A  A,  by 
the  resistance  of  the  props.  Let  H  denote  the  pull  on  the  tie> 
beam,  B.  the  thrust  on  each  of  the  sloping  rafters,  and  T  the  thrus* 
on  the  horizontal  strut  0  C. 

Proceeding  by  the  method  ofpolygone,  as  in  Article  153,  we  find 
at  once, 

H  =  —  T  =  P  cotan  i ; ) 

\ (3.) 

R  =  —  P  cosec  i        I 


(Thrusts  being  considered  as  negative.) 

To  solve  the  same  question  by  the  method  o/McUona,  suppose  a 
vertical  section  to  be  made  by  a  plane  traversing  the  centre  of  the 
light  hand  joint  C ;  take  that  centre  for  the  origin  of  co-ordinates; 
let  X  be  positive  towards  the  right,  and  y  positive  downwards ;  let 
Xi,  ^1,  be  the  co-ordinates  of  ilie  centre  of  resistance  at  the  right 
hand  point  of  support  A.  When  the  plane  of  section  traverses  the 
centre  of  resistance  of  a  joint,  we  are  at  liberty  to  suppose  either 
of  the  two  bars  which  meet  at  that  joint  on  opposite  sides  of 
the  plane  of  section  to  be  cut  by  it  at  an  insensible  distance  frois 
the  joint. 

Mrst)  consider  the  plane  of  section  as  cutting  0  A.  The  forces 
and  couple  acting  on  the  part  of  the  frame  to  the  right  of  the 
section  are 

P.  =  0;F,  =  -P 

M=— Pajj. 
Then,  observing  that  for  the  strut  A  0,  n  =  0,  and  that  for  the  tis 
A  A,  «  =  yi,  we  have,  by  the  equations  1  of  this  Article 
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16S 


Rco8%  +  H  =  F«  =  0; 

Rsini  =  —  P; 
Hy,=  — M=  +  Poii 

whence  we  obtam,  from  the  last  equation^ 

H  =  ^  =  Pootant 
from  the  firsts  or  from  the  second 

R  = ;  =  —  P  oosec  L 

cost 


(*.) 


Next^  conoeiye  the  section  to  cut  0  C  at  an  insensible  distance 
to  the  left  of  C.  Then  the  equal  and  opposite  applied  forces  -^  P 
at  C,  and  —  P  at  A,  have  to  be  taken  into  account ;  so  that 

from  the  first  of  which  equations  we  obtain 


H  ^  T  =  F,  =  0,  and 
T  =  -  H  =  -  Pootant. 


(5.) 


In  the  example  just  given,  the  method  of  sections  is  tedious  and 
eomplex  as  compared  with  the  method  of  polygons,  and  is  intro- 
duced for  the  sake  of  illustration  only;  but  in  tilie  problems  which 
tie  to  fi»llow,  the  reverse  is  the  case,  the  Holution  by  the  method  of 
■ectionB  being  by  far  the  more  simple. 

16S.  A  Bidi^EAiiice  Ofarder,  sometimes  called  a  ''Wairen  Girder,** 
IS  repniscnted  in  fig.  82.  It  consists  essentially  of  a  horizontal  upper 
bar,  a  horizontal  lower  bar,  and  a  series  of  diagonal  bars  sloping 
sHemaiely  in  opposite  direc- 
tions, and  dividing  the  space 
between  the  upper  and  lower 
bars  into  a  series  of  trianglea 
In  the  example  to  be  consi- 
dered, the  girder  is  supposed 
to  be  supported  by  the  vertical  resistance  of  pier^  at  its  ends  A  and 
B,  and  loaded  with  weights  acting  at  or  through  the  joints  at  the 
io^es  of  the  several  trianglea 

This  girder  might  be  treated  as  a  case  of  secondary  trussing,  by 
eoDsidering  the  upper  and  lower  and  endmost  diagonal  ba»  as 
ibnning  a  polygonal  truss  like  fig.  81,  but  inverted,  supporting  a 
smaller  erect  truss  of  the  same  kind,  which  supports  a  stiU  smaller 
inverted  truss,  which  supports  a  still  smaller  erect  truss,  and  so  on 
to  the  smallest  truss,  which  is  the  middle  triangle.    But  it  is  more 


Fig.  82. 
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■imple  to  proceed  by  the  method  of  seotioiifl^  vhidi  nuut  be  igfifiKfid 
saooessively  to  each  division  of  the  girder. 

The  load  at  each  joint  being  known^  the  two  supporting  forces 
at  A  and  B,  are  to  be  determined  by  ike  prindples  of  the  equili- 
brium of  parallel  forces  in  one  plane  (Articles  43,  44).  Let  Pj^ 
Pb,  denote  those  supporting  forces,  upward  forces  being  treated  as 
positive,  and  downward  as  negative ;  and  let  —  P  denote  the  load 
at  any  joints  which  may  be  a  constant  or  a  varying  quantity  for 
different  joints. 

Suppose  now  that  it  is  required  to  find  the  stress  along  any  one 
of  the  diagonals,  such  as  C  E,  along  the  top  bar  immediately  to  the 
right  of  0,  and  along  the  bottom  bar  immediately  to  the  left  €i  K 
Conceive  the  girder  to  be  divided  by  a  vertical  plane  of  sectioa 
C  D,  at  an  insensibly  small  distance  to  the  right  of  C;  take  ih» 
intersection  of  this  plane  with  the  line  of  resLstanoe  of  Uie  top  bar 
for  the  origin  of  co-ordinates,  which  sensibly  coincides  with  C. 

Let  X  denote  the  distance  of  any  one  of  the  joints  to  the  left  of 
the  plane  of  section,  from  that  plane.  Let  Xi  be  the  distance  of  the 
point  of  support  A  to  the  left  of  the  same  plane.  Let  y  be  positive 
upwards ;  so  that  for  the  joints  of  the  upper  bar,  y  =  0,  and  far 
those  of  the  lower  bar,  y  =  —  h,  h  denoting  the  vertical  depth 
between  the  lines  of  resistance  of  the  upper  and  lower  bar& 

Let  i  be  the  inclination  of  the  diagonal  C  E  to  the  horiaontal 
axis  of  ax  Li  the  present  instance  this  is  positive ;  but  had  C  £ 
sloped  the  other  way,  it  would  have  been  negative. 

Let  the  symbol  —  Sq  -  P  denote  the  sum  of  the  loads  acting  at 
the  joints  between  the  plane  of  section  and  the  point  of  support  A, 
the  load  cU  the  joint  0  being  indttdetL  Then  for  the  total  forces  and 
couple  acting  on  the  division  of  the  girder  to  the  left  of  the  plane 
of  section,  we  have, — direct /orcCy  F«  -  0,  because  the  applied 
forces  are  all  vertical ; — shea/ring  /orce,  F,  =  Pj^  —  Sq  *  ^  ;  si  ibroe 


"^^^  "  {  n^ti^^OT  d^ijLl }  •«»««»«  w  the  plane  of  «»ti« 
^^  I  &rther  from  I  ^®  V^^^  of  support  A,  than  a  plane  which 

divides  the  load  into  two  portions  equal  respectively  to  the  support- 
ing pressures; — bending  couple  M  =  P^  Xi  —  Xo  *  Tx;  which  is 
upward,  and  right-handed  with  respect  to  the  axis  of  & 

Now  let  R|  denote  the  sti'ess  along  the  upper  bar  at  C,  R,  that 
along  the  lower  bar  at  D,  and  B3  that  along  the  diagonal  G  E ; 
then  the  equations  1  of  Article  161  become  the  following  : — 

R,-R,  +  R,coe»  =  0;orRi  +  R,cos  i  ==  —  R,...(&) 

that  is,  the  stress  along  the  upper  bar,  and  the  horizontal  component 
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tlie  strefls  along  ihe  diagonal,  are  equal  and  opposite  to  the  stresa 
along  the  lover  bar  ; 

B,  sin  »  =  P,  =  Pa—  aft  •  P; (6.) 

that  ifl^  the  Tertical  component  of  the  gtrees  along  the  diagonal, 
Inlanoes  the  aheaxing  force ; 

—  R,ya=IUA  =  M  =  Pj^aj,  —  !$•  Paj; (c) 

18,  the  couple  formed  by  the  equal  and  opposite  horizontal 
of  equation  (a),  acting  at  the  ends  of  the  arm  h,  balances 
bending  couple. 

Finally,  from  the  equations  {a),  (6),  (c),  are  deduced  the  following 
Tafaies  of  the  stresses : — 

iNi0  an  Icwer  bar^  2 

JSltren  an  diagoTial, 

K,  ==  cosec  ♦  (Pa  —  ^  •  P)  ; 
T%ruti  cnvpperhar, 

Bi=  — B,— B,cost 

=  -;J(Pa«i— aSP«)-<»tan»(PA-iS-P). 

AnotheTy  and  sometimes  a  more  convenient  form,  can  be  found 
for  the  second  and  third  of  those  expressions.  Let  a  denote  the 
\esBgth  of  the  diagonal  0  E,  and  x^'  the  horizontal  distance  of  its 
lower  end  £  from  the  point  of  support  A;  then 

•adalao  ,  x!  —  Xt 

cosec  ts-^;  cotan  f  «       ,       ;>,.,., (2.) 

wliich  subatitutions  having  been  made,  give 


(1.) 


B.  -  —J  {P^«k—3S  P* +  («.'-«%)  (P*- ^-P)} 


-l(P^a%'->SPiO 


(«.) 
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in  which  a/  is  taken  to  denote  the  h/orvooniM  distance  of 
to  the  left  of  a  vertical  plane  traversing  K  The  hist  expresalaii  far 
R)  is  exactly  what  would  have  been  obtained  hy  sappoaing  Hit 
plane  of  section  to  traverse  E  instead  of  C. 

Any  given  diagonal  is  |  ^*  *^^  |  according  as  it  slopes  |  ^^^^^^  | 

the  direction  of  the  shearing  force  F,  acting  on  a  plane  of  sectkai 
traversing  it 

163.   Hnir-EAlllce  Girder— VnlfMrM  I<mUL— CaSE    1.    Every  jokfi 

loaded.  When  the  joints  of  a  half-lattice  girder  are  at  equal  dis- 
tances apart  horizontally,  and  loaded  with  equal  weights,  tlie 
equations  take  the  following  form : — 

Let  N  denote  the  even  number  of  divisions  into  whicb  vertical 
lines  drawn  through  the  joints  divide  the  total  length  or 
between  the  points  of  support  Let  I  be  the  length  of  one  of  th< 
divisions,  so  that  N  Z  is  the  total  span.  The  total  number  of 
loaded  joints  is  N  — 1  j  this  must  be  an  odd  number,  and  there 
must  be  a  middle  joint  dividing  the  girder  into  two  halves,  sym- 
metrical to  each  other  in  every  respect,  figure,  load,  support,  and 
stress,  so  that  it  is  sufficient  to  consider  one  half  only;  let  the  left 
hand  half  be  chosen.  Let  the  middle  joint  be  denoted  by  O,  and 
the  other  joints  by  numbers  in  the  order  of  their  distances  from  the 
middle  joint^  so  that  the  joint  numbered  n  shall  be  at  the  diataiHse 
n  I  firom  O.  The  even  numbers  denote  joints  on  the  same  hoiizontal 
bar  with  O;  the  odd  numbers  those  on  the  other. 

The  total  load  on  the  girder  is 

-(N-l)P, 

of  which  one-half  is  supported  on  each  pier  ;  that  is  to  say, 

N-1 

P^  =  P3  =  :^P. a.) 

The  stress  on  the  upper  bar  is  everywhere  a  thrust ; — that  on 

fall  I  ^^  ^^^  middle 
towards  the  ends  are  <  ^i-^xg  [  •     By  these  principles  the  kmd  of 

stress  on  each  piece  is  determined;  it  remains  only  to  compute  the 
ainou/nt 

.  Let  n  be  the  nimiber  of  any  joint;  it  is  required  to  find  the  streas 
along  the  diagonal  which  runs  firom  that  jorut  towards  the  middle 
of  the  girder,  and  the  stress  aloug  that  part  of  either  of  the  hoii- 
sontal  bars  which  is  opposite  the  joint 

Suppose  a  vertical  section  to  be  made  at  an  insensible  diiyfATt^ 
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horn  tlie  joints  intersectmg  the  diagODal  in  question  and  the  hoii- 
•ontal  bars. 

N 
Between  O  and  either  pier  there  are  -^ 1  loaded  joints  ;  be- 

tveen  O  and  the  plane  of  section  in  question,  there  are  n — 1 
joints ;  hence  between  the  plane  of  section  and  the  pier  there  are 

-5-  —  n  jointsL     Consequently 
and  the  shearing  force  is 

«",  =  P*-'^P=(»-|)P; (3.) 

80  that  it  increases  at  an  uniform  rate  from  the  middle  towards 
the  ends. 

The  distance  of  the  n^  joint  from  the  pier  is  as,  =  (  ~  —  n  j  •  L 

Hence  the  upward  moment  of  the  supporting  force  is 

The  downward  moment  of  the  load  at  the  joints  between  the 
fiiaiie  of  section  and  the  pier  is  foimd  from  the  consideration,  that 
the  leyerage  of  the  nearest  portion  of  that  load  is  nothing,  and 

that  of  the  farthest  l-^ —  1  —  nj  I,  so  that  the  mean  leverage  is 

jl-s-  —  1  — »]  I ;  which  being  multiplied  by  the  load  s  -  P  as 
found  above,  gives  for  the  moment 

->— 5(|-'-')(f-)" 

Woe  the  beading  couple  is 


2\2 


')  (?-)  ■ 


-Kt— ')•'•'• <»•) 


^b^  is  to  say,  it  is  proportional  to  the  product  o/the  segments  into 

M^  the  plans  of  section  divides  the  length  of  the  girder,  and  is 

IP 
greatest  at  the  middle,  where  it  is  -^  *  PiL 

o 


us 


The  ■■■■^■■^  iiM  liiMtinB  cf  liie  £agandl^  in  one  direction  or  A* 


aod  lienee  tiie  — oimto  of  the  aUuts  «w^ 
Alamg  Ok  diagomd, 

^loiiy  ll«  Aortaonlal  bar, 

i     V4     V  a* 


.(4) 


These  sbreflBes  axe  slated  irreqpective  of  their  agns,  which  aie  to 
be  detoniined  hj  the  roles  laid  down  after  eqiiation  1. 

The  least  Talne  of  BT  is  for  the  diagonals  next  the  middle  point, 

for  which  ns  1,  and  BT^^.     Its  greatest  value  is  for  the  diar 

gonals  next  the  pierSy  for  which  «= -aj  wid  R.'= ^ — g^r — ;  in  fect| 

these  diagonals  sustain  the  entire  load. 

The  least  valae  of  the  horiaontal  stzess  B  is  at  the  divisians  of 

one  of  the  horizontal  hars  next  the  piers,  for  whic^  ns  -^  —  1,  and 

The  greatest  value  of  B  is  at  the  division  of  one  of  the  horizontal 
ban  oppoeitebthe  middle  JQint,  for  which  n  s  0,  and  B  s       -    . 

O  n 

Casb  2.  Every  cMemaOe  joint  loaded.  Suppose  those  joints  only 
to  be  loaded  which  are  distant  by  an  even  number  of  divisions  from 

the  piera     The  total  number  of  loaded  j<mits  is  -rr  —  1,  the  kad 
on  the  girder  ~  (  -5 —  1 )  ^>  s^d  the  supporting  pressures 

Let  n  be  the  number  of  any  loaded  joint,  n  —  1  that  of  the 
unloaded  joint  nearest  to  it  on  the  side  next  the  middle  of  the 
firder,  O.    If  a  plane  of  section  traverse  the  girder  at  an  insensible 
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loe  from  either  of  those  joints  on  the  side  next  O,  the  shearing 
faroe  is  the  same,  being  the  excess  of  the  supporting  pressure,  P^ 
(eqnmtion  5)  above  the  load  on  n,  and  the  other  loaded  joints 
between  it  and  A,  wbose  number  is  one-haJf  of  what  it  -was  in 

K      n 
case  1,  thai  ^  t*  *  f '    ^^^^  ^®  ^^ 

r,=rLil.T (&) 

The  vpwazd  moment  of  the  nqtporting  force  is 

«taiejomt«»P^<B,  =  (^-L)  (^_»).p/. 

etthejohrtf.-  l,P^(a%+0=(^-^)  (^-«  +  l)pi 

The  downward  moment  of  the  load  from  the  joint  n  inclusiTe  to 
the  pier,  relatively  to  the  plane  of  section  near  that  joint,  is  found 
bj  oonaidering  that  the  leverage  of  the  nearest  portion  of  that  load 

is  noOiin^  and  that  of  the  farthest  f -^  -  2  -  nj  ^;  so  that  the 
leremge  is  -7-  f -^  -  2  ~  n  W,  which  being  multiplied  Ij 

(JjT  ^v 

-J  —  -jT  j  P,  gives  for  the  moment, 

-"— -K?-'-)-(t-")" 

The  oorresponding  moment  for  the  joint  n  —  1  is 

Henoe  tlie  bending  ooaples  ar»— 
At  the  loaded  joint  41^ 

-=H?+-)(!-)''-K?-)-" 

At  the  unloaded  joint  n —  1, 


Vkean 


(T.) 
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Using  these  data,  we  obtain  for  the  stress  along  the  diagonal  oob- 
necting  thiB  joints  n  and  n  —  1, 

B'=F,oo8ec»=5:=i    ?^ (8.) 

(The  stress  along  the  diagonal  connecting  the  joints  n  —  1   and 
n  —  2  is  of  equal  amount  and  opposite  kind). 


h 


Along  the  bar  opposite  the  loaded  joint  n, 

M      1/N«        AP 

Along  the  bar  opposite  the  urdoaded  joint  n  —  1, 


A 


...(9.) 


The  last  two  stiesses  are  of  opposite  kinds ;  and  the  kind  of  each 
stress  is  to  be  determined^  as  before,  by  the  rule  given  after  equa- 
tion 1  of  this  Article. 

164.  idUUce  oivder— Abj  ij«a4«— In  a  lattice  girder,  as  in  a  half- 
lattice  girder,  there  are  a  hoii- 
^  zontal  upper  and  low^  bar; 

but  whereasa  half-lattice  girder 
contains  but  one  zig-zag  set  of 
diagonal  bars,  a  lattice  gird^ 
contains  two  or  more  sets,  cross- 
ing each  other,  usually  at  equal 
inclinations    to    the    hoiizon. 


fig.  88. 


Fig.  83  represents  the  simplest  form  of  a  lattice  girder,  in  whidi 
there  are  two  sets  of  diagonals,  crossing  each  other  midway 
between  the  upper  and  lower  horizontal  bars. 

The  load  is  supposed  to  be  applied  at  the  joints. 

Suppose  the  girder  to  be  cut  by  a  vertical  plane  of  section  0  D, 
traversing  one  of  the  joints  where  the  diagonals  cross.  The  shearing 
force  and  bending  couple  at  this  plsme  of  section  are  to  be  deter- 
mined exactly  in  the  same  manner  as  for  a  half-lattice  girder,  in 
Article  162. 

In  the  present  case,  because  the  plane  of  section  C  D  cuts  /out 
bars,  the  problem,  in  a  strict  mathematical  sense,  is  indeterminate^ 
according  to  the  principles  stated  in  Article  161 ;  but  it  is  solved 
by  taking  for  granted  what  is  the  fact  in  well-constructed  lattioe 
girders,  ^t  each  of  the  two  diagonals  which  cross  each  other  at 
the  section  C  D  bears  one-half  of  the  shearing  force ;  and  in  like 
manner,  when  several  pairs  of  diagonals  cross  each  other  at  the 
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orooB  aection,  it  is  aBSumed  that  the  resistanoe  to  the  shearing 
fi>iee  is  equally  distribated  amongst  them. 

To  fulfil  this  condition  where  a  pair  of  diagonals,  as  in  fig.  83, 
atom  each  other,  with  equal  and  opposite  inclinations,  the  stresses 
along  ihem  must  be  equal,  and  of  opposite  kinds.  Then  let  Bf  and 
—  R'  be  the  stresses  along  the  pair  of  diagonals,  and  t  and  —  % 
liieir  inclinations  to  the  horizon,  we  shall  have  for  the  vertioal 
somponent  of  the  force  sustained  by  them 

F,=:  R'  sin  ♦  —  R'  sin  (— 1)=  2  R'  sin  ♦; (1.) 

and  for  the  horixontal  component, 

Rf  cos  i  —  R'  cos  (—  i)  =  0 ; 

ID  that  the  horizontal  components  of  the  stresses  along  the  two 
diagonals  at  the  plane  of  section  balance  each  other. 

Let  2  m  be  the  number  of  diagonal  bars  which  cross  each  othe 
at  a  given  vertical  section,  the  amount  of  the  stress  along  each  bar  is 

^-^1^; ..(^ 

^^"^  ^  *{tiSit}^^  ^*"  "^^^^  «^^P«{aJi^}**^^  shearing 
fnpoe. 

The  pall  along  the  lower  bar,  and  the  throst  along  the  upper  bar, 
at  the  given  vertical  section,  must  constitute  a  couple  which  balances 
the  bending  couple  M ,  hence  their  common  amount  is 

B  =  ^  (3.) 


165.  MmtHmm  CMricr^Vaiftni  ij««dL— If  N  denote  the  even  num- 
ber of  equal  divisions  into  which  the  length  of  a  lattice  girder  is 
divided  by  vertical  lines  travendng  all  the  joints,  whether  of  meeting 
of  diagonal  and  horizontal  ban,  or  of  crossing  of  diagonal  bars,  and 
I  the  length  of  one  of  those  divisions,  so  that  N  ^,  as  before,  is  the 
spaa  of  the  girder,  then  the  effect  of  a  load  equally  distributed 
soiongBt  all  those  vertical  lines,  or  amongst  the  alternate  lines, 
may  be  found  by  means  of  the  formulae  for  a  half-lattice  girder. 
Article  163,  as  follows : — 

I.  When  the  load  is  distributed  over  all  the  vertical  lines,  the 
ii»mulae  for  case  1,  equations  1, 2,  3, 4,  are  to  be  applied  to  vertical 
flections,  such  as  C  D,  traversing  the  joints  of  crossing  of  diagonals ; 
observing  only,  that  the  resistance  to  the  shearing  force  ia  distributed 
amongst  the  diagonals  as  shown  by  equation  2  of  Article  164 
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II.  When  the  load  is  distributed  over  those  vertical  lines  onty 
which  traverse  joints  of  meeting  of  diagonal  and  horizontal  hms, 
the  formulae  of  case  2,  equations  5,  6,  7,  8,  9,  90  far  ob  tkof 
rdate  to  sections  made  at  unloaded  jomte,  are  to  be  applied  to  veriacal 
sections,  such  as  C  D,  traversing  ihe  joints  of  crossing  of  diagonals; 
attending  as  before  to  the  distribution  of  the  stress  amongst  tlie 
diagonals  bj  equation  2  of  this  Article.     (See  p.  639.) 

166.  Tniii«f«niiaa«ii  •f  FramM. — The  principle  explained  in 
Article  66,  of  the  transformation  of  a  set  of  lines  representing  one 
balanced  system  of  forces  into  another  set  of  lines  representiiig 
another  system  of  forces  which  is  also  balanced,  by  means  of  what 
is  called  "  Parallel  Projection,"  being  applied  to  the  iheary  a£ 
frames,  takes  obviously  the  following  form  : — 

Theorem.  I/a  frame  whose  lines  0/ resistance  constkuie  a  gitMH 
figure,  be  balanced  under  a  system  0/ external  forces  represented  by  a 
given  system  oflinesy  then  wUl  a  fraane  whose  lines  of  resistance  etn^ 
stitute  a  figure  ukvck  is  a  paraMd  projection  of  the  original  fi>gurey  be 
balanced  under  a  system  of  forces  represented  by  the  oorrespondimg 
pa/raUd  projection  of  the  given  system  of  lines;  and  the  Unes  repre- 
senting ihe  stresses  along  the  bars  of  the  new  frame,  will  be  the 
eorresponding  parallel  projections  of  the  Unes  representing  the  streuat 
along  the  bars  of  the  original  framve. 

This  Theorem  is  called  the  ''  Principle  of  the  Transformation  of 
Frames."  It  enables  the  conditions  of  equilibrium  of  any  unsym- 
metrical  frame  which  happens  to  be  a  parallel  projection  of  a 
symmetrical  frame  (for  example,  a  sloping  lattice  girder),  to  be 
deduced  from  the  conditions  of  equilibrium  of  the  symmetricid 
frame, — a  process  which  is  often  much  more  easy  and  simple  than 
that  of  finding  the  conditions  of  equilibrium  of  the  unsymmetiksl 
frame  directly. 

Section  2. — EqaUUyriiJim  of  Chains,  Cords,  Ribs,  and 

Linear  Arches, 

167.  BvdUbriua  •€  a  c«WL — ^Let  D  A  C  in  fig.  84  represent  a 

flexible  cord  supported  at 
the  points  C  and  D,  and 
loaded  by  forces  in  any 
direction,  constant  or  vary- 
ing, distributed  over  its 
whole  length   with  con- 

PI    g^         '^^    **■  stant  or  varying  intensity. 

Let  A  and  B  be  any 
two  points  in  this  cord ;  from  those  points  draw  tangents  to  the 
oord,  A  P  and  B  P,  meeting  in  P.  The  load  acting  on  the  cord 
between  the  points  A  and  B  is  balanced  by  the  pulls  along  the 
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«aid  at  those  two  points  raBpectively ;  those  pulls  miut  reapeotiyely 
act  along  the  tanAnts  A  P,  BP;  hence  follows — 

Thbobek  L     The  rensliairU  of  the  load  between  two  given  poimte 
m  a  Intianeed  cord  cicta  through  the  point  of  inieraec^^ 
k>  the  cord  iUthoee  poimte;  timd  that  reeuUant,  and  the  pidls  along  the 
eord  at  the  two  given  pointe,  are  proportional  to  theeidee  o/aUriomgle 
uhieh  are  reepeetiody  paralld  to  their  directions. 

The  more  the  number  of  loaded  points  in  a,  funicular  polygon  (as 
defined  in  Article  150)  is  increased,^-or,  in  other  words,  tibe  more 
tiie  nnmber  of  sides  in  the  polygon  is  multiplied, — the  more  nearly 
does  h  approximate  to  the  con£tion  of  a  cord  continuously  loaded; 
while  at  the  same  time,  the  niunber  of  lines  radiating  from  the 
point  O  in  the  diagram  of  forces  (exemplified  in  fig.  75^  increases 
with  the  nnmber  of  sides  of  the  funicular  polygon,  and  the  polygon 
cf  external  forces  of  fig.  75*  approximates  to  a  continuous  line, 
eorred  or  stanught 

A  diagrofm  qf/oroee  for  a  continuously  loaded  cord  may  be  con- 
itmcied  in  the  following  manner  (fig.  84*).  Let  radiating  lines  be 
drawn  from  the  point  O  parallel  to  the  tangents  of  the  cord  at  any 
points  which  may  be  under  consideration : — for  example,  let  O  C, 
0  D,  be  parallel  to  the  tangents  at  the  points  of  support,  and  O  A, 
0  B,  parallel  to  the  tangents  at  the  points  A  and  b  of  fig.  84  re- 
^ectivelj.  Let  the  lengths  of  those  radiating  lines  represent  the 
polls  along  the  cord  at  the  points  to  whose  tangente  they  are 
paiallel ;  and  let  a  line  D  A  B  C,  curved  or  straight,  as  the  case 
may  be,  be  drawn  so  as  to  pass  through  the  extremities  of  all  the 
radiating  lines  which  represent  the  pulls  along  the  cord  at  different 
points.  Then  from  Theorem  L  it  appears,  that  a  straight  line 
drawn  from  B  to  A  in  fig.  84*  will  represent  in  magnitude  and 
direction  the  resultant  of  the  load  on  the  cord 
between  A  and  B  (^g.  84).  Now,  suppose  the 
point  marked  A  in  ^.  84  to  be  taken  gradually 
nearer  and  nearer  to  B;  then  will  O  A  in  fig.  84* 
approach  gradually  nearer  and  nearer  to  OB; 
and  while  the  direction  of  the  strai^t  line  drawn 
firom  B  to  A  gradually  approaches  nearer  and 
nearer  to  the  direction  of  the  tangent  at  the  point 
B  to  the  line  0  B  A  D  in  fig.  84*,  the  resultant 
load  between  B  and  A  represented  by  that 
atraigfat  line  gradually  approaches  nearer  and 
nearer  in  direction  to  ^e  direction  of  the  load  at  the  point  B  in  figi 
84;  therefore,  the  direction  of  the  load  at  any  point  B  of  the  cord 
(%  841  ia  represented  by  the  direction  of  a  tangent  at  B  (fig.  84*), 
tothebieCBAD.  Hence  follows-- 
Trbobbi  II.     I/aUne  (called  a  line  of  loads)  be  drawn,  eueh 


y 
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168.   Cm4  mdcr  PwMllel 


that  fMle  iis  fwiiua^veciorJromagwenpoiiUispara^  to  a 
to  a  loaded  cord  cU  a  given  point,  its  own  tangent  is  paralUi  to  At 
diirecHon  of  the  load  at  the  point  in  the  cord;  then  will  the  lengik  ef 
a  radiue^vector  of  the  line  of  loads  represent  the  pull  at  the  com- 
spending  point  of  (he  cord;  and  a  straight  line  drawn  betioeen  any  two 
points  in  the  Une  of  loads  will  represent  in  magnitude  and  diiieiiom 
the  resfiUant  load  between  the  two  eorrespoTiding  points  in  the  card. 

The  supporting  forces  required  at  the  points  C  and  D  (fi^.  8i)^ 
aie  obviously  represented  in  magnitude  and  direction  by  the  ez* 
treme  radiating  lines,  OC,  O  D. 

A  loaded  cord,  hanging  freely,  is  obviously  stablef  but  capable  of 
oscillation. 

u — If  the  direction  of  the  load  ba 
evetywhere  parallel  and  vertical,  the  line  of  loads  be- 
comes a  vertical  straight  line,  as  C  B  A  D  (fig.  84**). 
To  express  this  case  algebraically,  let  A  in  fig.  M 
be  the  lowest  point  of  the  cord,  so  that  the  tangeni 
AP  is  horizontal  Then  in  fig.  84**,  O  A  wiU  bo 
horizontal,  and  perpendicular  to  C  D.     Let 

H  =  O  A  =  horizontal  tension  along  the  cord  at  A; 
R  =  OB  =  pull  along  the  cord  at  B; 
Fig  84**         p  _.  XB  =  load  on  the  cord  between  A  and  B; 

♦  ==  ^c::  X  PB  (fig.  84)  =  -^  AO  B  (fig.  84**)  =  inclination 

of  cord  at  B; 

then, 

P»  Htani;  R  =  J  (P»  +  BP)  =  Hsect (1.) 

To  deduce  from  these  formuls  an  equation  by  which  the  form  of 
the  curve  assumed  by  the  cord  can  be  determined  when  the  distri- 
bution of  the  load  is  known,  let  that  curve  be  referred  to  rectangulsr 
horizontal  and  vertical  co-ordinates,  measured  from  the  lowest  point 
A^  the  co-ordinates  of  B  being,  Kli  =  a?,  X  B  =  y ;  then 


whence  we  obtain 


tani  = 

dy 
dx 


dx' 


P 


(2.) 


a  differential  equation  which  enables  the  form  assumed  by  the  ooid 
to  be  determined  when  the  distribution  of  the  load  is  known. 

169.   C«rd  MBdier  VMlfenn  Tertlcal  Ij«adl. — Bj  BSl  uniform  vertiod 

load  is  here  meant  a  vertical  load  unifonnly  distributed  along  a 
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lorimitel  fltnughiline;  floihat  if  A  (fig.  SS),  be  tbe  lowest  point  of 
the  rope  otr  oord,  tiie  load  suspended  between  A  and  B  shall  be 


^a> 


Fig.  85. 


to  AX  =  fl^  the  horizontal  distance  between  those 
pointy  and  ci^pable  of  being  expressed  by  the  equation 

P  =  p»; (1.) 

whaep  18  a  constant  quantity,  denoting  the  intensity  of  the  load  in 
miti  ^  loetj^  /mt  imit  of  horizontal  length:  in  pounds  per  lineal 
fbot^  for  ezampla  It  is  required  to  find  the  form  of  the  curve 
D  A  B  Cy  and  the  relations  amongst  the  load  P,  the  hoiisontal  pull 

•t  A  (H)y  the  pull  at  B  (R),  and  the  co-ordinates  AX  =  x,  BX  =  y. 

Fini  Solution. — Because  the  load  between  A  and  B  is  uniformly 
distributed,  its  resultant  bisects  AX;  therefore,  the  tangent  BP 
bisecta  AX :  this  is  a  property  characteristic  of  a  pababola  whose 
vertex  is  at  A,  therefore,  the  curre  assumed  by  the  cord  is  such  a 
ptrabola. 

Also,  the  proportions  of  the  load^  and  the  horizontal  and  oblique 
tensions  are  as  follows : — 

P:H:R::BX:XP:PB::y:|:V(y"  +  f*) 


::p.:f5":p.v(l  +  ,^j (2.) 


Second  Solution, — In  the  present  case  equation  2  of  Article  168 
beoomes 

dy       px 


dx'^  B. 


(3.) 


which  being  integrated  with  due  regard  to  the  condition  that  when 
*  -  0»  y  =  0,  gives 

p  s^ 

y=2H 


(*•) 


the  equation  of  a  parabola  whose  focal  distance  (or  modulus,  to  use 
the  term  adopted  in  Dr.  Booth's  paper  on  the  ''Trigonometiy  of  the 
Buabola,"  Imports  of  the  British  Association,  1856),  is, 

=  i^=^ (5.) 

-4y       2p  ^   ' 
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For  a  parabola  we  haye  also  the  indination  •  to  the  horiaoa  i«- 
lated  to  ike  oo-ordinateB  by  the  following  equations: — 


tan  t  =s  ^  =  s—  =  — ; 
dx       Zw        --' 


(»i 


whence  we  have  the  proportionB 

P:H:R::tanf:l:8ec»::^:l:V(l+^ 

?:paj:^:p«-,y  [I  +^y -..-(7.) 

as  before. 

The  following  are  the  solutions  of  some  useful  problems  respectiiy 
uniformly  loaded  cords. 

Problek  L  Given  the  deoaJtUme^  ji,  ji,  of  the  two  painti  qfmppori 
of  the  cord  above  iia  lowest  point,  and  olso  ths  horizontal  dJsJanee^  or 
span  a,  bettoeen  those  points  of  support;  it  is  reared  to  Jmd  th^ 
horizontal  dista/nces,  Xi,  Zj,  o/the  lowest  point  Jrom  the  two  points  of 
support;  also  the  modulus  m. 

In  a  parabola, 

yi'Vt'  :flf:<; 
therefore^ 

«!  =  «'    ,   ^^l'.     ;  «,sa      y   ^J^'       ; (a) 

also 

^  _  _^  _  ^  _  a^  +  aj tf 

When  the  points  of  support  are  at  the  same  levd, 

a  a* 

yi  =  yt;  a^  =  2  ^  *^  =  Te^- (i^-) 

Pboblism  IL     Given  the  same  data,  to  find  the  indinaiians  i|,  i, 
o/the  oord  at  the  points  of  support, 
"By  equations  6,  we  have, 


tan<.=!yL=^y-+Vy-^t«nH=gy'='y'+^vy'y'.ai.) 

fl^  a  Xg  a  ^     ' 


wheo  yi  =  yi^  tan t|  =  tans  =  ~^. 


(11) 
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FftOBLBM  m.  Given  the  same  data,  cmd  the  load  per  unU  qf 
length;  required  the  horizontal  tension  "EL,  and  the  tensions  B^  B^ 
eU  the  points  of  support. 

By  equation  5,  we  find, 

and  bj  the  proportional  equation  7, 

B,  =  Hmch  =  H^(i+^); 

B,  =  Haeo*,=:H^(l+i^') (14.) 

Wben  y,  =  y,y  those  equations  become 

=.H^(l+l^ (15.) 

PsoBLEM  rV.  Given  the  same  data  (u  in  Problem  TL,  tojlnd  the 
length  of  the  eord. 

The  following  are  two  well  known  formulie  for  the  length  of  a 
parabolic  arc,  commencing  at  the  vertex,  one  being  in  terms  of  the 
co-ordinates  x  and  y  of  the  farther  extremity  of  the  arc,  and  the 
oidier  in  terms  of  the  modulus  vn,  and  the  inclination  t  of  the  farther 
extremity  of  the  arc  to  a  tangent  at  the  vertex. 

2 
B  m-{taQ  f  '  sec  •  4-  hyp.  log.  (tan •  +  sec  «)}... (16.) 

The  length  of  the  cord  is  «|  4-  «ti  where  «i  is  found  by  putting  Xi 
and  yi  in  the  first  of  the  above  formula^  or  fi  in  the  second,  and 
«^  by  putting  x^  and  y^  in  the  first  formula^  or  it  ia  the  second. 

ThB  following  approaamate  formuia  for  the  length  of  a  parabolic 
arc  is  in  many  cases  sufficiently  near  the  truth  for  practical  purposes; 

•  •  «  +  |^««»r^; (17.) 

whicib  gives  for  the  total  length  of  the  cord 
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•.  +  ^  =  a  +  |(|+g)««»^y (1&) 

and  when  jfi=  y„  this  becomes 

2»,  =  a  +  I-  •  ?^  Morfy; ^ Q^S.) 

Problem  T.  Gwen  the  actme  data,  to  find,  approximatdtf,  the  mnaU 
dongcUion  of  the  cord  d  (si  +  82)  required  to  produce  a  given  small 
depression  djo/the  lowest  poivU  A,  (md  comserady. 

Differentiating  equation  18,  we  find 


«^(..+^=|^'+|)'*y <^> 


which  serves  to  compute  the  elongation  firom  the  depression ;  and 
oonverseljy 


dy 


=  ?-^i?L±^; (21.) 


.(22.) 


which  serves  to  compute  the  depression  of  the  lowest  pcnnt  fiom 
the  elongation  of  the  cord     When  ^i  =  y^,  those  formule  become^ 

2rf^=-^dy 

The  preceding  formulse  serve  to  compute  the  depression  whidi 
the  middle  point  of  a  suspension  bridge  undergoes  in  consequence 
of  a  given  elongation  of  the  cable  or  chain,  whether  caused  bj  heat 
or  by  tension. 

170.     BaspcnslMi  Bridge  with  Tcvtical  Boda. — In   a   suspension 

bridge  the  load  is  not  continuous,  the  platform  being  hung  by  rods 
from  a  certain  number  of  points  in  each  cable  or  chain  :  neither  is 
it  uniformly  distributed  ,  for  although  the  weight  of  the  platform 
per  unit  of  length  is  uniform  or  sensibly  so,  the  load  arising  from 
the  weight  of  the  cables  or  chains  and  of  the  suspending  rods  is 
more  intense  near  the  piers*  Nevertheless,  in  most  cases  which 
occur  in  pra^^oe,  the  condition  of  each  cable  or  chain  approadies 
sufficiently  near  to  that  of  a  cord  continuously  and  uniformly 
loaded  to  enable  the  formulse  of  Article  169  to  be  applied  without 
material  error. 
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When  the  piers  of  a  STispension  bridge  are  slender  and  vertical 
(as  is  usually  the  case),  the  resultant  pressure  of  the  chain  or  cable 
on  the  top  of  the  pier  ought  to  be  vertical  also.  Thus,  let  C  £,  in 
fig,  85,  represent  ijie  vertical  axis  of  a  pier,  and  C  G  the  portion  of 
the  chain  or  cable  behind  the  pier,  which  either  supports  another 
division  of  the  platform,  or  is  made  fast  to  a  mass  of  rock,  or  of 
maaoniy,  or  otherwise.  If  the  chain  or  cable  passes  over  a  curved 
plate  on  the  top  of  the  pier  called  a  aaddUy  on  which  it  is  free  to 
slide,  the  tensions  of  the  portions  of  the  chain  or  cable  on  either 
side  of  the  saddle  will  be  equal ;  and  in  order  that  those  tensions  may 
compose  a  vertical  pressure  on  the  pier,  their  inclinations  must  Iw 
equal  and  opposite.  Let  •  be  the  common  value  of  those  inclina- 
tions ;  R  the  common  value  of  the  two  tensions ;  then  the  vertical 
pnsBore  on  the  pier  is 

V  =  2R8ini=2Htani=2|>«; (1.) 

that  iSy  twice  the  weight  of  the  portion  of  the  bridge  between  the 
pier  and  the  lowest  pointy  A,  of  the  curve  C  B  A  D. 

Bat  if  the  two  divisions  of  the  chain  or  cable  D  A  C,  C  O,  which 
meet  at  C,  be  made  fctst  to  a  sort  of  truck,  which  is  supported  by 
rollers  on  a  horizontal  cast  iron  platform  on  the  top  of  the  pier, 
then  the  pressure  on  the  pier  will  be  vertical,  whether  the  inclina- 
tions of  the  two  divisions  of  the  chain  or  cable  be  equal  or  unequal; 
and  it  is  only  necessary  that  the  horizontal  components  of  their  ten- 
nm  ahoidd  be  equal ;  that  is  to  say,  let  t,  ^,  be  the  inclinations  of 
the  two  divisions  of  the  chain  or  cable  in  opposite  directions  at  C, 
and  R)  R',  their  tensions,  then 

R  =  Hseo«;  Bf  =  naeoif; 
V=:Rsin»  +  R'sin»=H(tan»  +  tan  ^ (2.) 


171. 


a  vertical  load,  P,  be  applied  at  A,  fig.  86, 


Fig.  86. 


ng.8d*. 


and  sustained  by  means  of  a  horizontal  strut,  A  B,  abutting  against 
a  fixed  body  at  B,  and  a  sloping  rope  or  chain,  or  other  flexible  tie, 
A  D  Cy  fixed  at  C.  The  weight  of  the  struts  A  B,  is  supposed  to 
be  divided  into  two  components,  one  of  which  is  supported  at  B, 
while  the  other  is  induded  in  the  load  P.    The  weighty  W,  of  the 
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flexible  tie,  A  D  0,  is  supposed  to  be  ksown,  and  to  be  oonsidend 
separately  ^  and  with  these  data  there  is  proposed  the  following 

Fboblem.  W  being  small  compared  with  P,  to  find  approaamaldfi 
the  vertical  depression  ED  of  the  fieadble  tie  behw  the  etraigkt  Um 
A  C,  the  pulls  along  it  at  A,  D,  and  C,  and  the  horizontal  tknd 
along  AB. 

Because  W  is  small  compared  with  P,  the  curvature  of  the  tie 
will  be  small,  and  the  distribution  of  its  weight  along  a  had- 
zontal  line  may  be  taken  as  approxmatdy  uniform ;  therefore  its 
figure  will  be  nearly  a  parabola  ;  the  tangent  at  D  will  be  sensiblj 
parallel  to  A  C,  and  the  tangents  at  A  and  C  will  meet  in  a  pamt 
which  will  be  near  the  vertical  line  E  D  F,  which  line  bisects  A  G, 
and  is  bisected  in  D.    Hence  we  have  the  following  constructian : — 

Draw  the  diagram  of  forces,  fig.  86*,  in  the  following  manner. 

On  the  vertical  line  of  loads  b e,  take  b/=  P;  be=zP  +  —;  he 

=r  P  +  W.  From  6  draw  b  O  parallel  to  the  strut  A  B ;  that  is, 
horizontal ;  from  e  draw  e  O  parallel  to  C  A,  cutting  6  O  in  0 ; 
join  e  O,  fO. 

In  fig.  86,  bisect  A  C  in  E,  through  which  draw  a  vertical  line ; 
through  A  and  C  respectively  draw  A  F  ||  O/,  C  F  ||  O  c,  cutting 
that  vertical  line  in  F ;  bisect  E  F  in  D.  Then  will  A  F  and 
C  F  be  tangents  to  the  flexible  tie  at  A  and  C,  D  will  be  its  most 

depressed  point,  and  D  E  its  greatest  depression ;  and  the  pulb 
along  the  tie  at  C,  D,  and  A,  and  the  thrust  along  the  strut  AB^ 
will,  in  virtue  of  the  principle  of  Article  168,  be  represented  by 
the  radiating  lines  Oc,  Oe,  Of,  and  O  6,  in  fig.  86*. 

This  solution  is  in  general  sufficiently  near  the  truth  for  practi- 
cal purpose&  To  express  it  algebraicsJly,  let  R^  R^,  R^  be  the 
tensions  of  the  tie  at  A,  D,  C,  respectively,  and  H  the  horismtal 
thrust  j  then 


BG 


DE  =  ^EFs=|BO 


W 


P+f 


(L) 


J 
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The  differenee  o/lmigth  between  the  carve  ADC  and  the  straight 
fine  A£C  is  found  yeiy  nearly,  bj  substituting,  in  the  second 

ab-Ee^ 

tenn  of  equation  19,  Article  169,  AC  for  o^  and      -^-^      «>r  y^i 
that  is  to  say, 

ADC~AEC=^'     ^— ^     as— •--—-—•  i w\     (%\ 


3        AC  24        A0» 


172L  iJHii  >■■!■■  s*M«0  wiih  Marias  B«dU^ — ^Let  the  uniformly- 
loaded  platform  of  a  suspension  bridge  be  hung  from  the  chains  by 
parallel  sloping  rods,  makiDg  an  uniform  angle  j  with  the  vertical 
The  condition  of  a  chain  thus  loaded  is  the  same  with  that  of  a 
diain  loaded  verticaUy,  except  in  the  direction  of  the  load ;  and 
the  form  assumed  by  tJie  cham  is  a  parabola^  having  its  axis^paral- 
Id  to  the  direction  of  the  suspension  rod& 

In  fig.  87,  let  C  A  represent  a  chain,  or  portion  of  a  chain,  sup- 
ported or  fixed  at  C,  and  horizontal  at 
A,  its  lowest  point.  Let  AH  be  a 
horizontal  tangent  at  A,  representing 
the  platform  of  the  bridge;  and  let 
the  suspension  rods  be  all  parallel  to 
CE,  which  makes  the  angle  .^  ECH 
=  j  with  the  vertical     Let  BX  re-  ^  ^^ 

present  any  rod,  and  suppose  a  vertical  load  «  to  be  supported  at 
the  point  X.  Then,  by  the  prindples  of  the  equilibrium  of  a  frcmB 
9ffwo  ham  (Artide  145),  this  load  wiU  produce  a  fvU^  p,  on  the  rod 
XB,  and  a  thrtutj  q,  on  the  platform  between  X  and  H ;  and  the 
three  forces  v,  p,  g,  will  be  proportional  to  the  ddes  of  a  triangle 
pardld  to  their  directions,  such  as  the  triangle  C  E  H  ;  that  is  to 

«y.  

«:j>:9::C£[:CE:£H::  1:800/:  tan/ (1.) 

Kext,  instead  of  considering  the  load  on  one  rod  B  X,  consider  the 
entire  vertical  load  Y  between  A  and  X.  This  being  the  sum  of 
the  loads  supported  by  the  rods  between  A  and  X,  it  is  evident 
that  the  proportional  equation  (1)  may  be  applied  to  it;  and  that 
if  P  represent  the  amount  of  the  pull  acting  on  the  rods  between 
A  and  X,  and  Q  the  total  thrust  on  the  platform  at  the  point  X, 
wediall  have 

V:  P:  Q::CH:OE:EH::l:8eoJ:tan/ (2.) 

The  oW^titf  2oa^  P  =  Y  seo  /  is  what  hangs  from  the  chain  bet  ween 
A  snd  &  Being  uniformly  distributed,  its  resultant  bisects  A  X 
in  P,  whidi  is  also  the  point  of  intersection  of  the  tangents  A  P» 
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B  P;  and  the  ratio  of  the  oblique  load  P,  the  horizootal  tennaii 
,H  idong  the  chain  at  A,  and  the  tension  R  along  the  chain  at  S^ 
18  that  of  the  sides  of  the  triangle  B  X  P ;  that  is  to  say, 

P  :  H  :  R  :: ¥X  :  XP  =  =^  :  BP. (a.) 

Comparing  this  with  the  case  of  Article  169  and  fig.  85,  it  is  evi- 
dent that  the  form  of  the  chain  in  fig.  87  must  be  similar  to  tiiat 

of  the  chain  in  fig.  85,  with  the  exception  that  the  ordinate  X  B 

=  y  is  oblique  to  the  abscissa  AX  =  as,  instead  of  perpendicular ; 
that  is  to  say,  C  B  A  is  a  parabola,  having  its  axis  parallel  to  tiie 
inclined  suspenfdon  rods. 

The  equation  of  such  a  parabola,  referred  to  its  oblique  oo-ofdi- 
nates,  with  the  origin  at  A,  is  as  follows  : — 

y=-f;;r^ <^> 

where  m,  as  in  Article  169,  denotes  the  modulus  of  the  parabola^ 
giyen  by  the  equation 

w*= — 7 — - (5.) 

X  and  y  being  the  co-ordinates  of  any  hnoum  point  in  the  curve. 

The  length  of  the  tangent  B  P  =  t  is  given  by  the  following  equa- 
tion:— 

«=\/(j'  +  y'  +  «y<rini) (6.) 

Hence  are  deduced  the  following  formulae  for  the  relaiiosis 
amongst  the  forces  which  act  in  a  suspension  bridge  with  inclined 
rods.  Let  t;  now  be  taken  to  denote  the  intenaiiy  of  the  vertical 
load  per  unit  of  length  of  horizontal  platform — ^per  foot,  for  ex- 
ample ;  p  the  intensity  of  the  oblique  load ;  q  the  rate  at  which  the 
thrust  fiJong  the  platform  increases  from  A  towards  H.     Then 

Y  =  vx;  F=zpx  =  vx'aeoj;)  ^. 

Q  =  gas  =  «eB  *  tan/;  / ^ '' 

„      xT      px*      2pm      ^               _.  .^^ 

H  =  ^-=%-  =-^j-r=2t>w -sec^j (a) 

R  =  1Z  =  ?15=^.    ..  /9X 

?/  X  y    ^  •' 
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nie  horizontal  poll  H  at  the  point  A  may  be  sostaineci  in  three 
diCfe<rent  ways,  tvl  :— 

I.  The  chain  may  be  anchored  or  made  fiust  at  A  to  a  maas  of 
lock  cfT  masonry. 

II.  It  may  be  attached  at  A  to  another  equal  and  similar  chain, 
iiiiiilArly  loaded  by  means  of  oblique  rods,  sloping  at  an  equal 
angle  in  the  direction  opposite  to  that  of  the  rods  B  X,  ice,  so  that 
A  maj  be  in  the  middle  of  the  span  of  the  bridga 

HI.  The  chain  may  be  made  &st  at  A  to  the  horizontal  platform 
A  H,  80  that  the  pull  at  A  shall  be  balanced  by  an  equal  and  op- 
posite thrust  along  the  platform,  which  must  be  strong  enough  and 
stiff  enough  to  sustain  that  thrust.  In  this  case,  the  total  thrust  at 
any  poiiit,  X,  of  the  platform  is  no  longer  simply  Q  =  g  a^  but 

=  r(2m*sec»^'  +  aj- tanj). (10.) 

The  length  of  the  parabolic  arc,  A  B,  is  given  exactly  by  the 
following  formulae:  Let  •  denote  the  inclination  of  the  parabola 
at  the  point  B  to  a  line  perpendicular  to  its  axi&     Then 


•  =  arc  *  cos 


irt-^j) (»•) 


which,  when  B  coincides  with  A,  becomes  simply  t  =  /     Then 
from  ^e  known  formulae  for  the  lengths  of  parabolic  arcs,  we  have 

parabolic  arc  A  B  ^  m  <  tan i  sec  t  —  tan  j  sec/ 

+  hyp.log.*^*  +  "^n (12.) 

^tan^  +  secjj 

In  moat  cases  which  occur  in  practice,  however,  it  is  sufficient  to 
uae  the  following  approximate  formula : — 

aicAB=raj  +  y-8ini  +  |-^'-'^^neariy. (13.) 

^         "^      3    x+ysmf 

The  formulsB  of  this  Article  are  applicable  to  Mr.  Dredge's  sua- 
pension  bridges,  in  which  the  suspending  rods  are  inclined,  and 
although  not  e^uctly  parallel,  are  nearly  so. 

173.  KxtiadM  oiidi  latnidtoik— When  a  cord  is  loaded  with  parallel 
vertical  forces,  and  ordinates  are  drawn  downwards  from  the  cord, 
of  lengths  proportional  to  the  intensity  of  the  vertical  load  at  the 
points  of  the  cord  from  which  they  are  drawn,  a  line,  straight  or 
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curved  as  the  oaae  may  be,  which  tiaverseB  the  lower  ends  of  all 
these  ordinates,  is  called  the  exirados  of  the  given  load.  The  ciirv9 
formed  hj  the  cord  itself  is  called  the  ynJtradoa,  The  load  suspended 
between  any  two  points  of  the  cord  is  proportional  to  the  verticBl 
plane  area,  bounded  laterally  by  the  vertical  ordinates  at  those  two 
points,  above  by  the  cord  or  intrados,  and  below  by  the  extradoe ; 
and  may  be  regarded  as  equal  to  the  weight  of  a  flexible  siheet  of 
some  heavy  substance,  of  uniform  thickness,  bounded  above  by  the 
intrados,  and  below  bv  the  extrados.  The  following  \&  the  alge- 
braical expression  of  the  relations  between  the  extrados  and  the 
intradoa 

Assume  the  horizontal  axis  of  a;  to  be  taken  at  or  below  the  level 
of  the  lowest  point  of  the  extrados;  and  let  the  vertical  axis  of  y, 
as  in  Articles  168,  169,  and  170,  traverse  the  point  where  the 
intrados  is  lowest  For  a  given  abscissa  «,  let  ^  be  the  ordinate  of 
the  extrados,  and  ^  that  of  the  intrados,  so  that  y  —  ^  is  the  length 
of  the  vertical  ordinate  intercepted  between  those  two  lines,  to 
which  the  intensity  of  the  load  is  proportional  Let  to  be  the 
weight  of  unity  of  area  of  the  vertical  sheet  by  which  the  load  is 
considered  to  be  represented.  Then  we  have  for  the  load  between 
the  axis  of  y  and  a  given  ordinate  at  the  distance  x  from  that  axis, 


=  to|'(y  ''t/)dx; (1.) 


the  int^pral  representing  the  area  between  the  axis  of  y,  the  given 
ordinate,  the  extrados  and  the  intrados.  Combining  this  equation 
with  equation  2  of  Article  168,  we  obtain  the  following  equation : — 

an  equation  which  affords  the  means  of  determining,  by  an  indirect 
process,  the  equation  of  the  intrados,  when  the  horizontal  tension  B, 
and  the  equations  of  the  extrados  are  given,  and  also,  by  a  some- 
what more  indirect  process,  the  equation  of  the  intrados  and  the 
horizontal  tension,  when  the  equation  of  the  extrados  and  one  of 
the  points  of  the  intrados  are  given.  Both  these  processes  are  in 
general  of  considerable  algebraical  intricacy. 

—  obviously  represents  the  area  of  a  portion  of  the  sheet  above 
w 

mentioned,  whose  weight  is  equal  to  the  horizontal  tension.     Let 

that  area  be  the  square  of  a  certain  line,  a;  that  is,  let 

^=<fi (»•) 
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Hieii  that  line  is  called  the  paramder  of  the  intrados,  or  oarre  in 
which  the  oord  haiigg. 

When  the  yerti^  load  k  of  uniform  intensity,  as  in  Article 
169, 80  that  the  intradoe  is  a  parabola,  it  is  obvious  tluit  the  extradoe 
b  an  equal  and  similar  parabola^  situated  at  an  uniform  depth 
bdow  the  intradoa 

[The  reader  who  has  not  studied  the  properties  of  exponential 
limctionB  may  pasB  at  once  to  Article  176.] 

174.  cmHL  wuh  BtfrisMrtid  BxtnUto^ — ^If  the  extrados  be  a 
horizontal  straight  line,  that  line  may  itself 
be  taken  for  the  axis  of  x.  Thus,  in  fig. 
ff  A,  let  O  X  be  the  straight  horizontal 
CKtnulcs,  A  the  lowest  point  of  the  intrados, 
ind  let  the  Tertical  line  O  A  be  the  axis  of 

y.  Denote  the  length  of  O  A,  which  is  the 
kttt  ordinate  of  the  intrados,  by  y^     Let 

IX  =  y  be  any  other  ordinate,  at  the  end  ^^  ^  ^ 

«fthe  abscissa  (rx=.ax     Let  the  area  OABX  be  denoted  by 

m.    Then  eq[uations  1  and  2  of  Article  172  become  the  following : — 


dy  _  ^u      P  _  « 
The  genaral  integral  of  the  latter  of  these  equations  is 


.(1.) 


t»  =  A0-— Bs     • ^*) 

m  whidi  A  and  B  are  constants,  which  are  determined  by  the 
ipedal  conditions  of  the  problem  in  the  following  manner.     When 

K=:0,  e<*  =«     *  =  1;  ^t  at  the  same  time  ii  =  0,  therefore 
4  =  B,  and  equation  (ow),  may  be  put  in  the  form, 

M==A(e-— •"•) (6.) 

This  ghres  for  the  ordinate, 

y =T  ^•^+ •"  • ) (*) 

2  A 
which,  for  «  ^  0,  becomes  y^  =  —  ;  and  therefore 


A  =  ^. 
2  ' 


W 


which  value  being  introduced  into  the  miiona  preceding  equa.'>ioii^ 
^Tcs  the  foUowing  resolte,  as  to  &6  geometzical  propeitieB  of  tba 
mtrardaH  ^— 

Ofdinaie,y  =  ^i«^  +  *~  ■); 


(1) 


The  relations  & 
by  the  equations 


■  n- 

>ngst  the  forces  which  act  od  the  cotd  an  gim 


R  {tension  at  B)  =JT*  +  H*  =  H -\/  1 


In  the  course  of  the  application  of  tiiese  prindplee,  the  followii^ 
problem  may  occur : — given,  the  esdradot  O  X,  M«  vertex  AqfA 
uUrtuioe,  atui  a  point  of  mppOTi  "B;  it  ia  required  to  ootnpbte  l^e 
fiffun  <^  the  iTUradoe.  For  this  purpose  it  is  neoessary  and  sufficient 
to  find  the  parameter  a;  so  that  the  problem  in  &ct  amonuta  to 
tliis ;  given  the  least  ordinate  y„  and  the  ordinate  y  correepondiog 
to  tme  given  valve  of  the  abecdma  ie,  it  is  required  to  find  a,  ao  aa  to 
fiilfil  the  equation 


'+  < 


"(*-) 


=  Ajp0r6olic  conntf  of  -, 

aa  thia  function  Is  called.     Suppodng  a  table  of  hyperbolic  codMi 
to  be  u.t  hand,  -  is  found  by  ita  being  the  number  whose  hyper 

boLic  cosioe  is  —  :  so  that 

«  = (»■) 


number  to  hyp.  cos.  * 
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%mit  soch  a  table  is  rarely  to  be  met  with;  and  in  its  absence  a  ia 
Cbnnd  as  follows : — 

The  Talne  of  a;  is  given  in  terms  of  y  by  the  equation 


.a.hy,.log.(^+.^^); (6.) 


*nd  henoe 


X 


hyi.  kg.  (J  +  \/^-l) 


.(7.) 


175.  CateMUT  is  the  name  giyen  to  the  curve  in  which  a  cord  or 
chain  of  unifonn  material  and  sectional  area  (so  that  the  weight  of 
any  part  is  proportional  to  its  length)  hangs  when  loaded  with  its 
own  weight  alone. 

Let  fig.  87  A,  serve  to  represent  this  curve;  but  let  A  be  taken  as 
the  origin  of  co-ordinates,  so  that  the  axis  of  x  is  a  horizontal  tangent 
at  A.  Let  s  denote  the  length  of  any  given  arc  A  R  Then  if  p 
be  the  weight  of  an  unit  of  length  of  the  cord  or  chain,  the  load 
suspended  between  A  and  B  is  T  =  ps.  The  inclination  %  of  the 
enrve  at  B  to  a  horizontal  line  is  expressed  by  the  equations 


cost  = 


dx 
dJ 


dy       ^   /  ,        «?«• 


tant  =  ^=A/T_I? 
dx        W  d^ 


•••••  \^i 


dx 

Let  the  horizontal  tension  be  equal  to  the  weight  of  a  certmn 
length  of  ehain^  m,  so  that 

H  =zpm (2.) 

From  these  equations,  and  from  the  general  equation  2  of  Article 
168»  we  deduce  the  following : — 


tant  ssi 


a/i--^ 
•    V        ^^^ 

7x 
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which,  bj  a  few  reductions,  is  brought  to  the  following  foim : — 

dx m 

7^""  Jm^  +  g" 


(4) 


the  integral  of  which  (paying  due  r^ard  to  the  conditioDS  that 
when  «  s=  0,  OS  =  0)  is  Imown  to  be 

«  =  m-hyp.log.  (A  +  yy/l  +  ^) (5.) 

This  equation  gives  the  abscissa  x  of  the  extremity  of  an  arc  A  B 
=  8,  when  the  paramOer  of  the  catenary  (as  m  is  <^ed)  is  known. 
Transforming  the  equation  so  as  to  have  s  in  terms  of  a:,  we  obtain 

•=f  («"—"") («•) 

The  ordinate  y  is  found  in  terms  of  x  by  int^rating  the  equation 
which  gives 

the  term  —  2  being  introduced  in  order  that  when  x  =  Oyy  jomj 
be  also  =  0.  This  is  the  equation  of  the  catenary,  so  fiir  as  its  form 
is  concerned.     The  mechanical  condition  is  given  by  the  equatjomt 


dy 
dx 


H  =  pm;  P  =p«; 


B—pJm'  +  8F  =  ^^^+e   -Wi?(y 


=i?(y  +  m); 


W 


so  that  the  tension  ai  cmy  point  %8  equal  to  the  weight  of  a  pieoe  ^ 
the  chain,  uhoee  length  is  the  ordinate  added  to  the  para/meter. 

Suppose  the  axis  of  Xy  instead  of  being  a  tangent  at  the  vettez 
of  the  curve,  to  be  situated  at  a  depth  A  0  =  m  below  the  vertex, 
and  let  ff  denote  any  ordinate  measured  from  this  lowered  axis; 
then 


jr  =  y +  m=^^«-+«    =V. 


.(10.) 


which,  being  compared  with  the  expression  for  the  ordinate  amongst 
equations  2,  Article  174,  shows,  that  the  vntradoefoT  a  horizontal  C3»- 
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tradim  taken  the  lead  ordinate  is  eqtud  to  the  parameter  (jq  =  a),  becomes 
idenUoal  with  a  eatenary,  hamng  the  eame  parameter  ^  =  a  =  j^). 

Pboblsm.  Given,  Uoo  points  in  a  ccUenary,  ana  the  length  of 
ekain  between  than;  required  the  remainder  of  the  curve. 

het  k  be  the  horizontal  distance  between  the  two  points^  v  their 
difference  of  levels  I  the  length  of  chain  between  them.  Those  three 
qaantitieB  are  the  data. 

The  unknown  quantitieB  may  be  expressed  in  the  following 
manner.  Let  a;,,  f/i,  be  the  co-ordinates  of  the  higher  given  point, 
and  «|  the  arc  terminating  at  it,  all  measured  from  the  yet  unknown 
Teriex  of  the  catenaiy,  and  x^  y„  e„  the  corresponding  quantities 
for  the  lower  given  point  (The  particular  case  when  the  points 
axe  at  the  same  level  will  be  afterwards  considered^     Also  let 

«i  +  dB^  =  ^  (an  unknown  quantity). 
Then,  we  have 

*i  —  ^     >  ^ —      2     ^     ' 

Patting  these  values  of  x  in  the  equations  6  and  8^  we  find 


i  =  »i  — 1^=  i» 


...(1^) 


^uare  those  two  equations  and  take  the  difference  of  the  squares  ; 
then, 

Jir—^  =  m  /'«  ^_tf-i^V (13.) 

In  thiB  equation  the  only  unknown  quantity  is  the  pa/ramhder  m, 
which  18  to  be  determined  by  a  series  of  approximations. 

Next,  divide  the  sum  of  the  equations  (12)  by  their  difference. 
This  gives 

i       l  +  v 

I  —  V 

and  oQDsequently 

A  =  i»  •  hyp.  log.  ^— -| (14.) 

Either  or  both  of  the  abecisse  Xi  and  x^  being  computed  by  the 
equations  11,  we  find  the  position  of  the  vertical  axis.  Then  com- 
puting by  equation  8,  either  or  both  of  the  ordinates,  ^i,  y^  we  find 
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the  vertex  of  the  catenaiy,  which,  together  with  the  parametev 
being  known,  completely  determines  the  cmrve. — Q.  E.  L 

When  the  given  points  are  at  the  same  level,  that  is,  when  «  =  0, 
the  vertical  axis  must  be  midway  between  them,  so  that 

«H  =  — a%  =  |;A  =  0 (15.) 

In  tliis  case  equation,  13  becomes 

l  =  m  fe^"^ — «~«»'\ (16.) 

from  which  m  is  to  be  found  by  successive  approximations.  Then 
the  computation  of  f/i  =  y,  by  means  of  equation  8  determines  the 
vertex  of  the  curve,  and  completes  the  solution. 

The  following  are  some  of  the  geometrical  properties  of  the 
catenaiy : — 

I.  The  radius  of  curvature  at  the  vertex  is  equal  to  the  paim- 
meter,  and  at  any  other  point  is  given  by  the  equation 

r=:m  •  sec^i. (17.) 

XL  The  length  of  a  normal  to  the  catenaiy,  at  any  point,  cot  off 
by  a  horizontal  line  at  the  depth  m  below  the  vertex,  is  equal  to  the 
radius  of  curvature  at  that  point 

III.  The  involute  of  a  catenaiy  commencing  at  its  vertex,  is  the 
tractoiy  of  the  horizontal  line  before  mentioned,  with  the  constant 
tangent  fn» 

lY.  If  a  parabola  be  rolled  on  a  straight  line,  the  focus  of  the 
parabola  traces  a  catenary  whose  parameter  is  equal  to  the  focal 
distance  of  the  parabola. 

176.  Centre  ef  Grarlty  ef  a  Flexible  Stnietne. — In  eveiy  casein 

which  a  perfectly  flexible  structure,  such  as  a  cord,  a  chain,  or  a 
funicular  polygon,  is  loaded  with  weights  only,  the  figure  of  stable 
equilibrium  in  the  structure  is  that  which  corresponds  to  the  lowest 
possible  position  of  the  centre  of  gravity  of  the  entire  load.  This 
principle  enables  all  problems  respecting  the  equilibrium  of  ver 
tically  loaded  flexible  structures  to  be  solved  by  means  of  ibe 
"  Calculus  of  Variationa" 

177.  Trancfermatleii  ef  Cerds  and  Chains.  —  The    principle  (^ 

TrcmsforrncUion  by  ParaUd  Projection  is  applicable  to  oontinuou^ 
loaded  cords  as  well  as  to  polygonal  frames :  it  being  always  borne  is 
mind,  that  in  order  that  forces  may  be  correctly  transformed  bj 
parallel  projection,  their  magnitudes  must  be  represented  by  tJtf 
lengths  of  straight  lines  parallel  to  their  directions^  so  that  if  in  any  cas» 
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the  nutgnitade  of  a  force  is  represented  by  an  area  (as  in  ArtideB 
173  and  174)  or  hj  the  length  of  a  curve  (as  in  Article  175), 
ire  nraat^  in  transforming  that  force  by  proj^ion,  first  consider 
what  length  and  position  a  strai^t  line  should  have  in  order  to 
representr  it^ « 

Some  of  the  cases  already  given  might  have  been  treated  as  ex- 
amplea  of  transformation  by  parallel  projection.  For  instance,  the 
bridge-chain  with  sloping  rods  of  Article  172  might  be  treated  as 
a  parallel  projection  of  a  bridge-chain  with  vei-tical  rods,  made  by 
substitntiiig  oblique  for  rectangular  co-ordinates;  and  the  intrados 
fat  a  horizontal  eztrados  of  Article  174,  where  the  least  ordinate  y^ 
and  parameter  a  have  any  ratio,  might  be  treated  as  a  parallel 
|Rojectiaii  deduced,  by  altering  the  proportions  of  the  rectangular 
co-ordinates,  from  the  corresponding  curve  in  which  the  least  co- 
ordinate is  equal  to  the  parameter;  that  is,  from  the  catenaiy. 

The  algebraical  expressions  for  the  alterations  made  by  parallel 
projection  in  the  co-ordinates  of  a  loaded  chain  or  cord,  and  in  the 
foroes  applied  to  it^  are  as  follows  : — 

In  the  original  figure,  let  y  be  the  rertical  co-ordinate  of  any 
point,  and  x  the  horizontal  co-ordinate.  Let  P  be  the  vertical  load 
applied  between  any  point  B  of  the  chain  and  its  lowest  point  A; 

let  p  s  -J-  be  its  intensity  per  horizontal  unit  of  length;  let  H  be 

tiie  horisontal  component  of  the  tension;  let  R  be  the  tension  at 
the  point  B. 

Suppose  that  in  the  transformed  figure,  the  vertical  ordinate  y, 
and  the  vertical  load  F,  which  is  represented  by  a  vertical  line,  are 
Qnehanged  in  length  and  direction,  so  that  we  have 

y'  =  y;F  =  P; (1.) 

hot  for  each  horizontal  co-ordinate  x,  let  there  be  substituted  an 

Mqwe  ethordinate  a/,  inclined  at  the  angle  j  to  the  horizon,  and 

of 
altered  in  length  by  the  constant  ratio  -  =  a.     Then  for  the  hori- 

zoQtal  tension  H,  there  will  be  substituted  an  oblique  tension  H', 
parallel  to  qb^,  and  altered  in  the  same  proportion  with  that  oe 
ordinate;  that  is  to  say, 

igf=:ax,B!  =  a  H (2.) 

The  original  tension  at  B  is  the  resultant  of  the  vertical  load  P 
and  the  horizontal  tension  H.     Let  R  be  its  amount,  and  %  its  in- 

dination  to  H ;  then  

R  =r  JT'  +  B.'; (3.) 
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and  the  ratioB  of  those  three  forces  are  expressed  by  the  proportiaa 

P:H:R:  :tant  :1  :seci  :  :8iiit  :cob»:  1 (4.) 

Let  R'  be  the  amount  of  the  tension  at  the  point  B  in  the  new 
structure,  corresponding  to  B,  and  let  i'  be  its  inclination  to  the 
oUique  co-ardinaU  oi;  then 

R'  =  ^(F»  +  H^dt:  2  FBP  sinj) (5.) 

F  :  H* :  R' : :  sint  :  ooe(t'=i=y)  :  oosj (a) 

The  altematiye  signs  =±=  are  to  be  used  according  as  t '  and  i 

I  (^^  \  "^  <lirectioi^ 

The  irUensUy  of  the  load  in  the  transformed  structore  pet  unit  ^ 
oblique  length  measured  along  dvf^VA 

but  if  the  intensity  of  the  load  be  estimated  per  unit  of  harizonlal 

lengthy  it  becomes 

P 

»'  sec  f'  =  — ^- — - (8.) 

"^        ^       a'Qoaj 

178.  JLiacar  Arcb«a  •r  Ribs. — Conceive  a  cord  or  chain  to  be 
exactly  inverted,  so  that  the  load  applied  to  it^  unchanged  in  direc- 
tion, amount,  and  distribution,  shall  act  inwards  instead  of  ont^ 
wards;  suppose,  further,  that  the  cord  or  chain  is  in  some  manner 
stayed  or  stiffened,  so  as  to  enable  it  to  preserve  its  figure  and  to 
resist  a  thrust ;  it  then  becomes  a  linear  o/rcJi,  or  equilibrated  rib : 
and  for  the  puU  at  each  point  of  the  original  cord  is  now  substi- 
tuted an  exactly  equal  tfimst  along  the  rib  at  the  corresponding 
point. 

Linear  arches  do  not  actually  exist;  but  the  propositions  respect- 
ing them  are  applicable  to  the  lines  of  resistance  of  real  arches  and 
arched  ribs,  in  those  cases  in  which  the  direction  of  the  thrust  at 
each  joint  is  that  of  a  tangent  to  the  line  of  resistance,  or  carve 
connecting  the  centres  of  pressure  at  the  joints. 

All  the  propositions  and  equations  of  the  preceding  Article8» 
respecting  cords  or  chains,  are  applicable  to  linear  arches,  substi* 
tuting  only  a  thanui  for  a  pnilly  as  the  stress  along  the  line  of  resist- 
ance. 

The  principles  of  Article  167  are  applicable  to  linear  arches  in 
general,  with  external  forces  applied  in  any  direction. 

The  principles  of  Article  1G8  are  applicable  to  linear  arcto 
under  parallel  loads;  and  in  such  arches,  the  quantity  denoted  bf 
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W  in  the  formnls  representB  a  eonsUuU  thnuiy  in  a  direction  per- 
pendiailar  to  tbat  of  the  load. 

The  form  of  equilibrium  for  a  Unear  arch  under  an  unifonn  load 
IB  a  parabola,  similar  to  that  described  in  Artdcle  169. 

In  the  case  of  a  linear  arch  under  a  vertical  load,  vntradas  denotes 
the  figure  of  the  arch  itself,  and  extrcuios  a  line  traversing  the  upper 
ends  of  ordinates,  drawn  upwards  from  the  intrados,  of  lengths  pro- 
portional to  the  intensities  of  the  load  ;  and  the  principles  of 
Article  173  are  applicable  to  relations  between  the  intrados  and 
^  extradoa. 

The  curve  of  Article  174  is  the  figure  of  equilibrium  for  a  linear 
«ich  with  a  horizontal  extrados ;  and  from  Article  175  it  appears, 
that  the  figures  of  all  such  arches  may  be  deduced  from  that  of  a 
eatenazj,  by  inverting  it  and  altering  its  horizontal  and  vertical 
co-ordinates  in  given  constant  proportions  for  each  case. 

The  principles  of  Article  177,  relative  to  the  transformation  of 
etnds  and  chains,  are  applicable  also  to  linear  arches  or  ribs.  This 
subject  will  be  farther  considered  in  the  sequel 

The  preceding  Articles  of  this  section  contain  propositions  which, 
though  applicable  both  to  cords  and  to  linear  arches,  are  of  impor- 
tance in  practice  chiefly  in  relation  to  cords  or  chains.  The  follow- 
ing Articles  contain  propositions  which,  though  applicable  also  to 
oords  as  well  as  linear  arches,  are  of  importance  in  practice  chiefly 
in  relation  to  linear  arches. 

179.     CiKHbur  Arch  far  VwMiurm  FlaUl  rmwrnmy. — It   is   evident 

that  a  linear  arch,  to  resist  an  uniform  normal  pressure  from  with- 
out, should  be  circular ;  because,  as  the  force  to  which  it  is  sub- 
jected ia  similar  all  round,  its  figure  ought  to  be  similar  to  itself 
•n  round — ^a  property  possessed  by  the  circle  alona 
In  fig.  88,  let  A  B  A  B  be  a  circtdar  linear  arch,  rib,  or  ring, 


Fig.  88. 

whose  centre  b  O,  pressed  upon  from  without  by  a  normal  pressure 
of  uniform  intensity. 

In  order  that  the  intensity  of  that  pressure  may  be  conveniently 
pressed  in  units  of  force  per  unit  of  area^  conceive  the  ring  in 
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question  to  represent  a  'vertical  section  of  a  cylindrical  sheD,  wliCBe 
length,  in  a  direction  perpendicular  to  the  plane  of  the  figure^  is 
unitf/.  Let  p  denote  the  intensity  of  the  external  pressure,  in 
units  of  force  per  unit  of  area  ;  r  ihe  radius  of  the  ring ;  T  the 
thrust  exerted  round  it^  which,  because  its  length  is  umty,  is  a 
thrust  per  unU  of  length. 

The  uniform  normal  pressure  p^  if  not  actually  caused  hj  the 
thrust  of  a  fluid,  is  similar  to  fluid  pressure ;  and,  aocording  to 
Article  110,  it  is  equivalent  to  a  pair  of  conjugate  pressures  in  aaj 
two  dii'ections  at  right  angles  to  each  other,  of  equal  intensi^. 
For  example,  let  x  be  vertiod,  y  horizontal,  and  let  ^«,  i?^  be  the 
intensities  of  the  vertical  and  horizontal  pressure  respectively,  then 

P^-P,=Pl 0) 

and  the  same  is  true  for  any  pair  of  rectangular  pressures. 

To  find  the  thrust  of  the  ring,  conceive  it  to  be  divided  into  two 
parts  by  any  diametral  plane,  such  as  0  0.  The  thrust  of  the  ring 
at  the  two  ends  of  this  diameter,  of  the  amount  2  T,  must  balance 
the  component,  in  a  direction  perpendicular  to  the  diameter,  of  the 
pressure  on  the  ring;  the  normal  intensity  of  that  component  ]sp, 
as  already  shown ;  and  the  area  on  which  it  acts,  projected  on  the 
plane,  C  C,  which  is  normal  to  its  direction,  is  2r ;  hence  we  have 
the  equation 

2T  =  2pr;  or  T==pr (2.) 

for  the  thrust  all  round  the  ring;  which  is  expressed  in  words  hj 
this 

Theobeil  Ths  tknut  round  a  circular  ring  under  an  un^arm 
normal  pressure  is  the  product  of  the  pressure  on  an  unit  qfcircimh 
ference  by  the  radius. 

180.    Klliprtcal  ArchM  f«r  VKiforai  Pre— wre^ — ^If  a   linear  aidl 

has  to  sustain  the  pressure  of  a  mass  in  which  the  pair  of  conjugate 
thrusts  at  each  point  are  uniform  in  amount  and  direction,  but  not 
equal  to  each  other,  all  the  forces  acting  parallel  to  any  given  direc- 
tion will  be  altered  from  those  which  act  in  a  fluid  mass,  bj  a  given 
constant  ratio ;  so  that  they  may  be  represented  by  parallel  projec- 
tions of  the  lines  which  represent  the  forces  that  act  in  a  fluid  mass. 
Hence  the  figure  of  a  linear  arch  which  sustains  such  a  system  of 
pressures  as  that  now  considered,  must  be  a  parallel  projection  ofB 
circle ;  that  is,  an  ellipse.  To  investigate  the  relations  which  must 
exist  amongst  the  dimensions  of  an  elliptic  linear  arch  under  a  pair 
of  conjugate  pressures  of  uniform  intensity,  let  A'  'B  A'  R,  B"  A''F', 
in  i^g,  88,  represent  elliptic  ribs,  transformed  from  the  circular  rib 
A  B  A  B  by  parallel  projection,  the  vertical  dimensions  being  un- 
changedf  and  the  horizontal  dimensions  either  expanded  (as  B'  B^ 
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or  omtrBcted  (as  B*  B^,  in  a  given  uniform  ratio  denoted  by  c  ;  so 
tbat  r  shall  be  the  vertical  and  er  the  horizontal  semi-axis  of  the 
ellipse  j  and  if  as,  y,  be  respectively  the  vertical  and  horizontal  co- 
ordinates of  any  point  in  the  circle,  and  of  f/,  those  of  the  corre- 
^nding  point  in  the  ellipse,  we  shall  have 

nf=:x;  j/^cy. (1.) 

If  0  Cy  D  D,  be  any  pair  of  diameters  of  the  circle  at  right  angles 
to  each  other,  their  projections  will  be  a  pair  of  conjugate  diameters 
cf  the  ellipse,  as  CT  &,  D' D'. 

Let  P,  be  the  total  vertical  pressure,  and  P,  the  total  horizontal 
pressure,  on  one  quadrant  of  the  circle  A  R 

Then 

P.  =  P,  =  T=jpr. 

Let  P, be  the  total  vertical  pressure,  and  P^the  total  horizontal 
pressure,  on  one  quadrant  of  the  ellipse,  as  A' K,  or  A"  B";  and  let 
T,  be  the  vertical  thrust  on  the  rib  at  B'  or  B'',  and  T,  the  hori- 
sonial  thrust  at  A'  or  A". 

Then,  by  the  principle  of  transformation, 

or,  the  toUd  thrusts  are  cu  the  axes  to  tMch  they  are  paraUd. 

Farther,  let  F  =  IT  be  the  total  pressure,  parallel  to  any  semi- 
diameter  of  the  ellipse  (as  (X  D^  or  O"  D")  on  the  quadrant  D'  CT  or 
B*  C*,  which  force  is  also  the  thrust  of  the  rib  at  CT  or  0",  the  ez- 
traooityof  the  diameter  conjugate  to  (X D' or  O"  D* ;  and  let  CD' 
orO"iy  =  r';  then 

F  =  T  =  J  P  =1,1-; (3.) 

or,  ike  toUd  thrusts  are  as  the  diameters  to  which  they  are  paraUd. 

Next,  let  ff^  p'y,  be  the  intensUies  of  the  conjugate  horizontal  and 
vertical  pressures  on  the  elliptic  arch ;  that  is,  of  the  ''  principal 
ftreesee**  (Articles  109,  112).  Each  of  those  intensities  being  found 
bv  dividing  the  corresponding  total  pressure  by  the  area  of  the 
pttDe  to  wnich  it  is  normal,  they  are  given  by  the  following  equa- 
tion:— 


cr 


F 


(M 


J 
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80  that  ihe  intensiHea  of  the  principal  pressnrea  are  €U  the  squarm  ^ 
ike  aooes  of  the  elliptic  arch  to  vihiA  thiey  are  paraUeL 

Hence  the  "  eliipee  of  stress"  of  Article  112  is  an  ellipee  whott 
axes  are  proportional  to  the  squares  of  the  axes  of  the  elliptic  arch; 
and  to  adapt  an  elliptic  arch  to  uniform  vertical  and  hoiizontal 
pressures,  the  ratio  of  the  axes  of  the  arch  mu^  be  the  equare  root  ef 
the  ratio  of  the  intenaUies  of  the  principcU  preeaures  ;  that  ia, 


-Vfe 


(p.) 


The  external  pressure  on  any  point,  D*  or  D",  of  the  elliptic  arch, 
is  directed  towards  the  centre,  (>  or  O*,  and  its  intensity,  per  unit 
of  area  of  the  plane  to  which  it  is  conjugate  (CX  O  or  O'  (?),  is  given 
by  the  following  equation,  in  which  r'  denotes  the  semidiameter 
(O'  D'  or  O"  D")  parallel  to  the  pressure  in  question,  and  t^  the  con- 
jugate semidiameter  (CX  O  or  O"  0")  : — 

P  f 

P'  =  liT  =  P  •;?r; (6-) 

r  r 

that  is,  tJie  intensity  of  the  pressure  in  ^le  direcUon  of  a  gwen  dia- 
meter is  directly  as  thai  diameier  and  inversely  as  the  cor^iigaie  dior 
meter. 

Let  />*  be  the  intensity  of  the  external  pressure  in  the  directioa 
of  the  semidiameter  r^.     Then  it  is  evident  that 

|/  :  p"  :  :  f^  :  r^; (7.) 

that  is,  the  ifUensities  of  a  pair  of  conjugate  pressures  are  to  each  other 
as  the  squares  of  the  conjugate  diameters  of  the  elliptic  rib  to  u^dek 
they  are  respectively  paraUd, 

These  results  might  also  have  been  arrived  at  by  means  of  the 
principles  relative  to  the  ellipse  of  stress,  which  have  been  explained 
in  Article  112. 

181.  I»i0toncd  BiUptie  Areb. — To  adapt  an  elliptic  linear  ardi 
to  the  sustaining  of  the  pressure  of  a  mass  in  which,  while  the  state 
of  stress  is  uniform,  the  pressure  conjugate  to  a  vertical  pressure  is 
not  horizontal,  but  inclined  at  a  given  angle  y,  the  figure  of  th« 
elli|jse  must  be  derived  from  that  of  a  circle  by  the  substitution  of 
inclined  for  horizontal  co-ordinates. 

In  fig.  89,  let  B  A  C  be  a  semicircular  arch  on  which  the  ex- 
temal  pressures  are  normal  and  uniform,  and  of  the  intensity  p,  u 
before;  the  radius  being  r,  and  the  thrust  round  the  arch,  and  load 
on  a  quadrant,  being  as  before,  P  =  T  =  pr.  IjQt  D  be  any  pomt 
in  the  circle,  whose  co-ordinates  are,  vertical,  OE  =  a,  horiaontal, 
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D  =  y.     Let  R  A'  CT  be  a  semi-elliptic  arch,  in  which  the  verti- 
'  ordinates  are  the  same  with  those  of  the  circle,  while  for  each 


Fig.  89. 

Ikovusontal  ordinate  is  sahstituted  an  ordinate  inclined  to  the  hoxi- 
son  by  the  constant  angle  y,  and  bearing  to  the  corresponding  hori- 
simtal  ordinate  of  the  circle  the  constant  ratio  e ;  that  is  to  saj, 


(1.) 


Then  for  the  vertical  semidiameter  of  the  circle  O  A  =  r,  will  be 

sahstituted  the  eqnal  rertical  semidiameter  of  the  ellipse  O  A'  = 

r ;  and  for  the  horizontal  diameter  of  the  circle  C  B  =  2  r,  will  be 

sahstituted  the  inclined  diameter  of  the  ellipse  CB  =  2er,  which 
is  conjugate  to  the  vertical  semidiameter. 

The  forces  applied  to  the  elliptic  arch  are  to  be  resolved  into 
yertical  and  indined  components,  parallel  to  (X  A'  and  C  F,  instead 
of  vertical  and  horizontal  component&  Let  P,  denote  the  total 
yertical  pressore,  and  P.  the  total  inclined  pressure,  on  either  of  the 
elliptic  quadrants,  CT  A ,  A'  R ;  T,  the  indined  thrust  of  the  arch 
at  A',  P,  the  vertical  thrust  at  B  or  (T.     Then 


r,  =  P,  =  T  =  P  =  pr\         \ 
T,  =  Py  =  cT  =  cP  =  epri  ] 


.(2.) 


that  18  to  say,  those  forces  are,  as  before,  proportional  to  the  dieh 
mden  to  which  they  are  paralld. 

Let  jr^  be  the  intensity  of  the  vertical  pressure  on  the  eUiptic 
srch  per  unit  of  area  of  the  inclined  plane  to  which  it  is  conjugate, 

CV  ;  let  j/,  be  the  intensity  of  the  inclined  pressiu^  per  unit  of 
area  of  the  vertical  plane  to  which  it  is  conjugate  ;  then 
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flo  that,  as  before,  the  intensities  of  the  oonjugaU  pretsure^ 
the  squa^ts  of  the  dM/mders  to  tchich  they  a/re  paraUd, 

The  thrust  of  the  arch  at  any  point  D'  is  as  before, 
to  the  diameter  conjugate  to  O'  D'. 

It  is  sometimes  convenient  to  express  the  intensity  of  the 
cal  pressure  per  unit  of  area  of  the  horizontal  projection  of  the 
over  which  it  is  distributed  ;  this  is  given  by  the  equation 


p,  '  sec  J  = 


C'COSJ 


(*■) 


It  is  to  be  borne  in  mind,  that  this  is  not  the  presBore  on  unity 
of  area  of  a  horizontal  plane  (which  pressure  is  inversely  as  tike 
horizontal  diameter  of  the  ellipse  and  dii'ectly  as  the  diameter  con- 
jugate to  that  diameter,  to  which  latter  diameter  it  is  parallel),  bat 
the  pressure  on  that  area  of  a  plane  inclined  at  the  angle  j,  whoee 
horizontal  projection  is  unity. 

The  following  geometrical  construction  serves  to  determine  the 
major  and  minor  axes  of  the  ellipse  K  A'  (7. 

Draw  O'a  J-  and  =  O  A' ;  join  Fa,  which  bisect  in  m;  in  B'a 
produced  both  ways  take  mp  =  mq  =  O'm ;  join  (Xjj,  (fq ;  these 
lines,  which  are  perpendicular  to  each  other,  are  the  directions  of 
the  axes  of  the  ellipse,  and  the  lengths  of  the  semiaxes  are  respectivdy 
equal  to  the  segments  of  the  line  p  7,  viz.,  B'p  ==  a  ^,  'Bq  s=  ap 

The  following  is  the  algebraical  expression  of  this  solution.  Loi 
A  denote  the  major  and  B  the  minor  semi-axis  of  the  eUipse. 

Then  

A  +  B  =  20'm  =  r  ^(1 +c'  + 2c- cos  j); 

A--B  =  B^  =  r^/(l+««-2coosy); 
whence  we  have  for  the  lengths  of  the  semi-axesy 

A  =  2|  V(l+c«  +  2c-co8i)+  ^(l+c«-2c-oosy)|; 

B-^l  N/0+c»  +  2c-co8j)-^(l+c'-2c-ooBy)|; 
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The  angle  .^  B'  (yp  =:  k,  which  the  nearest  axis  makes  with  the 
diameter  O  B',  is  found  by  the  equation 

aoooiding  as  that  axis  is  the  longer;      the  shorter. 

The  axes  of  the  elliptic  arch  are  parallel  to,  and  proportional 
to  the  square  roots  of,  the  axes  of  the  ellipse  of  stress  in  the 
pressing  mass ;  so  that  they  might  be  found  by  the  aid  of  case 
3  of  Problem  IV.,  Article  112. 

182.   Archca  for  HT^niMl  PiCMnv  te  Ocaeral. — The   condition  of 

a  linear  arch  of  any  figure  at  any  point  where  the  pressure  is  nor- 
mal, is  similar  to  that  of  a  dmdar  arch  of  the  same  curvature 
under  a  pressure  of  the  same  intensity;  and  hence  modifying  the 
Theorem  of  Article  179  to  suit  this  case,  we  have  the  following : — 
Theorem  L  The  thrust  at  any  normally  pressed  jxnnt  of  a  linear 
arck  %8  the  product  of  the  radius  of  curvature  by  tlie  intensity  of 
ike  pressure;  that  is,  denoting  the  radius  of  curvature  by  f,  the 
normal  pressure  per  unit  of  length  of  curve  by  p,  and  the  thrust 
VyT, 

T=pt. (1.) 

Example.  This  Theorem  is  verified  by  the  vertically  and  hori- 
mntaUy  pressed  elliptic  arches  of  Article  180 ;  for  tiie  radii  of 
eorvatnre  of  an  ellipse  at  the  ends  of  its  two  axes,  r  and  e  r,  are 


At  the' ends  of  r;  e»  "  —  =  <^*"9 

r*       r 
At  the  ends  ofer:€L  =  —  =:  "» 

^       er       e 


(2) 


Intzoducing  these  values  into  the  equations  of  Article  180,  and  into 
equation  1  of  this  Article,  we  find. 


.(3.) 


Tm  =  fffU  =  cp  •  -  =  /)  r  as  before ; 

c 

P 
T',  ss  |/,e»  =  -  •  c'r  =  c|>r  as  before. 

It  18  farther  evident,  that  if  the  pressure  be  normal  at  every  point 
of  the  arch  (which  it  is  not  in  the  cases  cited),  the  thrust  must  be 
constant  at  every  point ;  for  it  can  vary  only  by  the  application  of 
a  tangential  pressure  to  the  arch ;  and  hence  foUowB 
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Theorem  IL  In  a  IvMO/r  atrch  sustaming  a  pressure  wfdck  it 
tvenpjohere  normal^  the  th/rust  is  um/ornif  and  the  radius  of  curva- 
ture is  in/oersdy  as  the  presswre — a  theorem  expressed  S3rmbolicaUy 
thus : — 

T  ^  p^  —  constant (4.) 

The  only  arch  of  this  class  which  has  hitherto  been  considered  is 
the  circular  arch  under  uniform  normal  pressura  Another  instance 
will  be  given  in  the  following  Ardcla 

183.  Vb«  BydrostaUc  Arch  is  a  linear  arch  suited  for  sustainiug 
normal  pressure  at  each  point  proportional,  like  that  of  a  liquid  in 
repose,  to  the  depth  below  a  given  horizontal  plane ;  and  is  some- 
times called  "  the  arch  of  Yvon-ViUarceaux/'  from  the  name  of  the 
mathematician  who  first  thoroughly  investigated  the  properties  of 
its  iigure  by  the  aid  of  elliptic  functions. 

The  radius  of  curvature  at  a  given  point  in  the  hydrostatic  arch 
being,  in  virtue  of  Theorem  II.  of  the  last  Article,  inversely  propor- 
tioned to  the  intensity  of  the  pressure,  is  also  inversely  proportional 
to  the  depth  below  the  horizontal  plane  at  which  vertical  ordioates 
representing  that  intensity  commence. 

In  fig.  90,  let  TOY  represent  the  level  surface  from  which  the 


Fig.  90. 

pressure  increases  at  an  uniform  rate  downwards,  so  as  to  be  «f»™nflr 
to  the  pressure  of  a  liquid  having  its  upper  sur&oe  at  Y  O  Y.  Let 
A  be  the  crown  of  the  hydrostatic  arch,  beiog  the  point  where  it  is 
nearest  the  level  surface,  and  consequently  horizontal  Let  co-ordir 
nates  be  measured  from  the  point  O  in  the  level  sur&oe,  directl} 
above  the  crown  of  the  arch ;  so  that  OX  =  YT5  =  x  shall  be  the 
vertical  ordinate,  and  O  Y  =  X  0  =  y  the  horizontal  ordinate,  of 
any  point,  0,  in  the  arch.  Let  O  A,  the  least  depth  of  the  areh 
below  the  level  surface,  be  denoted  by  a?^  the  radius  of  curvatiu* 
at  the  crown  by  r^  and  the  radius  of  curvature  at  any  point  C  by  r. 
Let  ti?  be  the  weight  of  an  unit  of  volume  of  the  liquid,  to  ^oee 
pressure  the  load  on  the  arch  is  equivalent  Then  the  intensities  of 
the  external  normal  pressure  at  the  crown  A,  and  at  any  point  C, 
are  expressed  respectively  by 
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Po  =  ^^olP  =  W^ (1.) 

The  throat  of  the  arch,  which,  in  virtue  of  the  principles  of  Article 
182,  is  a  constant  quantity,  is  given  by  the  equation 

T  =  Po^'o  =  '^^o*'©  =  pr  =  wxr; (2.) 

iiom  which  follows  the  following  geometrical  equation,  being  that 
which  characteruses  the  figure  of  the  arch : — 

XT  =  x^r^ (3.) 

When  x^  and  r.  are  given,  the  property  of  having  the  radius  of 
corvatore  inversely  proportional  to  the  vertical  ordinate  from  a 
given  horizontal  axis  enables  the  curve  to  be  drawn  approximately, 
by  the  junction  of  a  number  of  short  circular  arcs.  It  is  found  to 
present  some  resemblance  to  a  trochoid  ^with  which,  however,  it  is 
by  no  means  identical).  At  a  certain  ix>mt,  B,  it  becomes  vertical, 
beyond  which  it  continues  to  turn,  untQ  at  T>  it  becomes  horizontal; 
at  this  point  its  depth  below  the  level  sur&ce  is  greatest,  and  its 
radius  of  curvature  least  Then  ascending,  it  forms  a  loop,  crosses 
its  former  course,  and  proceeds  towards  E  to  form  a  second  arch 
similar  to  B  A  B.  Its  coils,  consisting  of  alternate  arches  and  loops, 
all  similar,  follow  each  other  in  an  endless  series. 

It  is  obvious  that  only  one  coil  or  division  of  this  curve,  viz., 
from  one  of  the  lowest  points,  D,  through  a  vertex,  A,  to  a  second 
point,  D,  is  available  for  the  figure  of  an  arch  ;  and  that  the  por- 
tion BAB,  above  the  points  where  the  curve  is  vertical,  is  alone 
available  for  supporting  a  load. 

Let  «„  yi,  be  the  co-ordinates  of  the  point  B.  The  vertical  load 
above  the  semi-arch  A  B  is  represented  by 


W  , 
'  0 


and  this  being  sustained  by  the  thrust  T  of  the  arch  at  B,  must 
obviously  be  equal  to  that  thrust ;  whence  follows  the  equation 


xr  =  x^r^  = 


r^'dy (4.) 


That  18  to  say,  the  area  of  the  figum  between  the  ehorteai  vertical 
crdvnaiej  and  ihe  vertical  tangeiU  ordMuxtey  is  equal  to  the  oamtofnt 
product  4^  the  vertical  ordinate  and  radiua  of  curvature. 
The  vertical  load  above  any  point,  C,  is 


J    xdy; 
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and  this  is  sustained  by  and  equal  to  the  vertical  component  of  the 
thrust  of  the  arch  at  0,  which  is  T  *  sin  i  (t  being  the  indinatioii  of 
the  arch  to  the  horizon). 
Hence  follows  the  equation 


Jxdy  =  a?^r^ -sin*  =  ^l+^; (&) 

That  is  to  say,  the  a/rea  of  the  figure  between  the  thcrteti  verlkd 
ordinate  and  any  vertical  ordinate^  varies  as  the  sine  of  the  angk  of 
inclinaiion  to  Hie  horizon  of  the  curve  at  the  IcUter  ordinate. 

The  horizontal  external  pressure  on  the  semi-arch  from  B  to  A 
is  the  same  with  that  on  a  vertical  plane,  A  F,  immersed  in  t 
liquid  of  the  specific  gravity  to  with  its  upper  edge  at  the  depth 
'  x^  below  the  surflEuse  (see  Article  124),  so  that  its  amount  is 


n     xdx=^ 


w I     xax  =  w    •      ® 


.«f-a5. 


"2~' 

and  this  is  balanced  by  the  thrust  of  the  arch,  T,  at  the  crown. 
Hence  follows  the  equation 

a5r  =  a^r^  =  -i^ (&) 

That  is  to  say,  half  the  differenee  of  the  squares  of  the  least  verikal 
ordinate  and  of  the  tangent  vertical  ordinate  is  equ€U  to  the  oonskmi 
product  of  the  vertical  ordinate  and  radius  of  curvature. 

Equation  6  gives  for  the  value  of  the  vertical  tangent  ordinatei 


»i=  J^  +  2x^r^ (7.) 

The  horizontal  external  pressure  between  B  and  any  point,  0,  is 
equal  to  the  pressure  of  a  liquid  of  the  specific  gravity  w  on  a  ve^ 
tical  plane  X  E  with  its  upper  edge  immersed  to  the  depth  x,  so 
that  its  amount  is 


n    xdx 


Wl     xax:szw  -1^ — ; 


and  this  is  balanced  by  the  horizontal  component  T  -  cos  t  of  the 
thrust  of  the  arch  at  0 ;  whence  follows  the  equation 

— g—  =  x^r^  '  cos  t ; (a) 

which  gives  for  the  value  of  any  vertical  ordinate^ 
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m=  J{3ii—2x^r^'ooai)=  ,/|a{  +  2a?or^(l— ooBf)l 

=  \/ (^0+4^0^0 -ai^'^ (9-) 

Let  0^  a/,  be  any  two  yertiGal  ordinates.     Then  from  equation  8 
it  follows  that 

ar* — a?  =  2Xf^r^  (cos  t  —  eos  t') (10.) 

or,  the  difference  of  the  eqttarea  of  two  ordincUee  varies  as  the  difference 
of  the  caeines  of  the  respective  indinations  of  the  arc  al  their  lower 
ends. 

From  equation  9  is  deduced  the  following  expression  of  the  in- 
clination in  terms  of  the  vertical  ordinate : — 

1 


da^^^—^ 


Th«  various  properties  of  the  figure  of  the  hydi-ostatic  arch  ex- 
pressed by  the  preceding  equations  are  thus  summed  up  in  one 
formula: — 

[n    ^  ly^^y        «-_4        *f_a- 


««r. 


To  obtain  expressions  for  the  horizontal  co-ordinate  y^  whose 
niATiTnnin  yaluo  is  the  half-span  y^^  and  also  for  the  lengths  of  arcs 
of  the  curve,  it  is  necessaiy  to  use  elliptic  functions. 

[The  reader  who  has  not  studied  elliptic  functions  may  here  pass 
at  once  to  Article  184.1 

In  the  use  of  elliptic  functions  the  notation  employed  will  be 
that  of  Legendre;  and  the  classes  of  functions  referred  to  will  be 
those  called  by  that  author  the  first  and  second  kind  respectively, 
and  tabulated  by  him  in  the  second  volume  of  his  treatisa 

Let  i  denote  a  constant  angle,  called  the  modulus  of  the  func- 
tions; ^,  a  variable  angle  called  the  amfi/pliivde ',  then  an  elliptic 
function  of  the  first  kind  is  expressed  by 

r9  d^ 

and  an  elliptic  function  of  the  second  kind  is  expressed  by 

E  {$,0)  =  /    V(l  —  sin*tf •Bin*f)rff. «...(6.) 
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The  valuer  of  those  funotions,  when  the  upper  limit  of  integii- 
tion  is  ^  =:  -,  or  90  degrees,  are  called  complete  functioiu^  and  d» 

noted  respectiTely  by 

Fi  if)  and  Bi  (^ (c) 

In  order  to  apply  those  fdnctions  to  the  caae  of  the  hydioBtatu 
aich,  let  the  ampHtude  be  half  the  sapplement  of  the  indinatioii  d 
the  curve;  that  is,  let 

f  =  90^-5; w 

80  that  at  D,  f  =  0,  at  B,  ^  =  45°,  and  at  A,  f  =  90°.  Lei  the 
vertical  ordinate  and  radius  of  curvature  at  the  point  D  be  denoted 
respectively  by  X,  B. ;  then 

^  =  ^/(a{+  4roa^);  and  )  ^^ 

for  the  modulus  ^  take  an  angle  such  that 

.  •  .       4Bf  49*040  /  \ 

X        «J  +  4roab 

Then  equation  9^  the  expression  for  the  vertical  ordinate,  beomieB 

The  values  of  this  for  the  points  B  and  A  are  respectively 
«,  =  X Y^  (1  -  ^^)  ;  0^  =  X>^(l -sin'^) 

=  X  •  COB  A , (14  A.) 

Introducing  the  above  value  of  m  into  equation  5,  we  obtain  for  ite 
area  between  O  A  and  any  other  vertictd  ordinate, 

/    mdy  =  jCb*o  'sini  =  2XR-oosf  sinf 

X'-sin'^  . 

= 2 ^^^  °^^ ^^ 

The  value  of  this  expression  for  the  point  B  is 

/■»'    ^                      ^^       X'-sin"^ 
J    ajdy  =  avi*o  =  XR= (15  a.) 

Now  differentiate  the  area  (15)  with  respect  to  the  amplitade  9^ 
and  divide  by  x ;  this  gives 
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This  differential  being  integrated  between  the  limite  0  =  W, 
wiiidi  corresponds  to  yQ  =  0,  and  0  =r  9(r — ^  which  corresponds 
to  the  required  valne  of  y,  giyes 

jr = X  •{  (1  -  ^-')  (f.  (#)- F  (#,f))  -  B.  W  +  B  (#,♦)}  (17.) 

For  the  point  B,  this  gives  for  the  haff-epan  qfthe  areh 

y.= X  •  (  (l-^*)  (f,(«)-F(<,45^)  -E,(/)+E(#,4fi^  }  (la) 

Let  M  denote  the  length  of  any  arc  of  the  curye,  A  0,  commenc- 
iog  at  the  crown.     Then 

M  =j\di  =  2f'^rdf (19.) 

The  value  of  the  radios  of  oarvatnre  r  in  terms  of  the  modulus 
and  amplitude  is 

_  r« X    sin*^ ^^ . 

*"""  «  "4^(1  — sin*  ^  sin*  f)' ^    "^ 

and  this  being  introduced  into  the  integral  (19),  gives  for  the  arc 
AC, 

,  =  ^:j5L^|p,(#)-F(^,f)} (21.) 

The  kngth  of  the  semi-arch  A  B  is 

2       {F.(0-F(#,4io} (22.) 

8uch  are  the  fisnnulte  expressing  the  geometrical  properties  of 
the  hydrostatic  arcL     Numerical  results  can  easily  be  computed 
from  them  by  the  aid  of  L^endre's  tables  of  the  functions  F 
kandK 

'    The  relation  between  the  thrust  of  the  arch,  the  specific  gravity 
0f  the  load,  and  the  modulus  is  given  by  the  equation 


X  -sin'^ 


wX^'on^i       w(ai  +  ^roXo)  sin*  i 
=  wrx  = -. =  — ^ 5 * ... 


(23.) 
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184.  OeoMstic  Arches.— It  is  proposed,  hj  the  term  '' 
Arch"  to  denote  a  linear  arch  of  a  figure  suited  to  sustain  a  pressure 
similar  to  that  of  earth,  which  (as  will  be  shown  in  Section  3  ci 
this  Chapter)  consists,  in  a  g^ven  vertical  plane,  of  a  pair  ci  con- 
jugate pressures,  one  vertical,  as  in  Article  125  of  Part  L,  and 
proportional  to  the  depth  below  a  given  plane,  horizontal  or  sloping 
and  the  other  parallel  to  the  horizontal  or  sloping  plane,  and  bearing 
to  the  vertical  pressure  a  certain  constant  ratio,  depending  on  the 
nature  of  the  material,  and  other  circumstances  to  be  explained  in 
the  sequel  In  what  follows,  the  horizontal  or  sloping  plane  will 
be  called  the  conjugate  plane,  and  ordinates  parallel  to  its  line  of 
steepest  declivity,  when  it  slopes,  or  to  any  line  in  it,  when  it  is 
horizontal,  conjugate  ordinates.  The  intensity  of  the  vertical  pr»- 
siure  will  be  estimated  per  unit  of  area  of  the  conjugate  plane;  and 
the  pressure  parallel  to  the  line  of  steepest  dedivity  of  that  plane, 
when  it  slopes,  or  to  any  line  in  it,  when  it  is  horizontal,  will  he 
called  the  conjugate  preeswrey  and  its  intensity  will  be  estimated  per 
unit  of  area  of  a  vertical  plane. 

Let  the  origin  of  co-ordinates  be  taken  at  a  point  in  the  conju- 
gate plane  vertically  above  the  crown  of  the  proposed  arch ;  let  si 
denote  the  vertical  co-ordinate  of  any  point,  and  y'  the  conjugate 
co-ordinate.  Let  j  be  the  angle  of  inclination  of  the  conjugate  pkne 
to  the  horizon.  Let  vf  be  the  weight  of  unity  of  volume  of  the 
material  to  which  the  pressure  is  due,  and  whose  upper  sm&oe  is 
at  the  conjugate  plane.  Then  the  intensity  of  the  vertical  pressure 
at  a  given  depth  a/,  according  to  Theorem  I.  of  Article  125,  is 

j>',=  vf  d  '  coaj; (1.) 

and  that  of  the  conjugate  pressure 

P'p  =  ^P*m  =  c'  v/xf  -coaj; (2.) 

e*  being  a  constant  ratio,  expressed  in  the  form  of  a  square,  for  a 
reason  which  will  afberwards  appear. 

Conceive  a  hydrostatic  arch,  whose  vertical  and  horizontal  co- 
ordinates are  x  and  ,y,  and  which  is  subjected  to  the  pressure  of  ft 
material  whose  weight  per  cubic  foot  is 

w  =  cu/coaj (3.) 

Then  at  any  given  point  in  that  hydrostatic  arch,  whose  dejitli  i 
below  the  surface  is  jc  =  of ,  we  shall  have  for  the  intensities  of  tlie  ^ 
vertical  and  horizontal  pressures 

P,=  p,  =  wx  =  cv/af'COBJ  =  cff^  =s  ^ (4.) 

c 

Now  let  the  fisrui^  of  an  arch  be  Pransf&rmed  from  that  of  the 
hydrostatic  arch  by  parallel  projection,  in  such  a  manner  that  the 


^ 
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▼ertical  oo-ordinate  of  anj  point  in  the  new  arch  shall  be  the 
tame  with  that  of  the  corresponding  point  in  the  hydrostatic  arch, 
and  that  the  conjugtUe  co-ordxnaU  of  any  point  in  the  new  arch 
ihall  bear  to  the  horizoTUal  co-ordinate  of  the  corresponding  point 
in  the  hydrostatic  arch  the  constant  ratio  c;  that  is  to  say,  let 

a^  =  «;  y'  =  c  y (5.) 

The  total  vertical  and  horizontal  pressures  on  the  arc  between 
two  given  points  in  the  hydrostatic  arch  are  respectively 

1>.  ^  j  p.dy;  F,  =  j  p,dx. (6.) 

The  total  vertical  and  conjugate  pressures  on  the  arc  between  the 
two  corresponding  points  in  the  new  arch  are  respectively 

F.=  /y.dy;  F',=  jy,dw'; (7.) 

and  if  into  these  two  expressions  we  introduce  the  values  ofp'^  p^ 
d^y  and  d  ^,  deduced  from,  equations  4  and  5,  viz.  : — 

jy.  =  ^  ;  //,  =  cp^)  daf  =  dx]  d%f  =  cdy\ 

we  find  the  following  relations  between  the  total  vertical  and 
horiaontal  pressures  in  a  given  arc  of  the  hydrostatic  arch,  and  the 
total  vertical  and  conjugate  pressures  on  the  corresponding  arc  of 
the  transformed  arch, 

F.  =  P.;  F,  =  c  P,; (8.) 

heing  the  same  with  the  relations  which,  according  to  equation  5, 
exist  between  the  co-ordinates  respectively  parallel  to  the  pressures 
in  question.  Therefore  the  transformed  arch  is  a  parallel  projection 
of  the  original  arch  under  forces  represented  by  lines  which  are  the 
eonreflponding  parallel  projections  of  the  lines  representing  the 
forces  acting  on  the  original  arch:  therefore  it  is  in  equilibrio. 
The  conclusions  of  the  preceding  investigation  may  be  summed  up 
in  the  following 

Theobeil  a  geoetaJUc  arch,  iran^ormed  from  a  JiydrosUUic  arch 
by  preeervifng  the  vertical  co-ordinates,  and  mbetittUing  for  the  hori- 
zontal eo'ordinaieey  conjugate  co-ordinatee,  either  horizontal  or  indined, 
emd  altered  in  a  given  ratio,  euetains  vertical  amd  conjugate  preaswree, 
the  ratio  of  the  intensity  of  the  cor^tigcUe  presnire  to  that  of  the  vertical 
pressure  being  Uie  square  of  ike  ratio  of  the  conjugate  co-ordinaleB  to 
the  original  horizontal  co-ordinates. 

This  transformation  is  exactly  analogous  to  that  of  a  circular 
ardi  into  an  elliptic  arch,  in  Articles  180,  181. 

Let  T^  be  the  thrust,  horizontal  or  inclined  as  the  case  may  b«^ 
at  the  crown  of  a  geoetatic  arch,  and  T,  the  vertical  thrust  at  tha 


i9B 
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points  where  the  arch  is  yertical,  which  in  this,  as  in  other 
is  the  vertical  load  of  the  semi-arch ;  then 

To=cT, (10.) 

All  the  equations  relatiye  to  the  eo-ordiniUes  of  a  hydrostatic  ardi, 
given  in  Article  183,  are  made  applicable  to  a  geotitatic  arch,  bj 

substituting  c^  for  x,  and  ^  for  y.  This  principle,  however,  is  appli- 
cable to  eo-ordmeUes  only,  and  not  to  angles  of  inclination,  radii  of 
curvature,  nor  lengths  of  arcs.  The  modulus  ^t  and  amplitude  #, 
are  therefore  to  be  considered  as  functions,  not  of  inclinations,  nor 
of  radii  of  curvature,  but  of  vertical  ordinates ;  that  is  to  saj,  let 
Xo  be  the  least  vertical  ordinate  at  the  crown,  Xi  Uie  vertical  tangent 
ordinate,  and  X  the  greatest  vertical  ordinate  at  the  loop  (which 
are  the  same  in  both  kinds  of  arch),  then 


i  s  arc  COS  ^  :=  arc  cos 


Xo 


#  =  arosm 


JX'-aP^, 


X-sin^ 


arosm 


■  (11) 


and  ~  is  the  same  function  of  ^  and  0  for  a  geostatic  arch,  that  y 
c 

is  for  a  hydrostatic  arch. 
185. 


Fig.  n. 

arch  are  comprehended  under  the  following 


This  term  is  employed  to  denote  a 

arch  sustaining  the  pressure  of  a 
material  in  which,  at  any  given 
point,  there  are  a  pair  of  conjugate 
pressures,  one  vertical,  and  the 
other  in  a  fixed  direction,  hori- 
zontal  or  inclined,  but  not  bearing 
to  each  other  any  constant  propor- 
tion, nor  following  any  invariable 
law  as  to  their  intensities,  except 
that  of  being  of  the  same  intenaitj 
throughout  each  plane  which  is 
conjugate  to  the  vertical  pressure^ 
— a  condition  which  involves  the 
symmetrical  distribution  of  the  ver* 
tical  load  on  either  side  of  a  vorti- 
cal axis  traversing  the  crown  of  the 
arch. 

The  principal  questions  whidi 
arise   respecting  any  stereostatie 
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PEOWiinf.  Criven,  the  mode  of  distrSnUion  of  the  vertical  pressure, 
and  ike  figure  of  the  arch;  required,  the  mode  of  di^rihution  of  the 
conjuffote  pressure  necessary  in  order  to  produce  equilibrium,  and 
also,  the  thrtist  at  each  point  of  the  arch 

Cask  1.  When  the  direction  of  the  conjugate  pressitre  is  horizontal. 
This  caae  is  represented  by  the  upper  diagram  in  fig  91.  Let  0, 
tiie  crown  of  llie  arch,  be  taken  as  the  origin  of  co-ordinates;  let 
O  X  be  vertical  and  Y  O  Y  horizontal  Bo&  the  figure  of  the  arch 
and  the  forces  acting  on  it  are  symmetrical  on  either  side  of  the 
▼ertical  axis  OX.  Let  p^  denote  the  intensity  of  the  vertical 
pressure  at  the  point  O^  and  r^  the  radius  of  curvature  of  the  arch 
at  that  pointb  Then  because  at  the  point  O  the  pressure  is  normal 
to  tbe  aich,  the  horizontal  thrust  along  the  arch  at  that  point  is 

Tt=Pon (1.) 

Let  0  be  any  point  in  the  arch,  whose  co-ordinates  are  0  X  =  a;, 
X  C  =  y,  and  let 

%  =:arccotan-~- 

dx 

be  the  inclination  of  the  arch  at  0  to  the  horizon.     Let  P,  denote 
the  vertical  load  on  the  arc  between  O  and  G. 

From  C  draw  the  vertical  line  OW  to  represent  P^  and  the 
tangent  CT  forming  the  diagonal  of  the  rectangle  OWTH.  Then 
C T  will  represent  the  thrust  along  the  arch  at  C,  and  CH  the 
horizontal  component  of  that  thrust;  and  if  this  be  different  from. 
T^  the  difference  must  be  made  up  by  means  of  the  horizontal 
preasure  applied  to  the  arch  between  O  and  C.  To  express  this 
symbolically,  let  P,  be  the  amount  of  that  horizontal  pressure,  and 
T  tbe  thrust  OT  along  the  arch  at  C;  then 

T=-^=P.cosec*  =  P.    4^ (2.) 

smt  dx  ^  ' 

(where  ds  denotes  the  increment  of  the  arc  O  (J). 
The  horizontal  component  0  H  of  this  thrust  is 

T'ooBi  =  P.ootan*==P.-r^; 

dx 

omsequently  the  horizontal  pressure  which  must  be  applied  to  the 
aich  between  O  and  C  to  maintjiin  equilibrium  is 

P,  =  T,  —  P.  •  ooteni  =  T,  —  P.-  ^j (3.) 
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and  if  this  equation  be  fulfilled  at  eTeiy  point  of  the  arch,  it  ^will 
be  balanced. — Q.  K  L 

When  P,  is  positive,  it  represents  imoa/rd  pressure,  such  as  maj 
arise  from  the  resistance  of  the  materials  of  the  spandril  of  an  arch 
to  compression.  When  P,  is  negative,  it  represents  auiward 
pressure^  such  as  may  arise  from  the  resistance  to  compression  of 
a  portion  of  material  situated  below  the  crown  of  the  ideal  linear 
arch  O  G,  or  tension,  such  as  may  arise  from  tenacity  in  the  spandril, 
and  in  the  materials  connecting  it  with  the  arch. 

The  irUensUy  of  the  horizontal  pressure  is  found  by  taking  two 
points  in  the  arch  indefinitely  near  to  each  other,  and  finding  tlie 
ratio  which  the  portion  of  the  horizontal  pressure  applied  between 
them  bears  to  the  difference  of  their  vertical  ordinate&  Let  the  in- 
tensity required  be  denoted  by  je?,;  then 

«     yP,_       c^(P,cotant)_        d   (     dy\ 

(This  equation  comprehends  the  cases  already  considered  in  Artide 
168,  of  a  cord  under  vertical  loads,  or  an  aroh  whose  figure  is  tliat 
of  such  a  cord  inverted;  for  in  that  case,  P,  =  To  tan  i,  and 
P,  cotan  i  =  To  =  constant,  so  that  p^  =  0.) 

K  it  be  required  to  express  the  intensity  of  the  horizontal  pressmre 
in  terms  of  that  of  the  vertical  pressure,  let  the  latter  intensify  be 

then 


^=-r.ffi/'-'») -w 


Sesbricted  Case,  Let  the  arch  have  a  hortaxnUcd  eoAradM^  at  the 
height  a  above  the  crown  O,  and  let  the  vertical  pressure  be  due  to 
the  weight  of  material  below  that  eztrados;  then 

;?o  =  «?a ;  p.  =  w  (a  +  «); 
and  the  vertical  load  becomes 

P»=  j  PMdy  =  iJO  j  {a  +  x)dy'r (^) 

being  proportional  to  the  area  between  the  intrados  and  extradi% 
and  the  vertical  ordinates  at  O  and  0. 

Examples  Let  the  linear  arch  be  part  of  a  circle  of  the  radius  r, 
with  a  horizontal  ertrados  at  the  distance  r-^a  from  its  centre^ 
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In  this  caae  it  is  oonvenient  to  express  all  the  yanables  in  terms 
of  the  JnHination  t  of  the  arch.     Thus  we  have 


(7.) 


ajs=r(l — cost); 
y  =  r'sint ; 
dxssr  'onidi; 
dy  =  f  *  cos  idL 

It  is  also  usefnl  to  make  a  =  mr,  m  being  the  ratio  which  the 
depth  of  load  at  the  crown  bears  to  the  radiua  Then  we  have  for 
the  thrust  at  O, 

Tf,=:mwf*; (a) 

sad  for  the  Tertical  load  between  O  and  C, 

P^  =  to  Ha  +  «) dy  =  tr r^  j(m  + 1  — cos  t)ooe  idi 

,/,,        v..       oostsint        i    )  ,-.. 

=  tof^|(l+m)8mt -;| (9.) 

which  Tslne  being  introdnced  into  equation  4,  gives  for  the  inten> 
■ty  of  the  botizontal  pressure 

_dF,__      <^(P^ootan») 1_  ,rf(P^cotanf) 

'"~   dx  dx         ""raint  di 

^^     ^  i/i        \  cos"*      f  cost) 

mik%    d%\^         '  2  Ssmt j 


wr 


(  %  —  costsintx 


The  value  of  the  horizontal  pressure  itself  is  given  by  introducing 
^  values  of  T«  and  P«  from  equations  8  and  9  into  equation  3,  ana 
is  as  follows  : — 

P,  =  «,,'{m-(l+m)ooBt  +  5^*  +  ig-*}...(ll.) 

The  horizontal  component  of  the  thrust  of  the  arch  at  C  is  given 
bj  the  equation 

T«ei  =  i;-P,  =  «,'((l+m)co«i-5^*-i^|}(12.) 

When  f  s  Of  that  is,  for  the  crown  of  the  arch,  p,  takes  the  fol- 
l^^wing  value : — 


WT 


("»-5)' 
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80  that  for  every  circular  linear  arch  in  which  the  deptb  of  load  at 
the  crown,  m  r,  is  less  than  (TMrQwrd  of  the  radius,  p^  has  'ne^athm 
values  at  and  near  the  crown,  showing  that  oviJbuiQfrd  horizontal 
pressure  or  teosion  is  required  to  preserve  equilibrium.  In  such 
cases,  there  is  a  certain  value  of  the  angle  i  for  which  j>,=  0.  At 
the  point  where  this  takes  place,  P,  consequently  attains  a  K^sgaiim 
maximimi^  and  the  horizontal  component  T  •  cos  i  of  the  ^msfe 
along  the  arch  attains  a  pasiiive  maodmtun,  greater  than  Tq,  became 
of  P,  being  negative  Let  this  point  be  called  G^  and  let  the  in- 
clination of  the  arch  at  it  be  denoted  by  ^  This  angle  must 
satisfy  the  transcendental  equation 

II  '       %  —  cos^dn\       ^  ,  , . 

1+m  —  costj.  —  -    ^   .  g^. »  =  0, (13.) 

^  2  sm'  ^  ^ 

and  can  therefore  be  found  by  approximation  onlj.  Aa  a  first 
approximation,  may  be  taken 

3m+l 
^  =  arc  •  cos  *  — 5 —  ; 

and  then  by  successive  substitutions,  nearer  and  nearer  approzi- 
mationfl  may  be  founA 

Supposing  i^  to  have  been  thus  determined  to  a  sufficient  degree 
of  accuracy,  its  substitution  for  i  in  the  equation  12  will  give  the 
maximum  value  of  the  horizontal  component  of  the  thrust  of  the 
arch. 

By  expanding  or  contracting  the  horizontal  dimensions  of  a  cir- 
cular arch,  it  can  be  transformed  into  an  elliptic  arch,  whic^  will 
be  balanced  imder  forces  deduced  from  those  applied  to  the  circular 
arch  according  to  the  principles  explained  in  Articles  180,  18i. 
In  adapting  the  equations  from  7  to  13  inclusive  to  an  elliptic 
arch,  it  is  to  be  observed  that  i  represents  not  the  inclination  of  the 
elliptic  arch  itself  at  a  given  point,  but  that  of  the  circular  arch 
from  which  the  elliptic  arch  is  derived  at  the  corresponding  poial 

Case  2.  WTien  the  direction  of  the  conjugate  preaswre  is  inclined. 
This  case  is  represented  in  the  lower  dic^ram  of  fig.  91.  The  in- 
clined axis  of  co-ordinates,  Y'  0'  Y',  is  taken  parallel  to  the  direc- 
tion of  the  conjugate  pressure,  and  touching  tiie  arch  at  the  point 
O',  which  is  now  its  crown.  Each  double  ordinate  of  the  arch, 
(J'X.'O zsi^y'y  is  bisected  by  the  vertical  axis,  on  either  side  of 
which  the  vertical  load  is  symmetrically  distributed. 

Let  j  denote  the  inclination  of  the  conjugate  pressure  to  the 
horizon.  Construct  a  parallel  projection  of  the  given  arch,  like  the 
upper  diagram  of  the  figure,  having  its  vertical  ordinates  equal  to 
those  of  the  distorted  arch,  and  its  horizontal  ordinates  less  in  the 
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tmtio  COS  j  :l ;  conceive  it  to  be  under  a  vertical  load,  of  equal 
amount  to  that  on  the  distorted  arch,  and  similarly  distributed ; 
determine  the  horizontal  pressures  required  to  keep  it  in  equilibrio ; 
then  will  the  proper  projection  of  those  pressures  keep  the  dis- 
torted arch  in  equUibrio. 

The  relations  amongst  the  co-ordinates  of  the  two  arches,  and 
the  amounts  and  magnitudes  of  the  vertical  and  conjugate  pres- 
sures, are  as  follows,  quantities  relating  to  the  distorted  arch  being 
distinguished  by  accented  letters  : — 

si  =x\  f/  =  yaecj; 

F,  =  P,;  r,=  T,seci;  F,  =  P,8eci;      ...(14.) 

Let  H'  denote  the  eonjtigale  componeni  of  the  thrust  of  the  disr 
torted  arch  at  any  point  C ;  then  we  have 

H*  =  T,  -  F,  =  (T.  -  P,)  seci; (15.) 

and  if  IT  be  the  thrust  along  the  distorted  arch  at  C,  then 

r=  ^(F;  +  H«=tz2H'F,-8ini) (16.) 


the  positive  or  negative  sign  being  used  according  as  the  point  CT 
is  at  the  depressed  or  the  elevated  side  of  the  arcL 

186.  p«iatcd  ArchMi. — If  a  linear  arch,  as  in  fig.  92^  consists  of 
two  arcs,  B  C^  C  B,  meeting  in  a  point  at  C,  it  is 
necessary  to  equilibrium  that  there  should  be  con- 
centrated at  the  point  0  a  load  equal  to  that  which 
would  have  been  distributed  over  the  two  arcs  A  C^ 
C  A,  extending  from  the  point  C  to  the  respective 
crowns,  A,  A,  of  the  curves  of  which  two  portions  "'  j.  g„ 
form  the  pointed  arch. 

187.  T«cal  CM^agate  Thraat  •f  lilacu  Archen. — The  total  con- 
jugate thrust  of  an  arch  is  the  conjugate  component,  horizontal  or 
inclined,  as  the  case  may  be,  of  the  entire  pressure  exerted  between 
one  semi-arch  and  its  abutment,  whether  directly,  at  the  point 
from  which  the  arch  springs,  or  above  that  point,  through  the 
material  of  the  spandriL 

When  a  linear  arch  is  of  such  a  figure  as  to  be  balanced  under  a 
load  of  which  the  pressure  is  wholly  vertical  (as  in  the  case  de- 
scribed in  Article  174),  that  is  to  say,  when  its  figure  is  that  in 
which  a  cord  would  hang,  loaded  with  l^e  same  weight  distributed 
in  the  same  manner,  its  conjugate  thrust  is  exerted  simply  at  the 
point  from  which  it  springs,  and  is  equal  to  the  conjugate  com- 
ponent of  the  thrust  along  the  arch,  which  is  a  constant  quantity 
throu^out  its  whole  extent. 
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When  an  arch  springs  vertically  from  its  abutments,  the  poiot 
of  springing  sustains  the  vertical  load  of  the  semi-arch  only ;  aod 
the  conjugate  thrust  is  exerted  wholly  through  the  spandriL 

In  other  cases,  the  conjugate  thrust  is  exerted  partly  at  tbe 
point  of  springing  and  partly  through  the  spandril. 

Theoreil  The  cmiount  of  the  txmjugcUe  Uvrvst  is  equal  to  the  am- 
jugate  eomponenJb  of  the  thrust  along  tlte  a/i*ch  at  tJie  point  where  that 
component  is  a  maocimwm;  for  at  that  point,  as  appears  from  the 
reasoning  of  Article  185,  the  intensity  of  the  conjugate  pressun 
between  the  arch  and  its  spandril  is  nothing :  it  is,  therefore,  en- 
tirely below  that  point  that  the  conjugate  thrust,  whether  through 
the  spandril  or  at  the  point  of  springing,  is  exerted;  and  conse- 
quently the  amount  of  that  thrusc  must  be  equal  to  the  Tn^tTinrnm 
conjugate  component  of  the  thrust  along  the  arch,  which  is  balanoeil 
by  it.  The  point  of  the  arch  where  the  conjugate  component  of  the 
thrust  along  it  is  a  maximum,  is  called  tiie  poivi  of  rupture,  for 
reasons  which  will  afterwards  appear.  It  may  be  at  the  crown;  or 
it  may  be  in  a  lower  position,  to  be  determined  by  solving  the  equa- 
tion formed  by  making  the  intensity  of  the  conjugate  pressure 
between  the  arch  and  spandril,  as  found  by  the  method  of  Artide 
185,  equal  to  nothing :  that  is, 

This  equation  having  been  solved  so  as  to  give  the  position  of  the 
point  of  rupture,  the  corresponding  value  of  P^  being  the  vertical 
load  supported  at  that  point,  is  to  be  computed;  and  then  the  conju- 
gate thrust  is  given  by  the  equation 

H^  ==  max.  value  of  P,  •  ^-^ (i) 

(Where  the  conjugate  pressures,  as  is  generally  the  case,  aie  hori* 

dy 
zontal,  --=—  =  cotan  % ;  and  the  value  of  i,  the  inclination  of  the  ardif 
a  X 

which  folfils  equation  1,  is  called  the  angle  of  rupture). 

When  the  point  of  rupture  is  the  crown  of  the  arch  (as  in  hydio* 
static  and  geostatic  arches),  equation  2  gives  no  result,  because  (if 

d  u 
P,  vanishing  and  -^  increasing  indefinitely ;  but  it  has  alieadj 

been  shown  by  other  methods  that  in  this  case,  where  the  oonjiu»t0 
pressures  are  horizontal — 

H^  =  T,  =  p,r,; (i) 

Po  being  the  intensity  of  the  vertical  load,  and  r,  the  radius  of  cur- 


TOTAL  THRUETT  OF  LINEAR  ABCHESL  205 

Tature ;  but  in  order  to  form  an  equ&tdon  which  shall  be  applicable 
whether  the  conjugate  pressures  and  co-ordinates  are  horizontal  or 
inclined,  the  above  equation  must  be  converted  into  one  expressed 
in  terms  of  the  co-ordinates ;  that  is  to  say, 

dy' dy  dy* 

iPx      1 
For  lectanimlar  co-ordinates  -r-z  =  —  at  the  crown  of  the  arch,  so 

that  equation  4  is  converted  into  equation  3. 

Thus  far  as  to  finding  the  amourU  of  the  conjugate  thrust  To 
find  the  position  of  iU  resuUami^  that  is  to  say,  tiie  depth  of  its  line 
of  action  below  the  conjugate  co-ordinate  plane,  we  must  conceive 
it  to  act  against  a  vertical  plane,  extending  from  the  depth  of  the 
point  of  rupture  below  the  conjugate  co-oi-dinate  plane,  down  to 
the  depth  of  the  point  of  springing  below  that  plane,  and  find,  by 
the  methods  of  Article  89,  the  vertical  co-ordinate  of  the  centre  of 
TpTteaure  of  the  plane  so  acted  upon.  That  is  to  say,  let  Xo  denote 
the  depth  of  the  point  of  rupture,  and  x^  that  of  the  point  of  spring- 
ing below  the  conjugate  co-ordinate  plane ;  p,  the  intensity  of  the 
conjugate  pressure  between  the  arch  and  spandril  at  any  point 
between  those  points,  and 


H,  =  B^  —  j'y,dx, (5.) 


the  conjugate  component  of  the  thrust  of  the  arch  at  the  point  of 
springing;  also,  let  Xji  be  the  depth  of  the  resultant  conjugate 
thrust  below  the  conjugate  co-ordinate  plane ;  then 

rxp,'dx  +  n,x, 
Xn=^-^ ^ W 

Example  L    Circular  arch  under  uniform  normal  pressure  of 
intensUy,  p.  183  (Art  179). 

Here  p,=zp=sp;  and  the  point  of  rupture  is  at  the  crown, 
the  horizontal  thrust  is 

Ho  =  T=pr (7.) 

Let  the  crown  be  taken  for  origin  of  co-ordinates,  so  that  Xq^O. 
Oasb  1.  SenUcircle,     Here  x,  =  r;  H|  =  0;  and 

;,„  =  iP^=; (a) 

pr         2 
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Case  2.  Segment  Indination  at  spiinging,  v  Here  a^  <=  r 
(I  —  cost);  H|  spr  *  oosi;  and 

pr 
=  r  (i  (1  —  008 1)«  +  008 1  (1  —  008  t))  =^  •an"t...(9.) 

JSxample  IL  Semi-tUiptic  oath,  under  oonjugaU  unifonn  vertied 
and  horiaonUd  pressiures  (Art  180).  Let  a  =  «,  be  the  rue^  or 
veridcal  semi-axis;  ca  the  horizontal  semi-axis,  or  half-span;  and 
let  the  origin  of  oo-ordinates  be  at  the  crown.  Then  p,  =  ifp^; 
and  we  have 

Ho^To  =  ap,  ^c*ap,  =  c  P.;  ^b  =  5  ••--  0^-) 

Example  IH.  Semiirdliptic  distorted  ordl,  toi£&  ear^ugcUe  uniform 
vertical  and  Mique  pressures  (Art  181).  The  vertical  and  conju- 
gate semidiameters,  or  rise  and  indined  half-span,  being  denoted 
by  a  and  c  a  respectively,  the  equations  10  apply  to  this  case  alsa 

Example  lY.  ffydrostalic  arch  (Art  183).  The  origin  of  co- 
ordinates being  taken,  as  in  the  article  referred  to,  at  the  point  of 
the  extrados  vertically  above  the  crown,  we  have  p,  =  p.  :=  «0flC| 

Ho  =  To  =  «?-^"~-^;  Hi  =  0;  and 

Example  Y .  Geostatic  arch,  with  horizontal  or  indined  esdhrodm 
(Art  184).   Herep,  =  tt?a:-cosy;  p,  =  c*p,  =  c»  U7 «  •  ooaj;  Ht= 

T,  =  c  P,  =(^10  006^  '-i-^ —  ;  and  consequently 

-^=ri^d' <^^> 

as  in  the  last  example. 

Example  Y  L  Semicircular  arch  unih  horizontal  extrados.  In 
this  case  the  angle  of  rupture  to  is  to  be  determined  by  mesos 
of  equation  13  of  Article  185;  and  thence,  by  equation  12  of  the 
same  Article,  is  to  be  found  'H^  The  springing  being  vertical, 
we  have  f,  =  90®;  Hj  =  0.  Let  the  crown  of  the  arch  be  taken  tf 
origin ;  then  ar  =  r  (1— cos  t),  <laj  =  r-ain»-<l^  and  equation 
6  of  the  present  Article  becomes 
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Sb  =  w- '  /     iv™i»(l  —  coat) 'di; (13.) 

Bxaimpie  VIL  Cireulair  mgmenlal  ofnk  with  horizontal  eztrcuhe. 
Lei  t,  be  the  indination  of  the  arch  at  the  springing^  Pi  the  total 
Tertical  load;  then 

H,  =  P»  cotan  t| (14.) 

Lei  {q  be  determined  as  in  the  last  example. 

Cask  1.  ^  >  or  =  ti.  In  this  case  Ho  =  Hi,  and  the  conjugate 
Uinttt  18  simply  the  single  horizontal  force  H,  at  the  point  of  spring- 
ing. 

Case  2u  i^  <  i,.  Find  H«  as  in  the  last  example,  and  let  the 
origin  of  oo-ordinates  be  at  the  crown;  then 

«i  =  r  (1  —  cos  i|);  and  we  haye 
».=  A  |f^j'*p,sint(l— costVrfi  +  rH,(l— oost,)|(15.) 

188.   AypfTliMMi  My<ff— ftic  andl  CeiafrtB  Archn. — ^The  subject 

of  elliptic  fdnctions  is  so  seldom  studied,  and  complete  tables  of 
them  axe  so  scarce,  that  it  is  useful  to  possess  a  method  of  finding 
the  proper  proportions  of  hydrostatic  and  geostatic  arches  (Articles 
183,  184)  to  a  d^;ree  of  approximation  sufficient  for  practical  pur- 
poses, using  algebraic  functions  alone 

Such  a  method  is  founded  on  the  {eyct  that  a  hydrostatic  arch 
approaches  nearly  to  the  figure  of  a  semi-elliptic  arch  of  the  same 
hei^t,  and  having  its  maximum  and  minimum  radii  of  curvature 
in  the  same  proportion. 

Let  fls^  fl?|,  as  in  Article  183,  be  the  depth  of  load  of  a  hydrostatic 
•ich  at  the  crown  and  springing  respectively;  r^,  r^,  its  radii  of 
cnrvatore  at  those  points;  a  =  «,  —  ^  its  rise;  yi  its  half-span, 
given  in  Article  183  by  means  of  elliptic  functiona 

Sappoee  a  semi-elliptic  arch  to  be  drawn,  having  the  same  rise, 
a,  wHh  the  hydrostatic  arch;  let  r^^,  /j,  be  its  radii  of  curvature  at 
the  crown  and  springing,  whose  proportion  to  each  other  is  the  ^me 
with  thai  of  the  radii  of  the  hydrostatic  arch ;  that  is  to  say. 

Let  h  be  the  halfnapan  of  this  semi-ellipse.  Then  because  the  cubes 
of  the  semi-axes  of  an  ellipse  are  to  each  other  inversely  as  the  radii 
of  curvature  at  the  reflective  extrenuties  of  the  semi-axes,  we  have 

* = *  ■  V  '^. ""  ^'^  ~  ^"^  V  ^ ^^"^ 
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A  rough  approximation  to  the  half-span  of  the  hydrostatic  axck 
is  found  bj  making  y,  =  b;  but  this,  in  the  cases  which  occur  ia 
practice,  is  too  great  by  an  excess  which  varies  between  -rr  and  t*, 
and  is  about  ^  on  an  average.  Hence  we  may  take,  as  a  ^firtt 
approximtUion  whose  utmost  error  in  practice  is  about  w^,  and 
whose  average  error  is  about  riv,  the  following  formula,  giving  the 
hcUf-apcm  in  terms  of  the  depths  o/loadtitiihe  crown  and  springing: — 

19  .  .      « 


..  =  ^(a..-*.)V5 <^) 


Suppose  the  rise  a  and  half-epan  yi  of  a  proposed  hydrostatic  aich 
to  be  given,  and  that  it  is  required  to  find  the  depths  of  load ;  eqnft- 
tion  2  gives  us,  as  an  approximation, 

Xo  ""  \19ay' 
and  because  «i  —  oe^  =  a,  we  have 

/20y.y 

A  doiar  apprommoHon  is  given  by  the  equations 


yi  =  b 


6  =  y,  + 


30  a' 
30  a' 


(4) 


b*  tf 

A  semicircular  or  semi-eUiptic  arch  may  have  its  conjugate  thnisl 
approximately  determined,  by  considering  it  as  an  appraximaie  ge(h 
st€Uic  arch,  as  foUows : — 

Let  there  be  given,  the  half-span  of  the  arch  in  question,  horizontal 
or  inclined,  as  the  case  may  be,  y„  the  depths  of  load  at  its  crown 
and  springing,  x^^  x^j  and  the  vertical  load  at  the  springing,  Pt. 
Determine,  by  equation  2  or  equation  4,  the  span  yi  of  a  hydro- 
ftabio  arch  for  the  depths  of  load  x^,  Xi,  and  let 

^=c, (6.) 
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be  Uie  ratio  of  the  half-spaii  of  the  actual  arch  to  that  of  the  hydro- 
static arch. 

The  actual  arch  may  now  be  conoeiyed  aa  an  approximation  to 
a  geoetatic  arch,  transformed  from  the  hydrostatic  arch  by  pre- 
serving its  vertical  ordinates  and  load,  and  altering  its  conjugate 
ordinates  and  thrust  in  the  ratio  c.  The  conjugate  thrust  of  a 
hydrostatic  arch  being  equal  to  the  load,  we  have,  as  an  approxi- 
mation to  the  conjugate  thrust  of  the  given  semi-elliptio  or  semi-- 
areolar  arch, 

H,  =  cP,. (6.) 


Section  3.— On  FricUonal  SuMlUy. 

189.  VrictiMi  is  that  force  which  acts  between  two  bodies  at  their 
surface  of  contact,  and  in  the  direction  of  a  tangent  to  that  surface, 
80  as  to  resist  their  sliding  on  each  other,  and  which  depends  on 
the  force  with  which  the  bodies  are  pressed  together. 

There  is  also  a  kind  of  resistance  to  the  sliding  of  two  bodies 
upon  each  other,  which  is  independent  of  the  force  with  which 
they  are  pressed  together,  and  which  is  analogous  to  that  kind  of 
strength  which  resists  the  division  of  a  solid  body  by  ^tearirig, — 
that  IB,  by  the  sliding  of  one  part  upon  another.  This  kind  of 
resistance  is  called  adhesion.  It  will  not  be  considered  in  the 
present  section. 

Friction  may  act  either  as  a  means  of  giving  stability  to  struc- 
tures, as  a  means  of  transmitting  motion  in  machines,  or  as  a  cause 
of  loss  of  power  in  machine&  In  the  present  section  it  is  to  be 
considered  in  the  first  of  those  three  capacities  only. 

190.  lAw  mf  s^iM  PricitoB^ — ^The  following  law  respecting  the 
friction  of  solid  bodies  has  been  ascertained  by  experiment : — 

The  Jriction  which  a  given  pair  of  solid  bodies,  vnJth  their  sv/rfotces 
in  a  given  condition,  are  capable  of  exerting ,  is  simply  proportiorud 
to  the  force  wiih  which  they  are  pressed  together. 

If  the  bodies  be  acted  upon  by  a  lateral  force  tending  to  make 
them  slide  on  each  other,  then  so  long  as  the  lateral  force  is  not 
greater  than  the  amount  fixed  by  this  law,  the  friction  will  be  equal 
and  opposite  to  it,  and  will  balance  it. 

There  is  a  limit  to  the  exactness  of  the  above  law,  when  the 
pressure  becomes  so  intense  as  to  crush  or  grind  the  parts  of  the 
bodies  at  and  near  their  surface  of  contact  At  and  beyond  that 
limit  the  friction  increases  more  rapidly  than  the  pressure ;  but 
that  limit  ought  never  to  be  attained  in  a  structure. 

From  the  law  of  friction  it  follows,  that  the  friction  between 
two  bodies  may  be  computed  by  mtdtiplying  the  force  with  which 

p 
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they  are  pressed  together  bj  a  constant  co-efficient  which  is  to  be 
determined  by  experiment,  and  which  depends  on  the  nature  of  the 
bodies  and  the  condition  of  their  surfaces :  that  is  to  say,  let  N 
denote  the  pressure,  f  the  co-efficierU  offricti(niy  and  F  the  force  of 
friction,  then 

F  =/N. 

191.  Aoffie  of  jftepoMs. — Let  A  A,  in  fig.  93,  represent  any  solid 

body,  BB  a  portion  of  the  sur&ce  of  another 
body,  with  which  A  A  is  in  contact  throughout 

the  plane  surface  of  contact  e  R  Let  P  C  re- 
present the  amount,  direction,  and  position  of 
the  resultant  of  a  force  by  which  A  A  is  urged 
obliquely  towards  B  B,  so  that  C  is  the  eentre  oj 
.  vresswre  of  the  sur&xse  of  contact  e  K     (Art 

Fig.  93.  g^^ 

Let  P  0  be  resolved  into  two  rectangular  components :  one^ 


N  C,  normal  to  the  plane  of  contact,  and  pressing  the  bodies  to- 
gether: the  other,  TO,  tangential  to  the  plane  of  contact^  and 
tending  to  make  the  bodies  slide  on  each  other.     Let  the  total 

force  P  C,  be  denoted  by  P,  its  normal  component  by  N,  and  ita 
tangential  component  by  T ;  and  let  the  angle  of  obliquity  T  P  C 
or  P  C  N  be  denoted  by  tf,  so  that 

N  =  P  •  cos  ^,                        )  .J  V 

T  =  P  -siii^  =  N  -tan^.   J  ^    ' 

Then  so  long  as  the  tangential  force  T  is  not  greater  than  /N,  it 
will  be  balanced  by  the  friction,  which  will  be  equal  and  opposite 
to  it ;  but  the  friction  cannot  exceed  /N;  so  that  if  T  be  greater 
than  this  limit,  it  will  be  no  longer  balanced  by  the  friction,  but 
will  make  the  bodies  slide  on  each  other.     Now  tiie  condition,  that 

T 

T  shall  not  exceed  y*N,  is  equivalent  to  the  condition,  that  r^ 

or  tan  ^,  shall  not  exceed^: 

Hence  it  follows,  that  the  greatest  cmgle  of  obliquity  of  presswt 
betrveen  two  plcmes  which  is  coTisistent  with  stability,  is  the  Ofn^ 
wlioee  tangent  is  the  co-^fficierU  of  friction. 

This  angle  is  called  the  angle  ofrefpose,  and  is  denoted  by  ^.  It 
is  the  steepest  inclination  of  a  plane  to  the  horizon,  at  which  a 
block  of  a  given  substance  will  remain  in  equilibrio  upon  it ;  for  if 
P  represents  the  weight  of  the  body  A  A,  so  that  P  C  is  vertical, 
and  tf  =  ^,  then  ^  is  tiie  inclination  of  B  B  to  the  horizon. 

The  relations  between  the  friction,  the  normal  pressure^  and  tha 
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total  pressure,  when  the  obliquitj  is  equal  to  the  angle  oi  repose, 
are  given  by  the  following  equations : — 


F  =  T  =/N  =  N-tan^  =  P-Bin^« 


^/TT7* 


=....(2.) 


192.    TmhW  mf  C^-cflclMls  •£  Frieli«B  asd  Angles  mt  B«p« 

Yery  extensiYe  tables  of  the  oo-efficients  of  friction  of  different 
materials  used  in  construction  are  published  in  the  works  of 
General  Morin  of  the  French  Artillery,  and  have  been  reprinted 
in  various  treatises.  The  following  is  a  condensed  table  compiled 
from  Greneral  Morin's  tables  and  from  other  authorities,  giving 

those  constants,  and  also  the  reciprocal,  •>  =  cotan  ^,  for  the 

materials  of  structures,  arranged  in  a  few  comprehensive  classes. 
Its  practical  utility  is  equal  to  that  of  the  more  voluminous  and 
detailed  tables  from  which  it  has  been  condensed : — 


Dzy  masoniy  and  brick- 
work,  

Masonry  and  brickwork, 
with  damp  mortar, 

Kmber  on  stone, 

Iron  on  stone, 

Timber  on  timber, 

Timber  on  metals,. 

Metals  on  metals, 

Masonry  on  dry  clay, .... 

Masonry  on  moist  day,.. 

Earth  on  earth, 

Earth  on  earth,  dry  sand, ) 
day,  and  mixed  earth. 

Earth    on    earth,    damp 

clay, 

Earth  on  earth,  wet  clay. 

Earth  on  earth,  shingle 

and  gravel, 


} 


J 
o'6  to  o*7 

074 

about  o'4 
07  to  o*3 
o*5  to  o*2 
o'6  to  o'2 
0*25  to  0-15 
051 

0-33 
0*25  to  I'D 

0-38  to  075 

I'D 
0-31 

o'8i  to  I'll 


31' to  35^ 
36"* 

22** 

35^  to  16^ 
26°ltoii°i 

31**  to  II*** 

14**  to  8°i 

i8°J 
14*  to  45" 

21**  to  zf 
39**  to  48° 


1-67  to  1-43 

1-35 

2-5 
143  to  333 

2  to5 

1-67  to  5 

4  to  6*67 

1*96 

3 

4  to  I 

2  63  to  1-33 


323 
1*23  to  o'9 


193.  VrfcttoMd  8cakiiit7  •T  pImm  JT^iaia. — ^In  a  structure  com- 
posed of  a  number  of  pieces  connected  only  by  touching  each  other 
at  plane  surfaces  (as  is  the  case  in  masonry  and  brickwork),  it  is 
necessary  to  stability  that  the  obliquity  of  the  pressure  should  at  no 
joint  exceed  the  angle  of  repose. 
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In  stroctures  of  masonxy,  this  condition  can  almost  eXways  be 
complied  with  by  suitably  placing  the  joints. 

Both  this  and  other  principles  depending  on  the  effect  of  frictioik 
in  promoting  the  stability  of  masonry,  will  be  considered  in  subse- 
quent sections. 

194.  Vricti^aal  8uiMiit7  •£  Banh  * — A  structure  of  earth,  wheiber 
produced  by  excavation  or  by  embankment,  preserves  its  figure  at 
first  partly  by  means  of  the  friction  between  its  grains,  and  partly 
by  means  of  their  mutual  cohesion  or  tenacity;  which  latter  force 
is  considerable  in  some  kinds  of  earth,  such  as  clay,  especially  wben 
moist.  It  is  by  its  tenacity  that  a  bank  of  earth  is  enabled  to  stand 
with  a  vertical  £m^,  or  even  an  overhanging  face,  for  a  few  feet 
below  its  upper  edge;  whereas  friction  alone,  as  will  afterwards 
appear,  would  make  it  assume  an  uniform  slope. 

But  the  tenacity  of  earth  is  gradually  destroyed  by  the  action  of 
air  and  moisture,  and  of  the  changes  of  the  weather;  so  that  its 
friction  is  the  onljt  force  which  can  be  relied  upon  to  produce 
permanent  stability.  In  the  present  investigation,  therefore,  the 
stability  of  a  mass  of  earth,  or  of  shingle  or  gravel,  or  of  any  other 
material  consisting  of  separate  grains,  will  be  treated  as  arising 
wholly  from  the  mutual  friction  of  those  grains,  and  not  from  any 
adhesion  amongst  them. 

Previous  researches  on  this  subject  are  based  (so  far  as  I  am 
acquainted  with  them)  on  some  mathematical  artifice  or  assumption, 
such  as  Cotdomb's  '^  Wedge  of  Least  Resistance.**  Besearches  so  based, 
although  leading  to  true  solutions  of  many  special  problems,  are 
both  limited  in  the  application  of  their  results,  and  unsatis&ctoiy 
in  a  scientific  point  of  view.  I  propose,  therefore,  to  investigate 
the  mathematical  theory  of  the  frictional  stability  of  a  granular 
mass,  without  the  aid  of  any  artifice  or  assumption,  and  from  the 
following  sole 

Principlk  The  resistance  to  displacement  by  sliding  along  a 
given  plane  in  a  loose  gra/mUa/r  mass,  is  equal  to  die  norTnal  pressttre 
exerted  between  the  parts  of  the  mass  on  either  side  of  that  plane, 
multiplied  by  specific  constant. 

The  spec&c  constant  is  the  co-efficient  of  friction  of  the  mass,  and 
is  the  tangent  of  the  angle  of  repose.  Let  p^  denote  the  normal 
pressure  per  unit  of  area  of  the  plane  in  question ;  q  the  resistance 
to  sliding  (per  unit  of  area  also);  ^  the  angle  of  repose;  then  the 
aymboli^  expression  of  the  above  principle  ia  as  follows : — 

-  =  tan  a) (1.) 

*  This  and  the  ensuing  Articles  of  the  present  section  are  to  a  great  extent  abrfdged 
from  a  paper  **  On  the  Stabilitj  of  Loose  Earth**  in  the  PkUotopkieal  Tratuactioiu 
for  1866-7. 


BTABILITY  OF  EABTH.  213 

This  principle  forms  the  basis  of  evezy  investigation  of  the  star 
bility  of  earth.  The  peculiarity  of  the  present  investigation  consists 
in  its  dedndng  the  Laws  of  that  stability  from  the  above  piindple 
alone,  without  the  aid  of  any  other  special  piinciple.  It  will  in 
some  instances  be  neoessaiy  to  refer  to  Mr.  Moseley's  ''Principle 
of  the  Least  Besistance;*'  but  this  must  be  regarded  not  as  a  spe^ud 
principle,  but  as  a  general  principle  of  statics. 

In  a  granular  mass,  any  plane  whatsoever  may  be  considered  as 
AptanejoifUf  in  the  sense  in  which  that  term  has  been  employed  in 
Article  193 ;  and  hence,  and  £rom  the  principle  already  stated, 
follows, 

Theobem  L  It  %8  neceamry  to  the  stahilUy  of  a  grcmvlwr  mass, 
thai  the  direction  of  the  jpres^wre  bettoeen  the  portions  into  which  it  is 
divided  by  any  plane  shcndd  not  at  amy  porrU  make  with  the  normal 
to  that  piime  an  angle  exceeding  the  angle  of  repose, 

Prom  what  has  been  already  proved,  respecting  internal  stress, 
in  Part  I.,  Chap.  Y.,  Sect  3,  and  especially  in  Articles  108  to  112 
inclusive,  it  is  evident,  that  the  plane  at  any  point  in  a  mass,  on 
which  the  obliquity  of  the  pressure  is  greatest,  is  perpendicular  to 
the  plane  which  contains  the  axes  of  gi'eatest  and  least  pressure, 
<^-the  pressure  of  greatest  obliquity  being  parallel  to  that  plane  of 
greatest  and  least  pressure. 

The  relations  amongst  the  intensities  of  the  pressures  in  a  solid 
mass,  which  are  parallel  to  one  plane,  as  represented  by  the  "  Ellipse 
of  Stress,"  have  been  investigated  in  Article  112.  The  present 
case,  of  a  mass  of  earth,  is  one  in  which  a  limit  to  the  greatest 
MiquUy  is  assigned;  viz.,  that  it  shall  not  exceed  the  angle  of  re- 
pose, f.  The  relation  between  that  greatest  obliquity  and  the 
pneatest  and  least  pressures,  has  been  found  in  Article  112,  Pro- 
blem IIL,  Case  1,  equation  6,  viz. : — 

<i  :=arc  'sm^-i ^-^: 

Pi-^Pt 
pi  being  taken  to  represent  the  greatest,  and  p^  the  least  pressure, 
and  #1  the  greatest  obliquity  of  pressure.    By  Theorem  L  we  have 

(where  ^  means,  "leea  than  or  equal  to/**  that  is,  "not  greater  than**), 
Uenoe  follows  the  following  equation : — 

SLZZli  =  sin  ^1  ^  sin  (P; (2.) 

or  in  words, 

Theorem  IL  At  each  point  in  a  mase  of  earth,  the  ratio  qfthe 
difference  of  the  greatest  and  least  presswres  to  their  sum  cannot  exceed 
the  sine  qfthe  angle  of  repose. 
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Another  symbolical  expression  of  this  Theorem  is  as  follows: — 

/>i         1  +   sin  f 


Pf  —  1  —  sin  f ' 


(2  A.) 


When  the  directions  of  any  pair  of  conjugate  pressures  in  the 
plane  of  greatest  and  leajst  pressure  in  a  mass  of  earth  are  giTen, 
the  limits  of  the  ratio  which  the  intensities  of  those  preasores  bear 
to  each  other  are  given  by  the  solution  of  Problem  Y.  of  Article  1 1 2, 

equation  27.  In  that  equation,  make  nr^^fi,  the  conmion  obliquity 
of  the  pair  of  conjugate  pressures,  and  let  #i  represent  the  greatejit 
adual  obliquity  of  pressure  in  the  mass,  which  must  not  exceeds; 
then  p,  as  before,  being  the  greater  conjugate  pressure,  and  p' the 
less,  we  obtain  the  following  proposition  : — 

Theorem  III.  The  foUoioing  is  the  expression  of  the  condition  qf 
the  stability  of  a  mass  ofea/rQ^y  in  terms  of  the  raUo  of  a  pair  ofoonr 
JTigate  pressures  in  the  plane  of  greatest  and  least  pressures : — 

p  ^cos  0  +  J  (cos*  0  —  cos'  ^i)  ^  cos  #  +  ,^/  (cos"  0  —  cos*  p)  .« . 
p' "~  cos  #  —  J  (cos*  0  —  cos*  0i)  —  cos  ^  —  V  (cos* 0  —  cos"  f)'"^  *' 

195.  Bl«M  of  Earth  with  Phine  Sariace. — Although  the  preceding 
principles  can  be  applied  to  a  mass  of  earth  with  a  sur&oe  of  any 
figure,  their  most  useful  application  is  to  a  mass  bounded  above  by 
a  plane  surface,  either  horizontal  or  sloping.  For  such  a  mass,  the 
three  Theorems  of  Article  125  are  true,  and  may  be  summed  up  as 
follows : — the  pressure  on  a  plane  parallel  to  the  upper  plane  siu'- 
face  (which  may  be  called  a  conjugate  plane)  is  vertical,  and  pro- 
portional to  the  depth : — ^the  pressure  on  a  vertical  plane  is  parallel 
to  the  upper  plane  surface,  and  conjugate  to  the  vertical  pressure : — 
the  state  of  stress  at  a  given  depth  is  uniform. 

Let  %o  be  the  weight  of  an  unit  of  volume  of  the  earth ;  x  the 
depth  of  a  given  conjugate  plane  below  the  sur^Etce  ]  $  the  inclination 
of  that  conjugate  plane;  then  the  intensity  of  the  vertical  pressure 
on  that  conjugate  plane  is 

/>,  ^%OX'CO^0 (1.) 

The  limits  of  the  intensity  p^  of  the  conjugate  pressure,  parallel  to 
the  direction  of  steepest  declivity  (when  the  surface  slopes)  on  a 
vertical  plane,  at  the  same  depth  x  below  the  surface,  are  deduced 
from  the  equation  3  of  ALrticle  194,  by  considering,  that  this  con- 
jugate pressure  may  be  either  the  greater  or  the  less  of  the  pair 
of  pressures  the  limits  of  whose  ratio  are  given  by  that  equation; 
so  that  if  we  use  the  symbol 


r 


PBINCIPLE  OF  LEAST  RESISTTANCE.  215 


to  ngnify,  "a  is  not  greater  than  6  +  c,  and  not  less  than  6  —  c," 
we  obtain  the  following  result : — 

,^                ^  coe^z±iJ  (cos'  0  —  cos*  f )  ,j. . 

P,..^tDX'COB0' ^.  )    ^  . 3^ (2.) 


When  the  plane  surface  is  horizontal,  so  that  cos  #  =  1,  equations  1 
and  2  become 

,^  1  db  sin  (p  ,- . 


as  mi^t  have  been  inferred  from  Theorem  II.  of  Article  194. 

When  #  ^  f ,  or  when  the  slope  is  the  angle  of  repose,  the  limits  of 
the  intensity  of  the  conjugate  pressure  coincide^  and  it  has  but  one 
Talue,  viz. : — 

p^wx' cos  (D  =/>, (4.) 

For  all  values  of  0  greater  than  0,  equation  2  becomes  impossible ; 
which  shows  what  is  otherwise  evident,  that  the  angle  of  repose  is 
the  steepest  possible  slope. 

There  is  a  third  pressure  which  may  be  denoted  hjp,y  in  a  direction 
perpendicular  to  the  first  two,  p,  and  /?,;  that  is,  horizontal,  and 
perpendicular  to  the  vertical  plane  in  which  the  declivity  is  steepest; 
but  the  intensity  of  that  third  pressure  will  be  considered  in  a 
subsequent  Article  It  is  of  secondary  importance  in  practice, 
seeing  that  walls  for  the  support  of  sloping  banks  of  earth  are  gene- 
nUy  placed  so  as  to  resist  the  pressure  of  the  earth  in  the  direction 
of  steepest  declivity. 

With  the  exception  of  equation  4,  the  equations  of  the  present 
Article  give  only  Uie  Umils  of  the  intensity  of  the  conjugate  pressure 
parallel  to  the  steepest  declivity.  To  find  the  exact  intensity  of 
that  pressure,  it  is  necessary  to  have  recourse  to  a  statical  principle, 
fiist  discovered  by  Mr.  Moseley,  which  is  stated  in  the  following 
Artideu 

196.   PriBclpki    •f   Mjtmmi  BMialOMCe. — ^ThEOREX.      ff  the  /oTCes 

which  balance  each  other  in  or  upon  a  given  body  or  etrudure  be 
dieUnguiehed  into  two  syetemSf  called  reepectivdy  active  and  passive, 
which  statid  to  each  other  in  the  relation  of  cause  and  effect^  tJien  unU 
thepaseiveforcee  be  the  least  which  a/re  capable  of  balaiunng  the  active 
forces,  consistently  vnih  the  physical  condition  of  the  body  or  structure. 
For  the  passive  forces  being  caused  by  the  application  of  the 
active  forces  to  the  body  or  structure,  wQl  not  increase  after  the 
active  forces  have  been  balanced  by  them;  and  will  therefore  not 
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increase  beyond  the  least  amount  capable  of  balancing  the  active 
forcea — Q.  E.  D. 

197.  Earth  lioadod  wtih  Urn  •wb  Weight. — In  a  mass  of  earth 
loaded  with  its  own  weight  onlj,  the  gravitation  of  the  earth  causes 
the  vertical  pressure^  the  vertical  pressure  causes  a  tendency  to 
spread  laterally,  and  the  tendency  to  spread  causes  the  conjugate 
pressure;  therefore  the  vertical  and  conjugate  pressures  stemd  to 
each  other  in  the  relation  of  cause  and  effect,  or  active  and  passiTe 
respectively;  therefore  the  intensity  of  the  conjugate  pressure  is 
the  least  which  is  consistent  with  the  conditions  of  stability  given 
in  Articles  194  and  195. 

Applying  this  principle  to  the  equations  of  Article  195^  relatLve 
to  a  bank  with  a  plane  upper  surface,  they  become  the  following : — 

Vertical  pressture  (as  before),  p,  =  to  a;  cos  ^ (1.) 

Conjugate  preaswre  parallel  to  steepest  declivity  : — 
General  case, 

^    cos  9  —  J  (cos*  B  —  cos*  *)  ,„  V 

»^  =  «7  a;  •  cos  tf  • -. ^Vt — i-3 «-^  r (2.) 

^'  ooaB  +  J  (cos*  B  —  cos*  f  >  '^       ^   ' 

Horizontal  surfiEUse,  ^  =  0,  cos  ^  =  1 ;  pj,=ifax\ 

1  —  sin  A  ,« » 

p  ==fox  '  = 7—z; (3.) 

^*  1  +  sm  f  ^  ' 

"  Natural  slope,"  ^  =  f , 

p^  =p,  =  i£;a;  *  cos  f (4.) 

The  third  pressure  p,  is  found  in  the  following  manner.  Being 
perpendicular  to  the  plane  of  p,  and  p„  it  must  be  a  principal  pres- 
sure (Arts.  107, 109).  Being  a  passive  force,  it  must  have  the  least 
intensity  consistent  with  stability,  and  must  therefore  be  equal  to 
the  least  pressure  in  the  plaue  of  p,  and  p^ 

The  greatest  and  least  stresses,  or  principal  pressures,  in  that 
plane,  are  to  be  found  by  means  of  Problem  I V .  of  Article  112,  case 
3,  from  the  pair  of  conjugate  pressures  p„  p„  whose  obliquity  is  i. 
lietpi  be  the  greatest,  and  p,  the  least  principal  pressure;  then  u 
equations  19  and  20  of  Art  112,  for 

p,p,nr,p„p^ 
we  are  to  substitute  respectively, 

P«  Pv  ^»  Pit  Ph 
giving  the  following  results  : — 
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Pi  — 


2       ~2cofl^       coB^  +  J  (cob*  ^  —  co8«  f ) ^  *^ 

"   '^  1"TC0?7  P-P'J  "C08#+^(C0S»#  — C08»»  W 


ind  conaeqnently, 
Greatest  pressnrey  J9| 


to  g  •  cos  ^  •  (1  +  sin  f) 
'  coa0  +  J  (cos'  ^  —  COS*  f)^"" 

—  to  gg  •  COS  ^  (1  —  sin  f  ) 

^  ~^'  ""  COS  tf  +  ^  (cos*  ^  —  cos*  f) 


.(7.) 


(8.) 


The  aadfl  of  greatest  pressure  lies  in  the"  acute  angle  between  the 
directioxi  of  greatest  dedivity  and  the  yertical;  and  its  inclination 
to  the  horizon,  which  maj  be  denoted  by  ^,  is  given  by  the  follow- 
ing formula,  deduced  from  equation  17  of  Article  112,  by  making 
the  pioper  substitutions : — 

cos  2  v^  =  -^-^ — — *-  ; 

Pi—Pf 

from  which  is  easily  deduced, 


T  =  TT  <  '  +arc  •  sm-: —  V 
^        2  I     ^  sinf  / 


.(9.) 


(10.) 


In  usong  this  formula,  the  arc  ain  -: —  is  to  be  taken  as  greater 

than  a  right  angle. 

The  foUowing  are  the  results  of  the  equations  7,  8,  9,  for  the 
extreme  cases : — 

HorizorUal  surfiice,  ^  =  0; 
1  —  sin  # 

p^:=p,=zt0X'  z ; — Z=P9f 

^"      -^  1  +  Sin  f      ^' 

^  =  9(f,  or  the  axis  of  greatest  pressure  is  verticaL 

NaAwnd Slope,  ^^f; 

j>j  =r  toaB(l  +  sin  f); 

p,  =  p,  =  wx{l  —  sin  f); 

^  s:  -x-  (^  +  90^,  or  the  axis  of  greatest  pressure  bisects 

the  angle  between  the  slope  and  the  verticaL 


(11.) 
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Fig.  94. 


198.  Pnamire  •£  Baitk  agalost  a  Tertical  Pkuic. — In  fig.  94,  let 

V  OX  represent  a  vertical  plane  in  or  m 
contact  with  a  mass  of  earUi  whose  upper 
sur&ce  Y  O  Y  is  either  horizontal  or  in- 
clined  at  any  angle  ^,  and  is  cut  by  the 
vertical  plane  in  a  direction  perpendicular 
to  that  of  steepest  declivity.  It  is  requind 
to  find  the  pressure  exerted  by  tiie  eaith 
against  that  vertical  plane,  per  unil  of 

breadthf  from  O  down  to  X,  at  a  depUi 

OX  =  X  beneath  the  surface,  and  the  direction  and  position  of  tho 
resultant  of  that  pressure. 

The  direction  of  that  resultant  is  already  known  to  be  parallel  to 
the  dedivity  Y  O  Y. 

Let  B  B  be  a  plane  traversing  X,  parallel  to  Y  O  Y.  In  that 
plane  take  a  point  D,  at  such  a  distance  X  D  from  X,  that  the 
weight  of  a  prism  of  earth  of  the  length  X  D  and  having  an  oblijue 
base  of  the  area  unity  in  the  plane  O  X,  shall  represent  the  inten- 
sity of  the  conjugate  pressure  per  unit  of  area  of  a  vertical  plane  at 
the  depth  X  Draw  the  straight  line  O  D ;  then  will  the  ordinate, 
paraUel  to  O  Y,  drawn  from  O  X  to  O  I)  at  any  depth,  be  the 
length  of  an  oblique  prism,  whose  weight,  per  unit  of  area  of  its 
oblique  base,  will  be  the  intensity  of  the  conjugate  pressure  at  ilut 
depth.  Let  O  D  X  be  a  triangular  prism  of  eurth  of  the  thickneei 
unity;  the  weight  of  that  prism  will  be  the  amyyurU  of  the  conju- 
gate pressure  sought,  and  a  line  parallel  to  OY,  traversing  its 
centre  of  gravity,  and  cutting  O  X  in  the  cenire  of  pressure  C,  will 

be  the  position  of  the  resultant  of  that  pressure.  The  depth  0  G 
of  that  centre  of  pressure  beneath  the  surface  is  evidently  two- 
thirds  of  the  total  depth  O  X. 

To  express  this  symbolically,  make 

XD  =  -Pi-  =  x-Pi  =  «-"°'!7^,K!~'°^'!mi> 

«;'cos^  p,  COS0+  ^{(xxri  —  corf) 

(by  equation  2  of  Article  197); 

then  the  amount  of  the  conjugate  pressure,  or  weight  of  the  prism 
OXD,ifl 

T,=.flp,'dx=fJ[p^d 

=   -TT-  '  COS  0  •"■— 


X 


2 


.^.  =,  !^  .  COS  #  •  C0S^^(C08«^-^  ^j 
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md  the  centre  of  pressure  is  given  by  the  equation 

—       2x 

0C=- (3.) 

In  the  extreme  cases,  equation  2  takes  the  following  forms  : — 
For  a  horizontal  surface ;        ^  =  0 ; 

_w^    1— 8in» 
^'-    2    -l+sin^' ^*-' 

For  a  surfisuse  sloping  at  the  angle  of  repose;      '  ==  ^; 

Pf  =  -g-  •  «»f- (^O 

The  principles  of  this  Article  serve  to  determine  the  pressure  of 
cuth  against  retaining  walls,  as  will  afterwards  be  shown 

199.  8«FpMtlBS  P^wer  •€  Barth  Foimdattoaa. — ^The  two  preced- 
ing Articles  refer  to  the  case  in  which  the  conjugate  pressure  at  a 
given  depth  is  caused  solely  by  the  vertical  pressure  due  to  the 
weight  of  earth  above  that  point,  and  is  therefore,  in  virtue  of  the 
^  principle  of  least  resistance,*'  the  least  conjugate  pressure  consis- 
tent with  the  weight  of  the  vertical  column  of  earth  in  questibn. 

But  the  conjugate  pressure  may  be  increased  beyond  that  least 
•mount,  by  the  application  of  the  pressure  of  an  external  body;  for 
example,  the  weight  of  a  building  founded  on  the  earth.  In  this 
case,  the  conjugate  pressure  will  be  the  lecut  which  is  consistent 
with  the  vertical  pressure  due  to  the  weight  of  the  buHcUng;  and 
if  that  conjugate  pressure  does  not  exce^  the  greatest  conjugate 
pressure  consistent  (according  to  equation  2,  3,  or  4  of  Article 
195)  with  the  weight  of  the  earth  above  the  same  stratum  on  which 
the  building  rests,  the  mass  of  earth  wiU  be  stable. 

The  most  important  case  in  practice  is  that  in  which  the  surface 
of  the  ground  is  horizontal ;  so  that  the  intensity  of  the  vertical 
pressure  due  to  the  weight  of  the  earth  is  to  a; ;  x  being  the  deptli 
of  the  base  of  the  foundation  of  the  building  below  the  surCekoe  of 
the  earth. 

lu  this  case,  the  greatest  horizontal  pressure,  at  the  depth  x,  oon- 

nstent  with  stability,  as  given  by  equation  3  of  Article  195,  is  as 

foUowB: — 

1  +  sin  f  ,   . 

p,  =  wx  '- r— -; (1.) 

^'  1  —  smf  ^   ' 

The  greatest  intensity  of  vertical  pressure  oonsLstent  with  thin 
lK>ri»>ntal  pressure  is 
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1  +  sin  *  /I  +  sin  «\«  ... 

^        ^'    1  —  smf  \1  —  sinf/  ^ 

and  this  is  (A^  greatest  mtenaity  ofpressurty  consistent  with  stability^  of  a ' 
building  fimnded  on  a  horizontal  stratum  of  earth  at  the  tUpth  x,  Ae 
angle  of  repose  being  ^. 

If  A  be  the  area  of  the  foundatioii  of  the  building,  was  A  'wil 
be  the  weight  of  earth  displaced  by  it ;  and  if  the  preasore  of 
the  building  on  its  base  be  nnifonnly  distributed,  //  A  will  be 
the  weight  of  the  building;  so  that 


P 

10 


L  =  (\+^^)' (a) 

05        \1  —  sin  f  /  ^   ' 


is  the  Umit  of  the  ratio  in  which  the  weight  of  a  huHcUng  exooeds  ik 
w6ght  of  earth  displaced  by  it,  when  the  pressure  is  unifonnlj  dis- 
tributed over  the  base. 

If  the  pressure  of  the  building  be  not  uniformly  distributed 
over  the  base,  its  greatest  intensity  must  not  exceed  that  given 
by  equation  2,  and  its  least  intensity  must  not  fidl  short  of  tor 
lliis  condition  determines  the  greatest  inequality  qf  cUstrtbutim 
of  the  pressure  of  a  building  which  is  consistent  with  the  stabih^ 
of  a  given  kind  of  eartL  The  most  useful  and  frequent  example 
of  this  case  is  that  in  which  the  base  is  rectangular,  and  the 
intensity  of  the  pressure  increases  at  an  uniform  rate  from  one 
■edge  to  the  opposite  edge  of  the  rectangle,  being  an  ttn^ormlji 
voflrying  stress  (Articles  91,  92,  94).  In  this  case,  let  /^  denote 
the  mean  intensity  of  the  pressure  of  the  building,  6  the  breadth 
of  its  base  in  the  direction  along  which  the  pressure  varies,  and 
cb  the  utmost  deviation  of  the  centre  of  pressure  of  the  base  from  rts 
<xntre  of  fgure,  consistent  with  the  stability  of  the  earth  which 
supports  it;  then 

p*  +  wx  l  +  sin'f 

^<'  =  — 2— =  «"'-(r:ri^'' <^) 

f/ — w  X                sin  p 
^  ^  6{p'  +wx)  ^  3(l+sin«f) ^^'^ 

200.  Abmting  Power  mf  Earth.-— If  a  vertical  plane  sur&oe  of 
4EK)me  body  which  is  pressed  horizontally,  such  as  a  buttress,  or 
a  retaining  wall,  abuts  or  presses  horizontally  against  a  horizontal 
layer  of  earth,  of  the  depth  x,  the  Umit  of  the  resistance  which 
that  layer  is  capable  of  opposing  to  the  horizontal  thrust  of  the 
vertical  plane  is  determined  by  the  greatest  horizontal  pressoie 
consistent  with  the  stability  of  the  eartL     Hence  the  amount  <rf 
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liat  horizontal  resistance,  per  unit  of  horizontal  breadth  of  the 
rerfeieal  abnttang  plane,  is  given  by  the  equation 

p  ^D7^    1  +  sin  f 

^^  "  "2~  '  1— sinf 

Hie  tffdre  ofresUtonce  is  at  -^  below  the  surfeuse  of  the  eartL 

201.  TaMe  mt  WLxmsmpitm  of  the  results  of  the  formuls  in  Artidet 
197, 198,  199,  and  200. 
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R 


The  column  headed  o^  is  applicable  to  liquitU. 
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202.    FricUonal  TmukcUj  or  B«Bd  of  TUbmm^mry  mndi 

The  overlapping  or  breaking  of  the  joints,  oommonlj  called  the 
bond,  in  masonry  and  brickwork,  has  three  objects — ^first,  to  dis- 
tribute the  vertical  load  which  rests  on  each  stone  or  brick  over 
two  or  three  of  the  stones  or  bricks  of  the  course  next  beloi^,  and 
so  to  produce  a  more  nearly  uniform  distribution  of  the  load  than 
would  otherwise  take  place;  secondly,  to  enable  the  structure  to 
i-esist  forces  tending  to  break  it  by  shearing ,  or  sliding  of  one  part 
on  another,  in  a  vertical  plane;  and  thirdly,  to  enable  it  to  resist 
forces  tending  to  tear  it  asunder  horizontally. 

For  masonry  and  brickwork  laid  either  diy,  or  in  common  mor- 
tar which  has  not  had  time  to  acquire  practically  apprectabie 
tenacity,  the  resistance  to  horizontal  tension  mentioned  above  as 
the  thnrd  object  of  the  bond,  is  due  to  the  mutual  friction  of  tiie 
overlapping  portions  of  the  beds  or  horizontal  faces  of  the  stones  or 
bricks,  and  may  be  called  ^^frictional  tenoxnlyP  The  amount  of  the 
fHctional  tenacity  at  any  horizontal  joint  is  the  product  of  the  ver- 
tical load  upon  the  portion  of  that  joint  where  two  blocks  of  stone 
or  brick  overlap  each  other,  into  the  co-efficient  of  friction,  which, 
as  stated  in  the  table  of  Article  192,  is  about  074. 

Let  fig.  94  A  represent  a  portion  of  a  wall  with  a  horizontal  top 

A ;  and  let  it  be  reqtdred  to  determine 
the  frictional  tenacity  at  a  horizontal 
joint  B,  whose  depth  below  A  is  j:^  the 
intensity  of  that  tenacity  per  unit  ol 
area  of  a  vertical  plane  at  B,  and  the 
aggregate  tenacity  of  the  wall  from  A 
down  to  B^  with  which  it  is  capable  of 
resisting  a  force  tending  to  tear  it  into 
two  parts  by  separation  at  the  seriated 
dark  line  which  extends  from  A  to  B  in  the  figure. 

Let  w  be  the  weight  of  an  unit  of  volume  of  the  material  of  the 
wall ;  h  the  length  of  the  overlap  at  each  joint;  t  the  thinlmww  of 
the  wall.     Then 

whix 

is  the  vertical  pressure  on  the  overlapping  portions  of  the  stones  or 
bricks  at  B,  and  consequently,  if/ be  the  co-efficient  of  friction,  the 
amount  of  frictional  tenacity  for  the  joint  B  is 
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Fig.  94  A. 


fiohtx. 


.(1.) 


The  intensity  of  that  tenacity  per  unit  of  area  of  a  vertical 
plane  is  found  by  dividing  its  amount  by  the  area  of  a  vertical 
section  of  one  course  of  stones  or  bricks.     Let  A  be  the  depth  of  a 
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coarse ;  then  A  <  is  the  area  of  its  vertical  section ;  and  the  intensity 
of  the  fictional  tenacity  of  the  joint  immediately  below  is 

•^*. (2.) 

Let  n  be  the  nnmber  of  courses  from  A  down  to  R     Then  the 

vahie  of  x  for  the  uppermost  course  is  =  A,  and  for  the  lowest 

n  +  1 
eourse,  ^  nh;  and  the  mean  value  of  a;  is  — ^  *  A ;  so  that  the 

mean  tenacity  per  course  is 

—2     fwbth; 
tnd  the  mean  intensity, 

Hence  the  amount  of  the  aggr^;ate  fi-ictional  tenacity  of  the  wall, 
fram  A  down  to  B,  is 

n+1      -                /iobt(a^  +  hx)  .«. 

n'-g      •/«^*^*=  Yh ^'^ 

From  the  equations  2  and  3  it  is  obvious  that  the  fi-ictional 
teadty  of  masoniy  and  brickwork  is  increased  by  increasing  the 

latio  7  which  the  length  of  the  overlap  bears  to  the  depth  of  a 

course.  This  may  be  effected  either  by  increasing  the  length  of  the 
stones  or  bricks  (to  which  the  overlap  bears  a  definite  proportion, 
depending  on  the  style  of  bond  adopted),  or  by  diminishing  their 
depth ;  but  to  both  those  expedients  there  is  a  limit  fixed  by  the 
liabUi^  of  stones  and  bricks  to  break  across  when  the  leugth 
exceeds  the  depth  in  more  than  a  certain  ratio,  which  for  brick 
ttd  stone  of  ordinary  strength  is  about  3. 

For  English  bond  (as  in  fig.  94  A),  consisting  of  a  course  of 
^Mdten  (or  bricks  laid  leng&wise),  and  a  course  of  headers  (or 
bricks  laid  crosswise),  alternately, — ^and  also  for  Flemish  bond,  in 
which  each  course  consistB  of  alternate  headers  and  stretchers,  the 
orerlap  b  is  one-fourth  of  the  length,  or  about  three-fourths  of  the 

b  3 

depth,  of  a  brick.     The  value  of  -r  is  therefore  7 ;  but  to  allow  for 

h  4 

UT^olarities  of  figure  and  of  laying  in  the  bricks,  it  is  safe  to  make  it 
7  in  the  formula.     Substituting  this  in  equations  2  and  3,  and 
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making  y=  j,  we  find  for  the  intensily  of  the  finctioiial  teamdtj, 
uihere  (merhodfofiheface  qfthe  waU  conaiata  qfenda  qfheadarSg 

^; (4-) 

and  for  the  amount  from  the  top  of  the  wall  down  to  the  depth  x, 

'£l(^+M, (5.) 

The  tenacity  of  the  wall  in  the  direction  of  its  thickness,  which 

resists  the  sepaiution  of  its  front  and  back  portions  by  splitting,  is 

often  as  important  as  its  longitudinal  tenacity,  and   sometunes 

more  so.     Where  one-half  of  the  face,  as  in  fig.  94  A,  consists  of 

ends  of  headers,  the  overlap  of  each  course  in  the  direction  of  tke 

thickness  is  generally  one-half  of  the  length  of  a  biick  instead  of 

h  4 

one  quarter ;  so  that  ^  is  to  be  made  =  -  instead  of  two-thirda 

Hence  in  this  case,  the  transverse  /rictional  tenadiy  (as  it  may  be 
called)  is  double  of  the  longitudinal  frictional  tenacity,  its  intensify 
at  the  depth  x  being 

1(7  05, (6.) 

and  its  amount  from  the  top  of  the  wall  down  to  the  depth  «,  for 
a  length  of  wall  denoted  by  ly 

2  ^  ^^ 

In  a  brick  wall  consisting  enivrdy  of  st/retckersy  as  in  fig.  94  B» 

1 1 1 1 1 the  lonffUudinal  ienacity  is  double  of 

I         i        1         I         r   that  of  the  wall  in  fig.  94  A,  where 
'         '         '         '         I  one-half  of  the  face  consists  of  ends  of 

I     '    I     '    I    '     I     *    I     ^      headers.     But  that  increased  longita 


Fiff  94  B.  dinal  tenacity  is  attained  by  a  total 

sacrifice  of  transverse  tenacity,  when 
the  wall  is  more  than  half  a  brick  thick.  In  brickwork,  therefore, 
in  which  the  longitudinal  is  of  more  importance  than  the  transveise 
tenacity  (as  is  the  case  in  furnace  chimneys),  a  sufficient  amount  of 
transverse  tenacity  is  to  be  preserved  by  having  courses  of  headers 
at  intervals.  The  effects  of  this  arrangement  are  computed  as 
follows : — 

Let «  be  the  number  of  courses  of  stretchers  for  each  couise  of 
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heftden :  so  that  — r^  of  tlie  &x»  of  the  wall  oonaistB  of  encb  of 

headera.  and  — i—r  of  ndes  of  stxetchera. 
*+  1 
Let  L  denote  the  intencdly  of  the  longitudinal  fiictional  tenadtj, 

and  T  that  of  the  transverse  frictional  tenacily,  at  the  depth  x. 

The  following  table  represents  the  values  of  those  intensities  in  the 


1  *  T  I 

.-+-1      m       ^         '■ 

,11  iOX 

^  2  T  "2"  •^^ 

00  0  1  w  X  0 

Now,  in  intermediate  cases,  the  longitudinal  tenacily  will  vaiy 
nearlj  as  the  proportion  of  sides  of  stretchers  in  the  face  of  the  wall 

-  ,  - j-  y  and  the  transverse  tenacily  as  the  proportion  of  ends  of 

headers;  whence  we  have  the  following  formuls  for  the  intensi- 
ties >— 

^  =  s+l'  •^^^ '^^'> 

T^-^^tox (9.) 

Consequentlj,  for  the  aggregate  tenacities  down  to  a  given  depth  x^ 
when  the  length  of  the  wall  is  I,  and  its  thickness  i,  we  have 

Longitudinal,  a/  ^.vk  '  ^*  {o^  +  hx);, (10.) 

Tramvene,  a  (  4.  i\  *  «^^  («"  +  *«) (H.) 

To  make  the  longitudinal  and  transverse  Mctional  tenacities  of 
equal  intensitji  we  should  have  «  =  2,  or  two  courses  of  stretchers 
for  one  course  of  headers.     This  makes 

L  =  T  =  -^ (12.) 

In  round  factory  chimneysy  it  is  usual  to  make  #  =  4 ;  and  then 

we  have 

4                      2 
L  =  -  •  fax;  T  =  -  •  tox (13.) 
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The  preceding  formulae  are  applicable  not  only  to  brickwotk,  but 
to  ashler  masoniy  in  which  the  proportions  of  the  dimensions  of  the 
stones  are  on  an  average  nearly  the  same  with  those  of  bricks. 

The  formulae  9  and  11  may  also  be  used  to  find  the  ironsverm 

tenacity  of  a  nMle  waU,  if         -  be  taken  to  represent  the  propor- 

Han  of  the  /ace  of  the  waU  which  coneiste  of  the  ends  of  eqvarei 
headers  or  bond  sUmes,  cormecti/ng  the  front  and  back  of  the  wall 
togetlver. 

The  principles  of  the  present  Article  may  be  relied  on  as  a  means 
of  comparing  one  piece  of  masonry  or  brickwork  with  another,  so 
far  as  their  security  depends  on  the  horizontal  tenacity  produced 
by  the  friction  of  the  courses.  But  inasmuch  as  the  absohde 
nimierical  resuUs  have  been  arrived  at  by  an  indirect  process^  from 
the  tangent  of  the  angle  of  repose  of  masonry  and  brickwork  laid 
with  damp  mortar,  these  results  are  to  be  considered  as  uncertain, 
and  as  requiring  direct  experiments  for  their  verification  or  oomc- 
tion.     No  such  experiments  have  yet  been  made. 

203.  FricUoB    of    Screw*,  Keys,    and    Wedges. —  The    pieces   of 

structures  in  timber  and  metal  are  often  attached  together  by  the 
aid  of  keys  or  wedges,  or  of  screws.  The  stability  of  those  &stenr 
ings  arises  from  friction,  and  requires  for  its  maintenance  that  the 
obliquity  of  the  pressure  between  the  wedge  or  key  and  its  seat,  or 
between  the  thread  of  the  screw  and  that  of  its  nut,  shall  not 
exceed  the  smallest  value  of  the  angle  of  repose  of  the  materials. 

204.  Friction   ot    Beat  and  Friction  of  Motion. — For   SOme   sob- 

stances,  especially  those  whose  surfaces  are  sensibly  indented  by  a 
moderate  pressure,  such  as  timber,  the  friction  between  a  pair  of 
sur&ces  which  have  remained  for  some  time  at  rest,  relatively  to 
each  other,  is  somewhat  greater  than  that  between  the  same  pair  of 
surfaces  when  sliding  on  each  other.  This  excess,  however,  of  the 
friction  of  rest  over  tike  friction  ofmotAon^  is  instantly  destroyed  by 
a  slight  vibration  \  so  that  the  friction  of  motion  is  alone  to  be 
relied  on  as  giving  stability  to  a  structure.  In  Article  192, 
accordingly,  the  co-efficients  of  Motion  and  angles  of  repose  in  the 
table  relate  to  the  friction  of  motion^  where  there  is  any  sensible 
difference  between  it  and  Hh^  friction  of  rest, 

BscfnoN  4. — On  ihe  StahUity  ofAbuJtments  and  Vaults. 

205.  Stability  at  a  Plane  Joint. — ^The  present  section  relates  to 
the  stability  of  structures  composed  of  blocks,  such  as  stones  or 
bricks,  touching  each  other  at  joints,  which  are  plane  sur&oeS) 
capable  of  exerting  pressure  and  friction,  but  not  tension. 

The  conclusions  of  the  present  section  are  applicable  to  structttics 
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of  maaoniy  or  brickwork,  nnoemented,  or  laid  in  ordinary  mortar ; 
lor  althon^  ordinary  mortar  sometimes  attains  in  the  course  of  years 
a  tenacity  equal  to  that  of  limestone^  yet,  when  fresh,  its  tenacity  is 
too  small  to  be  relied  on  in  practice  as  a  means  of  resisting  tension  at 
tlie  joints  of  the  stmctuxe ;  so  that  a  structure  of  masonry  or  biick- 
worky  requiring,  as  it  does,  to  possess  stability  while  the  mortar  is 
fresh,  ought  to  be  designed  on  the  supposition,  that  the  joints  have  no 
appreciable  tenacity.  The  mortar  adds  somewhat  to  the  fricticmcd 
stabilttt/,  as  has  already  been  stated  in  the  table  of  Article  192,  and 
thus  oontributes  indirectly  to  the  JricUonal  ienacnJty  described  in 
Article  202. 

There  are  kinds  of  cansnl  whose  tenacity  becomes  at  once  equal 
to  that  of  bricky  or  even  to  that  of  stone.  So  far  as  the  joints  are 
oemented  with  such  kinds  of  cement,  a  structure  is  to  be  considered 
as  one  piece,  and  its  safety  is  a  question  of  strengtL 

A  plane  joint  which  has  no  tenacity  is  incapable  of  resisting  any 
force,  except  a  pressure,  whose  centre  of  stress  falls  within  the  joint, 
and  whose  obliquity  does  not  exceed  the  angle  of  reposa 

If  the  resistance  of  the  material  of  the  blocks  which  meet  at  the 
joint  to  a  crushing  force  were  infinitely  great,  it  would  be  suffi> 
cicnt  for  stability  that  the  centre  of  pressure  should  fledl  anywhere 
within  the  joint,  how  close  soever  to  the  edge ;  but  for  the  actual 
materials  of  construction,  it  is  necessary  that  the  centre  of  pressure 
should  not  be  so  near  the  nearest  edge  of  the  joint  as  to  prxxiuce  a 
pressure  at  that  edge  sufficiently  intense  to  injure  the  material. 
Hence  it  appears  that  the  exact  determination  of  the  limiting  posi- 
tion of  the  centre  of  pressure  at  a  plane  joint  is,  strictly  speaking, 
a  question  relating  to  the  strength  of  materials.  Nevertheless,  an 
approximation  to  that  position  can  be  deduced  from  an  examina- 
tion of  the  examples  which  occur  in  practice,  without  having 
reooune  to  an  investigation  founded  on  the  theory  of  the  strength 
of  materialsL  Some  of  the  most  useful  results  of  such  an  examina- 
tion are  expressed  as  follows  : — 

Let  q  denote  the  ratio  which  the  distance  of  the  centre  of  pressure 
of  a  given  plane  joint  from  its  centre  of  figure  bears  to  the  diameter 
or  breadth  of  the  same  joint,  measured  along  the  straight  line 
which  traverses  its  centre  of  pressure  and  centre  of  figure  ;  so  that 
if  <  be  that  diameter,  q  t  shall  be  the  distance  of  the  centre  of  pres- 
sure from  the  centre  of  figure.  Then  the  ratio  q  is  found  in  prao- 
tioe  to  have  the  following  values : — 

In  rHo^  ^  designed  by  British  engineen,...|.  or  0375. 

o 

3 

In  rdaining  uxUls  designed  by  French  engineers,. . . ypr,  or  0*3. 
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Tn  the  akfuimm^  ofa/rcka^  in  piars  and  detached  buUteaset^  and  in 
towers  and  chimneys  exposed  to  the  pressure  of  the  wiod,  it  iua 
been  found  hy  experience  to  be  advisable  so  to  limit  the  deviatioii 
of  the  centre  of  pressure  from  the  centre  of  figure,  that  the  maxi- 
mum intensity  of  the  pressure,  supposing  it  to  be  an  tmtfomdy 
vofrying  pressure  (see  Article  94),  shall  not  exceed  the  double  of  the 

mean  inteuaily.     Ajs  in  Article  94,  let  P  be  the  total  pressure ;  S 

p 
the  area  of  the  joint ;  let  ^  =  jp^  be  the  mean  intensity  of  the  pfcs- 

sure,  which  is  also  the  intensity  at  the  centre  of  figure  of  the  joint, 
and  at  each  point  in  a  neutral  axis  traversing  that  centre  of  figure; 
let  X  be  the  perpendicular  distance  of  any  point  from  that  axis,  and 
let  the  pressure  at  that  point  be  |7  =  |7,  +  a  a;,  so  that  if  a^  be  the 
greatest  positive  distance  of  a  point  at  the  edge  of  the  joint  finom 
the  neutral  axis,  the  ma.YiTniim  pressure  will  be 

Now,  by  the  condition  stated  above,  pi  =  2p^  and,  consequently, 

•=^'=5=^s- w 

Xi         Xi      a^D 

If  the  diameter  of  the  joint  is  bisected  by  the  centre  of  figure^ 
and  if  os^  (as  in  Article  94)  be  the  distance  of  the  centre  of  presBure 
from  the  neutral  axis,  we  shall  have 

and  by  inserting  in  this  equation  the  value  of  o;^  as  given  by  equa- 
tion 4  of  Article  94,  and  having  r^ard  to  the  value  of  a^  as  given 
by  equation  1  of  this  Article,  we  find 

_    ol I^  ,«. 

^"■2Pah^2S«;' ^^^ 

an  expression  whose  value  depends,  wholly  on  the  figure  of  tbe 
joint — that  is,  of  the  transverse  section  of  the  abutment^  pier, 
buttress,  tower,  or  chimney. 

Referring  to  the  table  at  the  end  of  Article  95  for  the  values  of 
the  moment  of  inertia  I,  the  following  results  are  obtained  for 
joints  of  different  figures.  In  each  case  in  which  there  is  any 
difierence  in  the  values  of  q  for  different  directions,  the  deviation 
of  the  centre  of  pressure  is  supposed  to  take  place  in  that  direction 
in  which  the  greatest  deviation  is  admissible— -that  is  to  say,  at 
right  angles  to  the  neutral  axis  for  which  I  is  a  mft-rimnm  •  go  that 

if  A  be  the  diameter  in  that  dii-ecUon,  Xi  =  - . 

m 


ffTABILITT  AT  A  PLANS  JODIT. 


239 


FiouBB  OF  Babel 
I.  Bectangle— 

Length, A) 

Breadth, ^ 6) 

Side, ^ J^ 

TIL  Ellipee— 

Longer  axis, h\ 

Shorter  axis, 6> 

IV.  CSrde— 

Diameter, h 

V.  Hollow  rectangle-^ 

Outside  diniennoD8,...A,  h\ 
Inside  dimensiona,..  J^,  V) 

VL  Hollow  square— 

Ootside  dimensions, ky 

Inside  dimension^ h'j 

Vll.  drcular  ring — 

IHaineter,  Outside, h\ 

Do.      Inside,. h^f 


I 

!     ^     ! 

A»6 
12 

1 
hh 

12 

A' 

xh*b 

xA& 

64 

4 

»A« 

xA» 

64 

4 

h*b-K*V 
12 

hb-h'U 

A* -A" 
12 

J/f-h" 

64 

1 

3 

6 

1 

8 

Jl 

8 

6A»(A6-.A'6} 
V  +  A^' 

A'  +  A" 
8A» 


When  the  solid  parts  of  the  hollow  square  and  of  the  circular 
ring  are  very  thin,  the  expressions  for  q  in  Examples  YL  and  YIL 
become  approximately  equal  to  the  following : — 

VIIL  Hollow  square, q  =^i 

IX.  Circular  ring, q  =  t; 

which  values  are  sufficiently  accurate  for  practical  purposes  when 
applied  to  square  and  round  fBX^rj  chimneya 

The  conditions  of  stability  of  a  block  supported  upon  another 
block  at  a  plane  joint  may  be  thus  summed  up : — 

Beferring  to  fig.  93,  Article  191,  let  A  A  represent  the  upper 
block,  B  6  part  of  the  lower  block,  e  E  the  joint,  C  its  centre  of 

pressure,  P  C  the  resultant  of  the  whole  pressure  distributed  over 
the  joint,  whether  arising  from  the  weight  of  the  upper  block,  or 
from  forces  applied  to  it  from  without.  Then  the  conditions  of  sta- 
bility are  the  following  : — 

I.  The  MiquUy  o/thepresmre  must  not  exceed  the  angle  qf  r^pote, 
that  is  to  say, 
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ZPCN-^f W 

n.  The  ratio  which  the  deviaiion  o/the  oenJbre  ofpresgu/rejrom  ike 
eentre  offigwre  of  the  joint  bean  to  the  length  o/the  diameter  of  the 
joint  travereing  those  two  cerUrea,  must  not  exceed  a  certain  Jraetion, 
whose  value  varies,  according  to  cvreumsta/naeSy  from  one^htk  to 
three-^hihs,  that  ia  to  a&j, 

^     _ ^q (^) 

«E         — 

The  first  of  these  conditions  is  called  that  of  aiabUiiy  offridiim^ 
the  second,  that  of  stability  of  position. 

206.   SlAbUlir  of  m  Series  of  Blocks  |  I^lae  of  BcalMaaeo|  I.liw  mi 

PreMvrea. — In  a  structure  composed  of  a  series  of  blocks,  or  of  a 

series  of  courses  so  bonded  that  each  maj 
be  considered  as  one  block,  which  blocks 
or  courses  press  against  each  other  at 
plane  joints,  the  two  conditions  of  sta- 
bility must  be  fulfilled  at  each  joint 

Let  fig.  95  represent  part  of  such  a 
structure,  1,  1,  2,  2,  3,  3,  4,  4,  being  some 
of  its  plane  joints. 

Suppose  the  centre  of  pressure  C^  of  the 
^g*  95*  joint  1 , 1 ,  to  be  known,  and  also  the  amount 

and  direction  of  the  pressxire,  as  indicated  by  the  arrow  traversing 
C,.  With  that  pressure  combine  the  weight  of  the  block  1,  2,  2, 1, 
together  with  any  other  external  force  which  may  act  on  that  block; 
the  resultant  will  be  the  total  pressure  to  be  resisted  at  the  joint 
2,  2,  will  be  given  in  magnitude,  dii-ection,  and  position,  and 
will  intersect  that  joint  in  the  centre  of  pressure  Cj.  By  continn- 
ing  this  process  there  are  found  the  centres  of  pressure  Cj,  O4,  &c., 
of  any  number  of  successive  joints,  and  the  directions  and  magni- 
tudes of  the  resultant  pressures  acting  at  those  joints. 

The  magnitude  and  position  of  the  resultant  pressure  at  any  joint 
whatsoever,  and  consequently  the  centre  of  pressure  at  that  joints 
may  also  be  found  simply  by  taking  the  resultant  of  all  the  forces 
which  act  on  one  of  the  parts  into  which  that  joint  divides  the 
structure,  precisely  as  in  the  ^^  method  of  sections^*  already  described 
in  its  application  to  framework,  Article  161. 

The  centres  of  pressure  at  the  joints  are  sometimes  called  c&nJtrts 

of  resistamx».     A  line  traversing  all  those  centres  of  resistance,  such 

as  the  dotted  line  R,  R,  in  fig.  95,  has  received  from  Mr.  Moeelej 

he  name  of  the  ''  line  ofresistoffioe;^^  and  that  author  has  also  shovn 
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liow  in  numj  cases  the  equation  which  expresses  the  form  of  that 
line  may  be  determined,  and  applied  to  the  solution  of  useful 
problema 

The  straight  lines  representing  the  resultant  pressures  may  be  all 
parallel,  or  may  all  lie  in  the  same  straight  line,  or  may  all  intersect 
in  one  point.  The  more  common  case,  however,  is  that  in  which 
those  straight  lines  intersect  each  other  in  a  series  of  points,  so  as 
to  form  a  polygon.  A  curve,  such  as  P,  P,  in  fig.  95,  touching  all 
the  sides  of  that  polygon,  is  called  by  Mr.  Moseley  the  "  line  of 


The  properties  which  the  line  of  resistance  and  line  of  pressures 
must  have,  in  order  that  the  conditions  of  stability  may  be  fulfilled, 
are  the  following : — 

To  insure  stability  of  position,  the  Ime  of  resistance  mast  not 
demaie  fr&m  the  centre  offigwre  of  any  jovnt  by  more  tlutn  a  certam 
fraction  (q)  of  the  diameter  qfihe  joint,  measfwred  in  the  direction  of 
deviation. 

To  insure  stabiliiy  of  friction,  the  normal  to  each  joint  must  not 
make  an  angle  greater  than  the  angle  of  repose  wUh  a  itmgent  to  the 
line  of  pressures  draton  through  the  centre  of  resistance  ofthatjoinL 

207.  Amalogr  of  Blockwork  mad  Frainewmrk. — ^The  point  of  in- 
tersection of  the  straight  lines  representing  the  resultant  pressures 
at  any  two  joints  of  a  structure,  whether  composed  of  blocks  or  of 
bars,  must  be  situated  in  the  line  of  action  of  the  resultant  of  the 
entire  load  of  the  part  of  the  structure  which  lies  between  the  two 
joints;  and  those  three  resultants  must  be  proportional  to  the  three 
sides  of  a  triangle  parallel  to  their  directions. 

Hence  the  polygon  formed  by  the  intersections  of  the  lines  repre- 
senting the  pressures  at  the  successive  joints  in  fig.  95,  is  analogous 
U>  a  polygonal  frame ;  for  the  sides  of  that  polygon  represent  the 
directions  of  resistances,  which  sustain  loads  acting  through  its 
angles,  as  in  the  instances  of  framework  described  in  Articles  150, 
151, 153,  and  154,  and  represented  in  fig.  75.  A  structure  of  blocks 
is  especially  analogous  to  an  open  polygonal  fiame,  like  those  in 
Articles  151  and  154,  represented  by  fig.  75,  with  the  piece  E 
omitted  because  of  the  absence  of  ties. 

The  question  of  the  stability  of  a  structure  composed  of  blocks  with 
plane  joints  may  therefore  be  solved  in  the  following  manner : — 

(1.)  Determine  and  lay  down  on  a  drawing  of  the  structure  the 
line  of  action  and  the  magnitude  of  the  resultant  of  the  external 
forces  applied  to  each  block,  including  its  own  weight.  Either  one 
or  two  of  those  resultants,  as  the  case  may  be,  will  be  the  support- 
ing force  or  forces. 

(2.)  Draw  a  polygon  of  external  forces,  like  that  in  fig.  75*  or  75**. 
Two  contiguous  sides  of  that  polygon  will  represent  the  external  for 
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acting  on  the  two  extreme  blocks  of  the  series,  of  which  one  may 
be  a  supporting  pressure  and  the  other  a  load,  or  both  may  be 
supporting  pressures.  In  either  case  their  intersection  gives  the 
point  O,  from  which  radiating  lines  are  to  be  drawn  to  the  angles 
of  the  polygon  of  external  forces,  to  represent  the  directions  and 
magnitudes  of  the  resistances  of  the  several  joints. 

(3.)  Draw  a  polygon  having  its  angles  on  the  lines  of  action  cff 
the  external  forces,  as  laid  down  in  step  (1.)  ^^  ^®  process,  and  its 
sides  parallel  to  the  radiating  lines  of  step  (2).  This  polygon  wiU 
represent  the  equivalevU  polt/gonal  Jrame  of  the  given  alrueture, 
and  will  have  a  side  corresponding  to  each  joint;  and  each  side  of 
the  polygon  (produced  if  necessary)  will  cut  the  corresponding  plane 
joint  in  its  centre  of  pressn/re,  and  will  show  the  direction  of  the 
resultant  pressure  at  the  joint. 

Then  if  each  centre  of  pressure  falls  within  the  proper  limits  of 
position,  and  the  direction  of  each  resultant  pressure  within  the 
proper  limits  of  obliquity,  as  prescribed  in  Article  205,  the  structure 
will  be  balanced ;  and  the  conditions  of  stability  will  be  fiilfdled 
under  variations  of  the  distribution  of  the  load,  which  will  be  the 
greater,  the  greater  is  the  diameter  of  each  joint;  for  every  increase 
in  the  diameters  of  the  joints  increases  the  limits  within  which  the 
figure  of  the  equivalent  polygonal  frame  may  vary,  and  eveiy 
variation  of  that  figure  corresponds  to  a  variation  in  the  distribo- 
tion  of  the  load. 

208.  Transformation    of  Blockwovk    BtmcMur— d — TheOREIL      If 

a  structure  composed  of  blocks  have  stahUUy  of  position  token  acted  on 
by  forces  represented  by  a  given  system  of  lines,  then  wiU  a  struetwre 
whose  figure  is  a  paraUd  projection  of  the  original  structure  haoe 
stability  of  position  when  acted  on  by  forces  represented  by  the  oorre- 
sponding  parallel  projection  of  the  original  system  of  lines;  alsOy  tke 
centres  of  pressure  and  the  lines  representing  the  residtant  pressures  at 
the  joints  of  the  new  structure  wHl  be  the  corresponding  projections  of  tke 
centres  of  pressure  and  the  lines  representing  the  resultant  pressures  at 
the  joints  of  the  original  structure. 

For  the  relative  volumes,  and  consequently  the  relative  we^hts, 
of  the  several  blocks  of  which  the  structure  is  composed,  are  not 
altered  by  the  transformation;  and  if  those  weights  in  the  new 
structure  be  represented  by  lines,  parallel  projections  of  the  lines 
representing  the  original  lines,  and  if  the  other  forces  applied 
externally  to  the  pieces  of  the  new  structure  be  represented  by  the 
corresponding  parallel  projections  of  the  lines  representing  the 
corresponding  forces  applied  to  the  pieces  of  the  original  structure, 
then  will  each  external  force  acting  on  the  new  structure  be  the 
parallel  projection  of  a  force  acting  on  the  corresponding  point  of 
the  original  structure;  therefore  the  resultant  pressures  at  the 
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iointB  of  tiie  new  Btructure,  which  balance  the  external  forces,  will 
be  represented  by  the  parallel  projections  of  the  lines  representing 
the  remiltant  pressures  at  the  corresponding  joints  in  the  original 
ftrnctnre;  therefore  (Article  62,  Proposition  I.),  the  centres  of 
preasore,  where  those  resultants  cut  the  joints,  will  divide  the 
(liameters  of  the  joints  in  the  same  ratios  in  the  new  and  in  the 
original  structures;  therefore  if  the  original  structure  have  stability 
of  position,  the  new  structure  will  also  have  stability  of  position. 

This  is  the  extension,  to  a  structure  composed  of  blocks,  of  the 
principle  of  the  trans/ortnation  of  structures^  already  proved  for  frames 
in  Article  166,  and  for  cords  and  linear  arches  in  Article  177. 

209.  Frictl«Bal  Stability  of  m  Transformed  Sirnctnre. — The  ques- 
tion, whether  the  new  structure  obtained  by  transformation  will 
possess  stability  of  friction,  is  an  independent  problem,  to  be  solved 
by  determining  the  obliquity  of  each  of  the  transformed  pressures 
relatively  to  the  joint  at  which  it  acts. 

Should  the  pressure  at  any  joint  in  the  transformed  structure 
prove  to  be  too  oblique,  frictional  stability  can  in  most  cases  be 
flecored,  without  appreciably  affecting  the  stability  of  position,  by 
altering  the  angular  position  of  the  joint,  without  shifting  its  centre 
of  figure,  until  its  plane  lies  sufficiently  near  to  a  normal  to  the 
pressure  as  originally  determined 

210.  stnwtnro  mm  liOtcraliy  Pre— cdu — If  fig.   96  represents  a 
ttnicture  consisting  of  a  single  series  of  blocks,  or 
courses,  separated  by  plane  joints,  and  has  no  lateral 
pressure  applied  to  it  from  without,  then  the  centre  of 
reastance  at  any  one  of  those  joints,  such  as  D  E,  is 
rimply  the  point  0  where  that  joint  is  intersected  by 
a  vertical  let  fall  from  the  centre  of  gravity  G  of  the 
part  of  the  structure  ABED  which  lies  above  that 
joint;  and  the  conditions  of  stability  are, — ^that  no  joint 
shall  be  inclined  to  the  horizon  at  an  angle  steeper  than 
tbe  angle  of  repose, — and  that  the  point  C  shall  not  at       ^S-  •^• 
soy  joint  approach  the  edge  of  the  joint  within  a  distance  bearing 
a  certain  proportion  to  the  diameter  of  the  joint. 

211.  TiM  raomrnt  of  suibiiUr  of  a  body  or  structure  supported 
at  a  given  plane  joint  is  the  moment  of  ihe  couple  of  forces  which 
must  be  applied  in  a  given  vertical  plane  to  that  body  or  structure 
in  addition  to  its  own  weight,  in  order  to  transfer  the  centre  of 
resistance  of  the  joint  to  ^e  limiting  position  consistent  with 
stability.  The  applied  couple  usually  consists  of  the  thrust  of  a 
frame,  or  an  arch,  or  the  pressure  of  a  fluid,  or  of  a  mass  of  earth, 
against  the  structure,  together  with  the  equal,  opposite,  and  parallel, 
but  not  directly  opposed,  resiatance  of  the  joint  to  that  lateral 
fane. 
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The  moment  of  stabilily  may  be  different  according  to  the  posH&A 
of  the  axis  of  the  applied  couple. 

The  moment  of  that  oonple  is  determined  in  the  following 
manner : — 

Conceive  a  line  to  pass  through  all  the  limiting  positions  of  the 
centre  of  resistance  of  the  joint,  so  as  to  enclose  a  space  beyond 
which  that  centre  must  not  be  found. 

The  product  ofths  weight  of  the  structure  into  the  horizonUd  tRh 
tcmoe  0/ a  paint  in  this  line  from  a  vertical  line  trofversmg  the  oaUn 
ofgramty  of  the  structure  is  the  moment  of  stabujtt  of  the  sbntc- 
ture,  when  the  applied  thrust  acts  in  a  vertical  plane  parallel  to  ikai 
horizontal  distance,  and  tends  to  overturn  the  structure  in  the  dtreo- 
tion  of  (he  given  point  in  the  line  limiting  the  position  of  the  eautre  (^ 
resistance;  for  that,  according  to  Article  41,  is  the  moment  ofihe 
couple,  which,  being  combined  with  a  single  force  equal  to  the 
weight  of  the  structure,  transfers  the  line  of  action  of  that  foroe 
parallel  to  itself  through  a  distance  equal  to  the  given  horizontiJ 
distance  of  the  centre  of  resistance  from  the  centre  of  gravity  of 
the  structure. 

To  express  this  symbolically,  let  t  be  the  length  of  the  diameto' 
of  the  joint  where  it  is  cut  by  the  vertical  plane  traversmg  the 
centre  of  gravity  of  the  structure  and  parallel  to  the  applied  thmst; 
let  j  be  the  indination  of  that  diameter  to  the  horizon ;  let  9  <  be 
the  distance  of  the  given  limiting  centre  of  resistance  from  the 
middle  point  of  that  diameter,  and  ^  t  the  distance  from  the  same 
middle  point  to  the  point  where  the  diameter  is  cut  by  the  vertical 
line  through  the  centre  of  gravity  of  the  structure,  and  let  W  be 
the  weight  of  the  structure.     Then  the  moment  of  stabilily  is 


W  (y  =iz  gO  ^  00s  i; (L) 

the  sign  s  _  ^  being  used  according  as  the  centre  of  resistanoe, 
and  the  vertical  line  through  the  centre  of  gravity,  lie  towards 

{opposi      1       I    £  ^^  middle  of  the  diameter, 
the  same  side  J 

Let  A  denote  the  height  of  the  structure  above  the  middle  of  the 

plane  joint  which  is  its  base,  b  the  breadth  of  that  joint  in  a  direo- 

tion  perpendicular  or  conjugate  to  the  diameter  t,  and  w  the  wei|^t 

of  an  unit  of  volume  of  the  material     Then  we  shall  have 

W  =sn'whbt, (2.) 

where  n  is  a  numerical  factor  depending  on  the  figure  of  the 
structure,  and  on  the  angles  which  the  dimensions,  A,  5,  t,  make 
with  each  other;  that  is,  the  angles  of  obliquity  of  the  co-ordinatea 
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to  wliich  the  figure  of  the  structure  is  referred.  Introducing  this 
v»lue  of  the  weight  of  the  structure  into  the  formula  1,  we  find  the 
following  yalue  for  the  moment  of  stability  : — 

n{qz±z^  coaj'fo'hh^ (3.) 

This  quantity  is  divided  by  points  into  three  factors,  viz.  : — 

(1.)  n  {q  =±i  ^  coBJ,  a  nwmericcU/acior,  depending  on  ihejigvre 
of  the  struciurey  the  MiqtiiUea  of  its  co-ordinates,  and  the  diirectwn 
in  which  the  applied  force  tends  to  overturn  it. 

(2.)  to,  the  s|jecific  gravity  of  the  materiaL 

(3.)  hb  ^,  a  geometrical  factor,  depending  on  the  dimensions  of 
the  structnreu 

Now  the  first  &ctor  is  the  same  in  all  structures  having  figures 
of  the  same  class^  with  co-ordinates  of  equal  obliquity,  and  exposed 
to  similarly  applied  external  forces;  that  is  say,  to  all  structures 
whose  figures,  together  with  the  lines  of  action  of  the  applied  forces, 
are  pcnrcUld  projections  ofecuik  other^  toith  co-ordinates  of  equal  obli- 
quity; hence  for  any  set  of  structures  which  fulfil  that  condition, 
the  moments  of  stability  are  proportional  to 
I.  The  specific  gravity  of  the  material ; 
n.  The  height ; 

ni.  The  breadth ; 

lY.  The  square  of  the  thickness ;  that  is,  of  the  dimension  of 
the  base  which  is  parallel  to  the  vertical  plane  of  the  applied  force. 

212.  A^MUBents  CkMMdL — In  the  title  of  the  present  section,  the 
word  *'  abutment "  is  nsed  in  an  extended  sense,  to  denote  every 
structure,  which  by  its  stability  of  position  and  of  friction,  sustains 
some  pressure  which  abuts  or  acts  laterally  against  it.  The  structures 
comprehended  imder  this  definition  may  be  classed  as  follows  : — 

L  BvUresseSj  which  sustain  the  thrust  of  a  frame  or  a  rib,  at  one 
or  more  definite  points. 

EL  Towers  and  chimneys,  which  sustain  the  lateral  pressure  of 
the  wind,  uniformly  or  almost  uniformly  distributed,  and  liable  to 
act  in  every  horizontal  direction. 

IIL  Dams  for  sustaining  the  lateral  pressure  of  water,  and 
rdaimng  t/oaUs  for  sustaining  that  of  earth — the  intensity  of  the 
pressure  being  proportional  to  the  depth  beneath  the  surfiice. 

rV.  Arch  abutments,  which  resemble  both  buttresses  and  retain- 
ing walls,  and  whose  properties  will  be  treated  of  after  those  of 
stone  and  brick  arches  shall  have  first  been  considered  with  refer- 
ence to  the  stability  at  their  joints. 

213.  BaittvMea  !■  GeMcmL — ^Let  fig.  97  represent  a  vertical  sec- 
tion of  a  buttress,  against  which  a  strut,  rib,  or  piece  of  firame- 
work  abuts  at  C,  exerting  a  given  force  P  in  a  given  direction 
CA.    In  order  that  the  buttress  may  be  stable,  it  must  fulfil 
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Fig.  97. 


the  ocmditioiis  of  stakhfliiy  at  each  of  its  bed-jointa.  Let  D  £  be 
one  of  those  joints. 

Should  seyeral  presBurea  abut  against  the  buttren^ 

the  force  P  acting  in  the  line  C  A  may  be  held  to 

^  represent  the  resultant  of  all  the  forces  -which  are 

c  ^^  applied  above  the  particular  joint  D  E  under  ooo- 

r^jr       flideration. 

Let  G  be  the  centre  of  gravity  of  that  part  of  the 
buttress  which  is  above  the  joint  D  E,  and  let  W 
denote  the  weight  of  the  same  part  Through  G 
draw  the  vertical  line  AGB,  cutting  the  direction 
of  the  lateral  thrust  in  A,  and  the  joint  D  £  in  B; 
make  AW  =  W,  AP  =  P ;  complete  the  parallelo- 
gram A  P  R  W  ;  then  A  R  will  represent  the  resoH- 
ant  of  all  the  forces  which  act  on  the  part  of  the  buttress  ahoTe 
the  joint  D  E,  and  to  which  the  resultant  of  the  resistance  at  that 
joint  must  be  equal  and  directly  opposed.  A  R  being  produced, 
ciits  D  E  in  F,  the  centre  of  resistance  of  that  joint,  which  must  not 
fall  beyond  a  certain  prescribed  limit,  that  the  condiition  of  stahility 
of  position  may  be  fulfilled.  Li  order  that  the  condition  of  stabi- 
lity of  friction  may  be  fulfilled,  the  angle  A  F  B  must  not  be  less 
than  the  complement  of  the  angle  of  repose. 

The  most  convenient  mode  of  expressing  this  problem  algebrai- 
cally depends  on  the  circxunstances  of  the  particular  case.  The 
following  example  is  that  which  is  most  frequent  and  useful  in 
practice ;  viz.,  when  the  inner  &ce  C  D  of  the  buttress  is  vertical, 
and  the  joint  D  E  horizontal 

lu  this  case,  let  the  point  of  application  of  the  lateral  force,  G, 
be  taken  for  the  origin  of  co-oixiinates.     Let 

t  denote  the  angle  of  inclination  of  the  applied  lateral  pressure 
to  the  horizon ; — 

05  =  C  D,  the  depth  of  the  joint  in  question  below  C ; — 

y^  =  B  D,  the  horizontal  distance  of  the  centre  of  gravity  of  l^o 
part  of  the  buttress  above  that  joint  from  the  inner  face ; — 

y  =  D  F,  the  horizontal  distance  of  the  centre  of  resistance  of 
the  joint  from  its  inner  edga 

The  resultant  resistance,  which  acts  through  F  in  the  direction 
F  A,  may  be  resolved  into  two  components,  respectively  parallel, 
equal,  and  opposite  to  the  weight  W  and  applied  force  P.    The 

couple  of  forces  W  is  right-handed,  and  has  the  arm  F  B  =:  y-y^ 
The  couple  of  forces  P  is  left-handed,  and  has  for  its  arm  the  per 
pendicular  distance  of  F  from  the  line  of  action  C  A  of  the  I4>plied 
force,  viZi : — 

m  COB  %  —  y  sin  Ik 
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Hie  former  of  those  couples  tends  to  maintaiTi  the  stabilitj  of  the 
battresB  :  the  latter  tends  to  overturn  it.  Equating  their  magni- 
todesy  we  obtain  for  the  expression  of  the  condition  of  stability  of 
position  the  following : — 

^(y-yo)  =  P(«oo8*-ysint). (L) 

From  this  fundamental  equation  the  solutions  of  various  pro- 
blems may  be  deduced^  of  which  the  following  are  examples  : — 

L  The  buttress  and  the  lateral  force  being  given,  to  find  the 
eeatro  of  resistance  at  a  given  joint. 

^  "      W  +  Psint    ^  ^^ 

This  is  the  equation  of  the  ''  line  of  resistance.** 

The  condition  of  stability  is  expressed  in  terms  of  y  thus — 


y^(«+^)^ (•'^•> 


IL  The  relation  between  the  weight  and  the  dimensions  of  the 
part  of  the  buttress  under  consideration  being  given  as  in  equations 
2  and  3  of  Article  211,  it  is  required  to  find  the  least  thickness  at 
the  joint  D  E  consistent  with  stabDity. 

For  this  purpose  we  must  substitute  for  W  (y  -  y^  in  equation  1 
of  this  Article  its  limit ;  that  is  to  say,  the  moment  of  stability,  as 
expressed  in  eqtiation  3  of  Article  211 ;  and  for  y  we  must  substi- 
tute ito  limiting  value  in  terms  of  the  thickness,  as  given  by  equa* 
tion  3  of  this  Article.     Thus  we  obtain  the  following  eqtiation : — 

n{q  +  ^whbfi  =  F{xcoBi^(q  +  htaiii) (4.) 

To  simplify  the  foim  of  this  quadratic  equation,  make 

Pa^cos^  .       ^+])^^-^ 

n(q  +  f)whh  "      '    2n{q  +  fiwhb 

then  equation  4  becomes 

f  B  A  — 2B<, 
tiie  solution  of  which  is 

t  =  VAlT?  — B. (5.) 

In  detached  buttresses,  it  is  in  general  desirable  to  give  g  the 
Talue  assigned  by  equation  2  of  Article  205,  for  the  reason  there 

itated. 
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LLL  To  find  the  obliquity  of  the  pressure  at  the  joint  D  E, 
have  the  equation 

tan  ^  P  A B  =  ^^J^*. •(&) 

W  +  P  Hint 

As  the  resultant  of  the  resistance  at  each  joint  must  act  in  a  line 
traversing  the  point  A,  the  locus  of  that  point  is  the  "  line  of  pro- 
sures,**  defined  in  Article  206. 

The  greatest  obliquity  of  pressure  occurs  at  that  joint  which  b 
immediately  below  the  point  of  abutment  C.  Let  W^  therefbi^ 
denote  the  weight  of  material  above  that  joint,  and  the  conditi(a} 
of  stability  of  Motion  will  be  given  by  the  equation 

I*  cos  I  ^  -^ . 

tan^. (7.) 


W^  4-  P  sin  t  — 


214.  Bectangniar  BnttroM.  —  In  a  rectangular  buttress,  the 
breadth  b  and  thickness  t  are  constant;  and  if  A^  be  taken  to  denote 
the  height  of  the  top  of  the  buttress  above  the  point  O, 

A  =  Aq  +  « 

will  be  its  height  above  a  given  joint.     Also,  because  the  centre  of 
gravity  of  the  portion  above  any  bed-joint  is  vertically  above  the 

centre  of  the  joint,  ^  =:  0,  and  f/Q  =  -t;  and  because 

W  =  whbi, 
n  =  1. 

These  values  being  substituted  in  equations  2,  4^  5,  and  7  of 
Article  213,  give  the  following  results : — 

Equation  of  the  line  of  resistance — 

^w?(A^,  +  «)6^  +  Pajoo8i 

y=  77 — r — \  r  ^    I    -p    ' — = — \^V 

to {\  +  X)  0 1  +  P  suit 

The  least  thickness  compatible  with  stability  (a;,  being  the  depth  of 
the  base  of  the  wall  below  C)  ia  found  by  making 

.  P  0^  cos  t      ^    J. \    '  2/ 

whence  follows 


IIE0rAN6UI.AK  BUTTRESS — nSSXdX. 
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«  =  n/A  +  B« 


-»=\/ 


P  Xi  COS  « 


■+ 


('+5) 


P  sint 


2  g  to  (/iq  +  Xi)  b 


.(2.) 


The  least  Volume  of  material  above  the  level  of  the  point  0 
which  is  compatible  with  stability  of  friction,  is  given  by  making 


P  cost 


wht.bt  +  Femi 


.  =  tan  ^, 


that  is  to  say, 

.  -  ^      P/cost         .    A       P,oos((p  +  f)  ... 

Ao6<  =—  I -^ smt)  =—  • 5 '. (3.) 

"  to  \tan  ^  /       U7         sm  ^ 

The  equation  1  of  the  line  of  resistance  is  that  of  a  rectangular 
hyperbola  traversing  the  point  A  (which  is  in  this  case  invariable), 
and  having  a  vertical  asymptote,  whose  distance  from  the  inner 
&ce  of  the  buttress  is 


^    ,  P  cos  t 
2        wbT' 


(4.) 


being  the  limit  which  y  continually  approaches,  but  never  attains, 
as  the  depth  x  increases  without  limit 

As  the  depth  x  increases  without  limit,  the  thickness  required 
for  the  wall  approaches  the  following  limit : — 


_        //Pcost\ 

""  V    \QfDb) 


(5.) 


which  depends  on  the  horizontal  component  of  the  lateral  force 
alona 

Supposing  this  value  to  be  adopted  for  the  thickness  of  the  but- 
tress, in  order  that  it  may  be  stable,  how  deep  soever  the  base  may 
be  below  the  point  C, — ^then  to  insure  stability  of  friction,  the 
height  of  the  top  above  C  must  have  the  following  value : — 


,  .    cos  (^  + 1)  ,^ . 

Aq  =  g^  *  -. — i 4. (6.) 

^       ^      sm  p  cos  I  ^   ' 


Instead  of  the  rectangular  mass  h^  b  t,  there  may  be  substituted 
a  pinnacle  of  the  same  volume,  and  of  any  figure. 
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215.  T«wen  aad  ChimMeys  are  exposed  to  the  Lateral  pressme 
of  the  wind,  which,  without  sensible  error  in  practice,  msLj  be 
assumed  to  be  horizontal,  and  of  uniform  intensity  at  aJl  heighfo 
aboye  the  ground. 

The  surface  exposed  to  the  pressure  of  the  wind  by  such  struc- 
tures is  usually  either  flat,  or  cylindrical,  or  conical,  and  difTenn^i^ 
very  little  from  the  cylindrical  form.  Octagonal  chimneys,  which 
are  occasionally  erected,  may  be  treated  as  sensibly  circular  in  plan. 
The  inclination  of  the  sur&!ce  of  a  tower  or  chimney  to  the  vertical 
is  seldom  sufficient  to  be  worth  taking  into  account  in  determining 
the  pressure  of  the  wind  against  it 

llie  greatest  intensity  of  the  pressure  of  the  wind  against  a  flat 
sur&ce  directly  opposed  to  it  hitherto  observed  in  Britain,  has  been 
55  lbs.  per  square  foot ;  and  this  result,  obtained  by  observations 
with  anemometers,  has  been  verified  by  the  effects  of  certain  vio- 
lent storms  in  destaroying  factory  chimneys  and  other  structures. 

In  any  other  climate,  before  de»igning  a  structure  intended  to 
resist  the  lateral  pressure  of  wind,  the  greatest  intensity  of  that 
pressure  should  be  ascertained,  either  by  direct  experiment,  or  fay 
observation  of  the  effects  of  the  wind  on  previous  structures 

The  total  pressure  of  the  wind  against  the  side  of  a  cylinder  is 
about  one-half  of  the  total  pressure  against  a  diametral  plane  of 
that  cylinder.    (See  also  p.  639.) 

Let  fig.  98  represent  a  chimney,  square  or  circular,  and  let  it  be 

required  to  determine  the  conditions  of  stability 
of  a  given  bed-joint  D  R 

Let  S  denote  the  area  of  a  diametral  vertical 
section  of  the  part  of  the  chimney  above  the 
given  joint,  and  p  the  greatest  intensity  of  pres- 
sure of  the  wind  against  a  flat  sur&oe.  Then 
"^^  the  total  pressure  of  the  wind  against  the  chim- 
ney will  be  sensibly 

P  =  pS  for  a  square  chimney ;  | 

P  =  p  -  for  a  round  chimney;   (  '""^  '' 

p.    ^^  and  its  resultant  may,  without  appreciable  error, 

^'  be  assumed  to  act  in  a  horizontal  line  through 

the  centre  of  grcmiy  of  (he  verUad  diametral  eection,  C.  Let  H 
denote  the  height  of  that  centre  above  the  joint  D  £ ;  then  the 
moment  of  the  pressure  is 

H  P  =  HjE?  S  for  a  square  chimney ;  \ 

HP  =  — ~ — for  a  round  chimney ;  I  ^   ' 
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tod  to  ibis  the  letui  moment  ofstabilUy  of  the  portion  of  the  chiixi' 
ncy  above  the  joint  D  E,  as  determined  by  the  methods  of  Article 
211,  should  be  equaL 

For  a  chimney  whose  axis  is  yertical,  the  moment  of  stability  is 
the  same  in  all  directions.  But  few  chimneys  have  their  axes 
exactly  vertical ;  and  the  least  moment  of  stability  is  obviously 
that  which  opposes  a  lateral  pressure  acting  in  that  direction  to- 
ward which  the  chimney  leans. 

Let  G  be  the  centre  of  gravity  oftJte  part  of  the  chimney  which  is 
above  the  joint  D  E,  and  B  a  pouit  in  the  joint  D  £  vertically 

below  it ;  and  let  the  line  !)£=:<  represent  the  diameter  of  that 
joint  which  traverses  the  point  B.  Let  9^,  as  in  former  examples, 
represent  the  ratio  which  the  deviation  of  B  from  the  middle  of  the 
diameter  D  £  bears  to  the  length  t  of  that  diameter. 

Let  F  be  the  limiting  position  of  the  centre  of  resistance  of  the 
joint  D  £,  nearest  the  edge  of  that  joint  towards  which  the  axis  of 
the  chimney  leans,  and  let  q^  as  before,  denote  the  ratio  which  the 
deviation  of  that  centre  from  the  middle  of  the  diameter  D  E  bears 
to  the  length  t  of  that  diameter. 

Then,  as  in  eqtiation  3  of  Article  211,  the  least  moment  of  stability 
is  denoted  by 

W  •  BF  =  (g  —  3O  W« (3.) 

The  vnlue  of  the  co-efficient  q  is  determined  by  considering  the 
manner  in  which  chimneys  are  observed  to  give  way  to  the  pressure 
of  the  wind.  This  is  generally  observed  to  commence  by  the  opening 
of  one  of  the  bed-joints,  such  as  D  E,  at  the  windward  side  of  the 
chimney.  A  crack  thus  begins,  which  extends  itself  in  a  zig-zag  form 
diagonidly  downwards  along  both  sides  of  the  chimney,  tending  to 
separate  it  into  two  parts,  an  upper  leeward  part,  and  a  lower  wind- 
ward part,  divided  from  each  other  by  a  fissure  extending  obliquely 
downwards  from  windwai-d  to  leeward.  The  final  destruction  of  the 
chimney  takes  place,  either  by  the  horizontal  shifting  of  the  upper 
division  until  it  loses  its  support  from  below,  or  by  the  crushing  of 
a  portion  of  the  brickwork  at  the  leeward  side,  from  the  too  great 
concentration  of  pressure  on  it,  or  by  both  those  causes  combined  ; 
and  in  either  case  the  upper  portion  of  the  structure  falls  in  a 
shower  of  fragments,  pai^ly  into  the  interior  of  the  portion  left 
standing,  and  partly  on  the  ground  beside  its  base. 

It  is  obvious  that  in  order  that  the  stability  of  a  chimney  may  be 
secure,  no  bed-joint  ought  to  tend  to  open  at  its  windward  edge  ; 
that  is  to  say,  there  ought  to  be  some  pressure  at  every  point  of 
each  bed-joint,  except  the  extreme  windwai*d  edge,  whei-e  the  in- 
tensity may  diminish  to  nothing ;  and  this  conation  is  fulfilled 
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with  sofficieiit  accuracy  for  practical  purposes,  by  assttming  tiw 
{Hressure  to  be  an  uniformly  varying  preasure,  and  so  limiting  the 
position  of  the  centre  of  pressure  F,  that  the  intensity  at  the  lee- 
ward edge  E  shall  be  double  of  the  mean  intensity. 

It  has  already  been  shown,  in  Article  205,  what  values  this  con- 
dition assigns  to  the  co-efficient  q  for  different  forms  of  the  bed-joints. 
Chimneys  in  general  consist  of  a  hollow  shell  of  brickwork,  whose 
thickness  is  small  as  compared  with  its  diameter ;  and  in  that  case 
it  is  sufficiently  accurate  for  practical  purposes  to  give  to  q  the  fol- 
lowing values : — 


1 
For  square  chinmeys,  q  --^'f 


For  round  chimneys^  q 


M 


(4-) 


The  following  general  equation,  between  the  moment  of  stability 
and  the  moment  of  the  external  pressure,  expresses  the  condition  of 
stability  of  a  chimney : — 

HP  =  (g  —  g')  W  t (5.) 

This  becomes,  when  applied  to  square  chimneys, 

and  when  appHed  to  round  chimneys,  *  • (^) 

The  following  approximate  formulae,  deduced  from  these  equations^ 
are  useful  in  practice : — 

Let  B  be  the  rneam.  thickness  of  brickwork  above  the  joint  D  E 
under  considemtion,  and  6  the  thickness  to  whidi  that  brickwork 
would  be  reduced,  if  it  were  spread  out  flat  upon  an  area  equal  to 
the  external  area  of  the  chimney.  That  reduced  thickneBS  is  given 
with  sufficient  accuracy  by  the  formula 


'  =  b(i-?) ^■) 


but  in  most  cases  the  difference  between  h  and  B  may  be  neglected 

Let  to  be  the  weight  of  an  unit  of  volume  of  brickwork;  being, 

«n  an  average,  about  112  lbs.  per  cubic  foot,  or,  if  the  bricks  are 
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dense^  and  had  very  doeelj,  -with  thin  layers  of  mortar  in  the  joints, 
frma  115  to  120  Ibe.  per  cubic  foot     Then  we  have,  very  nearly, 


for 
for 


square  chimneys,  'W  =  4to6S;       )  /g\ 

round  chimneys,  Ws  3*14 «o6S; I ^  '' 


which  values  being  substituted  in  the  equation  6,  give  the  following 
foimube : — 


For  square  chimneys,  "ELp  =  ( •«  —  45'!  'wbt; 
Forroond chimneys, H|>  =  ll  '67  -  6*2Sq'jtobt; 


(9.) 


These  formuls  serve  two  purposes ;  first,  when  the  greatest  in- 
tensity of  the  pressure  of  the  wind,  p,  and  the  external  form  and 
dimensions  of  a  proposed  chimney  are  given,  to  find  the  mean  re- 
duced thickness  of  brickwork,  6,  required  above  each  bed-joint,  in 
Older  to  insure  stability ;  and  secondly,  when  the  dimensions  and  form 
and  the  thickness  of  the  brickwork  of  a  chimney  are  given,  to  find 
the  greatest  intensity  of  pressure  of  wind  which  it  will  sustain  with 
eafefy. 

The  shell  of  a  chimney  consists  of  a  series  of  divisions,  one  above 
snotlier,  the  thickness  being  uniform  in  each  division,  but  diminish- 
ing upwards  firom  division  to  division.  The  bed-joints  between  the 
divisions,  where  the  thickness  of  brickwork  changes  (including  the 
bed-joint  at  the  base  of  the  chimney),  have  obviously  less  stability 
than  the  intermediate  bod-joints;  hence  it  is  only  to  the  former  set 
of  joints  that  it  is  necessary  to  apply  the  formulae.  To  illustrate 
the  application  of  the  formuke,  a  table  is  given  in  the  Appendix, 
showing  the  dimensions  and  figure,  and  Ute  stability  against  the 
wind,  of  the  great  chimney  of  the  works  of  Messrs.  Tennant  and 
Company,  at  St.  BoUox,  near  Glasgow,  which  was  erected  fix>m  the 
designs  of  Messrs.  Gordon  and  Hill,  and  is,  with  the  exception  of  the 
spire  of  Strasburg,  the  Great  Pyramid,  and  the  spire  of  St.  Stephen's 
at  Vienna,  the  most  lofty  building  in  the  world.     (See  p.  644.) 

216.  Bmmm  •r  BcMrT«iff^W«ito  of  masonry  are  intended  to  resist 
the  direct  pressure  of  water.  A  dam,  when  a  current  of  water  falls 
over  its  upper  edge,  becomes  a  weir,  and  requires  protection  for  it.s 
liase  against  the  undermining  action  of  the  falling  stream.  Such  struc- 
tores  are  not  considered  in  the  present  Article,  which  is  confined  to 
walls  for  resisting  the  pressure  of  water  only.     (See  p.  639.) 

In  ^g.  99,  let  £  D  represent  a  horizontal  bed-joint  of  a  reservoir- 
wall,  which  wall  has  a  plane  sur&ce  O  D  exposed  to  the  pressure 
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of  the  contained  water,  whose  upper  surface  ia  the  horizontal  plane 
O  Y.     Consider  a  vertical  layer  of  the  wall  of  the  length  unity, 

sustaining  the  pressure  of  a  ver- 
tical layer  of  water  of  the  length 
unity  also.  Then  from  Artides 
89  and  124  it  appears,  that  the 
total  pressure  exerted  against 
that  layer  of  the  wall  is  equal 
to  the  weight  of  the  triangiilar 
prism  of  water  DDK,  right 
angled  at  D,  whose  thickness 
is  unity,  and  whoee  side  D  K  is 
Fig-  99.  equal  to  tihe  depth  of  the  joint 

D  E  beneath  the  surface  O  Y;  and  it  also  appears,  that  the  resultant 
of  that  pressure  acts  in  the  line  H  C,  being  a  perpendicukr  upon 
0  D  from  the  centre  of  gravity  H  of  the  prism  of  water;  so  that 

CD  =  —^    Let  G  be  the  centre  of  gravity  of  the  vertical  layer 

o 
of  masonry  above  D  E,  and  G  B  W  a  vertical  line  drawn  through 

it ;  produce  H  0,  cutting  that  vertical  line  in  A ;  take  A  W  to 

represent  the  weight  of  the  layer  of  masonry,  and  A  P  to  represent 
the  pressure  of  the  layer  of  water;  complete  the  paralldogram 

A  P  R  "W ;  A  R  will  represent  the  total  pressure  on  the  joint  D  E 
for  each  unit  of  length  of  the  wall,  and  F,  where  that  line  cuts 
D  £,  will  be  the  centre  of  resistance  of  that  joint,  which  must  M 
Avithin  the  limits  consistent  with  stability  of  position,  while  at  the 
same  time  the  angle  A  F  D  must  not  be  less  than  the  complement 
of  the  angle  of  repose. 

To  treat  this  case  algebraicaUy,  let  x  denote  the  depth  of  D 
beneath  the  sur&oe  of  the  water,  v/  the  weight  of  an  unit  of 
volume  of  water,  and  J  the  inclination  of  O  D  to  the  vertical 
Then  the  pressure  of  the  vertical  layer  of  water  is 

^  =  "T"  '  ^^' -^^-^ 

2 
its  centre  0  being  at  the  depth  ^  x. 

This  force,  together  with  the  equal  and  opposite  oblique  com* 
ponent  of  the  resistance  of  the  joint  D  E  at  F,  constitute  a  conpla 
tending  to  overturn  the  wall,  whose  arm  is  the  perpendicular  dis- 
tance of  F  from  OP;  that  is  to  say, 

UD-FD-sinJL 
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Now  CD  =.  — s — -:  and  if,  as  before,  we  make  ED  =  t,  FD  = 

(^  +  -j  t'  consequently  we  have  for  the  arm  of  the  couple  in 
qticstion, 

—3 [^  +  '^)t'Bmj, 

which  being  multiplied  by  the  pressiu'e,  gives  the  moment  of  tlio 
overturning  couple ;  and  this  being  made  equal  to  moment  of 
stability  of  the  wall,  we  obtain  the  following  equation  : — 

W-PB  =  W(g  +  50^=-e--8ec»i-wV<  (^  + J)  tajiy....(2.) 

When  the  inner  face  of  the  wall  is  vertical,  8ec^*=  1,  and  tan  j  =  0; 
and  the  above  equation  becomes 

W(,7±?')«  =  ^- (2  a.) 

To  obtain  a  convenient  general  formula  for  comparing  walls  of 
mmilar  figures  but  difiei*ent  dimensions,  let  n,  as  in  Ai-ticle  211, 
denote  the  ratio  of  the  area  of  the  vertical  section  of  the  wall  to 
that  of  the  circumscribed  i-ectangle,  so  tliat  if  u;  be  the  weight  of 
an  unit  of  volume  of  masonry,  tiie  weight  of  the  vertical  layer  of 
niasouiy  under  consideration  is 

W  =  ntoht, 

vbere  h  is  the  depth  of  the  joint  D  E  below  the  top  of  the  wall. 
Then  equations  2  and  2  A  take  the  following  forms  : — 

n{q±_ff)whf=  -g-  sec^j-w'a^t  y^  +  gj  tany>..^.(3.) 

n{q±q^wh^=:~^  ; (3  a.) 

— ec|uations  analogous  to  equation  4  of  Article  213.  To  obtain  a 
formula  suitable  for  computing  the  requisite  thickness  of  wall  ^  lei 

u/off^  «  secy      _   .  ^ 
6n{q±q')wh  "      ' 


2n{q±q')wh    "  ** 
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then 

f=A-2Bt; 

which  qnadratic  equation  being  solved,  gires 

t  =  ^/ATB•-B; ....(4) 

or  for  a  wall  with  a  rertieal  inner  ftoe,  for  which  B  =  0, 

t=  ^. (4  a.) 

In  most  cases  which  occur  in  practice,  the  snrfiioe  of  the  water 
O  Y  either  is,  or  may  occasionally  be,  at  or  near  the  level  of  the 
top  of  the  wall,  so  that  h  may  be  made  =  sbl     In  such  cases,  let 

A  to'  secy 


and  we  have 


X        2n(q+  q')w 


^  t 


=  ^ 


which  being  solved,  gives 

-  =  J^+6*-J; „....(&) 

and  for  a  wall  with  a  vertical  inner  face, 

i  =  ^/^=\/(6n(g+^«>) ''^  '■^ 

The  vertical  and  horizontal  components  of  the  pressure  of  tii0 
water  are  respectively 

Vertical,  P  sin/  =  -o—  tanj, 

Horizontal,  P  cos j  =  —g— ; 

Consequently  the  condition  of  stdbUitf/  qfjrictum  at  the  joint  D  S 
is  given  by  the  equation 

P  cos  J  v/  m* 
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If  the  ratio  -  has  been  determined  by  means  of  equation  5,  then 
we  have 

W  =  ntoxt  =  nw«"'-; (7.) 

80  tiiat  hy  cancelling  the  common  £Eu;tor  a^,  equation  6  is  brought 
to  the  following  form : — 

— -r- —  !^*^^ («■) 


X 


Example  L  Redangidwr  WaU. — ^In  this  case  n=l;q=-0 }j=  0 ; 
eonaeqnentljy 


a  =  -x ;  6  =  0; 


equation  5  a  becomes 


X 

and  equation  8, 


1=  ^T=  \/«^; (9.) 


2w\/ 


=  A /3gtt7^,^tanC»: (lO.J 


6^«y 


but  it  is  unnecessary  to  attend  in  practice  to  this  last  equation, 
which  is  fulfilled  for  the  greatest  values  of  q  that  ever  occur. 
Example  IL  Triangvlar  Wall,  with  the  apex  at  O. 

In  this  case  —  is  the  same  for  every  horizontal  joint;  so  that  if 

the  thickness  be  just  sufficient  for  stability  at  any  joints  it  will  be 
just  sufficient  for  stability  at  every  other  joint  A  reservoir-wall 
'•.hoee  vertical  seotioD  1.  triangular,  may  therefore  be  «dd  to  be  </ 
uni/arm  atainlUff. 

The  value  of  i»  for  a  triangle  is  -,    With  vespeot  to  the  value  of 

^,  that  case  will  be  considered  in  which  the  inner  face  of  the  wall 

Ib  vertical,  so  that  5^  =  -,  y  =  0. 

Then  by  equation  5  a. 
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i=7««v{3(,rj)«}'-— ^"-^ 


and  by  equation  8 

4=\/(K^*-6)^')^*-*- w 

w-  ^  ^ 

X 

This  last  equation  fixes  a  limit  to  the  value  of  q^  independently 
of  the  distribution  of  the  pressure  on  each  bed-joint,  viz. : — 

?^^-ta^'*-g (13.) 

The  insertion  of  this  value  of  q  in  equation  11  gives 

'-  =  — f-, (U.) 

X      w '  tan  0  ^     ' 

The  value  of  tan  0  for  masonry  being  about  0'74,  to  being  on  an 
average  114  lbs.  and  w  62*4  lb&  per  cubic  foot,  the  limit  of  9  is 
found  to  be 

0-421  -  0-167  =  0-254,  or  -j,  nearly, 

and  that  of  -,  by  equation  14,  is 

0-585. 

For  bricktoork,  tan  0  is  about  the  same  as  for  masoniy,  and  to  is 
112  lbs.  per  foot,  nearly;  hence  the  limit  of  9  is 

0-327-0-167  =  0-16,  or  g,  nearly, 
while  that  of  -  is  0-75. 

X 

Example  III.  Triangular  Wall  wUJi,  Vertical  Axis, — ^When  tiifl 
wall  stands  on  a  soft  foundation,  it  may  be  desirable  in  some  caset 
so  to  form  it,  that  the  centre  of  resistance  F  shall  be  at  the  middle 
of  each  joint,  and  shall  also  be  vertically  beneath  the  centre  of 
gravity  of  the  part  of  the  wall  above  the  joint.  In  this  case,  the 
point  of  intersection  A  of  the  lines  of  action  of  the  pressure  aod 
weight  must  also  fall  in  the  middle  of  each  joint.  To  fulfil  these 
conditions,  the  vertical  section  of  the  wall  should  be  an  isoaceleB 
triangle,  the  outer  and  inner  faces  forming  equal  angles  j  OA 
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opposite  sides  of  the  vertical  axis  of  the  wall,  and  the  angle  ^'  should 
be  snch  that  a  straight  line  perpendicular  to  O  D  at  0  shall  bisect 
the  base  ;  that  is  to  say, 

t  sin  j  __  xBecj 

^2  ~3~' 


bat 


whence  we  have 


Tx  ■=  ^^"•'' 


•    * 


1 

o 
O 


2 


ajrj=:i^^l  cosV=3  ; 


^°i  =  2^=\/^  =  ^-7^'> 


and 


i=35-lj 


,(15.) 


BO  that  the  base  of  the  wall  is  to  its  height  as  the  diagonal  to  the 
side  of  a  square. 

Equation  8  in  this  case  becomes 

"^  '"    ^         tan^ (10.) 


_  =  J^Vl 


This  condition  is  always  fulfilled  so  fiu:  as  the  fractional  stability 
of  one  course  of  masonry  on  another  is  concerned.  As  the  object, 
however^  of  giving  the  wall  the  figure  now  in  question,  is  to  d is- 
tiibute  the  pressure  uniformly  over  a  soft  foundation,  let  it  be 

suppofied  that  its  base  rests  on  a  material  for  which  tan  ^  =  -r- 

Then  we  must  liave 


v^  J2 


2  to  ^  to  — 4' 


and  consequently 

.-r-     1 


to 


2^  ^  2  -  i  W  =  2-33  to'  =  145  lbs.  per  cubic  foot; 


and  unless  the  masonry  be  of  this  weight  per  cubic  foot,  its  friction 

on  a  horizontal  base,  of  a  material  for  which  tan  ^  =  79  will  not  be 

4 

of  itself  sufficient  to  resist  the  thrust  of  the  water.     (See  p.  638.) 

217.    BctaiBiair   Walla. — Figs.   100  and  101  represent  yertical 

sections  of  retaining  walls  against  which  banks  of  earth  abut.     In 
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each  figore.  a  vertical  la^er  of  the  maaamy  and  of  tiie  earOi  a 
Bupposed  to  be  conaidered,  whose  length  is  unity.     D  £  ia  the  base 


Sig.  100.  Ftg.  lOL 

of  the  Layer  of  masoniy,  F  the  centre  of  resistance  of  that  lue,  B 
a  point  vertically  below  G,  the  centre  of  gravity  of  the  wei^t 
which  rests  on  that  base,  AW  a  line  representing  that  weight,  AF 
a  line  representing  the  thrust  of  the  earth;  AB,  the  diagonal  of  the 
parallelogram  A  P  R  W,  is  a  line  representing  the  resultant  prGGtura 
at  the  base  D  E,  and  cutting  that  base  in  the  centre  of  resistance  F. 

In  each  £gure,  D  O  is  a  vertical  plane  traversing  tLe  inner  edge 
D  of  the  base  of  the  wall,  and  cutting  the  plane  of  the  sni&ce  of 
the  bank  in  0.  In  fig.  100,  the  whole  of  the  wall  lies  in  front  of 
that  vertical  plane ;  so  that  the  wei^t,  represented  by  AW  (ot  bf 
W  simply),  which  rests  on  the  base  D  E,  consists  of  the  weight  <A 
the  masonry  together  vnth  Uie  weight  o/  the  mam  of  earO^  \^TI 
(represented  by  O  L  M),  vihieh  it  vertically  ahoae  tliat  bast;  and  G  >* 
the  common  centre  of  gravity  of  the  compound  mass  of  masomy 
and  earth,  which  ia  situated  in  front  of  the  plane  O  D. 

In  fig.  101,  on  the  other  hand,  a  part  of  the  masonry,  represented 
by  DLO,  lies  behind  the  plane  OD.  If  the  prism  DLO  consisted 
of  earth,  its  weight  would  be  supported  hy  the  earth  beneath  it; 
therefore  the  earth  beneath  that  jmsm  exerts  a  pressure  vertically 
upwards  sufficient  to  eustain  the  weight  of  a  prism  of  earth  of  ■ 
Tolttme  eqttal  to  Uiat  of  the  prism  of  masonry ;  therefore  the  wd^ 
represented  by  AW  (or  by  W  aimply)  which  rests  on  the  base  D^ 
consists  of  the  weight  of  the  masonry  in  the  vertical  layer  of  tb« 
wall,  lest  the  weight  of  earth  which  would  fill  D  L  O ;  and  G  is  th« 
common  centre  of  gravity  of  the  masonry  EDO  which  lies  hefow 
the  plane  O  D,  and  of  the  prism  DLO,  considered  aa  having  > 
specific  gravity  equal  to  the  eaxxu  of  Out  spet^  gnmtj/  qfnituov^ 
oImum  tltal  ofecoftlt. 
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It  has  abreadj  been  shown  in  Article  198,  that  the  pressiire  of 
the  earth  against  the  vertical  plane  O  D  (which  pressure  is  parallel 
to  the  sorfiice  of  the  bank,  and  represented  by  A  P,  or  by  P  simply), 
is  equal  to  the  weight  of  the  prism  of  earth  O  D  K,  in  which  D  K, 
parallel  to  the  siL^ace  of  the  bank,  is  eqnal  to  the  vertical  depth 
0  D  multiplied  by  the  ratio  of  the  conjugate  pressures  at  a  point, 

Py  _  cos  ^  —  J  (cos'  i  —  cos*  ^) 
p,  *"  cos  ^  +  J  (cos*  i  —  cos*  ^)  * 

which  ratio  depends  on  the  slope  ^  of  the  bank,  and  angle  of 
repose  f  ,  and  that  the  resultant  of  that  pressure  traverses  C,  at  the 
height 


X 


CD=g 

above  D.  For  the  sake  of  brevity  (u?'  being  the  weight  of  unify  of 
volume  of  the  earth),  let 

V/ COR  i^  xn  Wil 

then  equation  3  of  Article  198  becomes 

p=^*. (1.) 

This  force  has  to  be  multiplied,  as  in  previous  Articles,  by  the  per- 
pendienlar  distance  of  F  from  C  P,  to  give  the  moment  of  the 
couple  which  tends  to  overturn  the  walL     Let  t  be  the  thickness 

DE;  and  %  the  angle  of  inclination  of  D  £  to  the  horizon;  then  the 
um  of  tbe  couple  in  question  is  , 

^•^  —  (^?  +  ^ )  *  Bin  » )  cos  ^  -  ( ^  +  ^  J  <  •  cos  »  •  sin  ^ 


xcos 


--(y+^)<-8in(#  +  t); 


3 

which  being  multiplied  by  the  force  P,  and  equated  to  the  moment 
of  stability  of  the  weight  which  rests  on  the  base  D  E,  gives  the 
following  condition  of  stability  of  position : — 

W/.^^j •     tt'ia^cos^      tois?  t  f     |1\./,  i^/ov 
(5=l=^<-oos»=  -L_ L^_  \^  +  _j  on  (^  +  f)...(2.) 

Now  suppose  (as  in  Article  211  and  elsewhere)  that  "W  bears  a 
definite  ratio  n  to  the  weight  u;  a;  ^  *  cos  i  of  a  rectangle  of  masonry 

whose  height  is  O  D  s  a;,  and  its  breadth  the  horizontal  distance 
of  E  from  O  D,  t  cos  t ;  then  the  first  side  of  equation  2,  being  the 
moment  of  stability,  becomes  as  follows  : — 
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n{q  z±z  q^w  xt^  cos*  u 

Divido  both  sides  of  the  equation  by 

n  {q  =±=  q*)  to  a?  cos*  i^ 

and  for  brevity's  sake,  let 

to,  '  cos  i 
6  n{q  z±z  q')  to  cos*  i         ' 

«?!  (ff  +  2)  sin  (^  +  i) 

^W^^  I  ■■■■■■  ^  ^— — ^— IM^^  ■      I        ^ 

4  «  (q  =t=  g*)  m;  cos*  I 


»6: 


then 


and  consequently 


?^=a-2  6-^ IW 

i  =  J-^Tlf-  5 ...{i.) 

The  inclination  of  the  resiiltant  A  R  to  the  vertical  is  given  bf 
the  equation 

trr    A    T>  ^  COS  ^  ,» t 

When  the  base  DE  is  horizoDtal,  this  should  not  exceed  the  tangent 
of  the  angle  of  repose.  When  that  base  is  inclined  at  the  angle  1^ 
the  condition  of  frictional  stability  is  thus  expressed  : — 

^WAR  — t^^; (6.) 

^'  being  the  angle  of  repose  of  the  foundation  of  the  walL 

The  object  of  giving  the  base  of  the  wall  an  inclined  position  is 
to  diminish  the  obliquity  of  the  pressure  on  it,  and  so  to  enable  the 
condition  of  frictional  stability  to  be  fulfilled. 

The  values  adopted  for  q  in  practice  vary  from  "T":  to  -^^ 

218.  Rectansniar  Retaining  Walls. — ^In  a  vertical  rectangular 
wall,  n  =  1,  g'  =  0, 1  r=  0;  so  that,  in  equations  3  and  4  of  Article 
217, 

Wi  cos  i 


&  = 


fl  =  -a > 

o  q  w 

Wi  [q  +  2)  sin  ^ 
^  qw 


(1-) 
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Example  L  When  the  surface  of  the  bank  is  horizontal^  so  that 
i  =  0,  then 


and 


Abo 


Wi^  to .  —  .  6  =  0, 

1  +  sin  ^' 


* = ^/-^ = V  {,-i^(;fip.')  I (2.) 


"W  =  tt?  a'  •  —  : 

X 

to  that  equation  5  of  Article  217  becomes 

tan^WAB  =  ^=     "^i  ^         2^ 

2  m;  aj'  •  — 

a?  ' 

=  A  /  /3gt<;^(l-sin^)) 
V     I   2w(l  +  sinrt  J 

-£tan  f' (3.) 

If  the  material  on  which  the  wall  rests  is  the  same  with  that  of 
the  hanky  we  may  assume  ^  =  f ;  in  which  case,  by  squaring 
equation  3,  and  attending  to  the  fact  that 

^,  mn'f    __/   siny    V    1-sin^ 

1  -  sin*  f       \1  -  sin  f/     1  +  sin  ^ ' 

we  obtain  the  equation 

3qu/ 


2w 


(r^)' («■) 


Assuming  that  the  specific  gravity  of  the  earth  is  four-fifths  of 

that  of  the  masonry,  or  — ^  s  -• ,  we  find  that  this  equation  is  ful* 

Iff       4 

3 

filled  for  the  ordinaiy  value  of  7,  -^  ,  so  long  as  ^  exceeds  2T*. 

Example  IL  When  the  sur£etce  of  the  bank  slopes  at  the  angle 
of  rqKMe  f,  then  Wi »  u/  cos  f  ,  and 

tt/cos'  0 

Qqw 

cosf  sin  f 


{,  +  l)vf 


m  that  equation  4  of  Article  217  becomea 
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219.  Trapeseidai  HFniis. — In  fig.  102,  let  EQ  represent  the 
vertical  face  of  a  rectangular  wall,  snited  to  sustain 
the  thmst  of  a  given  bank,  and  let  F  be  the  centre 

of  resistance  of  the  bas&     Make  QN  =  3  £F  =  3 
(ft  ~2')  ^}  "^^^  *^®  centre  of  gravity  g  of  the 

triangular  prism  of  masomy  E  Q  N  will  be  verticallj 
above  the  centre  of  resistance  F;  therefore  if  that 
prism  be  removed,  so  as  to  reduce  the  cross  section 
of  the  wall  to  a  trapezoid  with  a  sloping  £use  E  N, 
the  position  of  the  centre  of  resistance  F  will  not  be 
altered,  and  the  wall  will  still  fulfil  the  condition  of 
stability  of  position,  the  thickness  t  being  determined 

3 

as  for  a  rectangular  walL     If  ^  =  -^,  the  thickness  of  the  wall  at  the 

o 

summit  will  be  -^  of  the  thickness  at  the  base.    The  £Etce  of  the  wall 

is  said  to  baUer;  the  rate  of  the  batter  being  the  ratio  -^ —  = 

£Q 

As  the  vertical  component  of  the  pressure  on  the  base  of  the 
wall  is  diminished  by  this  change,  the  obliquity  of  that  piessore 
will  be  increased;  and  it  may  in  some  cases  be  necessary  to  make 
the  base  slope  backwards,  as  in  fig.  101. 

220.  Batterii^p  WalU  •£  Vi^kfyrm  ThlckncM. — ^When  a  wall  for 

Q      j^  supporting  a  horus<mtal4opped 

" — ' • »   bank  is  of  uniform  thickness, 

and  has  a  sloping  or  carved  &ce, 
as  in  figs.  103  and  104,  its  mo- 
ment of  stability  may  be  deter- 
mined with  a  d^p%e  of  aocorscy 
sufficient  for  practical  porposefl^ 
in  the  following  manner  : — 

Let  E  Q  in  each  figure  repr&- 
sent  the  vertical  fisbce  of  a  rec- 
tangular wall  of  the  same  hei^t 
X  and  thickness  t  with  the  pro- 
*^«-  ^^^  posed  waU,  and  let  ^  be  Um 

«entre  of  gravity  of  that  rectangukr  wall.     Then 
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viD  be  iim  moment  of  stability  per  unit  of  lengtL 

Divide  the  area  £  Q  N*  included  between  tlie  vertical  face  E  Q 
and  the  fiu»  of  the  propOBed  vail,  E  K,  by  the  height  x.     Then 

^.=»T>  =  !^ (..) 

will  be  the  distance  of  the  centre  of  gravity  G  of  the  eloping  or 
rmred  wall  &om  that  of  the  rectangular  wall ;  and  the  change  of 
tjgore  will  increase  the  stability  in  the  ratio  q  +  q'  i  q;  that  ia  to 
cay,  the  moment  of  stability  will  now  be 

W{q  +  g^t  =  {q  +  ^W!CP (2.) 

If  E  N  is  a  straight  lino  (fig.  103), 

^--^i-. (3.) 

If  E  X  is  a  parabolic  arc, 

^.=  ^. (4.) 

a  ronnula  irhich  is  also  sensibly  correct  when  E  K  is  an  arc  of  a 
circle. 

Walls  with  a  "curved  batter"  are  usually 
Iroilt  as  shown  in  £g.  105,  with  the  bed-jointa 
perpendicular  to  the  face  of  the  wall  This 
diminishes  the  obLquity  of  the  pressure  on 
the  baae. 

221,    VMOidialHS  CVHnca  af  BMbIbIbi  Walb 

have  their  width  increased  beyond  the  thick- 
ness of  the  wall  by  a  series  of  steps  in  front, 
as  shown  in  figs.  102  and  105.  The  objects  of  . 
this  are,  at  once  to  distribute  the  pressure 
over  a  greater  area  than  that  of  any  bed-joint 
in  the  body  of  the  wall,  and  to  diffuse  that 
presKore  more  eqnally,  by  bringing  the  centre 
of  resistance  nearer  to  the  middle  of  the  base  ^'  ^^*' 

than  it  is  in  the  body  of  the  walL  The  power  of  earth  to  support 
foundations  has  alr^dy  been  considered  in  Article  199. 

222L  CaaMRfMtB  are  projectious  from  the  inner  &ce  of  a  retain-? 
ing  wall  A  wall  and  its  counterforts,  if  the  bond  of  the  masonry 
ifl  well  preserved,  constitut«  a  wall  having  successive  divisions 
of  its  lengtli  alternately  of  greater  and  of  less  thickness.  The 
moment  ^  stability  of  a  wall  with  counterforts,  per  unit  c^  length, 
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•when  tbe  wall  is  well  bonded,  may  be  found,  with  sufficient 
accuracy  for  practical  purposes,  by  adding  together  the  moments 
of  stability  of  one  of  the  parts  between  two  counterforts,  and  of 
one  of  the  parts  whose  thickness  is  augmented  by  the  addition  of 
a  counterfort,  and  dividing  the  sum  by  the  joint  length  of  those 
two  parts. 

For  example,  let  fig.  lOG  represent  a  portion  of  the  plan,  or  hori- 
zontal section,  of  a  vertical  rectangular  retaining 

-' jH  wall  whose  height  is  A,  with  a  row  of  rectangular 

counterforts  of  the  same  height  with  the  wall 
'  Let  t  =  FE  be  the  thickness  of  a  part  of  the 
wall  between  two  counterforts,  and  6  =  E  D  its 
length ;  let  T  =  AB  be  the  thickness  of  a  coun- 
terfbi-ted  part  of  the  wall,  including  the  counter- 
fort, and  c  =  B  C  its  length. 

The  moment  of  stability  of  the  first  part  is 

qwhh^ ; 
and  that  of  the  second  part, 
^«-"«-  qwhcV. 

Adding  together  those  moments,  and  dividing  their  sum  by  the 
total  length  6  +  c  =  A  F,  the  moan  moment  of  stability  per  unit  of 
length  is  found  to  be 

g^^       b  +  c    ^'^ 

This  is  the  same  with  the  moment  of  stability  per  unit  of  length 
of  a  wall  of  the  uniform  thickness, 


''-Vi'-^) <^> 


which  may  be  called  the  equivalent  tmi/orm  waU. 

The  quantity  of  masonry  in  the  counterforted  wall  is  to  the 
quantity  in  the  equivalent  uniform  wall  in  the  ratio 

ht  +  oT  :  (5  +  c)^, 

which  is  always  less  than  unity;  so  that  there  is  a  saving  of 
masonry  (though  in  general  but  a  small  one)  by  the  use  of  counter- 
forts. 

223.  ArehM  of  iriaMnrr. — An  arch  of  masonry  consists  of  a  ring 
of  wedge-formed  stones,  called  a/rdirsUmea  or  votiMotfv,  pressing 
against  each  other  at  surfaces  called  hedrjoinHa^  which  ai^  or  ougiit 
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to  be,  peix>eiidiciilar  or  nearly  perpendicular  to  the  sqffU,  or  internal 
eoncaye  sox&oe  of  the  arch.  The  outer  or  convex  suifaoe  of  the 
ling  of  arch-stonesy  which  may  be  either  a  curved  surfEU^e  parallel 
to  the  Boffit,  or,  what  is  better,  a  series  of  steps,  sustains  the 
vertical  pressure  of  that  part  of  the  load  which  arises  from  the 
weight  of  materials  other  than  the  arch-stones  themselves ;  and 
that  outer  surface  also  exerts  in  many  cases  a  horizontal  or  inclined 
thrust  against  the  spandrils  and  abutmeyUa,  The  abutments  sus- 
tain also  the  thrust  of  the  lowest  voussoirs,  vertical  or  inclined,  as 
the  case  may  be.  Sometimes  an  arch  springs  at  once  from  the 
gnnmdy  so  that  its  abutments  are  its  foundations. 

A  wbII  standing  on  an  arch,  in  the  plane  of  the  arch-ring,  is 
called  a  spandril  wall.  The  arch  of  a  bridge  requires  a  pair  of 
external  spandril  toaUs,  one  over  each  face  of  the  arch ;  the  space 
between  tiiem  is  filled  up  to  a  certain  level  with  solid  masoniy,  and 
above  that  level  it  is  sometimes  filled  with  earth  or  rubbish,  and 
sometiines  occupied  by  a  series  of  internal  spandril  toalls  parallel  to 
the  external  spandril  walls,  and  having  vacant  spaces  between 
them — a  mode  of  construction  fiivourable  both  to  stability  and  to 
lightness.  In  order  to  form  a  continuous  platform  for  the  road- 
way, the  spaces  between  the  internal  spandril  waUs  are  sometimes 
covered  with  flags  of  some  strong  stone  (such  as  slate),  and  some- 
times arched  over  with  small  transverse  arches.  The  external 
spandril  walls  are  the  abutments  of  those  arches,  and  must  have 
rtability  sufficient  to  sustain  their  thrust :  when  the  spandrils  are 
filled  with  earth  or  rubbish,  the  external  spandril  walls  must  have 
stability  sufficient  to  withstand  the  pressure  of  the  filling  materiaL 

In  determining  the  conditions  of  stability  of  an  arch,  it  is  con- 
venient to  consider  only  a  rib,  or  vertical  layer,  of  arch,  abutment, 
and  spandril,  of  the  thickness  unity  (e.  g,,  one  foot).  When  there 
are  spandril  waUs  with  vacant  spaces  between,  an  ideal  specific 
gravity  is  to  be  adopted  for  the  material  of  the  spandrils,  found  by 
supposing  the  weight  of  the  material  of  the  spandril  walls  to  be 
uiufonnly  distributed,  so  as  to  fill  the  vacuities ;  that  is  to  say,  let 
to  be  the  weight  of  an  unit  of  volume  of  the  material  of  the  walls, 
2  *  T  the  sum  of  the  thicknesses  of  all  the  walls,  and  2  *  S  the  sum 
of  the  widths  of  the  spaces  between  them ;  then  in  computations 
respecting  the  stability  of  the  arch,  the  spandrils  may  be  supposed 
to  be  completely  filled  with  a  material  whose  weight  per  unit  of 
volume  is 

«/ = «» 'z^rs' (!•) 


224.    UiM  •f  PrgawHxn    !■   «■    Arch;   €midliti«H   •T  Stahilitr. — 

to  the  pi-inciples  explained  in  Articles  206  and  207.  if  a 
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straight  line  be  drawn  through  each  bed-joint  of  the  aidi-ring 
representing  the  position  and  direction  of  the  resultant  of  the  pres- 
sore  at  that  joint,  the  straight  lines  so  drawn  form  a  polygon,  and 
each  of  the  angles  of  that  polygon  is  situated  in  the  Ime  dT  action 
of  the  resultant  external  force  acting  on  the  arch-stone,  which 
lies  between  the  pair  of  joints  to  which  the  contiguous  sides  of  the 
polygon  correspond;  so  that  the  polygon  is  similar  to  a  poly- 
gonal frame,  loaded  at  its  angles  with  the  forces  which  act  on  the 
arch-stones  (their  own  weight  included).  A  curve  inscribed  in  that 
polygon,  so  as  to  touch  all  its  sides,  is  the  line  of  pressures  of  the 
arcL  The  smaller  and  the  more  numerous  the  arch-stones  into 
▼hich  the  arch-ring  is  subdivided,  the  more  nearly  does  the  poly- 
gon coincide  with  the  curve ;  and  the  curve  or  line  of  pressures 
represents  an  ideal  linear  a/rcky  which  would  be  balaiiced  under  the 
continuously-distributed  forces  which  act  on  the  real  arch  under 
consideration.  From  the  near  approach  of  this  linear  arch  to  the 
polygon  whose  sides  traverse  the  centres  of  resistance  of  the  bed> 
joints,  the  points  where  the  linear  arch  cuts  those  joints  may  be 
taken  without  sensible  error  for  the  centres  of  resistance. 

Now  in  order  that  the  stability  of  the  arch  may  be  secure,  it  is 
necessary  that  no  joint  should  tend  to  open  either  at  its  outer  or 
at  its  inner  edge ;  and  in  order  that  this  may  be  the  case,  the 
centre  of  resistance  of  each  joint  should  not  deviate  from  the  centre 
of  the  joint  by  more  than  one-sixth  of  the  depth  of  the  joint ;  that 
is  to  say,  the  centre  of  resistance  should  lie  within  the  middle  third 
of  the  depth  of  the  joint ;  whence  follows  this 

Theorem.  The  stability  of  an  arch  is  secttre,  if  a  linear  ar^ 
balanced  under  the  forces  which  act  on  the  real  circh,  can  be  drawn 
mthin  the  middle  third  of  the  depth  of  the  arch-ring. 

It  has  already  been  stated  that  the  tenacity  of  fresh  mortar  is  not 
Bofficiently  great  to  be  taken  into  account  in  determining  the  stafai* 
lity  of  masoniy ;  and  hence,  where  cement  is  not  used,  aU  boriaon- 
tal  or  oblique  conjugate  forces  which  maintain  the  equilibrium  of 
the  arch-ring  must  be  pressings,  acting  on  the  arch  from  without 
inwards.  The  linear  arch,  therefore,  is  limited  in  such  cases  to 
those  forms  which  are  balanced  under  pressures  from  tmthout  alone; 
that  is  to  say,  that  the  intensity  of  the  horizontal  or  conjugate 
pressure,  denoted  hy  p^  in  Article  185,  equation  4,  must  not  at  any 
point  be  negative. 

It  is  true  that  arches  have  stood,  and  still  stand,  in  which  the 
centres  of  resistance  of  joints  fall  beyond  the  middle  third  of  the 
depth  of  the  arch-ring ;  but  the  stability  of  such  aixshes  is  either 

now  precarious,  or  must  have  been  precarious  while  the  mortar  was 
n^ah. 

When  tenacity  to  resist  horizontal  or  oblique  tension  is  given  to 
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the  spandrils  of'  an  arch,  and  to  the  joints  between  them  and  the 
arch-stoneSy  by  means  of  cement,  hoop-iron  bond,  iron  cramps,  or 
otherwise,  the  conjugate  tension  denoted  by  — j9,  must  not  at  any 
point  exceed  a  safe  proportion  of  that  tenacity ;  that  is  to  say, 
about  one-eightL  By  this  means  stability  may  be  given  to  arches 
of  seemingly  anomalous  figures;  but  such  structures  are  safe  o^  a 
small  scale  only. 

225.  Ancle,  JeiBit  mmA  Petet  •f  itartmc^ — ^The  first  step  towards 
determining  whether  a  proposed  arch  will  be  stable,  is  to  assuine  a 
linear  arch  parallel  to  the  intrados  or  soffit  of  the  proposed  arch, 
and  loaded  vertically  with  the  same  weight,  distributed  in  the 
same  manner.  The  nze  of  this  assumed  linear  arch  is  a  matter  of 
indifference,  provided  each  point  in  it  is  considered  as  subjected  to 
the  same  forces  which  act  at  the  corresponding  joint  in  the  real 
arch;  that  is,  the  joint  ai  which  the  indincUion  of  the  real  arch  to 
the  horizon  is  the  saTM  toith  that  of  the  cusumed  arch  at  the  given 
point. 

The  assumed  arch  is  next  to  be  treated  as  a  stereostatic  arch, 
according  to  the  method  of  Article  185;  and  by  equation  4  of  that 
Article  is  to  be  determined,  either  a  general  expression  or  a  series 
of  values  of  the  intensity  p,  of  the  conjugate  pressure,  horizontal  or 
oblique,  as  the  case  may  be,  required  to  keep  the  arch  in  equilibrio 
under  tiie  given  vertical  load.  If  that  pressure  is  nowhere  negative, 
a  carve  similar  to  the  assumed  arch,  drawn  through  the  middle  of 
the  arch-ring,  will  be  either  exactly  or  very  nearly  the  line  of  pres- 
sures of  the  proposed  arch;  p,  will  represent^  either  exactly  or  very 
nearly,  the  intensity  of  the  lateral  pressure  which  the  real  arch, 
tending  to  spread  outwards  under  its  load,  will  exert  at  each  point 
against  its  spandril  and  abutments ;  and  the  thrust  along  the  linear 
arch  at  each  point  will  be  the  thruist  of  the  real  arch  at  the  corre- 
^Kmding  joint. 

On  the  other  hand,  if /?,  has  some  negative  values  for  the  assumed 
Hnear  arch,  there  must  be  a  pair  of  points  in  that  arch  where  that 
quantity  changes  from  positive  to  negative,  and  is  equal  to  nothing. 
The  angle  of  inclination  t^  at  that  point,  ceJled  the  angle  ofrupturCf 
is  to  be  determined  by  solving  equation  1  of  Article  187.  The 
corresponding  joints  in  the  real  arch  are  called  the  joints  of  rupture; 
and  it  is  below  those  joints  only  that  conjugate  pressure  from  with- 
out is  required  to  sustain  the  arch. 

In  fig.  107,  let  B  C  A  represent  one-half  of  a  symmetrical  arch, 
0  Y  a  horizontal  axis  of  co-ordinates  in  or  above  the  spandril, 
K.  L  D  £  an  abutment^  and  0  the  joint  of  rupture,  found  by 
tile  method  already  described.  The  poird  of  rupture,  which  is  the 
Centre  of  resistance  of  the  joint  of  rupture,  is  somewhere  within 
the  middle  third  of  the  depth  of  that  joint;  and  from  that  point 
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down  to  the  springing  joint  B,  the  line  of  pressures  is  a  cnnv 
similar  to  the  assumed  linear  arch,  and  parallel  to  the  intrados^ 

^  being  kept  in  equilibrio  by  the  lateral  prcs- 
**  sure  between  the  arch  and  its  spandril  and 
1^  abutments 

From  the  joint  of  rupture  C  to  the  crown 

A,  the  fact  that  the  assumed  linear  arch  would 

require  lateral  tension  to  keep  it  in  equilibrio, 

shows  that  the  true  line  of  pressures  must  be 

a  flatter  curve  than  the  assumed  linear  arch; 

the  figure  of  the  true  line  of  pressures  being 

determined  by  the  condition,  that  it  shall  be 

a  linear  arch  balanced  under  vertical  forces 

-  only;  that  is  to  say,  that  the  horizontal  com- 

'^'       '  ponent  of  the  thrust  along  it  at  each  point  is 

a  constant  quantity,  and  equal  to  the  horizontal  component  of 

the  thnist  along  the  arch  at  the  joint  of  rupture. 

That  horizontal  thrust,  denoted  by  B^,  is  found  by  means  of  equa- 
tion 2  of  Article  187,  and  is  the  horizontal  thrust  of  the  entire  arch. 
[If  the  arch  is  distorted,  conjugate  UiruBt  is  to  be  read  instead  of 
"IiorizofUal  thrust,**  wherever  that  phrase  occurs.] 

The  only  point  in  the  line  of  pressures  above  the  joints  of  rap- 
ture which  it  is  important  to  determine,  is  that  which  is  at  the 
crown  of  the  arch.  A;  and  it  is  found  in  the  following  maimer : — 
Find  the  centre  of  gravity  of  the  load  between  the  joint  of  rap- 
tui*e  C  and  the  crown  A  ;  and  draw  thi-ough  that  centre  of  gravi^ 
a  vertical  line. 

Then  if  it  be  possible,  from  one  point  in  that  vertical  line,  to 
draw  a  pair  of  lines,  one  parallel  to  a  tangent  to  the  soffit  at  the  joint 
of  rupture,  and  the  other  parallel  to  a  tangent  to  the  soffit  at  the 
crown,  so  that  the  former  of  those  lines  shall  cut  the  joint  of  rap- 
ture, and  the  latter  the  keystoue,  in  a  pair  of  points  which  are  both 
within  the  middle  third  of  the  depth  of  the  arch-ring,  the  stabili^ 
of  the  arch  will  be  secure  ;  and  if  the  first  point  be  the  point  of 
iTipture,  the  second  will  be  the  centre  of  resistance  at  the  crown  of 
the  arch,  and  the  crown  of  the  true  line  of  pressures. 

When  the  pair  of  points  related  as  above  do  not  fall  at  opposite 
limits  of  the  middle  third  of  the  arch-ring,  their  exact  positions  arc 
to  a  small  extent  imcertain ;  but  that  imcertainty  is  of  no  consc- 
qnence  in  practice.  Their  most  probable  positions  are  equi-distant 
from  the  middle  line  of  the  arch-ring. 

Should  the  pair  of  points  fall  beyond  the  middle  third  of  the 
arch-ring,  the  depth  of  the  arch-stones  must  be  increased. 

226.  Thvuat  •€  an  Arrh  of  jViaMonrr. — The  line  of  pressures,  or 
equivalent  linear  arch,  of  an  arch  of  masonry,  with  its  point  of  nip- 
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koro  and  total  ihrast^  having  been  determined  by  the  methods 
described  in  the  two  preceding  Articles,  the  distribution  of  that 
thruHt,  and  the  line  of  action  of  its  resultant^  are  to  be  found  by 
the  methods  of  Article  187. 

227.  AkaniMato  •r  Arekc*. — ^The  abutment  of  an  areh^  when  it 
B  not  simply  a  foundation,  is  a  buttress^  or  a  wall  with  or  without 
eounterforts,  which  is  bounded,  or  may  be  considered  as  bounded 
\j  a  vertical  face  L  D  (fig.  107)  towards  the  arch. 

Two  external  forces  are  applied  to  the  abutment  of  an  arch 
1)esides  its  own  weight,  viz.,  the  vertical  load  of  the  half-arch,  P, 
whose  resultant  acts  through  B,  the  centre  of  resistance  of  the 
springing  joint,  and  the  thrust  H,  found  in  amount  and  position  by 
methods  already  referred  to,  whidi  acts  through  B  also  if  the  angle 
of  rupture  is  equal  to  or  greater  than  the  inclination  of  the  arch  at 
B;  and  which,  if  there  is  either  no  joint  of  rupture,  or  a  joint  of 
rupture  above  B,  is  distributed  between  B  and  A^  or  B  and  C,  as 
the  case  may  be.  The  resultant  of  the  vertical  load  and  conjugate 
thmst  being  taken  as  the  entire  pressure  applied  to  the  abutment^ 
its  conditions  of  stability  and  requisite  dimensions  are  to  be  found 
by  the  methods  described  in  Articles  213,  214,  and  222. 

For  the  abutment  of  an  arch,  as  for  the  ardi-ring,  the  centre  of 
resistance  should  fall  within  the  middle  third  of  the  base,  so  that 
the  proper  value  of  ^  is  one-sixth. 

If  the  figure  of  an  arch  be  transformed  by  parallel  projection,  the 
proper  figures  for  the  abutments  of  the  new  arch  are  the  corre- 
sponding parallel  projections  of  the  original  abutments. 

228.  Skew  Avchcs  are  of  figures  derived  from  those  of  symmetri- 
cal arches  by  distortion  in  a 
horizontal  plane.     The  eleva- 
tion of  the  face  of  a  skew  arch, 
«nd  every  vertical  section  par- 
allel to  its  face,  being  similar 
to  the  corresponding  elevation 
and  vertical  section  of  a  sym- 
metrical arch,  the  forces  which 
•ct  in  a  vertical  layer  or  rib 
of  a  skew  arch  with  its  abut- 
ments, are  the  same  with  those 
wluch  act  in  an  equally  thick 
vertical  layer  of  a  symmetrical 
arch  with  its  abutments,  of  the 
aamedimensionsand  figure,  and  Fig.  109. 

similarly  and  equally  loaded. 

Fig.  108  represents  a  plan  of  a  skew  arch,  with  counterforted 
abutments.    The  awfle  o/skeuf,  or  obUqtdty,  is  the  angle  which  the 
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ftxis  of  th«  archw&y,  A  A,  msktw  with  a  perpeudicolar  to  the 
of  the  arch,  SCAB.  The  Bpan  of  the  archwaj',  "cmAo  aguare,' 
aa  it  ia  c&lled  (that  ia,  the  peipendicolar  distance  between  the  abnt-" 
ments),  ia  less  than  the  span  on  the  akeio,  or  parallel  to  tlie  &ce  of 
the  arch,  in  the  ratio  of  the  codue  of  the  obliquity  to  nnitj.  It 
ia  the  span  on  the  ekao  which  ia  equal  to  that  of  the  ooneqMiodiiij 
^mmctrical  arch. 

The  best  position  for  the  bed-joints  of  the  arch-stones  is  perpen- 
dicular to  the  thrust  alons  the  a^^^  If,  therefore,  there  be  dnvn 
on  the  soffit  of  a  skew  arch,  a  series  of  parallel  curves,  made  bj  die 
iuteniectionB  of  the  soffit  with  vertical  planes  parallel  to  the  &x» 
of  the  arch,  the  best  fomia  for  the  bed-joints  will  be  a  series  of 
curves  drawn  on  Uie  soffit  of  the  arcJi  so  as  to  cut  the  whole  of  the 
formra  series  of  curves  at  right  angles,  such  as  C  C  in  figs.  108  and 
109.  Joints  of  the  best  form  being  difficult  to  execute,  spial 
joints  are  nsed  in  practice  as  an  approximation, 

229.    enlaad  VbbIw. — A  groiued  vault,  represented  in  {Jan, 

koking  upwards,  by  fig.  110,  is  formed  by  Uie  intersection  of  tro 

archwajB.     The  ribs  at  the  edges  where 

,,^  xX)      the  soffits  of  the  archways  intersect  and 

i  *  I  I  Xjj  ^  interrupt  each    other,   are    called   the 

r^'  "  ■MTFHfffl --"'   /I      grotTis.      The  portions    of    the  aidiea 

[•  -     •'^■K'tj KFj^  :^      which  form  the  groined  vault,  properly 

I      rX/'^v'^^^^  speaking,  abut  against  the  groins ;  Um 

-■-3J,  rx  V -j-n  groins  themselves,  and  the  four  inde- 

I     ..''-''  J  pendent  portions  of  the  archways,  shot 

I  1  '      .  "I      against  four  huttressea  at  the  comas 

■ — 1      j^:—.: ;-  ■—-■-!      ofthevaulL     The  ctvum  of  the  vault  is 

[  i^'H^-j^   thepoint  where  the  groins  meet. 

^^^         The  line  marked  B'  is  the  length  fran 
Bg.  110.  ^^  crown  to  the  fiice  of  one  of  the  arch- 

ways; and  B  is  the  breadth  of  the  pw- 
tion  of  one  of  the  buttresses  against  which  that  archway  abnt^ 
whether  directly  or  through  the  groin.  The  thrust  duo  to  the 
length  of  archway  B'  is  concentrated  upon  the  breadth  of  abol- 
ment  B ;  its  intensity  is  therefore  increased  in  the  ratio  ^  ;  ud 
>f  t  be  the  thickness  which  an  abutment  requires  to  withstand  tlw 
thrust  of  the  plain  archway,  the  thickness  D  required  for  the  bnt- 
tress,  in  a  direction  perpendicular  to  B,  will  be 

^  =  '\/| ('■> 

At  the  leflrhand  aide  ot  the  figure,  the  buttresBes  are  compoonJ 
aad  Mctangular:— at  the  right-hand  side,  a  single  diagonal  butttw 
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18  (^posed  to  the  thrast  of  each  groiiiy  and  to  the  combined  thrusts 
of  ihe  two  archways  which  abut  againist  it  The  breadth  of  the  dia- 
gonal battress  being  the  reaulUmt  of  the  breadths  of  the  compound 
buttfoaBCfly  its  thickne&s  is  simply  equal  to  theirs. 

230.  iJimmtwm^  Areh9m  are  arched  ribSi  of  which 
sereral  spring  fi:t>m  one  buttress,  as  is  shown  in  plan 
in  fig.  111.  The  thrust  against  the  buttress  is  the 
lesaltant  of  the  thrusts  of  the  ribs;  the  yertical 
pressore  is  the  sum  of  their  loads. 

231.  Ptan  •€  AvchcflL — ^A  pier  is  a  pillar  against 
which  two  or  more  arches  abut,  in  such  a  manner  ^'  ^ 
that  their  horizontal  thrusts  balance  each  other,  so  that  the  pier 
has  only  to  sustain  the  yertical  pressure  of  the  half-arches  which 
rest  on  it.  The  piers  of  a  bridge  or  viaduct  are  usually  oblong 
walls,  of  a  length  equal  to  that  of  the  soffits  of  the  arches,  two  of 
which  spring  from  the  opposite  sides  of  each  pier.  It  is  customaiy 
to  make  the  thickness  of  a  pier,  at  the  springing  of  the  arches,  from 
one-sixth  to  one-ninth  of  the  span  of  the  arches  which  it  sustains. 
Mr.  Hosking,  in  his  Treatise  on  Bridges,  has  pointed  out,  that  this 
thickness  is  usually  greater  than  is  necessary ;  and  that  there  is  in 
general  no  reason  tiiat  the  thickness  of  the  pier  shoidd  be  more  than 
is  just  sufficient  to  support  the  rings  of  arch-stones  that  spring  from  it. 

If  one  of  two  arches  which  abut  against  the  same  pier  falls,  the 
other  aicb,  having  its  thrust  tmbalanced,  usually  overthrows  the 
pier,  and  consequently  fedls  also ;  so  that  if  a  viaduct  consists  of  a 
series  of  arches  with  piers  between,  the  fall  of  a  single  arch  causes 
the  destruction  of  the  whole  viaduct  To  lessen  the  damage  caused 
hj  aoddents  of  this  kind,  it  is  customaiy  in  long  viaducts,  to 
introduce  at  intervals  what  are  called  abutmenl  piers,  which  have 
stability  sufficient  to  resist  the  thrust  of  a  single  arch;  so  that 
when  an  arch  &lls,  the  destruction  is  limited  to  the  division  of  the 
viaduct  between  the  two  nearest  abutment  piers. 

In  some  important  bridges  over  large  rivers,  where  it  has  been 
considered  advisable  to  spare  no  expense  in  order  to  render  the 
structure  durable,  each  pier  is  an  abutment  pier.  • 

232.  Oir«B  •■'  Heitow  Picra  m«4  Ahntm«Mt& — In  Some  cases  the 
pien  and  abutments  of  bridges,  in  order  to  save  materials,  and  to 
diminish  the  pressure  on  the  foundations,  are  made  with  arched 
openings  through  them,  or  with  rectangidar  hollows  in  their  in- 
t^ior.  The  bottoms  of  such  openings  or  hollows  should  be  closed, 
when  they  are  small  by  courses  of  large  stones,  and  when  they  are 
iaige  by  inverted  arches,  in  order  that  the  area  of  the  foundation, 
over  which  the  pressure  is  distributed,  may  be  as  large  as  if  the 
building  wsre  solid 

The  moment  of  stability  of  an  abutment,  with  arched  openings 
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ihroagli  it,  or  hollows  in  its  interior,  is  less  than  tbat  of  a  solid 
abutment  of  the  same  external  dimensions,  very  nearly  in  the  same 
ratio  in  which  the  irwrMrd  ofiTvertia  of  the  horizontal  section  of  the 
abutment  is  diminished  by  means  of  the  vacuities.  (See  Article  95.) 
233.  Tanaoli. — If  the  depth  of  a  tunnel  beneath  the  surface  of 
the  ground  is  great  compared  with  the  height  of  its  archway,  the 
proper  form  for  the  line  of  pressures,  whidi  must  lie  within  the 
middle  thiixl  of  the  thickness  of  its  arch,  is  the  elliptic  linear  arch 
of  Article  180,  in  which  the  ratio  of  the  horizontal  to  the  vertical 
semi-axis  is  the  square  root  of  the  ratio  of  the  horizontal  to  the 
vertical  pressure  of  the  earth,  as  ali'eady  shown  in  Article  180, 
equation  5,  and  Article  197,  equation  3;  that  is  to  say, 

horizontel  eemi-axia  ^  ^  ^     y^  ^  . /(1_Z^ ;...(!.) 
vertical  semi-axis  V   p*       V    M  +  am  f  y       ^  ' 

f  being  the  angle  of  repose. 

If  the  earth  is  firm,  and  little  liable  to  be  disturbed,  the  propor- 
tion of  the  half-span,  or  horizontal  serai-axis,  to  the  rise  or  vertical 
semi-axis,  may  be  made  greater  than  is  given  by  the  preceding 
equation,  and  the  earth  will  still  resist  the  additional  horizontd 
thrust  j  but  that  proportion  should  never  be  made  less  than  the 
value  given  by  the  equation,  or  the  sides  of  the  tunnel  will  be  in 
danger  of  being  forced  inwards. 

In  a  drainage  timnel,  the  entire  ellipse  may  be  used  as  the  figure 
of  the  arch ;  but  in  a  railway  tunnel,  where  it  is  necessaiy  to  have  a 
fiat  floor,  the  sides  and  roof  of  the  tunnel  comprise  in  height  the 
upper  two-thirds,  or  three-fourths,  of  the  ellipse,  which  is  closed 
below  by  a  circular  segmental  inverted  arch  of  a  slight  curvature, 
its  depression  being  one-eighth  of  its  span,  or  thereabouts.  By  this 
mode  of  construction,  the  vertical  pressure  of  the  sides  of  the 
timnel  is  concentrated  upon  foundation  courses  directly  below 
them,  from  which  they  spring.  The  ratio  which  the  entire  width 
of  the  tunnel,  measured  outside  the  masonry  or  brickwork,  bears  to 
the  joint  width  of  that  pair  of  foundations,  must  not  exceed  the 
limit  ^f  the  ratio  of  the  weight  of  a  building  to  the  weight  of  earth 
displaced  by  it,  as  given  by  Article  199,  equation  3.  The  inverted 
arch  serves  to  prevent  the  foundations  of  the  sides  of  the  tunnel 
from  being  forced  inwards  by  the  horizontal  pressure  of  the  earth 

The  exa^st  form  for  the  line  of  pressures  in  the  sides  and  roof 
of  a  tunnel  is  the  geostaUe  arch  of  Article  184.  This  principle 
requires  attention  when  the  ix)of  of  the  tunnel  is  near  the  sur&oe. 
Let  iCQ  be  the  depth  of  the  crown  of  the  tunnel,  and  Xi  that  of  its 
greatest  horizontal  diameter,  beneath  the  surface.  From  those 
ordinates  as  data,  design  a  hydroetatic  arch,  either  by  the  exact 
method  of  Article  183,  or  by  the  approximate  aoethod  of 
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188  ;  contract  the  horizontal  co-ordinates  of  that  arch  in  the  ratio 
c  =  a/  ^^  ,  and  the  result  will  be  the  geostatic  arch  required. 

234.  o^ano. — A  true  dome  is  a  shell  of  masoniy  or  brickwork, 
of  the  figure  of  a  solid  of  revolution  with  a  vertical  axis ;  that  is, 
it  is  spherical,  spheroidal,  conoidal,  or  conical,  and  is  circular  in 
plan.  Its  tendency  to  spread  at  its  base  is  resisted  by  the  stability 
of  a  cylindrical  wall,  or  of  a  series  of  buttresses  surrounding  the 
base  of  the  dome,  or  by  the  tenacity  of  a  metal  hoop  encircling  the 
base  of  the  dome. 

The  conditions  of  stability  of  a 
dome  are  ascertained  in  the  fol- 
lowing manner: — Let  ^^.  112 
represent  a  vertical  section  of  a 
dome,  springing  from  a  cylindrical 
wall  B  B.  The  shell  of  the  dome 
is  supposed  to  be  thin  as  compared 
with  its  external  and  internal  di- 
mensions. Let  the  centre  of  the 
crown  of  the  dome,  O,  be  taken  as 
origin  of  co-ordinates ;  let  a?  be  the  depth  of  any  circular  joint 
in  the  shell,  such  as  C  C,  below  O,  and  y  the  radius  of  that  joint 
Let  i  be  the  angle  of  inclination  of  the  shell  at  0  to  the  horizon, 
and  c^*  the  length  of  an  elementary  arc  of  the  vertical  section  of 
the  dome,  such  as  C  D,  whose  vertical  height  is  rfaj,  and  the  differ- 
ence of  its  lower  and  upper  radii  dyieo  that 


Fig.  112. 
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Let  P,  be  the  weight  of  the  p»rt  of  the  dome  above  the  circular  joint 
C  C.  Then  the  total  thrust,  in  the  direction  of  a  set  of  tangents  to 
the  dome,  radiating  obliquely  downwards  all  round  the  joint  0  0,  is 

**  * -r~  = -t*  ' cosec t : 
dx  ' 

and  the  total  horizontal  component  of  that  radiating  thrust  is 

P,    -/  =  P,-cotantL 
ux 

Let  p^  denote  the  intensity  of  that  horizontal  radiating  thrust,  per 
unit  of  periphery  of  the  joint  C  C ;  then  because  the  periphery  of 
that  joint  IB  2  »y(=  6-2832  y),^elM^ve  ^ 


Pr=  -^. 


P,  cotant 
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(1.) 
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It  bas  been  shown  in  Article  179,  that  if  there  be  an  inward 
radiating  pressure  upon  a  ring,  of  a  given  intensity  per  unit  of  arc^ 
there  is  a  thrust  exerted  all  round  that  ring,  whose  amount  is  the 
product  of  that  intensity  into  the  radius  of  the  ring.  The  same 
proposition  is  true,  substituting  an  outward  for  an  inward  radiating 
pressure,  and  a  tension  all  round  the  ring  for  a  thrust  If,  there- 
fore, the  horizontal  radiating  pressure  of  the  dome  at  the  joint 
C  C  be  resisted  by  the  tenacity  of  a  hoop,  the  tension  at  each  point 
of  that  hoop,  being  denoted  by  P,,  is  given  by  the  equation 

P      ..«       J^xcotant 

Now  conceive  the  hoop  to  be  removed  to  the  circular  joint  D  D, 
distant  by  the  arc  d  a  from  C  C,  and  let  its  tension  in  this  new 
position  be 

The  difference,  d  F,,  when  the  tension  of  the  hoop  at  C  C  is  the 
greater,  represents  a  thrust  which  must  be  exerted  all  round  the 
ring  of  brickwork  C  0  D  D,  and  whose  intensity  per  unit  of  length 
of  the  arc  CD  is 

^•=  ^=  2l?-  ^(P.^ot"^*") (3-) 

Every  ring  of  hrichwrk  for  which  p^  is  either  notlivnffj  or  positive^ 
is  stahle,  independently  of  the  tenacity  of  cement  j  for  in  each  such 
ring  there  is  no  tension  in  any  direction. 

When  p,  becomes  negativSy  that  is,  when  P,  has  passed  its  maxi- 
mum, and  begins  to  diminish,  there  is  tension  horizontally  round 
each  ring  of  brickwork,  which,  in  order  to  secure  the  stability  of 
the  dome,  must  be  resisted  by  the  tenacily  of  cement,  or  of  external 
hoops,  or  by  the  resistance  of  abutments. 

Such  is  the  condition  of  stability  of  a  dome.  The  inclination  to 
the  horizon  of  the  sur£Eu;e  of  the  dome  at  the  joint  where  p,  ^  0, 
and  below  which  that  quantity  becomes  negative,  is  the  angle  of 
ruptwre  of  the  dome ;  and  the  horizontal  component  of  its  thrust 
at  that  joint,  is  its  total  horizontal  thrust  against  the  abutment^ 
hoop,  or  hoops,  by  which  it  is  prevented  from  spreading. 

A  dome  may  have  a  circular  opening  in  its  crown.  Oval  arched 
openings  may  also  be  made  at  lower  points,  provided  at  such  points 
there  is  no  tension ;  and  the  ratio  of  the  horizontal  to  the  inclined 
axis  of  any  such  opening  should  be  fixed  by  the  equation 


honz.  axis   __    a  /     -P'  ll\ 

inclined  axis  ""^""V  i^se^* "'^^ 
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Example  I.  S^iherioal  Dotm, — Uniform  thickness,  t ;  weight  of 
material  per  unit  of  volume,  w ;  radius,  r. 

a5  =  r(l— cost);  y  =  rsini;  ds^^rdi. 
P,=  2*tt7<r'(l-co8i); 


iotr  cos  1     -.        10  <  r*  cos  i  sin  i 


1  +  cos  t 


1+008  1 


rf  P-  ^      cos*  1  +  cos  t  —  1 

^       rd%  l  +  cos* 

The  angle  of  rupture,  for  which  p,  =  0,  is 

•.  =  arc-cofl  #li  =  5r49';. 


.(5.) 


(6.) 


and  from  this  angle  we  obtain,  for  the  horizontal  thrust  of  the 
dome,  per  unit  of  periphery  at  the  joint  of  rupture, 


(7.) 


^,  =  0-382 1(7  <  r ; 
and  for  the  tension  on  a  hoop  to  resist  that  thrust, 

P,  =  O-3f0<r». 

EocampU  II.  Truncated  Conical  Doms  (fig.  113).>^Apex,  O. 
Depth  of  top  of  dome  below  apex,  a;^ ;  of  base  of  dome,  Xx',  i^  uni- 
form inclination ;  t,  uniform  thickness  ^  y  =:x  cotan  «• 

Then  at  the  base  of  the  dome, 

cost 


^  tg<cost  /       ajj\ 

tg^cos't 
•^'■"  2  ain't  ^  *       ^^' 

Pg^wtXi'  cotan' t. 


...(a) 


Fig.  113. 


p,  being  eveiywhere  positive,  there  is  in  this  dome  no  joint  of 
mpture. 

Example  III    Truncated  Canieal  Dania,  tuppartiing  on  Us  summii 
<f  ktrret  or  **  lantern,''  qfUte  weight  Im 
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sin*  t  ^  ' 


ti7  f  cos  1  /       «J\    ,      L 


2»«/        j. j(9.) 

P  _<^<ooBP^y,  ,       ^  ,  L  ootan  i 

^,  =  1(7  ^  a?i  •  cotan'  i. 

235.  Sttreagih  of  Abiitaaciiia  and  Tanlttk — ^The  dimensions  leqnired 
in  an  abutment,  arch,  or  dome,  to  insure  stability,  are  in  most 
cases  sufficient  to  insure  strength  also ;  but  instances  occur,  in 
^vhich  the  condition  of  sufficient  strength  requires  to  be  ind^ten- 
dently  considered,  and  it  may  be  convenient  here  so  four  to  antici- 
pate the  subject  of  strength  as  to  state  that  condition,  vizL,  that  the 
intensity  of  the  thrust  in  the  materials  shall  at  no  point  exceed  a 
certain  limit,  found  by  dividing  the  resistance  of  tiie  material  to 
crushing  by  a  number  called  tiie  /actor  of  safely.     The  factor  of 
safety  in  existing  bridges  ranges  from  3  or  4  to  50  and  upwards. 
In  tunnels  it  is  about  4.     Ti'edgold  considers,  that  in  bridges  the 
best  value  for  the  factor  of  safety  is  about  8  {^reatiss  on  Masonry). 
The  resistance  of  some  of  the  most  important  materials  of  masoDiy 
to  crushing  is  stated  in  a  table  at  the  end  of  this  volume ;  but  a 
prudent  engineer,  who  contemplates  a  great  work  in  maaoniy,  will 
not  trust  to  tables  alone,  but  will  ascertain  the  strength  of  the 
materials  at  his  command  by  direct  experiment. 

235  A.    Transfonnatioa  of  Stmctares  ia  Bfaaoiy. — ^The  ptliuaple 

already  stated  in  Article  126,  that  to  determine  the  intsnsiiy  of  a 
force  in  a  transformed  structure,  the  projected  line  representing  the 
anumnt  of  the  force  must  be  divided  by  the  projected  area  over 
which  it  is  distributed,  requires  special  attention  in  considering  the 
strength  of  transformed  structures  of  masonry. 

To  exemplify  the  application  of  that  principle,  conceive  a  rec- 
tangular prism  whose  dimensions  are  x,  y,  z,  x  being  vertical :  its 
volume  is  V  =  aj  y  «.  Let  w  be  the  weight  of  imity  of  volume  of 
the  material  of  which  it  is  composed  ;  and  let  the  weight  of  the 
prism  be  represented  by  a  line  parallel  to  x,  of  the  length  W;  ihm 

"W  =  wxyz, (1.) 

The  amount  of  an  upward  vertical  pressure  on  the  base  of  this 
prism,  which  balances  W,  will  be  represented  by  a  line  equal  and 
opposite  to  W  :  that  is 

P  =  -  W; (2.) 
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and  the  hUcTiaUy  of  that  pressure  will  be 

p 

p  =  —  =  —  wx (3.) 

'^      yz 

Now  let  there  be  a  parallel  projection  of  this  prism,  whose  dimeu- 
aionsy  af  =  ax^  y'  z=  by,  z  =  ez,  are  oblique  to  each  other.  ITie 
weight  of  the  new  prism  will  be  represented  by  a  line  parallel  to  x\ 
of  the  length 

W  =  aW (4.) 

Let 

C  =  1  —  cosV'V  —  oosVa^  —  oos'a/y' 

+  2coByz  •  cos  z  scf '  con  af  y  ..^ • (o.) 

Then  the  volume  of  the  new  prism  is 

^  ^difsi  V'^=  Y-a5c  V"C; (6.) 

consequentlj  the  intensUy  of  its  v>eiglU  is 

V       abc  JG'Y      be  JC  ^  ^ 

The  area  of  the  lower  surface  of  the  new  prism  is 

y'  £  '  axL  %f  d  =  y  «  •  5  c  sin  y  «' ; (8.) 

The  oiTumnt  of  the  stress  on  that  area  is 

-W  =  F=aP=  a'pyz (0.) 

being  represented  by  a  line  Y^  which  is  the  projection  of  F,  and 
parallel  to  oi. 
The  ivlena^  of  this  new  stress  is 

y'«'*sinyV      oc'smy'ar 

and  if  we  connder  the  relation  between  stress  and  weight, 

F=  -  W, 

that  iSy 

J/ S^  «' sin /«'=-«/ a/ y^'  J^. (11.) 

we  find 

^-^^. a^) 

sm  y  z 
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CHAPTEll  in, 

STRENGTH  AND  STIFFNESS. 

Section  1. — Summary  of  the  Theory  o/EkuticUy  eta  appUed  to 

Strmgth  and  Stiffness. 

236.  tim  TheMT  of  Eiasiiciir  relates  to  the  laws  which  connect 
the  stresses,  or  pressures  and  tensions,  which  act  at  the  sur&ce  Mid 
in  the  interior  of  a  body,  with  the  alterations  of  dimensions  and 
figure  which  the  body  and  its  parts  simultaneously  underga  That 
theory,  therefore,  is  the  foundation  of  the  principles  of  the  strength 
and  stiffidess  of  materials  of  construction.  The  theoiy  of  ehusticity 
has  many  other  applications, — to  crystallography,  to  light,  to  sound, 
to  heat,  and  to  other  branches  of  physics.  Its  full  discussion  would 
of  itself  require  a  voluminous  work;  in  the  present  section,  its 
principles  are  to  be  briefly  summed  in  so  &r  as  they  are  appli- 
cable to  the  strength  and  stifl6iess  of  structures. 

237.  Bkucicitr  is  the  property  which  bodies  possess  of  occupying, 
and  tending  to  occupy,  porUons  of  space  of  determinate  Yolnme  and 
figure,  at  given  pressures  and  temperatures,  and  which,  in  a  homo- 
geneous body,  manifests  itself  equally  in  every  part  of  appreciable 
magnitude. 

238.  An  Bimstie  Force  is  a  force  exerted  between  two  bodies  at 
their  surface  of  contact,  or  between  two  parts  into  which  a  body 
either  is  divided  or  is  capable  of  being  divided  at  the  sur&ce  of 
actual  or  ideal  separation  between  those  parts.  The  intensity  of  an 
ela^c  force  is  stated  in  uniis  of  weight  per  unU  of  wna  of  the 
surface  at  which  it  acts.  That  kind  of  force  is  in  fact  identical 
with  8irs98^  the  statical  laws  of  which  have  already  been  explained 
in  Part  I.,  Chapter  Y.,  Sections  2,  3,  and  4,  Articles  86  to  126. 

239.  Fluid  EiMUcicf. — ^The  elasticity  of  a  perfect  Jlvid  is  such 
that  its  parts  resist  change  of  volume  only,  and  not  change  of 
figure  j  whence  it  follows,  that  the  pressure  exerted  by  a  perfectly 
fiuid  mass  is  wholly  perpendicular  to  its  surface  at  every  point : 
principles  which  form  the  basis  of  hydrostatics  and  hydrodynamica^ 
Fluids  are  either  gaseous  or  liquid.  A  goMovsflvid  is  one  whose 
parts  (so  &r  as  is  known  by  experiment)  exert  a  pressure  againss 
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each  other  and  against  the  vessel  containing  them,  how  great  soever 
the  volume  to  which  they  are  expanded  See  Arts.  110,  and  117 
to  124. 

240.  x«i^«M  simsticicf . — ^The  elasticity  of  a  perfect  liquid  resists 
change  of  volume  only,  and  differs  from  that  of  a  gaseous  fluid 
chiefly  in  this  :  that  the  greatest  variations  of  the  pressure  which 
it  is  possible  to  apply  to  a  liquid  mass  produce  very  small  variations 
of  its  volume. 

The  eompression  undergone  by  a  liquid  mass  in  consequence  of 
the  application  of  a  given  pressure  over  its  surface,  is  measm'ed  by 
the  ratio  of  the  diminution  of  volume  produced  by  the  given  pres- 
sure to  the  entire  volume  of  the  mass :  a  ratio  which  is  always  a 
veTy  small  fraction.  The  compressibUUy  of  a  given  liquid  is  the 
compression  produced  by  a  unit  of  elastic  pressure ;  in  other  words, 
the  ratio  of  a  compression  to  the  pressure  producing  it.  The 
modulus  or  co-^ficieni  of  daaticity  of  a  liquid  is  the  ratio  of  a  pressure 
a]^lied  to  and  exerted  by  the  liquid,  to  the  accompanying  compres- 
sion, and  is  therefore  the  reciprocal  of  the  compressibility.  The 
following  empirical  formula  for  the  compressibility  of  pure  water 
at  any  temperature  between  32^  and  128^  Fahrenheit  has  been 
deduced  from  the  experiments  of  M.  Grassi  {Comptes  Eendus,  XIX, ; 
PhiloB.  Mag.,  June,  1851). — CompresMUUy  per  AtmaspJiere, 

1 

~40(T  +  4Gr)-D* 

T,  temperature  in  degrees  of  Fahrenheit  d,  density  of  water  at 
that  temperature  under  one  atmosphere,  the  maximimi  density  of 
water  under  the  pressure  of  one  atmosphere  being  taken  as  unity. 
8ee  Art  123,  equation  5.  At  the  temperature  of  maximum  density, 
39-1  Fah.,  the  compressibility  of  water  per  atmosphere  is  0*00005, 
and  its  modulus  of  elasticity,  20,000  atmosphei'es,  or  294,000  lbs. 
per  square  inch. 

CompresdbilUies  of  some  Liquids,  per  Atmospherejfrom 

M,  Grasses  experimejUa, 

Saturated  aqueous  solution  of  nitrate  of  potash, 0*0000306565 

Saturated  aqueous  solution  of  carbonate  of  potash,.... 0*0000303 2 94 

Artificial  sea  water, 0*0000445029 

Saturated  aqueous  solution  of  chloride  of  calcium,. ...0*0000209830 

-^ther, 0-00011137  to  0*00013073 

Alcohol, 0*00008245  to  0*00008587 

The  compressibility  of  sther  and  alcohol  increases  -with  the  pressure. 

241.  BigMitr  or  flcMtacM. — A  solid  body,  besides  resisting  change 
of  volume  like  a  liquid,  possesses  also  rigidity^  or  the  property  of 
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resistmg  cbange  of  figme.  Ajb  in  the  case  of  liquids,  the  ntanost 
alteration  of  volume  of  which  a  solid  body  is  capable  by  any  pressure 
which  can  be  applied  to  it^  is  always  a  very  small  fraction  of  its 
entire  volama  llie  stresses  at  the  suiface  of  a  solid  body  or  particle 
are  not  necessarily  normal,  but  may  haTe  any  direction,  from  normal 
to  tangential 

242.  Somta  ■■«  Vraconre. — ^In  popular  language  the  words  strain 
and  Hress  are  applied  indifferently  to  denote  either  the  system  of 
forces  at  the  sur&ce  of  a  solid  body  whereby  its  volume  and  figure 
are  altered,  or  the  alteration  of  volume  aud  figure  of  the  body  and 
its  parts  thereby  produced.  For  the  sake  of  clearness  in  scientific 
language,  certain  authors  have  recently  endeavoured  to  appropriate 
the  word  Hrain  to  the  alterations,  of  what  nature  soever,  in  the 
volume  and  figure  of  a  solid  body  and  of  its  parts,  produced  by 
forces  applied  to  it,  and  the  word  stress  as  formerly  defined.  This 
nomenclature  will  be  used  in  the  present  treatisa  FradLure  of  a 
solid  occurs  when  a  strain  is  carried  so  fieir  as  to  cause  actual  division 
of  the  solid  into  parts.  The  strains  and  fractures  to  which  a  solid, 
considered  as  a  whole,  is  subject,  may  be  classified  according  to  the 
following  tables  To  each  kind  of  strain  there  corresponds  a  kin<l 
of  stress ;  being  the  external  force  which  produces  that  strain,  and 
the  equal  and  opposite  force  wherewith  the  solid  resists  that  strain : — 

Strain.  Fracture. 

T       'i.  J*    1         f  Extension     Tearine. 

Longitudinal |  Compreasion CrusOdig  and  deaTiBg. 

/Dbtortion     Shearing. 
Torsion         Wrenching. 

(  Bending        Breaking  across. 

243.  Perftct  and  iMpcrfisct  Elaalicttr*    PliMUdlr. — ^A  body  is  said 

to  be  perfectly  elastie,  which,  if  strained  at  a  constant  temperature 
by  the  application  of  a  stress,  recovers  its  original  volume,  or  volume 
and  figure,  when  such  stress  is  withdrawn.  Deviations  from  this 
property  constitute  imperfect  elasticity.  Gases,  and  liquids  perfectly 
fi-ee  from  viscosity,  are  perfectly  elastic. 

The  elasticity  of  every  solid  is  sensibly  perfect  when  the  strain 
does  not  exceed  a  certain  limit  This  has  been  proved  to  be  the 
case  even  for  solids  so  plastic  as  moistened  day.  For  every  solid 
there  are  limits,  which  if  a  strain  exceed,  w^,  or  permanent  altera- 
tion of  volume  or  figure,  is  produced ,  and  such  limits  of  daMidly 
are  less,  and  often  considerably  less,  than  the  strains  required  to 
I)roduce  fracture.  It  has  been  proved  by  Mr.  Hodgkinson  that 
these  limits  depend  on  the  duration  of  the  strain,  being  less  ft^r  a 
long-continued  strain  than  for  a  brief  strain.   The  elasticity  qfvolums 
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in  solids  is  in  general  much  more  nearly  perfect  than  the  daaUcity 
ofjigurt.  It  is  tme  that  the  density  of  many  metals  is  perma- 
nent! j  increased  by  hammering,  rolling,  and  wiredrawing,  and  that 
of  some  other  materials  by  intense  pi*essure  (Fairbaim ;  Report  of 
the  BriiM  Association,  1854);  but  the  stresses  which  operate 
during  these  processes  are  very  great  A  body  which  is  capable  of 
undergoing  great  alterations  of  figure,  and  whose  elasticity  of  figure 
is  T6iy  imperfect,  is  a  plastic  solid.  The  gradations  are  insensible 
between  plastic  solids  and  viscous  liquids,  in  which  there  is  a  resist- 
ance to  cnange  of  figure,  but  no  tendency  to  recover  any  particulai 
figure. 

Rise  <>f  temperature,  so  far  as  we  yet  know,  increases  elasticity  of 
volume  in  all  substances,  and  at  the  same  time  diminishes  the 
amount  and  the  perfection  of  elasticity  of  figure,  so  as  to  make 
solids  more  i)la8tic  and  liquids  less  viscous. 

244.  The  vitimatc  tMrensik  of  a  solid  is  the  stress  required  to 
produce  fracture  in  some  specified  way.  The  Pr««r  sitvagUi  is  the 
stress  required  to  produce  the  greatest  strain  of  a  specific  kind 
consistent  with  safety ;  that  is,  with  the  retention  of  the  strength 
of  the  material  unimpaired  A  stress  exceeding  the  proof  strength 
of  the  material,  although  it  may  not  produce  instant  fracture,  pro- 
duces fracture  eventually  by  long-continued  application  and  fre- 
quent repetition.  Strength,  whether  ultimate  or  pi*oof,  is  the 
product  of  two  quantities,  which  may  be  called  T^ngbucw  and 
stjghtw.  Toughness,  ultimate  or  proof,  is  here  used  to  denote  the 
greatest  strain  which  the  body  wUl  bear  without  fractm-e  or  with- 
out injury,  as  the  case  may  be  :  stiffness,  which  might  also  be  called 
hardness,  is  used  to  denote  the  ratio  borne  to  that  strain  by  the 
stress  required  to  produce  it, — being,  in  fact,  a  modulus  of  elasticity 
of  some  specified  kind.  MaUeaJble  and  ductile  solids  have  ultimate 
toughness  greatly  exceeding  their  proof  toughness.  Brittle  solids 
have  their  ultimate  and  proof  toughness  equal  or  nearly  equaL 

BmIH>i«b«  or  Sprto^  is  the  quantity  of  mechamcal  toork  required 
to  produce  the  pi-oof  strain,  and  is  equal  to  the  product  of  that 
stnon,  by  the  mean  stress  in  its  own  direction  which  takes  place 
during  tiie  production  of  that  strain, — such  stress  being  either 
exactly  or  nearly  equal  to  one-half  of  the  stress  corresponding  to 
the  proof  strain.  Hence  the  resilience  of  a  solid  is  exactly  or 
neatly  one-half  of  the  product  of  its  proof  toughness  by  its  proof 
strength ;  in  other  words,  one-half  of  the  product  of  the  square  of 
its  proof  toughness  by  its  stiffiies& 

Each  solid  has  as  many  different  kinds  of  stifi&iess,  toughness, 
strength,  and  resilience  as  there  are  different  ways  of  straining  it, 
u  the  following  table  shows.  In  that  table  piliaifUity  is  used  as  n 
general  term  to  denote  the  inverse  of  stiffness : — 
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StX«ML 

Stnln. 

Stiffiiea. 

FlUbtlitj. 

FkBctnre. 

Stnncik. 

PuIL 

Stretehlngor 
ExtensioQ. 

••• 

Extensibi- 
lity. 

Tearing: 

Teoadtj. 

Thnut 

Sqneectogor 
Gompres- 
aion. 

••• 

Compressibi- 
lity. 

^ 

Sbeariog. 

Distortion. 

■•• 

... 

Shearing. 

-        j 

Twistbg. 

Twisting  or 
Torsion. 

••• 

••• 

Wrenching. 

1 

Bending. 

Bending. 

jLTMisvenw 
Stilfneat. 

Flexibility. 

Breaking 

Across. 

1 

Those  kinds  of  stiiSiiess  and  strength  which  have  no  single  word  to 
designate  them,  are  called  resistance  to  the  kind  of  strain  or  ficac- 
ture  to  which  they  are  opposed. 

245.  Pct^rmiwattoa  •f  Pr««f  Screngtii. — It  was  formerly  supposed 
that  the  proof  strength  of  any  material  was  the  utmost  stress  con- 
sistent with  perfect  elasticity ;  that  is,  the  utmost  stress  which  does 
not  produce  a  «e^,  as  defined  in  Article  243.  Mr.  Hodgkinson, 
however,  has  proved  that  a  set  is  produced  in  many  cases  by  a 
stress  perfectly  consistent  with  safety.  The  determination  of  proc^ 
strength  by  experiment  is  now,  therefore,  a  matter  of  some  obscu- 
rity ;  but  it  may  be  considered  that  the  best  test  known  is^,  the  not 
producing  an  increasinq  set  by  repeated  application, 

246.  The  urorkiBK  strcM  on  the  material  of  a  structore  is  made 
less  than  the  proof  strength  in  a  certain  ratio  determined  by  prac- 
tical experience,  in  order  to  provide  for  imforeseen  contingencies 

247.  Wumtm  mf  Safttj  are  of  three  kinds,  viz. : — the  latio  in 
which  the  vUimate  strength  exceeds  the  proqf  s^rengthy  the  ratio  in 
which  the  uUirmUe  strength  exceeds  the  working  streu,  and  the 
ratio  in  which  the  proof  strength  exceeds  the  ux^rking  stress.  The 
following  table  gives  examples  of  the  values  of  those  fikctors  which 
occur  in  practice : — 

Ult  strength.      UltStrsngUL     Proof  StnB«(lL 


Proof  Strength.   WoikingStnK  W9^UtagSatm> 


Strongest  steel} .••.••• • «... 

Ordixuiiy  steel  and  wr.  iron,  steady  load, 
**  "  moyiogload, 

Wrought  iron  boilers, 

Cast  iron,  steady  load, 

"        moving  load, 

Timber;  average, 

Stone  and  brick, 


3 

... 

2 
2  to8 

•  •  • 

3 
about  2 


8 

4to6 

8 
8to4 

etos 

10 
4tolO,aT.abt8 


1* 
2to8 

4 

about 1| 

2tD3 

H    , 

av.  •boui4 
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24&    INviaimM  vf  the  VatheiMaiical  Theery  of  EbutleiCr. — ^The 

tHioory  of  the  elasticity  of  solids  has  been  reduced  to  a  body  of 
wnaihematioed  principles  applicable  to  those  cases  in  which  the 
sirains  of  the  particles  of  the  body  are  so  small,  that  quantities 
in  the  stresses  depending  on  the  squares,  products,  and  higher 
powers  of  the  strsuns  may  be  neglected  without  appreciable  error, 
mnd  that,  consequently,  Hookers  Law — "ut  tensio  sic  vis" — ^is  sen- 
sibly true  for  all  relations  between  strains  and  stresses.  This  con- 
€lition  is  fulfilled  in  nearly  all  cases  in  which  the  stresses  are 
•within  the  limits  of  proof  strength — the  exceptions  being  a  few 
substances,  very  pliable,  and  at  the  same  time  veiy  tough,  such  as 
caoutchoua  The  mathematical  theoiy,  as  thus  limited,  consists  of 
three  parts,  viz.,  the  resolution  and  composition  of  stresses,  the 
resolution  and  composition  of  strains,  and  the  relations  between 
strains  and  stresses.  The  resolution  and  composition  of  stresses 
lias  already  been  fully  discussed  in  Part  I.,  Chapter  Y.,  Section  3. 
249.  BcMtaMtoB  wmA  Cmmpm^ti»u  of  simiuh — ^Let  a  solid  of  any 
figure  be  conceived  to  be  ideally  divided  into  a  number  of  inde- 
finitely small  cubes  by  three  series  of  planes  parallel  respectively 
to  tliree  co-ordinate  planes.  Each  such  elementary  cube  is  dis- 
tinguished by  means  of  the  distances,  x^  y,  z,  of  its  centre  from  the 
three  co-ordinate  planes.  If  the  solid  be  strained  in  any  maimer, 
each  of  the  elementary  cubical  particles  will  have  its  dimensions 
and  figure  changed,  and  will  become  a  parallelopiped,  which  may 
be  right  or  oblique — ^its  size  being  conceived  to  be  so  small,  that 
the  curvature  of  its  faces  is  inappreciable.  The  simple  or  demerUary 
strains  of  which  a  particle,  cubical  in  its  free  state,  is  susceptible, 
are  six  in  number,  viz. : — three  UyngUtidhud  or  direct  strains,  being 
the  three  proportional  variations  of  its  linear  dimensions,  which  ai-e 
dongatioiis  when  positive,  and  compressions  when  negative ;  and 
three  transverse  strains,  being  the  three  distortions,  or  variations  of 
the  angles  between  its  £EU!es  from  right  angles,  which  are  considered 
SB  positive  or  negative  according  to  some  arbitrary  but  fixed  rule, 
and  are  expressed  by  the  proportions  of  the  arcs  subtending  them 
to  radios.  When  the  values  of  those  six  strains  for  eveiy  particle 
are  expcessed  by  functions  of  the  co-ordinates,  x,  y,  z,  the  state  of 
of  the  s^d  is  completely  expressed  mathematically.     The 

elementaiy  strains,  in  the  cases  to  which  the  theoiy  is  limited, 

very  small  fractions. 
The  method  of  reducing  the  state  of  strain  of  the  solid  at  a  given 
point,  as  expressed  by  a  system  of  six  elementaiy  strains  relatively 
to  one  system  of  rectangular  axes,  to  an  equivsdent  system  of  six 
elementary  strains  relatively  to  a  new  system  of  rectanmlar  axes, 
is  founded  on  the  following  theorem.  Let  «,  /8,  y,  be  the  longitu* 
dinal  straiiis  of  the  dimensions  of  a  given  particle  along  x,y,  z. 
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X,  f€y  »,  tbe  distortions  of  its  angles  in  the  planes  y  z^z  XjXy.  Con* 
ceive  tiie  sur&cc  of  the  second  order  whose  equation  is 

•  as*  +  /3y*  +  ys^  +  Xy«  +  (azx  +  i»a5y  =  l. 

Transform  this  equation  so  as  to  refer  the  same  surface  to  the  new 
axes  of  co-ordinates ;  the  six  co-efficients  of  the  transformed  equa- 
tion will  be  the  elementary  strains  referred  to  the  new  axes. 
Other  ways  of  resolving  strains  have  been  pointed  out  by  Professor 
W.  Thomson,  Cambridge  and  Dublin  Mattiematical  Joumod,  May, 
1855. 

The  sum  of  the  direct  strains  at  +  fi  +  y  represents  the  cubic  dila- 
tation of  a  particle  when  positive,  and  the  cubic  compression  when 
negative.  The  state  of  strain  of  a  transparent  body  may  be  ascer- 
tained experimentally  by  its  action  on  polarized  Hght.  On  this 
subject  experiments  have  been  made  by  Fresnel,  Sir  D.  Brewster, 
M.  Weriheim,  and  Mr.  Clerk  Maxwell. 

250.  Di^faiceniCBt*. — ^Let  i,  q,  ^,  be  the  projections,  parallel  to 
Xf  yy  Zy  respectively,  of  the  displacement  of  a  particle  in  a  strained 
solid  from  its  position  when  the  solid  is  free,  expressed  as  functioof 
of  X,  y,  z.     Then 

_di         _dn         _d^ 
"^"dx'    ^"dy'    ^'^dz' 

di      dn  di      di 

dy      dz'  dz      dx* 

_dn       di 
dx       dy 


251.  AaKtocf  of  gtre— e«  and  straias. — It  has  been  shown  ia 
Article  104,  that  the  elastic  forces  exerted  on  and  by  an  origiBally 
cubical  particle,  which  constitute  the  state  of  stress  of  the  solid  at 
the  point  where  that  particle  is  situated,  may  be  resolved  into  six 
demenia/ry  streseea,  viz.: — three  normal  etresaeSy  perpendicular  re- 
spectively to  the  three  pairs  of  &ces,  and  tending  directly  to  alter 
the  three  linear  dimensions  of  the  particle — and  three  pairs  of 
tangential  etreeaea  acting  along  the  double  pairs  of  faces  to  wfaidi 
they  are  applied,  and  tending  directly  to  alter  the  angles  made  by 
such  double  pairs  of  faces.  To  reduce  the  state  of  stress  at  a  giTea 
point  expressed  by  a  system  of  six  elementary  stresses  referred  to 
one  system  of  rectangular  co-ordinates  to  an  equivalent  sjrstem  of 
elementary  stresses  referred  to  a  new  system  of  rectangular  co-ordi- 
nates, equations  have  been  given  in  Articles  105,  106,  107,  108, 
109,  and  112.  The  whole  of  those  equations  are  virtwdly  compre- 
hended imder  the  following  theorem: — Let  p^  p^  p^  be  tba 
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"tliree  normal  stresses,  and  p^y  p^„  p^  the  three  tangential  stresses; 
conoeiTC  the  surface  whose  equation  is 

Pmm^  +  Pnr  +  Pmm^  +  ^P,My«  +  2i?„««  +  2p^xy  =  1. 

TEVansfonn  this  equation  so  as  to  refer  the  same  surface  to  the  new 
aet  of  axes ;  the  six  co-efficients  of  the  transformed  equation  will 
Im  the  six  elementary  stresses  referred  to  the  new  axes.  For  the 
complete  investigation  of  this  subject,  see  M.  Lam6's  Legons  sur  la 
^Theorie  maJUkeinalique  de  VElasticUe  des  Corps  solideSy  Paris,  1852. 
!rhe  al)ove  equation  is  transformed  into  the  equation  of  Article  240 
Ijy  substituting  respectively  «,  /3,  y,  A,  ^,  jr,  for  p,„  p^  p,„  2p,„ 
ip^Mj  ^Pm9  9  ^^^  ^y  making  corresponding  substitutions  in  all  the 
equations  of  Articles  105,  106,  107,  108,  109,  and  112,  they  are 
made  applicable  to  strains  instead  of  stresses. 

252.  The  p«f««tiAi  Bncrgr  of  Eiasticicf  of  an  originally  cubic 
particle  in  a  given  state  of  stitdn  is  the  work  which  it  is  cc^fxxhle  of 
performing  in  returning  from  that  state  of  strain  to  the  free  state ; 
and  IB  the  product  of  the  volume  of  the  particle  by  the  following 
function ; — 

This  function  was  first  employed  by  Mr.  Green,  Combridge  Trana- 
aetionSf  voL  viL 

253.  c«-«fl€iait»  of  BUutfcUr. — According  to  Hooke's  Law,  each 
of  the  six  elementary  stresses  may,  without  sensible  error,  be 
treated  as  a  linear  function  of  the  six  elementary  stiuins,  each 
multiplied  by  a  particular  co-^JkierU  or  modvlua  o/dasticUy.  By 
expressing  all  the  stresses  in  terms  of  the  strains,  the  potential 
energy  TJ  is  transformed  into  a  homogeneous  quadratic  function  of 
the  six  elementary  strains,  which  must  have  twenty-one  terms, 
and  consequently  tioenty-one  oo-ejfficientSf  multiplying  respectively 
the  six  half-squares  and  the  fifteen  binary  products  of  the  six  ele- 

mentaiy  strains.     The  oo-efficient  of  -  «'  in  TJ  is  that  of  «  in 

p^  ;  the  co-efficient  of  «  ^  in  U  is  that  oi  am  p^  and  also  that  of 

^  in  p„  I  ^ui^  8o  on. 

254.  €•  tsicicef  of  PiiabUity. — ^According  to  Hooke's  Law  also, 
each  of  the  six  elementary  strains  may  be  treated,  without  sensible 
error,  as  a  linear  function  of  the  six  elementary  stresses,  so  as  to 
-transform  TJ  to  a  homogeneous  quadratic  function  of  the  elemen- 
tary stresses  p,^  kc.,  having  twenty-one  terms,  and  twenty-one  co- 
efficients expressing  different  kinds  of  pliability.  The  word  '*  plia- 
|n]ity"  is  here  us^  in  an  extended  sense,  to  include  liability  to 
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alteration  of  figure  of  every  kind,  whether  hj  elongation,  linear 
compression,  or  distortion. 

Co-efficients,  whether  of  elastidiy  or  of  pliability,  may  be  thus 
classified : — Dired^  or  longitudinal,  when  they  express  rdatioiu 
between  longitudinal  strains,  and  normal  stresses  in  the  same 
direction;  laiend,  when  they  express  relations  between  longitu- 
dinal stiuins,  and  normal  stresses  in  directions  at  right  an^es  to 
the  strains ;  transverse,  when  they  express  relations  between  dis- 
tortions, and  tangential  stresses  in  ^e  same  direction ;  aiUqus, 
when  they  express  any  other  relations  between  strains  and  streasea 

255.  Am  Axis  mf  Bbuticitr  is  any  direction  in  a  solid  body,  with 
respect  to  which  some  kind  of  symmetry  exists  in  the  reladoos 
between  strains  and  stresses.  An  axis  of  direct  dasticity  is  a  diree- 
tion  in  a  solid  body,  such  that  a  longitudinal  strain  in  that  direc- 
tion produces  a  normal  stress,  and  no  tangential  stress  on  a  pbne 
normal  to  that  direction.  Every  such  axis  is  a  direction  of  maxi- 
mum or  Tninimnm  direct  elasticily  relatively  to  the  directions 
adjacent. 

By  the  aid  of  the  calculus  of  forms,  and  of  an  improvement  in 
the  geometry  of  oblique  co-ordinates,  it  has  been  shown  that  every 
homogeneous  solid  must  have  <U  least  three  axes  of  direct  elasticity, 
which  may  be  rectangular  or  oblique  with  respect  to  each  othCT,— 
that  the  number  of  such  axes  increases  as  tiie  symmetry  of  the 
action  of  elastic  forces  becomes  greater, — and  that  their  various 
possible  arrangements  correspond  exactly  with  those  of  the  normals 
to  the  faces  and  edges  of  the  various  primitvoe  crystaUine  /arm» 
{Fhil.  Trans,,  1856-7). 

256.  In  an  iMir»pic  or  AjM««piiMu  BoUA  the  action  of  elsstie 
forces  is  alike  in  all  directions.  Every  direction  is  an  axis  of  elas- 
ticity. The  co-efficients  of  oblique  elasticity  and  oblique  pliability 
are  all  nulL  The  number  of  difierent  co-efficients  of  elasticity,  and 
of  different  co-efficients  of  pliability,  is  three.  The  follovring  nota- 
tion and  equations  show  their  relations  to  each  other-:— 

BlasticiHes, 

"^ ^=i?3Szw' 

"^^ ^-i?rirbF' 

Transverse, 0  «  — ^ — ; 

Elasticity  of  volume, 1--A±A?^ 

ti  3      * 


■ 

f 
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j[te6Ct^.*.  ••••••• • B  =r 


A»  +  AB-2B" 
(oiherwisey  the  extensibility.) 

B 


lAtenl, i  = 


A«  +  AB-2B'' 


u 


TranBvcrae, c  =  g  =  2(a  + J); 

Culno  compressibilitjy Tl  :=  3  a— 6b. 

257.  HMtalM  of  BfauUcUf. — The  quantity  to  which  the  term 
moduluB  of  dasticUy  **  was  first  applied  by  Dr.  Young,  is  the 

reciprocal  (^  the  extensibility,  or  longitudinal  pliability;  that  is 
to  say, 

£  =  ~  =  A T =r. 

a  A+B 

This  quantity  expresses  the  ratio  of  the  normal  stress  on  the  trans- 
verse section  of  a  bar  of  an  isotropic  solid  to  the  longitudinal 
strain,  ordy  when  the  bar  is  perfectly  free  to  vary  in  its  traneverm 
dimennansy  but  not  under  other  circumstances.  The  yalues  of 
YouDg^s  modulus  have  been  determined  experimentally  for  almost 
every  solid  substance  of  importance,  and  a  table  of  them  is  given 
at  the  end  of  the  volume. 

258.  BnaipiM  of  co-cAcieaia. — ^The  only  complete  sets  of  co- 
efficients of  elasticity  and  pliabilily  which  have  yet  been  computed 
are  those  for  brass  and  crystal,  deduced  from  the  experiments  of 
H.  Wertheim  {Annales  de  Chimie,  3d  series,  voL  xxiii),  and  are  as 
follows — ^the  unit  of  pressure  being  one  pound  on  the  equa/re  ineh:^~ 

Bnm,  OrytttL 

A, aa,aa4,ooo  8,522,60a 

B 11,570,000  4,204,400. 

0 5>327>ooo  2,159,100. 


15,121,000    SMsfioo. 

14,300,000    5,746,00a 

0*0000000699 0*0000001 74a 

0-0000000239 0*0000000575. 

0*0000001877 0*0000004631. 

0*0000000661 0*0000001773. 


rl 
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259.  The  General  Preblem  •f  ike  iBtcmal  B^aOibrtaai  •Taa  BIw 

tic  Selid  is  tills  : — Given  the  free  form  of  a  solid,  the  Talnes  of  its 
oo-effidents  of  elasticity,  the  attractions  acting  on  its  paitideB,  and 
the  stresses  applied  to  its  surface  :  to  find  its  change  of  form,  and 
the  strains  of  all  its  particles.     This  problem  is  to  be  solved,  in 
general,  by  the  aid  of  an  ideal  division  of  the  solid  (as  alreadj 
described)  into  molecules  rectangular  in  their  free  state,  and  re- 
ferred to  rectangular  co-ordinates.     For  isotropic  solids,  some  par- 
ticular cases  are  most  readily  solved  by  means  of  spherical,  cylin- 
drical, or  otherwise  curved  co-ordinates.     The  general  equation  of 
internal  equilibrium  in  a  solid  acted  on  by  its  own  weight,  has 
already  been  given  in  Article  116,  equation  2.     If,  in  that  equa- 
tion, the  values  of  the  stresses  in  terms  of  the  strains,  expressed,  as 
in  Article  250,  in  terms  of  the  displacements  of  the  particles,  be 
introduced,  equations  are  obtained,  which  being  integrated,  give 
the  displacements,  and  consequently  the  strains  and  stresses.    The 
general  problem  is  of  extreme  complexity ;  but  the  cases  which 
occur  in  practice,  and  to  which  the  remainder  of  this  chapter  re- 
lates, can  genei-ally  be  solved  with  sufficient  accuracy  by  comjiani- 
lively  simple  approximate  methods.     Most  of  those  approximate 
methods  are  analogous  to  the  *'  method  of  sections  **  described  in 
its  application  to  framework  in  Article  161.     The  body  under 
consideration  is  conceived  to  be  divided  into  two  parts  by  an  ideal 
plane  of  section ;  the  forces  and  couples  acting  on  one  of  those 
two  parts  are  computed,  and  they  must  be  equal  and  opposite  to 
the  forces  and  couples  resulting  from  the  entire  stress  at  the  ideal 
sectional  plane,  which  is  so  found.      Then  as  to  the  distrihution 
of  that  stress,  direct  and  shearing,  some  law  is  assumed,  which  if 
not  exactly  true,  is  known  either  by  experiment  or  by  theoiy,  or 
by  both  combined,  to  be  a  sufficiently  close  approximation  to  the 
truth. 

Except  in  a  few  comparatively  simple  cases,  the  strict  method 
of  investigation,  by  means  of  the  equations  of  internal  equilibrium, 
has  hitherto  been  used  only  as  a  means  of  determining  wnether  ih» 
ordinary  approximative  methods  are  sufficiently  dose. 

SEcnoK  2. — On  Relations  bettveen  Strain  and  Street, 

260.  BUiipM  of  smi«.— In  Articles  249,  251,  252,  253,  254, 
256,  and  257,  of  the  preceding  section,  certain  general  principles 
respecting  the  relations  amongst  strains,  and  l^e  analogies  and 
other  relations  between  strain  and  stress,  are  stated  without  a 
detailed  demonstration.  In  the  present  section  the  more  simple 
cases  of  those  principles,  to  which  there  wiU  be  occasion  to  refer  in 
the  sequel,  are  to  be  demonstrated. 
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Fig.  lU. 


Let  a  solid  body  be  supposed  to  undergo  a  strain,  or  small 
mlteration  of  dimensions  and  figure,  of  such  a  nature  that  all  the 
displaoements  of  its  particles  from  their 
original  positions  are  parallel  to  one 
plane;  and  let  that  plane  be  repre- 
sented bj  the  plane  of  the  paper  in 
fig.  114.  In  the  first  instance,  let  the 
state  of  strain  of  the  body  be  uniform 
throughout;  that  is,  let  all  parts  of  the 
body  which  originally  were  equal  and 
similar  to  each  other,  continue  equal  5{ 
and  similar  to  each  other  notwithstand- 
ing their  alteration  of  dimensions  and 
figure. 

Round  any  centre  O,  with  the  radius 
unitf/,  let  a  circle  be  traced  amongst  the 
particles  of  the  body,  B  C  A  F.   Because 
of  the  uniformity  of  the  strain,  this 
ciTcle  will  be  changed  into  a  parallel 
projection  of  a  circle;  that  is,  into  an 
ellipse.     Let  b  e  af  be  that  ellipse,  and  O  a 
and  06  its  semi-axes,  the  body  being  so  placed 
in  its  strained  condition  that  the  central  par- 
ticle O  may  remain  unchanged  in  position,  in 
order  that  the  circle  and  ellipse  may  be  the 
more  easily  compared.   Then  the  particle  which 
was  at  A  is  displaced  to  a,  and  the  particle 
which  was  at  B  is  displaced  to  h :  and  tmHiVIm 
which  were  at  points  in  the  circle,  such  as  0 
and  F,  are  displaced  to  corresponding  points 
in  the  ellipse,  such  as  c  andy! 

In  the  direction  O  A,  the  body  has  undergone  the  extension 

Aa  ^  «; 
and  in  the  direction  O  B,  at  right  angles  to  O  A,  the  extensiou 

B6=/S; 

and  the  combination  of  those  two  extensions  or  elementary  direct 
Btmins,  in  rectangular  directions,  constitutes  the  state  of  strain  of 
the  body  parallel  to  the  given  plane;  that  state  of  strain  being 
completely  known,  when  «,  /9,  and  the  directions  of  the  pair  of 
rectangular  aaoi»  of  strain  O  A,  OB,  are  known. 

One  or  both  of  the  elementary  strains  might  have  been  compres- 
&Te,  instead  of  tensile,  in  which  case  one  or  both  of  the  quantities  de- 
noting them  would  have  been  negative,  to  express  diminution  of  sLBOb 


Fig.  lift. 
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A  aqoaie  wbose  aides  are  unity,  and  parallel  to  O  A  and  O  B^ 
hang  tmoed  amongBt  the  particles  of  the  body  in  the  free  state,  is 
oonTerted  by  the  stndn  into  a  rectangle  whose  sides  are  1  +  <*  ^lad 
1  +  A,  and  still  parallel  to  O  A  and  O  R 

Lei  it  now  be  required  to  express  the  state  of  strain  of  the  body 
with  reference  to  two  new  rectangular  axes,  O  G  and  O  F,  that  is 
to  say,  to  find  the  alterations  of  dimensions  and  figure  produced  by 
the  strains  on  a  figure  originally  square,  described  on  O  G  and  O  F. 

Let  X  =  O  X,  y  =  O  Y,  be  the  original  co-ordinates  of  0,  and  af 

=  ox;  y  =  OT,  those  of  F;  and  let  the  angle  AOO  r=  9(f  - 
AOF  =  #.    Then 

«  =  co8/^  —  y^ 

y  =  sin  /  =  ac. 

Also,  let  X  +  f  =r  YD,  y  +  n  =  OY  +  Dc,  bethe  coordinates  of 

c,  the  new  position  of  G;  and  let  af  +  f  =  Y'G,  y^  +  n' =  O  Y* + 

G/,  be  the  co-ordinates  of  y^  the  new  position  of  F.  Then  because 
of  the  uniformity  of  the  strain,  the  componaU  diaplaeemaUa  C,  i^  £9 
iT,  have  the  following  values : — 


(L) 


{r=0Ds«X  =  »C0B^j 

9  =  Dc  =  /Sy  =  /Ssin^; 
e=  FG  =  «a^  =  «y  =  «8in^; 
nT  =  G7=/8y'= -iScoB^. 

Cc  and  oy^are  the  sides  of  the  oblique  parallelogram  into  which 

the  square  on  O  G  and  O  F  has  been  transformed  by  the  strain. 
The  lotions  between  the  new  and  the  original  figure  are  distin> 
guished  into  two  direct  strains  and  a  distortion,  in  the  following 
manner: — 

From  c  let  &11  c  M  perpendicular  to  O  G  M;  and  from/let  fiUl 
/N  perpendicular  to  O  F  N.    Then 

«'  =  G  M  is  the  extension  of  O  C; 

/8'  =  F  N  is  the  extension  of  O  F; 

and  1^  s=  e  M  +yN  is  the  distortion  or  deviation  firom  rectm- 
gularity ;  and  the  values  of  those  three  new  elementary  strains^ 
relatively  to  the  pair  of  axes  which  make  the  angle  /  with  the 

jjrino^Hi/ oow  O  A,  O  B,  in  terms  of  the  ^TTinajw/ «fom«i<^ 
«,  ^  ai'e  as  follows : — 
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mrs=zicoB0  +  nmji0=M  cob"  ^  + /8  sin"  ^ ;  ' 


=  2  («  —  /3)  COB  /  sin  /. 


..,.(2.) 


Those  three  equations  are  exactly  analogous  to  the  equations  3 
and  4  of  Article  1 12,  from  which  they  may  be  formed  by  substituting 
m  for  p„  and  /S  for  f^  in  both  equations ;  and  then,  in  the  first  place, 

«'  for  p^  and  ^  for  a?  n ;  in  the  second  place,  ft  for  'p^  and  (90°  —  f) 

for  X  n,  and  in  the  third  place,  »'  for  j9(,  and  ^  for  a;  n. 

This  illustrates  the  general  principle  of  analogy  of  stresses  and 
strains  stated  in  Article  251.  That  principle  is  iui-ther  illustrated 
by  the  folloinng  geometrical  construction  of  the  preceding  problem. 

In  fig.  115,  make  o  a  =  «,  o  6  =  ^,  and  draw  the  ellipse  h  c  a/,  and 
the  circumscribing  circle  G a F.  Let  .^lao  G  =  ^y  and  let  o  F  be 
perpendicular  to  o  0,  so  that  those  Hues  represent  the  direction  of 
the  new  rectangular  axes,  to  which  the  strain  composed  of  «  and  fi 
is  to  be  referred.  Draw  C  c,  ¥/,  parallel  to  o  6,  cutting  the  ellipse 
in  e  and/,  from  which  points  respectively  draw  e  m  -L-  o  0,  and/n 
-i»  o  F.    Then 

Ofnsszt^yOn^0,2cm  =  2/n  =  »', 

are  the  components  of  the  strain,  referred  to  the  new  axes;  and  the 
tUipse  cfttrain  b  e  af  is  analogous  to  the  dlipse  of  stress  of  Article 
112. 

The  lesults  of  the  preceding  investigation  are  applicable  not  only 
to  an  uniform  state  of  strain,  but  to  a  state  of  strain  varying  from 
point  to  point  of  the  body,  provided  the  variation  is  continuous,  so 
that  it  shall  be  possible,  by  diminishing  the  space  under  considera- 
tion, to  make  the  strain  within  that  space  deviate  from  unifomdly 
by  leflB  than  any  given  deviation. 

261.  BiupMld  •€  flcniiB. — ^A  strain  by  which  the  size  and  figure 
of  a  body  are  altered  in  three  dimensions  may  be  represented  in  a 
manner  analogous  to  that  of  the  preceding  Article,  by  conceiving  a 
sphere  of  the  radius  xmity  to  be  transformed  by  the  strain  into  an 
ellipsoid,  and  considering  the  displacement  of  various  particles^ 
from  their  original  places  in  the  sphere,  to  their  new  pla<^  in  the 
ellipsoid.  The  three  axes  of  the  ellipsoid  are  the  principal  axes  of 
strain,  and  their  extensions  or  compressions,  as  compared  with  the 
coincident  diameters  of  the  sphere,  are  the  three  principal  elementaiy 
strains  which  compose  the  entire  strain.  It  is  by  this  method,  which 
it  is  unnecessary  here  to  give  in  detail,  that  the  general  principles 
stated  in  Articles  249  and  251  are  arrived  at 


284  THEOBT  OF  STIiUCTUBES. 


262.   Tm«ST«ne   Btairtlcltr    of  an   Isotropic   Sabalwice. — ^Let  the 

two  principal  elementary  strains  in  one  plane  be  of  equal  magnitude, 
but  opposite  kinds ;  that  iS;  supix)sing  the  strain  in  fig.  114  along 
O  A  to  be  on  extension,  «,  let  the  strain  along  O  B  be  a  oomprcssioDy 
/9  =  —  «.  The  ellipse  will  Ml  beyond  the  circle  at  A,  and  as 
much  within  it  at  B,  and  will  cut  it  at  an  intennediate  point  near 
the  middle  of  each  quadrant. 

Take  a  pair  of  new  axes  bisecting  the  right  angles  between  the 
original  axes ;  that  is,  let  ^  =  45°;  then  the  eqiiations  2  of  Article 
2C0  give  the  following  result : — 

«'=0;  fi=0;  »'  =  2«: (1.) 

that  is  to  say,  an  extension,  and  an  equal  compression^  along  a  pair 
of  rectangular  axes,  are  equivalent  to  a  simple  distortion  rdoHvely  to 
a  pair  ofaaoes  making  angles  of  45°  with  tlia  original  axes;  and  the 
amouni  of  ike  distortion  is  double  that  of  either  of  the  tux>  direct  strauu 
which  compose  it ;  a  proposition  which  is  otherwise  evident,  by  con- 
sidering that  a  distortion  of  a  square  is  equivalent  to  an  elongation 
of  one  diagonal,  and  a  shortening  of  the  other,  in  equal  proportions. 
The  body  being  isotropic,  or  equally  elastic  in  idl  directions,  let 
A  be  its  direct  and  B  its  lateral  elasticity;  then  the  pair  of  principal 
strains  »,fi=  —  »,  will  be  accompanied  by  a  pair  of  principal  stresses 
along  O  A  and  OB  respectively,  given  by  the  following  equationa : — 

along  0  A, ;),  =  A  «  +  B  ^  =  ( A  -  B)  « ; 

OB,jp,  =  B«  +  A/3  =  (B-A)«=-  p,; (2.) 

that  is  to  say,  thera  will  be  a  puU  along  0  A,  and  an  eqtial  thrust 
along  0  R 

It  has  already  been  proved,  in  Article  111,  that  such  a  pair  of 
principal  stresses,  of  equal  intensities  and  opposite  kinds,  are 
equivalent  to  a  pair  of  shearing  stresses  of  the  same  intensity  on  a 
pair  of  planes  making  angles  of  45°  with  the  axes  of  principal 
stress;  or  taking  j9(  to  represent  the  intensity  of  the  shearing  stress 
on  each  of  a  pair  of  planes  nonnal  to  the  new  pair  of  axes, 

;?.=p,  =  (A-B)«; (3.) 

but  if  0  be  the  co-efficient  of  transverse  elastidly  of  the  substance^ 
we  have  also 

P.  =  0'; (4.) 

and  consequently,  for  an  isotropic  substance, 

c=^; (P.) 
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or  the  transverse  dasticUy  is  half  the  differenoe  of  Hie  direct  and  lateral 
eUuticities, 

This  is  the  demonstratioii  of  a  principle  already  stated  in  Article 
256.  The  corresponding  principle  for  pliabilities,  viz.  : — that  the 
transverse  pliability  is  tvnce  the  sum  of  the  direct  ixnd  lateral  extensi- 
bilitiesy  is  demonstrated  by  a  similar  process,  of  which  the  stej^s  may 
be  briefly  summed  as  follows : — 

fi  =  tip,  —  bp,  =  —  {n  +  b)p^  =  —  M; 
.•./  =  2-  =  2(a  +  i)p,  =  2(a  +  b)i?.  =  c;)« 

.•.c  =  2(a  +  b).— Q.RD (6.) 

263.  Cable  Kkudcitf . — If  the  three  rectangular  dimensions  of  a 
body  or  particle  are  changed  in  the  respective  proportions  1  +  S 
1  +  ft  1  +  y,  its  volume  is  altered  in  the  propoi-tion 

(l  +  «)(H-^)(H-y); 

and  when  the  elementary  strains  «,  fi,  y,  are  very  small  fractions 
this  is  sensibly  equal  to 

Consequently,  as  in  Article  249, 

may  be  called  the  cubic  strain,  or  alteraHon  qf  volume. 

In  an  isotropic  substance,  the  three  rectangular  direct  stresses 
which  accompany  those  three  strains  are 

|i^  =  A«  +  B(^  +  y);x 

p„  =  AA  +  B(y  +  «);  I  (1.) 

p„  =  Ay  +  B(.  +  /S);  j 

The  third  part  of  the  sum  of  those  stresses,  which  may  be  called  the 
mean  direct  stress,  has  the  following  value  : — 

PiLtIn±Pii^(A+^  .  {»  +  fl  + y); (2.) 

The  oo-effident  contained  in  this  expression,  being  the  ratio  of  the 
mean  direct  stress  to  the  cubic  stndn,  is  the  cubic  dasticity,  or 
dasticUy  of  volume,  already  mentioned  in  Article  256,  its  reciprocal 
being  the  cubic  compressibility, 

264.  FiaM  suwucitr. — The  distinction  between  solids  and  fluids 
is  well  illustrated  by  applying  to  fluids  the  equations  of  Articles  262 
and  263.  Fluids  offer  no  resistance  to  distortion,  that  is,  they  have 
DO  transverse  elasticity;  therefore  for  them 

C  =  :^^=^  =  0;orA==a 
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Introduciiig  this  into  the  equations  1  and  2  of  Article  263,  ^ire  fini 

T-  =P99  =p«  =  B  («  +  ^  +  y), 

and  the  cubic  elaafticitj' 

A-f  2B      ^ 

3       "■ 

The  equality  of  the  pressures  in  all  directions  at  a  given  paint  in  a 
fluid  has  already  been  proved  bj  another  process  in  Article  110. 

The  equations  of  j^jrticle  256  show  the  pliabilities  of  a  perfect 
fluid  to  hie  infinite,  with  the  exception  of  the  cubic  compressibilily, 

which  is  -^  . 

Section  3. — On  Besistance  to  Stretching  and  Tearing, 


265.  sufltaMs  mmA  flcvMftk  of  •  Tie-Bar. — K  a  cylindrical  or 
prismatic  bar,  whose  cross  section  is  S  (as  in  Article  97,  fig.  46),  be 
subjected  to  a  pull  whose  resultant  acts  along  the  axis  of  figure  of 
the  bar,  and  whose  amount  is  P,  the  intensity  of  the  pull  will  be 
xmiform  on  each  cross  section  of  the  bar,  and  will  have  the  value 

p=| (1) 

This  direct  stress  will  produce  a  strain,  whose  principal  element 
will  be  a  longitudinal  extension  of  each  unit  of  length  of  the  bar, 
of  the  value 

•  =  ap=| (2.) 

where  a  denotes  the  dired  extensihilitt/,  and  E  its  reciprocal,  the 
modidua  of  dasticity,  or  eo-^ffiderU  of  resistance  to  stritMng,  as 
explained  in  Articles  256  and  257. 

Let  X  denote  the  length  of  the  bar,  or  of  any  portion  of  it,  in  tbe 
free  or  unloaded  state;  that  length,  under  the  tension  p,  becomes 

(1  +  «)«:. 

The  co-efficient 

is  nearly  constant  until  p  passes  the  limit  of  the  proof  stress;  bat 
after  that  limit  has  been  passed,  that  co-efficient  diminishes ;  that 
is  to  say,  the  extension  «  increases  faster  than  the  intensity  of  the 
stretchmg  force  p,  until  the  bar  is  torn  asunder. 

The  fdtimate  strength  of  the  bar,  or  the  total  pull  required  to 
tear  it  instantly  asunder — the  proof  strength,  or  the  greatest  pull 
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of  wliich  it  can  safely  bear  the  long-continued  or  repeated  applica- 
tion— and  the  working  load — are  computed  by  means  of  the  formula 

p=/,  or  P=/S, (3.) 

irhere/ represents  the  %MvnuUe  tenacUt/,  the  proof  ienacUt/,  or  the 
uforkinff  stress,  as  the  case  may  be. 

The  toughness  of  the  bar^  or  the  extension  corresponding  to  the 
froofloady  is  given  by  the  formula 

•  =  !' (*•) 

where  f  is  the  proof  tenacity. 

266.  The  BcaUieaee,  or  «pri«g  of  the  bar^  or  the  work  performed 
in  stretching  it  to  the  limit  of  proof  strain,  is  computed  as  follows  : 
— a?  being  the  lengthy  as  before^  the  elongation  of  the  bar  under  the 
proof  load  is 

fx 

the  force  which  acts  through  this  space  has  for  its  least  value  0,  for 
its  greatest  value  P  =/S,  and  for  its  mean  value  ^ ;  so  that  the 
work  performed  in  stretching  the  bar  to  the  proof  strain  is 

/3   /x_r    So: 
2   •  E  ""lE'T ^   -^ 

The  co-efficient  ~,  by  which  one-half  of  the  volume  of  the  bar  is 

multiplied  in  the  above  formula,  is  called  the  Modulus  of  Besi- 

LIEHCE. 

267.  flo^Mra  P«iL — A  pull  of  —-,  or  one-JuUf  of  the  proof  load, 

being  suddevdy  applied  to  the  bar,  will  produce  the  entire  proof 

flrain  of  -;,  which  is  produced  by  the  gradual  application  of  the 

proof  load  itself;  for  the  work  performed  by  the  action  of  the  con- 

stant  force  -^  through  a  given  space,  is  the  same  with  the  work 

performed  by  the  action,  through  the  same  space,  of  a  force  increas- 
ing at  an  uniform  rate  from  0  up  to/S.  Hence  a  bar,  to  resist 
irith  safety  the  sudden  application  of  a  given  pull,  reqtiires  to  have 
twice  the  strength  that  is  necessary  to  resist  the  gradual  applica- 
tion and  steady  action  of  the  same  pulL 

The  principle  here  applied  belongs  to  the  subject  of  dynamics, 
and  is  stated  by  anticipation,  on  account  of  its  importance  aa 
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respects  the  strength  of  materials.  It  is  the  chief  reason  for  mak- 
ing the  factor  of  safety  for  a  moving  load  considerably  greater  than 
for  a  steady  load  (see  Article  247). 

268.   A  Tabic   of  Ike  Rcaiatance  of  JIalcriaU   to  SlreCcbtes   wmd 

Tcwiag,  by  a  direct  pull,  in  pounds  per  square  inch,  is  given  at  the 
end  of  the  volume. 

The  tenacity,  or  resistance  to  tearing,  given  in  that  table,  is  in 
each  case  the  ultimate  tenacity,  being  the  quantity  as  to  which 
experimental  data  are  most  abundant  and  precise.  Tlie  proof  ten- 
acity and  working  tension,  when  required,  are  to  be  found  by 
dividing  the  ultimate  tenacity  by  the  proper  factors,  according  to 
Article  247. 

The  modulus  of  elasticity  in  each  case  is  given  from  experiments 
made  within  the  limits  of  proof  strain. 

Both  co-efficients,  for  fibrous  substances,  have  reference  to  the 
effects  of  tension  acting  along  thejibres,  or  "  grain."  Both  the  ten- 
acity and  the  elasticity  of  timber  against  forces  acting  across  the 
grain  are  much  smaUer  than  against  forces  acting  along  the  grain, 
and  are  also  of  uncertain  amount,  the  results  of  experiments  being 
few  and  contradictory. 

269.  AdditioMai  Data.  —  The  following  are  a  few  experimental 
results  in  addition  to  those  given  in  the  table  : — 

Welded  joint  of  a  toraught  iron  retort — ^Ultimate  tena- 
city, by  a  single  experiment,  in  lbs.  per  square  inch,...  30750* 

Iron  wire-ropes. — Strength  in  lbs.,  for  each  lb.  weight  per 

fathom, Ultimate,    4480- 

Proof,....    2240- 
Working  load  \  of  ultimate,  or  ^  of  proof  strength. 

Hempen  cables, — Ultimate  strength  =  (girth  in  inches)'  x  448  Ih. 

Leathern  belts, — ^Working  tension  in  11».  per  square  inch, 
according  to  General  Morin 285* 

Chain  caibles,  when  the  tendency  of  each  link  to  collapse  is 
reshfted  by  means  of  a  cross-bar,  as  shown  in  £g,  116, 
have  a  strength  per  square  inch  of  cross  section  of  the 
link  equal  to  that  of  the  iron  of  which  they  are  made, 
when  it  is  in  the  form  of  bars.     (See  p.  646.) 

270.  The  strcagtii  of  nirettcd  jTaints  of  iron  plates 
is  given  in  the  table,  in  lbs.  per  square  inch  of  seoHan 
of  the  plate,  from  the  ex])eriments  of  Mr.  Fairbaiin* 
The  strength  of  a  double-rivetted  joint  is  seven-tenths 
of  that  of  the  iron  plate,  simply  because  of  three-tenths 
of  the  breadth  of  the  plate  being  pimched  out  in  e&ch 
Fig.  lis.  row  of  rivet-hole&  The  strength  of  a  single-rivetted 
joint  is  diminished  not  merely  by  the  removal  of  the  iron  at  the 
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iiTet-boleSy  but  by  the  xmequal  distribution  of  the  stress.    Hivetted 
joints  will  be  further  considered  in  the  sequel 

271.    ThiM  Uoiuw  cyUndcMs  Boiicns  Pipes.  —  Let    q    denote 
tb«  nnifoim  intensity  of  the  pressure  exerted  by 
a  fluid  whicb  is  contined  wiUiin  a  hollow  cylin- 
der of  tbe  radius  r,  and  of  a  thickness,  t,  which 
is  small  as  compared  with  that  ituliua  |(  «..^..^]^ 

The  demonstration  in  Article  179  shows,  that 
if  we  consider  a  ring^  being  a  portion  of  the  cylin- 
der of  the  length  unity,  ^e  tension  on  that  ring 
will  be  Fig.  117. 

P  =  (7^, (1.) 

being  the  force  per  imit  of  length  with  which  the  internal  pressure 
tends  to  split  the  cylinder  from  end  to  end. 

The  sectional  area  of  the  ring  under  consideration  is  t  Then 
assuming,  what  is  very  nearly  correct,  that  the  tension  is  uniformly 
distributed,  the  intensity  of  that  tension  is 

P-V-; W 

The  ratio  of  thickness  to  radius,  which  a  thin  hollow  cylinder 
requires,  to  fit  it  for  a  given  intensity  of  bursting  pressure,  proof 
pressure,  or  working  pressure,  is  given  by  the  formula 

7^7' ; ^^^ 

being  the  ullimaie  tenacity,  the  proof  tension,  or  the  working  ten- 
sion, as  the  case  may  be.     (bee  p.  640.) 

It  is  considered  prudent,  in  steam-boilers,  to  make  the  working 
tension  only  (me-eighih  of  the  ultimate  tenacity.  The  joints  of 
plate  iron  boilers  are  single-rivetted ;  but  from  the  manner  in 
^hich  the  plates  break  joint,  analogous  to  the  bond  in  masonxr, 
the  tenacity  of  such  boilers  is  considered  to  approach  more  nearly 
to  that  of  a  double-ri vetted  joint  than  that  of  a  smgle-rivetted  joint, 
^r.  Fairbaim  estimates  it  at  34,000  lb&  per  square  inch ;  so  that 
the  values  of  /for  wrought  iron  boilers  may  be  thus  stated : — 

Bursting  tension, 34,000 

Prooftension, 17,000 

Working  tension, 4,250 

For  CAST  IBON  WATER  PIPES,  the  working  tension  may  be  made 
f'M-nsetA  of  the  bursting  tension,  which  for  cast  iren,  on  an  average^ 
1*  16,500  Iba.  per  square  inch ;  that  u  to  say,  the  values  of/ are 

Bursting  tension, 16,500 

Proof  tension  (one-tliird), 5,500 

Working  tension, 2,750 

U 
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For  steam-pipes,  aa  for  steam-boilers^  the  &ctor  of  safety  ahoiild  be 
tight. 

272.  Thia  KoUow  Spheres. — Let  fig.  117  BOW  be  conoefved  to 
represent  a  diametral  section  of  a  thin  hollow  sphere,  filled  iwith  a 
fluid  which  presses  from  within  with  the  intensity  q.  The  area  of 
the  fluid  cut  by  the  section  is 

X  r' ; 

hence  the  whole  force  to  be  resisted  by  the  tenacity  of  the  section 
of  the  spherical  shell  is 

P  =  xgrl  (1.) 

The  area  of  the  section  of  the  spherical  shell,  supposing  the  thick- 
ness ^  to  be  small  as  compared  with  the  radius  r,  is  very  nearly 

S  =  2xr«; (2.) 

hence  assuming,  what  is  very  nearly  correct,  that  the  tensioii  13 
uniform,  its  intensity  is 

p-l-'f,-- -w 

or,  one^hdlfoi  the  tension  roimd  a  cylindrical  sheU  having  the  same 
internal  pressure,  and  the  same  proportion  of  thickness  to  radius ; 
80  that,  in  these  circumstances,  the  sphere  is  twice  as  strong  as  the 
cylinder. 

Equation  3  gives  also  the  tongitudinal  tension  in  a  thin  hollow 
cylinder,  which,  being  only  one-half  of  the  circumferential  tension 
round  the  cylinder,  does  not  require  to  be  considered  in  practioa 

The  proper  ratio  of  thickness  to  radius  in  a  thin  hollow  sphere 
is  given  by  the  formula 

f  being  the  bursting,  proof,  or  working  tension,  according  as  ^  is 
the  bursting,  proof,  or  working  pressure. 

273.  Tkick  K^itow  CfiiBder. — The  assumption  that  the  circum- 
ferential tension,  or  hoop-tension  as  it  may  be  called,  in  a  hollow 

cylinder  is  unifonnly  distributed,  is  approxi- 
mately true  only  when  the  thickness  is  small  as 
compared  with  the  radius ;  for  if  a  ring  of  the 
»•— ]^; — 1*  cylinder  be  conceived  to  be  divided  into  several 
concentric  hoops,  one  within  another,  the  tension 
of  the  innermost  hoop  balances  part  of  the  radial 
pressure  of  the  con&ied  fluid,  so  that  a  dimin- 
jjig.  118.  ished  radial  pressure  is  transmitted  to  the  second 

hoop,  which  has  therefore  a  less  tension  than  the  first  hoop^  and 

so  on. 
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Equation  2  of  Article  271  gives  the  inean  hoop-tension  in  a 
thick  as  weU  as  in  a'thin  cylinder ;  but  it  is  not  the  mean,  but  the 
greaUsi  hoop-tension  (that  is,  the  tension  round  the  inner  surface 
of  the  cylinder),  which  is  limited  by  the  strength  of  the  material 
The  object  of  the  present  investigation  is  to  show  what  law  the 
Tariation  of  hoop-tension  follows,  and  thence,  what  relation  the 
maximum  tension  bears  to  the  fluid  pressure. 

To  make  the  solution  perfectly  general,  it  will  be  supposed  that 
the  cylinder  is  pressed  from  without  as  well  as  from  within.  Let 
fig.  118  represent  a  cross  section  of  the  cylinder;  let  B  denote  its 
external  and  r  its  internal  radius.  Let  ^o  denote  the  fluid  pressure 
from  within,  and  ^i  that  from  without;  />o  ^^^  hoop-tension  at  the 
inner  sur&ce  of  ^e  cylinder,  and  p^  the  hoop-tendon  at  the  outer 
flur&ce. 

Consider,  as  before,  a  ring  whose  length,  parallel  to  the  axis  of 
the  cylinder,  is  unity.  The  radial  section  of  that  ring,  from  r  to 
K  in  fig.  1 1 8,  has  to  sustain  the  difference  between  the  total  pressures 
from  within  and  without,  in  a  du'ection  perpendicular  to  the  radius 
O  r  B,  on  a  quadrant  boimded  by  that  radiua     That  difference  is 

Conceive  the  ring  to  be  divided  into  an  indefinite  number  of  con- 
centric hoops,  each  of  the  thickness  d  r,  and  exerting  a  tension  of 
the  intensity/?;  then  the  total  hoop-tension  will  be 


j  ^pdrzzzq^r  —  q.B, (1.) 


From  the  symmetry  of  the  ring  and  f  the  forces  acting  on  it  in 
all  directions  round  the  centre  O,  it  is  obvious  that  the  axes  of 
stress  of  any  particle  of  metal  must  be  respectively  in  the  direction 
of  a  radius,  and  perpendicular  to  that  direction.  The  principal 
stresses  at  any  particle  are  a  radial  pressurey  q  (which  for  each 
particle  at  the  inner  surface  is  ^^  and  for  each  particle  at  the  outer 
snr&ce,  ^j)  and  a  hoop-tension  p. 

As  in  the  case  of  the  ellipse  of  stress.  Article  112,  we  may  con- 
ceive this  pair  of  principal  stresses  to  be  made  up  of  two  component 
pairs,  viz.  : — 

A  pair  of  equal  stresses  of  the  same  kind,  constituting  a  Jltdd 
pressure  or  tension,  whose  common  intensity,  stated  so  as  to  be  a 
tension  when  positive,  a  pressure  when  negative,  is 

p  —  q 

Vid  a  pair  of  equal  stresses  of  contrary  kinds,  whose  common 
intensity  is 
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2     — 

Thus  we  have p  =  n'{-m,q  =n  —  m;  and  the  problem  is  to  be 
solved  by  first  supposing  m  to  act  alone,  then  supposing  n  to  act 
alone,  and  lastly  combining  their  effects ;  observing,  that  the  onlj 
solutions  of  equation  1  which  are  admissible,  are  those  which  are 
true  for  all  values  of  R  and  r. 

Case  1.  Equal  amd  aiinilar  stresses,  or  n  =  0.    In  this  case 

pz=z  —  q  =  m, 

showing,  that  instead  of  a  ludial  pressure,  there  is  a  radial  tension 
equal  to  the  hoop-tension,  and  constituting  along  with  it  simply  a 
fluid  tension  of  the  intensity  m  at  each  point  Equation  1  is  M- 
filled  by  making 

pz=.  —  g  =  m  =  constant, (2.) 

which  reduces  both  sides  of  equation  1  to 

w  (R  —  r). 

Case  2.  Equal  a/nd  cantran/  stresses,  or  m  =  0.     In  this  case 

p  =  q  =  n, 
and  the  solution  of  equation  1  is 

p  =  q  =  n  =  ^ (3.) 

a  being  an  arbitrary  constant,  and  r^  any  value  of  the  radius^  £rom 
r  to  R  inclusive;  for  this  reduces  both  sides  of  equation  1  to 


"(i-i)- 


Case  3.  General  solutiom    "By  combining  the  two  partial  sdo* 
tions  of  equations  2  and  3  together,  we  And 


Radial  pressure,  g  =  9»  —  m  =  --^ — m; 

Hoojp-tenslon,  p=:n-hm=z-j^  +  m; 


•  •••••••••■••••  \^f 


To  determine  the  constants  a  and  m  we  have  the  equations 


a  a 

-J — vn  =  q9;  =pi  —  fnssq^; 


whence  we  obtain  by  elimination 
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fn.  ^  *z ±1 • 

B'— ♦*      ' 


(«•) 


ifiyiogy  finally,  for  the  niaximum  Itoop-tension^ 

Fo  =  j;5  +»»=— ^ — j^,J_^     ^...(6.) 

The  mean  hoop-tension  is 

R  — r     ' ^^-^ 

which  is  exceeded  by  the  maximum  in  the  proportion 

■(g.r-y,  R)(R  +  r)  ' W 

a  proportion  which  tends  towards  equality,  as  R  and  r  become 
more  nearly  equal 

A  transposition  of  equation  6  gives  the  iKollowing  value  of  the 
ratio  of  the  external  to  the  internal  radius,  required  in  order  that 
Po  may  be  =zfy  the  bursting,  proo^  or  wor^ng  tension,  as  the  case 
maybe: — 


5=V{/-^^,} W 


In  most  cases  which  occur  in  practice,  the  external  fluid  pressure 
9i  is  so  .small  compared  with  the  internal,  that  it  may  be  neglected. 

One  important  consequence  of  equation  9  is,  that  if  ike  itUemal 
presgure  ^o  ^  equal  to  or  greaJter  tknn  the  sum  f  +  2  qi  of  the  co- 
efficient of  strengUi  and  twice  tJie  external  pressure,  no  thickness,  how 
great  soever,  unit  enctble  the  cylinder  to  resist  the  pressure. 

The  following  is  a  geometrical  representation  of  the 
foregoing  solution.  In  fig.  119,  let  O  represent  the 
centre  of  the  cylinder;  O  r  its  internal,  and  0  R  its 

external  radius.     To  represent  the  value  of  n  =:^y 

draw  two  ofdinates  r  A,  R  B,  at  right  angles  to  the 
direction  of  those  radii,  such  that 

fA  :  K15  :  :  R"  !  r». 

Then  A  and  B  will  be  points  in  a  hyperbola  of  the      ^'  ^^^' 
eeoond  order,  A  B,  which  has  the  property  tha^ 
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area  r  ABB  =  rxrA  — RxRB; 

80  ihat  it  represents  case  2. 

Draw  C  D  II  0  r  Ry  cutting  off  from  the  ordinates  the  parts  C  A, 
D  By  which  bear  to  each  other  the  proportions 

C  A  :  D  B  : :  ^0  •'  ?i* 


Then  r  C  =  B  D  will  represent  m^  the  solution  of  ^^ase  1.    Draw 

E  F  II  0  r  B  at  the  same  distance  r  E  =  r  C  on  the  opposite  side. 
Then  if  any  ordinate  be  drawn  across  the  two  straight  lines  E  F 
and  C  D,  and  the  curve  A  B,  at  a  given  distance  f  from  O,  the 
segment  of  that  ordinate  between  0  D  and  A  B  will  represent  the 
radial  pressure  q,  and  the  entire  ordinate  from  E  F  to  A  B  will 
represent  the  hoop-tension  p,  at  that  distance  from  O ;  and  in  par- 
ticular E  A  will  represent  the  maximum  hoop-tension  |7o> 

The  formulsB  of  this  Article  are  the  same  with  those  given  bj 
M.  Lam6  in  his  TraUe  de  VEUistkUe;  but  thej  are  arrived  at  in  a 
different  manner. 

274.  Cylinder  of  Scmined  Rings. — To  obviate,  in  whole  or  in 
part,  the  unequal  distribution  of  the  hoop-tension  in  thick  hollow 
cylinders  for  withstanding  great  pressures,  it  has  been  proposed  to 
construct  such  cylinders  of  concentric  hoops  or  rings  built  together, 
the  outer  hoops  being  "  shrunk  *'  on  to  the  inner  hoops,  in  such  a 
manner,  that  before  any  internal  pressure  is  applied,  the  hoops 
within  a  certain  distance  of  the  centre  may  be  in  a  state  of  dicum- 
ferential  compression,  and  those  beyond  that  distance  in  a  state  of 
circumferential  tension.  If  the  stress  thus  produced  by  the  mutual 
action  of  the  concentric  hoops  could  be  adjusted  with  such  accuracy, 
as  to  be  at  each  point  exactly  equal  and  opposite  to  the  difference 
between  the  actual  hoop  tension  at  the  same  point  due  to  the 
internal  pressure,  as  given  by  equations  4,  5,  and  6,  of  Article  273, 
and  the  mean  hoop-tension  as  given  by  equation  7,  then  upon 
applying  the  proper  internal  pressure,  there  would  result  simply  an 
uniform  tension  equal  to  the  mean,  and  the  formulae  of  Artide  271 
would  become  applicable  to  thick  as  well  as  to  thin  cylindersL 
Even  although  it  may  be  impiucticable  to  adjust  the  previous  stress 
with  the  accuracy  above  described,  any  approach  to  its  pi^P^i' 
distribution  must  increase  the  strength  of  the  cylinder.  Tms 
method  of  constiniction  has  been  carried  into  effect  in  Captain 
Blakely's  gun,  Mr.  Mallet's  mortar,  and  some  other  pieces  of  artilleiy. 

The  only  equation  which  the  stress  of  the  concentric  hoops  will 
of  itself  fulfil  is 


jyd. 


a 
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275.  Thick  ii*n«w  Sphere. — Let  fig.  118  DOW  represent  a  diame- 
tral section  of  a  hoUow  sphere^  the  fluid  pressures  within  and 
without  being  q^  and  gi,  aa  before.  The  pressure  to  be  resisted  at 
the  section  is 

and  if  the  section  of  the  metal  be  conceived  to  be  divided  into  an 
indefinite  number  of  concentric  rings,  the  breadth  of  one  of  these 
rings  being  dr,  its  radius  t^,  and  the  tension  at  it  p,  it  appears  that 
the  total  resistance  of  the  section  will  be 


2t  j  pi'dr; 


and  hence  the  equation  to  be  fulfilled,  for  all  values  of  ^09  ^n  i'>  &nd 
B,is 

2  jyr'dr^qof^  —  qiB? (1.) 

From  symmetry  it  appears,  that  the  axes  of  stress  at  any  particle 
must  be,  one  in  the  direction  of  a  radius,  with  the  pressure  q  along 
it,  and  the  other  two  in  any  two  directions  perpendicular  to  the 
fiist  and  to  each  other,  with  equal  tensions  p  along  them.  Two 
partial  solutions  are  obtained  in  the  following  manner : — 

Let  3jp  — ^r 

aotkat 

p  =  n  +  m;  q=z2n  —  m. 

Case  1.  n  =  0,jp  =  —  g  =  m ;  being  the  case  of  a^2^i</ fen^um, 
equal  in  all  directions.  In  this  case,  equation  1  is  solved  by  making 

pss  —  ^  =  m  =  constant, (2.) 

which  xedooes  both  sides  of  that  equation  to 

m(R»— r*) 

Casb  &  s»sOy  j7s:|.  =  n;  being  the  case  of  »pBir'of  cimiiiifep- 

ential  tensions,  each  equal  to  half  of  the  radial  ptessnra  In  this 
case^  equation  1  is  solved  by  making 

j,=  X  =  »  =  - ; (3.) 

viuflit  radnoaa  botb  sides  of  that  equation  to 


} 
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Case  3L  General  solutian> 

q  =  ^n  —  f»=  ^ — m, 

l>  =  i»  +  TO  =  p,  +  m, 

TIm  conatuitB  a  and  m^  dedaoed  from  the  equations 

2a  2a 

are  found  hy  elimination  to  have  the  following  valnes :— 

2(R'— f^ 


(*.) 


_        y«r*  — g.R* 

"* T»» -» 


W 


R»  — r 

^Ting  finally,  Ibr  the  maTimnm  tenmon, 

a  ._        go(R»  +  2r»)— 3g,B»  ... 

P«  =  p  "T  •»  =  "* 2m>_y»)    W 

A  transfonnation  of  this  equation  gives  the  following  value  of 
ratio  of  the  external  to  the  internal  radius  of  the  sphere,  required 
in  order  that  p^  may  be  =  y^  the  burstiug,  proo^  or  woildsg  tea- 
non,  as  the  case  may  be : — 


hVi^^^^.} <-•> 


This  equation  shows,  that  if 

q%^  orz^2f+Zqu 
no  thickness  wiU  be  soffioient  to  enable  the  sphere  to  withstand 
the  pressure. 

Tinb  fonnulaB  of  this  Article  agree  with  those  given  by  M.  Lam^ 
though  arrived  at  by  a  different  process. 

276.  ■•ilcr  StBT*. — ^The  sides  of  locomotive  fire-boxes,  the  ends 

of  cylindrical  boilers,  and  the  sides  of  boilers  of  irr^ular  figures 

like  those  of  marine  steam  engines,  are  often  made  of  flat  plates, 

r^-.    which  are  fitted  to  resist  the  pressure  firom  within 

^     ^     ^  '  ^    ^  being  connected  together  across  the  water^qMoe 

e    e     o    o      or  steam-space  between  them  by  tie-bars,  called 

stays  when  long,  bolts  when  short     For  example, 

fig.  120  represents  part  of  the  fiat  side  of  a  looo- 

e     o     o    o      motive  fire-box,  and  shows  the  arrang^nent  of  the 

VIg.  120.         bolts  by  which  it  is  tied  to  the  fiat  plate  at  tlie 

other  side  of  tha  water-space. 
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Each  of  these  bolts  or  stays  sustains  the  pressure  of  the  steam 
against  a  certain  area  of  the  plate  to  which  it  is  attached.  Thus, 
in  fig.  120,  the  bolt  a  resists  the  pressure  of  the  steam  on  the  square 
area  which  surrounds  it,  and  whose  side  is  equal  to  the  distance 
from  centre  to  centre  of  the  bolts. 

Let  a  be  the  sectional  area  of  a  stay ;  A,  that  of  the  portion  of 
flat  plate  which  it  holds ;  q,  the  bursting,  proof,  or  working  pres- 
sure, and  y  the  ultimate,  proof,  or  working  tension  of  the  material 
of  the  stay.     Then 

/a  =  gr  A. 

The  proper  factor  of  safety  is  eiglU,  as  for  other  parts  of  boilers. 
Experience  has  shown,  that  the  plate,  if  its  material  is  as  strong  as 
that  of  the  stay,  should  have  its  thickness  equal  to  half  the  dic^ 
meter  of  the  stay.  If  the  plate  be  of  a  weaker  material  than  the 
stay,  its  thickness  should  be  proportionally  increased. 

The  flat  ends  of  cylindrical  boilers  are  sometimes  stayed  to  the 
cylindrical  sides  by  means  of  triangular  plates  of  iron  cdled  "  gua- 
«£«.*'  These  plates  are  placed  in  planes  radiating  from  the  axis  of 
the  boiler,  and  have  one  edge  fixed  to  the  flat  end,  and  the  other 
to  the  cylindrical  body.  ]l^h  gusset  sustains  the  pressure  of  the 
steam  against  a  sector  of  the  flat  circular  end.  Considering  that 
the  resultant  tension  of  a  gusset  must  be  concentrated  near  one 
edge,  it  appears  advisable  that  its  sectional  area  should  be  three  or 
four  times  that  of  a  stay-bar  suited  for  sustaining  the  pressure  on 
the  same  area. 

The  best  experimental  data  respecting  the  strength  of  boilers  are 
due  to  the  rese^u^es  of  Mr.  Fairbaim,  especially  those  recorded  in 
his  work  called  Useful  Inforfnationfor  Engineers. 

til.   SmpcMtoH   WLmA    •€  Vmitwm  ScreBftli. — In  fig.  121,  let  W 

be  a  weight  hung  from  the  lower  end  of  a  vertical  rod 
B  C,  whose  weight  per  unit  of  volume  is  vd^  and  let  it  be 
required  to  find  how  the  transverse  section  S  of  the  rod 
must  vary  with  the  height  x  above  B,  in  order  that  the 
tension  may  be  everywhere  of  equal  intensity  y! 
The  total  load  at  any  point  is,  W  from  the  weight  hung 

at  B,  to  /  ^dx  from  the  weight  of  the  rod  for  a  height  x 
above  B;  and  this  must  be  equal  to  the  pull  /S.     Hence 

W  +  ti;  j"^S(fa:=/S; (1.)       Flg.121. 

whidi  being  solved,  gives  for  the  cross  section  of  the  rod, 

S=^.«7; (2.) 
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and  far  its  weight,  for  a  height  x  above  B, 

/S  — W  =  W  {eT—  1)  (3.) 

The  most  usefal  application  of  this  is  to  the  detenninatioii  of  the 
dimensioiis  of  the  pump-rods  of  deep  mines.  They  are  not  made 
■with  the  section  varying  continuously,  according  to  the  fonnuhi  2, 
but  in  a  aeries  of  divisions,  each  of  uniform  scantling ;  neverthe- 
less that  formula  will  serve  to  show  approximately  the  law  which 
the  dimensions  of  those  divisions  should  follow. 

SBcnoK  4. — On  Resigianoe  io  Sheading. 

278.  CiMiHiiM  •r  VBtfenn  ■■icMiiT- — The  present  section  refers 
to  those  cases  only  in  which  the  shearing  stress  on  a  body  is  urn- 
form  in  direction  and  in  intensity.  The  effects  of  shearing  sfaeas 
varying  in  intensity  will  be  considered  imder  the  head  of  Resist- 
ance to  Bending,  which  is  in  general  accompanied  by  such  a  stress ; 
and  the  effects  of  shearing  stress  varying  in  direction  as  well  as  in 
intensity  under  the  head  of  Resistance  to  Torsion. 

It  has  been  shown  in  Article  103  that  shearing  stresses  can  only 
exist  in  pairs,  every  shearing  stress  on  a  given  plane  being  neces- 
sarily accompanied  by  a  bearing  stress  of  equal  intensity  on 
another  plane.  In  Article  112,  Problem  11.,  it  is  shown  that  for 
any  combination  of  stress  paraUel  to  a  given  plane,  the  planes  rda- 
tively  to  which  the  shearing  stress  is  greatest  are  at  right  angles  to 
each  other,  and  make  angles  of  45°  with  the  axes  of  principal  stress 

When  equal  forces  are  applied  to  the  opposite  sides  of  a  wedge, 
bolt,  rivet,  or  other  body,  in  such  a  manner  as  to  tend  to  shear  it 
into  two  parts  at  a  particular  transverse  plane  of  section,  then  at 
any  given  point  in  that  transverse  sectional  plane  the  shearing 
stress  is  of  equal  intensity  relatively  to  that  plane  itself,  and  to  a 
longitudinal  plane  traversing  the  same  point,  perpendicular  to  the 
direction  of  the  externally-applied  shearing  forces.  If  the  wedge, 
bolt,  or  rivet  is  loose  in  its  hole  or  socket  at  and  near  the  plane  of 
shearing,  there  can  be  no  shearing  stress  on  those  free  parts  of  its 
extemid  sur&oe  which  are  at  right  angles  to  the  direction  of  the 
external  shearing  force ;  and  hence  the  intensity  of  the  shearing 
stress  at  the  plane  of  shearing,  how  great  soever  it  may  be  in  the 
internal  parts  of  the  body,  must  diminish  to  nothing  at  certain 
parts  of  the  external  edges  of  that  sectional  plane,  and  must  be 
unequally  distributed;  so  that  the  most  intense  shearing  stresi 
must  be  greater  than  the  intensity  of  a  stress  of  equal  amount  uni- 
formly distributed. 

To  insure  unifoim  distribution  of  the  stress,  it  is  neoessaiy  that 
the  rivet  or  other  feistening  should  fit  so  tight  in  its  hole  or  aocket) 
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that  tbe  friction  at  its  sur&ce  may  be  at  least  of  equal  intensity  to 
the  sheaiing  stresGL     When  this  condition  is  fdlfilled^  the  intensity 

of  that  stress  is  represented  simply  by  -^ ;  F  being  the  shearing 

foree,  and  S  the  sectional  area  which  resists  itb 

279.  A  Table  •/  the  Bc»l«laHco  mf  Materials  to  Shcariag  and  ]>!•- 

lertiea,  in  Ibs.  avoirdupois  per  square  inch^  is  given  at  the  end  of 
the  volume.  It  is  of  small  extent,  because  of  the  small  number  of 
substances  whose  resistances  to  shearing  and  distortion  have 
been  ascertained  by  satis&u^ry  experiments.  The  resistance  of 
timber  to  shearing  is  in  each  case  that  which  acts  between  conti- 
guous layers  of  fibres. 

280.  Bc«Beai7  ef  material  la  Belts  aad  Rlrete. — There  are  many 

stnictures,  such  as  boilers,  wrought  iron  bridges,  and  frames  of  tim- 
ber or  iron,  in  which  the  pidncipal  pieces,  such  as  plates,  links,  or  bars, 
being  themselves  subjected  to  a  direct  pull,  are  connected  with  each 
other  at  their  joints  by  fastenings,  such  as  rivets,  bolts,  pins,  or 
keys,  which  are  under  the  action  of  a  shearing  foroa  It  is  in  every 
SQch  case  important,  that  the  pieces  connected  and  their  fastenings 
ihonld  be  of  equal  strength ;  for  if  the  fastenings  be  the  weaker, 
either  the  whole  structure  is  insufficiently  strong,  or  the  material 
which  gives  the  additional  strength  to  the  plates  or  bars  is  wasted : 
'ind  if  tiie  listenings  be  the  stronger,  the  plates  and  bars  are  weak- 
ened more  than  is  necessary  by  the  holes  or  sockets ;  and  as  before, 
either  the  structure  is  too  weak,  or  material  is  wasted. 

Let/  denote  the  resistance  per  square  inch  of  the  material  of 
the  principal  pieces  to  tearing ;  S,  the  total  sectional  area,  whether 
of  one  piece  or  of  two  or  more  parallel  pieces,  which  must  be  torn 
asunder  in  order  that  the  structure  may  be  destroyed;  f,  the 
i^esistance  per  square  inch  of  the  material  of  the  fastenings  to  shear- 
ing;  S',  the  total  sectional  area  of  feuteningg  at  one  joint,  which 
mutt  be  aheared  across  in  order  that  the  structure  may  be  destroyed  ; 
then,  if  the  conditions  of  uniform  distribution  of  stress  are  fulfilled^ 
the  principal  pieces  and  their  futenings  ought  to  be  so  propor- 
tioned, that 

/S=/S';or|-'=^ (1.) 

For  wrought  iron  rivetted  plates,  taking  the  value  of/'  from  the 
table  (as  detemuned  by  the  experiments  of  Mr.  Boyne),  we  have 

^,=  1  nearly,  and .'.  8'=  S (2.) 

for  wroai^t  iron  bars  connected  by  bolts  or  rivets,  we  have 

^  =  |.nearly,and.-.  8'=^  8 - (3.) 
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ExamipU  L  Plai&joinl  overiappedy  singU^vetiecL    Fig.  122. 
,      I       front  Tiew ;  B,  side  view.    Let 


o  o  o  o  o 


F«.122. 


=  thickness  of  plate, 
diameter  of  rivet 
e  =  distance  from  centre  to  centre  of  riveti* 
Then 

Sectional  area  of  one  rivet 


8       Sectional  area  of  plate  between  two  holes 

0-7854  rf« 


-^Hc-d)' 

so  that^  d  and  t  being  given,  and  c  required,  we  have 

0-7854  <i« 


W 


c  = 


+  d 


(5.) 


d  in  practice  is  usually  from  2t  to  Hi;  and  the  overlap  from c 

to  Irr  c 


o     o     o     o 
coo 


Rg.  128. 


i=i;= 


Example  IL  PkUe-jaint  overlapped,  doM^ 
^  fiveUed.     Fig,  123. 

Sectional  area  of  two  rivets ' 

S      Sectional  area  of  plate  between  two  holes  in  same  line 

1-5708  <i« 


i{e—d)  '' 
1-5708  rf» 


•  ••  c^ 


+  d 


(6.) 
(7.) 


Overlap  in  practice  =  If  e  to  If  e. 

Exan^e  IIL  PZoto  BtO^jowl^  with  a  pair 
of  covering  plates^  eingl&riveUed.    Fig.  124 
k  Here  each  rivet  can  give  way  only  by  being 
^  sheared  across  in  two  places  at  onoe ;  there- 
fore 


A 

Fig.  124. 

2  X  Sectional  area  of  rivet 
Sectional  area  of  plate  between  two  holes 

1-5708  rf« 


^—  S 


1-5708  d* 
7(c=3) 


;...(&) 


.•.  c= 


fd 


.(9.) 


Length  of  each  covering  plate  =  2  x  overlap  =  from  2  e  to  2|  <k 


I 
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Example  lY.  PlcUe  BvU-jcirU,  vrUh  a  pair  of  covering  plates,  double 
riveUed.    Fig.  125. 


1=1= 


4  X  Sectional  area  of  rivet 


S       Sectional  area  of  plate  between  two  holes  in  one  row 


3  1416  d* 
t{e  —  d) '' 

3-1416  d* 


.(10.) 


•  • 


c  = 


+  d (11.) 


Length  of  each  covering-plate  =  2  x  overlap 
=  from  3^  to  3^  c 


Fig.  125. 


Note. — The  length  of  a  rivei,  before  being  clenched,  measuring 
from  the  head,  is  about  4^  t  for  overlapped-joints,  and  5^  t  for 
batt-jointa  with  covering-plate& 

Example  Y.  Suspension  bridge  lAam-joinL  The  chain  of  a  bus- 
pnsion  bridge  consists  of  long  and  short  links  alternately.  Each 
long  link  consists  of  one  or  more,  say  of  n^  paraller  flat  bars,  of  a 
shape  resembling  fig.  64,  Article  138,  placed  side  by  side;  each  bar 
has  a  Toand  eye  at  each  end.  Each  short  link  consists  of  n  +  1 
panllel  fiat  bars,  with  round  eyes  at  their  ends,  which  are  placed 
wtween  and  outside  of  the  ends  of  the  parallel  bars  of  the  long 
links;  so  that  the  end  of  each  long  bar  is  between  the  ends  of  a 
pair  of  short  bara  The  eyes  of  the  long  and  short  bars  at  each 
joint  form  one  continuous  cylindrical  hole  or  socket,  into  which  a 
bolt  or  pin  is  fitted,  to  connect  the  links  together.  To  break  the 
chain  at  a  joint,  by  the  giving  way  of  the  bolt,  that  bolt  must  be 
sheared  across  at  2  n  places  at  once.  Hence,  let  S  denote  the  total 
sectional  area  of  the  bars  in  a  link,  and  d  the  diameter  of  the  bolt; 
then  8f  =  2  n  X  0*7854  d"  =  1*5708  n  d*;  and  because  S'  should 

be  s=  -  S,  we  have 
o 


=Vr 


s 


(12.) 
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281.  Ffctfiaga  mf  TlwlMr  tim. — In  timber  framing,  a  tie  may 
be  connected  with  the  adjoining  pieces  of  the  fr'ame  either  by  having 
their  ends  abutting  against  notches  cut  in  the  tie  (as  shown  at  A,  A, 
fig.  81,  Article  161),  or  by  means  of  bolts  or  pins.  In  either  case, 
the  tie  may  yield  to  the  stress  in  two  ways, — by  being  torn  asunder 
at  the  place  where  its  transverse  section  is  least  (that  is,  where  it  is 
notched  or  pierced,  as  the  case  may  be),^-or  by  having  the  jjart 
b^nd  the  notch,  or  beyond  the  bolt-hole,  sheared  off  or  sheared 
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out)  as  the  case  may  be.     In  order  that  the  material  may  be  eeooo- 
miodly  used)  equation  1  of  Article  280  should  be  fulfilled. 


/S  =/  S';  or  1=  j, (I.) 

condition  serves  to  determine  the  distance  of  the  notch,  or  of 
the  bolt-hole,  or  of  the  nearest  bolt-hole  where  there  are  more  than 
one,  firom  the  end  of  the  tie,  in  the  following  manner  : — 

Let  A  be  the  effective  depth  of  the  tie,  left  after  deducting  the  depth 
of  the  notch,  or  the  diameters  of  bolt-holes,  and  d  the  distance  of 
the  notch,  or  of  the  nearest  bolt-hole,  fiom  the  end  of  the  tie;  then 
for  a  notdi 

and  for  bolt-holes,  if  n  be  their  number, 

&      2  41  a      , J     ,  -^ . 

In  determining  the  number  n,  it  is  to  be  observed,  that  if  tm  or 
n^oTt  holts  pierce  the  same  layer  of  fibres^  the  resistance  to  the  sfaeariog 
out  of  the  part  of  that  layer  between  the  end  of  the  tie  and  the  moel 
distant  of  the  bolts  is  nearly  the  same  as  if  that  bolt  existed  alone ; 
so  that  the  nwst  distant  only  ofsudi  a  set  qf  bolts  is  to  be  reckoned  in 
using  equation  3.  In  general,  the  piercing  of  the  same  layer  of 
fibres  by  more  than  one  bolt  is  unfavourable  to  economy. 

SacnoK  5. — On  Rssistanee  to  Direct  Compression  and  Crushing. 


282.  Bcatottwce  tm  Cmmprm^^mm,  when  the  limit  of  proof 

not  exceeded,  is  sensibly  equal  to  the  resistance  to  extension,  and  u 
expressed  by  the  same  ^^  modulus  of  dasticity,^  already  mentioned 
and  explained  in  Articles  257,  265,  266,  and  26a  When  that 
limit  is  exceeded,  the  irregular  alterations  undergone  by  the  fignro 
of  the  substance  render  the  precise  determination  of  the  resistance 
to  compression  difficulty  if  not  impossible. 

283.  VKmdcm  mt  CruhlBC.— Splltttag,  Shcute«»  Balatec,  SacUlng. 

Cwm  %Tfiwiii«g. — Crushing,  or  breaking  by  compreauon,  ia  not  a 
simple  phenomenon  Hke  tearing  asunder,  but  is  more  or  leas  oomplez 
and  varied,  according  to  the  texture  of  the  substancei  The  modes 
in  which  it  takes  place  may  be  classed  as  follows : — 

I.  Crushing  by  splitting  (fig.  126)  into  a  number  of  prismatie 
fragments,  separated  by  smooth  surfaces  whose  general  direction  is 
nearly  parallel  to  the  direction  of  the  crushing  force,  is  chaiacteriitio 


CRUSHINO. 
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ai  hard  lioxnogeneoiis  subetanoes  of  a  glassy  texture,  such  aa  vitrified 
biick& 


Hg.  127. 


Fig.  12& 


Fig.  129. 


XL  Crushing  by  shearing  or  sliding  of  portions  of  the  block  along 
oblique  sur&ces  of  separation  is  characteristic  of  substances  of  a 
granular  texture,  like  cast  iron,  and  most  kinds  of  stone  and  brick. 
Sometimes  the  sliding  takes  place  at  a  single  plane  surface,  like 
A  B  in  fig.  127 ;  sometimes  two  cones  or  pyramids  are  formed,  like 
c,  e,  in  fig.  128,  which  are  forced  towards  each  other,  and  split  or 
drive  outwards  a  number  of  wedges  surrounding  them,  like  w,  to,  in 
the  same  figure.  Sometimes  the  block  splits  into  four  wedges,  as 
in  fig.  129. 

Ilie  surfiiceB  of  shearing  make  an  angle  with  the  direction  of  the 
crushing  force,  which  Mr.  Hodgkinson  (who  first  fully  investigated 
those  phenomena)  found  to  have  values  depending  on  the  kind  and 
qualify  of  material.  For  dififerent  qualities  of  cast  iron^  for  example, 
that  angle  ranges  from  42°  to  32°.  The  greatest  intensity  of  shearing 
rtress  is  on  a  plane  making  an  angle  of  45°  with  the  direction  of  the 
cniahing  force ;  and  the  deviation  of  the  plane  of  shearing  fix>m  that 
•ag^e  shows  tlukt  the  resistance  to  shearing  is  not  purely  a  cohesive 
force,  independent  of  the  normal  pressure  at  the  plane  of  shearing, 
but  consists  partly  of  a  force  analogous  to  friction,  increasing  wrOx 
the  intensity  of  the  normal  pressure. 

Mr.  Hodgkinson  oonsiders  that  in  order  to  determine  the  true 
TttistaQoe  of  substances  to  direct  crushing,  experiments  should  be 
made  on  blocks  in  which  the  proportion  of  length  to  diameter  is  not 
less  than  that  of  3  to  2,  in  oi^er  that  the  material  may  be  free  to 
divide  itself  by  shearing.  When  a  block  which  is  shorter  in  pro- 
portion to  its  diameter  is  crushed,  the  fiiction  of  the  fiat  nar&ces 
^ween  which  it  is  crushed  has  a  perceptible  effect  in  holding  its 
P»ts  together,  so  as  to  resLat  their  separation  by  shearing;  and  thus 
^^  apparent  strength  of  the  substance  is  increased  beyond  its  real 
strength. 

In  all  substances  which  are  crushed  by  splitting  and  by  shearing, 
^  resistance  to  crushing  considerably  exceeds  the  tenacity,  as  an 
examination  of  the  tables  will  show.  The  resistance  of  cast  iron 
to  crushing,  for  example,  was  found  by  Mr.  Hodgkinson  to  be 
*Qi&6what  more  than  six  times  its  tenacity. 
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III.  Gnuhmg  by  hdging,  or  lateral  swelling  and  spreading 
the  block  which  is  crushed,  is  characteristic  of  ductile  and  tou^ 
materials,  such  as  wrought  iron.  Owing  to  the  gradual  Tnanner 
in  which  materials  of  tins  nature  give  way  to  a  crushing  feroe,  it 
is  difficult  to  determine  their  i-esistance  to  that  force  exactly;  that 
resistance  is  in  general  less,  and  sometimes  considerably  less,  than 
the  tenacity.  In  wrought  iron,  the  resistance  to  the  direct  cmab- 
ing  of  short  blocks,  as  nearly  as  it  can  be  ascertained,  is  &om 

2      4 

-  to  -  of  the  tenacity. 

TV,  Gruahing  by  htuMing  or  cripptiTig  is  characteristic  of  fibroma 

substances,  under  the  uction  of  a  thrust  along  the  fibres.    It  consists 

in  a  lateral  bending  and  wrinkling  of  the  fibres,  sometimes  aooom- 

panied  by  a  splitting  of  them  asunder.     It  takes  place  ia  timb^, 

in  plates  of  wrought  iron,  and  in  bars  longer  than  tiiose  which  give 

way  by  bulging.     The  resistance  of  fibrous  substances  to  crashing 

is  in  general  considerably  less  than  their  tenacity,  especially  where 

the  lateral  adhesion  of  the  fibres  to  each  other  is  weak  compared 

with  their  tenacity.     The  resistance  of  most  kinds  of  timber  to 

1       2 
crushing,  when  dry^  is  from  s  to  ^  of  the  tenacity.   Moisture  in  the 

2S       o 

timber  weakens  the  lateral  adhesion  of  the  fibres,  and  reduces  the 

resistance  to  crushing  to  about  one-half  of  its  amount  in  the  dry 

state. 

Y.  Crushing  by  cross-breaking  is  the  mode  of  fracture  of  coluams 
and  struts  in  which  the  length  greatly  exceeds  the  diameter.  Under 
the  breaking  load,  they  yield  sideways,  and  are  broken  across  like 
beams  under  a  transverse  load.  This  mode  of  crushing  will  be  con- 
sidered after  the  subject  of  resistance  to  bending. 

284.  A  Table  •/  tho  Bcsistaace  •€  Jllalcriols  to  €>«aklas  hj  m 

]>iv«et  Thrwut,  in  pounds  avoirdupois  per  square  inch,  ia  giv^i  at 
the  end  of  the  volume.  So  &r  as  that  table  relates  to  the  strength 
of  brick  and  stone,  reference  has  already  been  made  to  it  in  Article 
235.  It  is  condensed  from  the  experimental  data  given  by  various 
authorities,  especially  by  Tredgold,  Mr.  Fairbaim,  Mr.  Hodgkinson, 
and  CSaptam  Fowke. 

285,  ITne^Mil  Diatribaltoa  af  the  Preamiv  on  a  piUsT  Slises  from 

the  line  of  action  of  the  resultant  of  the  load  not  coinciding  with 
the  axis  of  figure  of  the  pillar,  so  that  the  centre  of  pressure  of  a 
cross  section  of  the  pillar  does  not  coincide  with  its  centre  qffigurey 
but  deviates  from  it  in  a  certain  direction  by  a  certain  distance^ 
which  may  be  denoted  by  r^. 

In  this  case  the  strength  of  the  pillar  is  diminished  in  the  w^nm 
ratio  in  which  the  mean  intensity  of  the  pressure  is  less  than  tht 
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waTunnm    intensity;  that  is  to  say,  in  a  ratio  which  may  be 
denoted  by 

mean  intensity    __;?^ 

maximum  intensity"/;^* 

That  ratio  may  be  found  with  a  precision  sufficient  for  practical 
pnrpoeesiy  by  considering  the  pressure  at  any  cross  section  of  the 
pillar  as  an  uniforrrdy  varying  stress^  as  defined  in  Article  94. 
Conseqnently  the  following  is  tiie  process  to  be  pursued  : — 

Find,  by  the  methods  of  Article  95,  the  principal  axes  and 
moments  of  inertia  of  the  cross  section  of  the  pillar ;  and  thence 
determine  the  neutral  axis  conjugate  to  the  direction  of  the  devia- 
tion r^  Let  0  be  the  angle  made  by  that  axis  with  the  direction  of 
the  deviation  r^ ;  then  the  perpendicular  distance  of  the  centre  of 
pressure  from  the  neutral  axis  will  be 

jt^  =  ro  sin  /. 

find  the  moment  of  inertia  of  the  cross  section  relatively  to  the 
neutral  axis,  and  denote  it  by  I ;  tben  from  equations  1,  2,  and  4 
of  Article  94,  it  appears  that  if  o?!  be  the  greatest  pejji)endicular 
distance  of  the  edge  of  the  cross  section  from  the  neutnd  axis  in  the 
same  direction  with  x^  the  greatest  intensity  of  pressure  will  be 


inwhicih  a=:-=-=^Po*  f" 

P  being  the  total  pressure,  and  S  the  an 
piUar.     Consequen^y  the  ratio  required  is 

Pt  1 


(1.) 


.(2.) 


Pi      2  ,  gp^iS' 

Values  of  S,  for  certain  symmetrical  figures,  and  of  I  for  the 
principal  axes  of  these  figures,  have  already  beeoi  given  in  the  table 
of  Article  205,  from  which  are  computed  the  following  values  of  the 

fcctor  -J—  in  the  denominator  of  the  preceding  formula  : — 

X\  S 
FiouBE  OF  Cross  Sscnoir.  -j-. 

1  Bectangle,  hb;  h,  neutral  axis, )  6 

IL  Square,  A", / J- 

in.  Ellipee :  neutral  axis,  b ;  other  axis,  A ; )  8 

IV.  Cirde:  diameter.  A, j "J* 

z 
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V.  HoUov  rectangle :  outside  dimensions,  A,  &; )  QhQih — k'h') 
inside  dimensions^  A',  b' ;  neutral  axis,  6^..  J     A»5 i^«y  * 

6  A 
VI.  Hollow  square,  A* — A*, ^ A«"^Pa?"' 

Yn.  CSicular  ling :  diameter,  outside,  A ;  inside^  A',       ^ZLTvi' 


28&    lilMifrtiM  m€  Hkm  Pivceiliig  V^raiala. — The  foimulje   of 

ilie  preceding  Article  of  this  section  have  reference  to  direct  crash- 
ing only,  and  are  therefore  limited  in  their  application  to  those 
cases  in  which  the  piUars,  blocks,  or  struts  along  which  the  pres- 
Bore  acts  are  not  so  long  in  proportion  to  their  diameter  as  to  have 
a  sensible  tendency  to  be  crushed  by  bending.  Those  cases  eoaat- 
prehend — 

Stone  and  brick  pillars,  and  blocks  of  ordinary  proportions ; 

Pillars  and  struts  of  cast  iron,  in  which  the  loigth  is  not  more 
than  five  times  the  diameter,  approximately ; 

Pillars  and  struts  of  wrought  iron,  in  which  the  length  is  not 
more  than  ten  times  the  diameter,  approximately ; 

Pillars  and  struts  of  dry  timber,  in  which  the  length  is  not  mof« 
than  about  twenty  times  the  diameter. 

287.  €?niaidiH(  *■«  c«iiap^Bc  •f  Tabca. — ^Wheu  a  hollow  cylin- 
der is  exposed  to  a  pressure  from  without,  there  is  a  circumferen- 
tial thrust  round  it,  whose  greatest  intensity  takes  place  at  the 
inner  surfieu^  of  the  cylinder,  and  may  be  computed  by  suitably 
modifying  the  formulas  of  Article  273.  That  is  to  say,  let  B  and 
r  denote  respectively  the  outer  and  inner  radii  of  the  cylinder, 
^1  the  intensity  of  the  radial  pressure  from  without,  g^  that  of  the 
radial  pressure  from  within,  and  let  p^  now  denote,  not  a  tamon, 
but  a  trusty  viz.,  the  maximum  circumferential  thrust  which  acts 
roimd  the  inner  surface  of  the  cylinder.  Then  reversing  the  signs 
of  the  second  side  of  equation  6  of  Article  273,  we  obtain 

p. '  ^^V?""^- •••■•■"-<■•' 

When  the  pressure  from  within  is  null  or  insensible,  this  becomes 

Pq  —  R«  — ^' — ..V*/ 

and  supposing  the  material  to  give  way  hy  direct  enaking,  the 
proper  ratio  of  the  internal  to  the  external  radius  is  given  bj 
the  equation 
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i  =  V'-¥' (^-^ 


R       V  -     / 

9i  Mug  the  working,  proof,  or  crashing  external  pressure,  and  / 
the  workixig,  proof,  or  crushing  thrust  of  the  material,  as  the  case 
Mg^be. 

This  fomrala  giyes  correct  results  for  thick  hoUaw  ci/Unders.  But 
where  the  thickness  is  small  (as  in  the  internal  flues  of  boilers),  the 
cylinder  gives  way,  not  by  direct  crushing,  but  by  collapsing,  which, 
as  it  consists  in  an  alteration  of  figure,  is  analogous  to  crushing  by 
bending.  According  to  Mr.  Fairbaim's  experiments,  published  in 
the  Fhiioeophieal  Transttctions  for  1858,  the  intensity  of  the  pressure 
from  without  which  makes  a  thin  wrought  iron  tube  collapse  is  in- 
Tersely  as  the  length,  inversely  as  the  i-adius,  and  directly  as  the 
power  of  the  thicloiess  whose  index  is  2*19.  In  most  calculations 
for  practical  purposes,  the  square  of  the  thickness  may  be  used  in- 
stead of  that  power.  For  plate  iron  flues,  let  I  be  the  length,  d  the 
diameter,  i  the  thickness,  all  in  the  same  units  of  measure,  and  let 
q  be  the  collapsing  pressure  in  lbs.  on  the  square  inch ;  then 

y  =  9,672,000,4iiearly (1) 

la 

Mr.  FaiitMum  strengthens  long  flues  by  means  of  rings  of  T-iron  ; 
in  which  case  I  is  the  distance  between  two  adjacent  rings. 

Section  6. — On  Besistanee  to  Bending  a/nd  Gross-Breaking, 


288.  ghwiriMg  F«rce   sad   Bcadlag   HMBCBt  la  OcacnU.^ — ^It  has 

ahneady  been  shown,  in  Articles  141  and  142,  how  to  determine  the 
proportiofns  between  the  resultant  of  the  gross  load  of  a  beam  and 
the  two  forces  which  support  it, — ^whether  those  three  forces  are 
perpendicular  or  oblique  to  the  beam, — and  whether  they  are  par- 
allel or  inclined  to  each  other.  In  the  present  section  ^ose  cases 
alone  will  be  considered  in  which  the  loading  and  supporting  forces 
are  perpendicular  to  the  beam,  and  parallel  to  each  other,  and  in  one 
plane ;  for  such  forces  alone  tend  simply  to  bend  the  beam,  and  if 
sofficiently  great,  to  break  it  acros& 

In  Article  161  it  has  been  shown  how  to  determine  the  resist- 
ances exerted  by  the  pieces  of  a  frame  which  are  cut  by  an  ideal 
sectional  plane,  in  terms  of  the  forces  and  couples  which  act  on  one 
of  the  portions  into  which  that  plane  of  section  divides  the  frame ; 
and  in  Articles  162,  163,  164,  and  165,  that  vnethod  of  sections,  as 
>t  is  called,  has  been  applied  to  the  determination  of  the  stresses 
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acting  along  the  bai-s  of  half-lattice  or  Warren  girders  and  of  lattice 
giitlers. 

The  method  followed  in  determining  the  effect  of  a  transveiae 
load  on  a  continuous  beam  is  similar ;  except  that  the  rcsistanoe  at 
the  plane  section,  which  is  to  be  determined,  does  not  consiat  of  a 
finite  number  of  forces  acting  along  the  axes  of  certain  bars,  but  o£ 
a  distributed  stress,  acting  with  various  intensities,  and,  it  may  be, 
in  various  directions,  at  different  points  of  the  section  of  the  beam. 

In  what  follows,  the  load  of  the  beam  will  be  conceived  to  con- 
sist of  weights  acting  vertically  downwards,  and  the  supporting 
forces  will  also  be  conceived  to  be  vertical.  The  longitudinal  axis 
of  the  beam  being  perpendicular  to  the  applied  forces,  will  acooid- 
ingly  be  horizontal  The  conclusions  arrived  at  will  be  applicable 
to  cases  in  which  the  axis  of  the  beam  and  the  direction  of  the 
applied  forces  are  inclined,  so  long  as  they  are  perpendicular  to 
each  other. 

Let  any  point  in  the  longitudinal  axis  of  the  beam  be  taken  as 
the  origin  of  co-ordinates ;  and  at  a  given  horizontal  distance  x 
from  that  origin,  conceive  a  vertical  section  perpendicular  to  the 
longitudinal  axis  to  divide  the  beam  into  two  parts.     To  fix  the 

ideas,  let  horizontal  distances  to  the   <    •  i^x  ^  be  considered  as 

direction,  be  considered  as  {  ^^^^  }  ;  aiid  let  the  moments  of 

-P^-^  &^l}  according  as  they  are  {J^^t^^,^}. 

Let  F  denote  the  resultant  of  all  the  vertical  forces,  whether 
loading  or  suppoi-ting,  which  act  on  the  part  of  the  b^on  to  the 
left  of  the  vertical  plane  of  section,  and  let  x'  be  the  horizontal 
distance  of  the  line  of  action  of  that  resultant  from  the  origin. 

If  the  beam  is  strong  enough  to  sustain  the  forces  applied  to  it^ 
there  will  be  a  shearing  stress  whose  amount  is  equal  to  F,  distri- 
buted (in  what  manner  will  afterwards  appear)  over  the  given 
vertical  section;  and  that  shearing  stress,  or  vertical  lesiatanoe^ 
will  constitute^  along  with  the  applied  force  F,  a  couple  whose 
moment  is 

M  =  F(af-aj) (1.) 

This  is  called  the  bending  moment  or  moment  of  flexure  of  the  beam 
at  the  vertical  section  in  question ;  and  it  is  resisted  by  the  normal 
stress  at  that  section,  in  a  manner  to  be  explained  in  the  sequel 

If  thi  bending  moment  is  |  ^^^  I ,  it  tends  to  make  the 
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cvriginallj  straight  lojagitndinal  axis  of  the  beam  become  concave 

{upwards    ) 
downwards )  * 

The  determination  of  the  magnitude  and  position  of  the  resultant 
V  consists  simply  in  finding  the  resultant  of  a  number  of  parallel 
forces  in  one  plane,  as  explained  in  Article  44,  the  supporting 
forces  having  first  been  found  by  the  principles  of  Articles  39  and 
141.  These  processes  are  expressed  by  general  formulae  as  fol- 
lows : — 

Cass  1.  The  load  applied  at  detaclied  points, — Let  W  denote  one 
of  the  weights  of  which  the  load  consists ;  x"  its  horizontal  distance 
£rom  the  origin ;  then 

—  3  *  W  is  the  total  load,  made  negative  as  acting  downwards ; 
and 

—  s  •  «•  W  is  its  moment  relatively  to  the  origin. 

liet  Xi  and  x,  be  the  horizontal  distance  of  the  points  of  support 
from  the  origin,  and  let  P],  P,,  be  the  supporting  forces ;  then  to 
determine  those  forces  we  have  the  conditions  of  equilibrium 

Pi  +  P,-  s-W  =  0; 

«iP, +  a:jPa  -  s-ic'W  =  0; 

from  which  foUow  the  equations 


Pl  = 


P.= 


Xg .  **"  fl5| 

X,  1  •  W  -  J  • «'  W 


(2.) 


a?!  —  X, 

To  show  how  the  shearing  force  and  moment  of  flexure  at  any 
cross  section  are  found,  let  W  be  applied  to  the  left  of  the  origin, 
and  let  the  plane  of  section,  whose  distance  from  the  origin  is  rr,  lie 
between  P,  and  P, ;  then  the  force  acting  on  the  beam  to  the  left 
of  X  will  be 

F  =  Pi-3jW; 

and  the  moment  of  flexure  - (3.) 

M  =  («i-j;)P,  -  2?-(a:"-a:)W; 

the  symbol  2;>  *  denoting  in  each  case,  that  the  summation  extends 
to  that  port  of  the  beam  only  which  lies  between  the  given  plane 
of  vertiod  section  and  the  point  of  support  (if  any)  to  the  left  of 
that  plane. 

Case  2.  J7ie  load  conHnuotielf/  distributed. — On  any  indefinitely 
abort  division  of  the  beam  whose  length  iA  dx^  and  distance  &om 
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the  origin  x^,  let  the  intensity  of  the  load  per  unit  of  length  be  w. 
Then  in  the  equations  2  and  3,  given  above^  it  is  only  necessary  to 

substitute  wdxior  W,  and  the  sign  i  for  the  sign  x 

289.  In  BcuM  Fixed  at  One  End  Oaiy*  and  loaded  on  the  pro- 
jecting portion^  as  in  fig.  67  of  Article  141,  and  figs.  133  to  136  of 
a  subsequent  Article,  the  shearing  force  and  moment  of  flexure  can 
be  determined  for  any  vertical  section  of  the  projecting  part  of 
the  beam,  without  considering  the  supporting  pressures. 

Let  the  plane  at  which  the  beam  is  fixed  be  taken  as  the  oxigin ; 
let  c  be  the  length  of  the  projecting  part  of  the  beam.  The  resnlts 
in  the  cases  most  important  in  practice  are  given  in  the  finlloinng 
table : — 


SHXAXQia  Foscs 
F 


Anywlieie. 


I.   Loaded  at  extreme 
end  with  W....... 

II.   Uniform  load  of  in- 
tensity v, 

III.   Uniform  load  of  in- 
tensity 10,  and  ad- 
ditional   load    at 
.  extreme  end  W', 


Greatest 


Anywberei 
M 


— W 


— w(o — «) 


— W— «p(c-^t) 


— W 


— W 


>-^W 


jW 


w(e — xy 

i 


2 


2 


-Vc 


290.  In  Beams  Supported  at  Beth  Bade,  and  loaded  on  the  inter- 
mediate portion,  like  those  represented  in  fig.  66  of  Article  141, 
and  in  figs.  138  and  140  of  a  subsequent  Article,  it  is  most  conve- 
nient to  take  the  middle  of  the  beam  as  the  origin  of  co-ordinates. 
Then  let  c  denote  the  half-spcm  of  the  beam,  so  that  2  c  is  the  9pcm^ 
or  distance  between  the  points  of  support  j  the  positions  of  tiiose 
points  will  be  expressed  by 


a?!  =  c;  rcj  =  — c;  a^— «^  =  2c;. 


.(1.) 


which  substitutions  convert  equation  2  of  Article  288  into  the 
following  :-— 


^'  "  ~2  U"'  J 


(2.) 
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If  the  load  is  sjmmetrieally  distaibated, 

3«"W=  0, 
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and 


p.  =  p.  = 


2-W 


=  sJ-W. 


.(2  a.) 


.} 


(3.) 


The  equations  3  of  Article  288  also  become 

P  =  P,  —  2  •  •  "W  • 

and  for  a  symmetrically  distributed  load, 

F  =  3j-W;  M  =  (c-x)2j-W-3:-(ar-a;)W....(3  a.) 

The  results  in  the  cases  most  important  in  practice  are  given  in 
the  follo^ving  table : — 


Sbxaxiho  Fobcs 
F 

Bkxdivo  Uomknt 
M 

ABTwbeRL 
F 

GrratMt 
Fi  or  F, 

AiiTwbaraL 
H 

GvtMtttL 
M,  or  M'. 

IT.  fimi^  VMd,  W,  In 
middle 

LA  of  0 ^ 

BIgbt  of  0,^... 

Y.  Single  kad,  W,  ap- 
pttedsta^— 

Bight  of  1^, 

TL  ITirfftrm  loid  of  iii- 
tenaty.w, 

¥ 
w 

W 
2 
W 

2 

* 

S 

4 

eW 
2   ""• 

(c+aOW 

2c 
-(c-a^W 

(c+aOW 

2e 
-(c^aOW 

(c+aO(i>-«)W 

(c»-^if«)W 

2c 

(e_ar^(c+x)W 

2c 
^M'ata/* 

2c 

2c 

2c 

wx 

fSO 

it<c»-Hr») 
2 

291.    »■■■■!■  •£  F1«nnw   In  Tcnas  •£  JLmA  rad  Iieaglk.^ — For 

practical  porpoees,  it  is  often  conTenient  to  express  the  greatest 
bending  moment  of  a  beam  in  terms  of  the  total  load,  W,  and  unr 
mpported  lengthj  I,  of  a  beam,  by  means  of  a  formula  of  this  kind, 

Mo  =  mWi, (1.) 

where  m  is  a  numerical  £Eu;ton     For  beams  fixed  at  one  end,  l=c; 


Y.  Beam  su 
from  the 
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for  beams  supported  at  both  ends,  i  =  2c=  the  span  ;  for  an  uniform 
load,  W  =  wL  Hence,  compaxing  equation  1  with  Examples  L, 
II.,  IV.,  v.,  and  VI.  of  Articles  289  and  290,  we  find  the  follow- 
ing values  of  the  factor  m : — 

m 
L  Beam  fixed  at  one  end,  loaded  at  the  other, !• 

II.  Beam  fixed  at  one  end,  loaded  uniformly, =. 

IV.  Beam  supported  at  both  ends,  loaded  in  the  )  1 

middle, j  4* 

pported  at  both  ends,  loaded  at  a" )    1  /      ix"^ 
he  middle, J   l\         I*  A 

VL  Beam  suppoi-ted  at  both  ends,  uniformly  loaded,  ?-. 

292.  VniTwrn  H^nicnt  •f  Ficxare. — ^If  a  pair  of  equal  and  oppo- 
site couples,  acting  in  the  same  longitudinal  plane,  be  implied  at 
or  near  the  ends  of  a  beam,  the  part  of  the  beam  intermediate 
between  the  portions  to  which  the  couples  are  applied  is  under  the 
influence  of  an  uniform  momerU  offiexv/re^  and  of  no  sJiearing  fares. 

An  illustration  of  this  is  the  condition  of  that  part  of  the  axle 
of  a  railway  carriage  which  lies  between  the  pair  of  wheels,  if  the 
bearings  are  outside  of  the  wheels,  or  between  the  bearings  if  the 
bearings  are  inside  of  the  wheels.     Let  W  be  the  weight  which 

W 

rests  on  one  pair  of  wheels ;  then  -^  is  the  weight  resting  on  each 

wheel,  and  on  each  bearing.  Let  I  be  the  distance  firom  the  centre 
of  each  wheel  to  the  middle  of  the  adjoining  bearing.  Then  a  pair 
of  equal  and  opposite  couples,  each  of  the  moment^ 

2  ' 

are  applied  to  the  two  ends  of  the  axle ;  and  this  is  the  nnifoim 
moment  of  flexure  of  the  portion  of  the  axle  lying  between  the 
portions  acted  upon  by  the  forces  which  constitute  the  couples; 
and  the  shearing  force  on  the  same  portion  is  nulL 

293.  R«aiataBc«  of  Fiexare  means,  the  moment  of  the  resistanoe 
which  a  beam  opposes  to  being  bent  or  broken  across ;  and  if  the 
beam  is  strong  enough,  that  moment,  at  each  cross  section  of  the 
beam,  is  equsd  and  opposite  to  the  moment  of  the  bending  forces 
at  the  same  cross  section. 
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Let  fig.  130  represent  a  side  view  of  part  of  a  beam  which  is  of 
imiform  cross  section,  and  which  is  sub- 

jected  to  an  uniform  moment  of  flexure ;         ^7-- •'"T^ 

and  let  fig.  130*  represent  the  cross  sec-        "i/-^.  -A-'' 

tion  of  the  same  beam.    It  is  self-evident   e  i::;/.!*"  "iljbjc* 

that  the  curvature  produced  in  the  part  ^-^Ci^^^==r=^^C^ 

of  the  beam  in  question  must  be  imiform ;        ^  | ^* 

that  is  to  say,  that  any  longitudinal  line  in  ^'ff-  ^^^' 

the  beam,  such  as  its  upper  edge  A  A',  or  its  lower 

edge  B  B',  which  in  the  free  condition  of  the  beam      r 1 

is  straight^  must  be  bent  into  an  arc  of  a  circle  ;  and       N.    ^^ 
that  any  surface  originally  plane  and  longitudinal,    **      V T      ^ 
and  perpendicular  to  the  plane  in  which  the  curva-  cj— I 

ture  takes  place,  such  as  the  upper  surface  A  A',  or  CZJ 

the  lower  surface  B  B',  must  be  bent  into  a  cylin-       p.    ^qq* 
drical  form ;  and  the  cylindrical  surfaces  so  produced 
will  have  a  conmion  axis.   Any  two  transverse  sectional  planes,  such 
as  A  B  and  A'  B',  which  in  the  free  state  of  the  beam  are  parallel  to 
each  other,  will  have,  in  the  curved  state  of  the  beam,  positions 
radiating  fit)m  the  axis  of  curvature. 

Therefore,  if  the  portion  of  the  beam  between  the  transverse 
planes  A  B,  A'  B',  be  conceived  to  be  divided  into  layers,  such  as 
0  C\  originally  plane,  poi'allel,  and  of  equal  length,  these  layers, 
in  the  bent  condition  of  the  beam,  must  have  lengths  proportional 
to  their  distances  from  the  axis  of  curvature.  The  layers  near  the 
concave  side  of  the  beam,  A  A'^  are  shortened  by  the  bending,  and 
the  layers  near  the  convex  side,  B  B',  lengthened ;  and  there  must 
be  some  intermediate  layer  which  is  neither  lengthened  nor  short- 
ened, but  preserves  its  free  length.  Let  O  O'  be  the  surface  origi- 
nally plane,  now  curved,  at  which  that  layer  is  situated ;  this  is 
called  the  neutral  mr/ace  of  the  beam,  and  the  line  O  O,  fig.  130*, 
in  which  it  intersects  a  given  cross  section,  is  called  the  neutral 
axis  of  that  section. 

The  direct  strainSy  or  proportionate  elongations  and  compressions, 
of  the  layers  of  the  beuii  are  propoi'tional  to  their  distances  below 
and  above  the  neutral  surface ;  and  hence,  within  the  limits  of 
proof  stress,  the  direct  stresses,  or  tensions  and  pressures,  at  the 
different  points  of  the  cross  section  A  B,  fig.  130*,  hare  intensities 
sensibly  proportional  to  Oieir  distances  from  tfte  neutral  axis  O  O. 

Therefore  the  direct  stress  at  each  section,  such  as  A  B,  whose 
moment  constitutes  the  resistance  to  hending,  is  an  uniforvdy-vary' 
ing  stress^  as  defined  in  Article  91  ;  and  in  order  that  the  hmgir 
iudinal  restUtamt  of  that  stress  may  be  null,  the  neutral  axis  (as 
shown  in  that  Article)  must  titiverse  the  centre  of  gravity  qf  the 
cross  section  A  B. 
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The  momenl  of  a  bending  stress  has  already  been  given  in  Aitide 
92,  equations  3  and  4 ;  and  the  methods  of  determining  the  inte- 
grals I  and  K,  which  occur  in  those  equations,  have  been  explained 
and  illustrated  in  Article  95. 

To  apply  the  equations  of  those  Articles  to  the  present  purpose, 
let  p  be  the  intensity  of  the  direct  stress  at  a  layer  of  the  beam 
whose  distance  from  the  neutral  axis  is  y :  height  above  the  neutzal 
axis  being  considered  as  positive,  and  depth  below  it  as  negative: 
Then  because  a  moment  of  flexure  tendii^  to  make  the  beam  con- 
cave upwards  has  been  treated  as  positive,  it  is  convenient,  in  order 
to  avoid  the  imnecessary  use  of  negative  signs,  to  consider  the  oon- 

stant  ratio  ^  as  positive  when  it  is  such  as  to  give  resistance  to  an 

upward  moment  of  flexure ;  that  is,  when  p  is  a  thrust  for  positive 
values  of  y,  and  a  pull  for  negative  values ;  consequently,  p  is  to 

be  considered  aa  {  P^^4  }  according  as  it  is  a  {  ^5J*- 1 

This  being  understood,  we  have,  for  the  moment  of  the  resistance 
opposed  by  the  beam  to  bending, 

M=|.V(I'  +  K»); (1.) 

and  for  the  angle  made  by  the  neutral  axis  with  the  direction  of 
the  axes  of  the  bending  couples, 

f*  =  —  arc  •  tan  y; (2.) 

I  and  K  being  found  by  the  methods  of  Article  95. 

In  some  cases,  a  more  convenient  form  of  equation  2  is  that 
which  gives  ^,  the  angle  made  by  the  neutral  axis  with  its  oonJM- 
gcUe  axis,  in  which  the  plane  of  the  bending  forces  cuts  the  plane 
of  section  A  B,  viz. : — 

cotan  •^  =  Y  (3-) 

In  almost  eveiy  case  which  occurs  in  practice,  the  plane  of  the 
bending  forces  cuts  each  cross  section  of  the  beam  in  one  or  other 
of  its  principal  aaceSy  for  which  K  =  0,  ^  =  0,  ^s=  90^  j  and  then  eqnft* 
tion  1  becomes 

M=^ (1) 

y 

In  beams  whose  transverse  sections  and  moments  of  flexure  are  not 
uniform,  no  error  appreciable  in  practice  is  produced  by  applying 
equation  4  to  each  cross  section,  and  to  the  moment  of  flexure  whk^ 


TRAK8VSBSE  BTBENOTOi  315 

acts  upon  it,  as  if  the  given  section  and  moment  belonged  to  an 
uniform  "beain  with  an  imiform  moment  of  flexure. 

294.  The  TnuMTcne  Sorcagth  of  a  beam,  ultimate,  proof,  or  work- 
ing, as  the  case  may  be,  is  the  load  required  to  bieak  it  across,  or 
to  produce  the  proof  stress  or  the  working  stress,  as  the  case  may 
be.  It  18  found  by  equating  the  greatest  moment  of  flexure,  ex- 
pressed in  terms  of  the  load  and  length,  as  in  Article  291,  to  the 
moment  of  resistance  at  the  cross  section  twhere  that  moment  of 
flexure  acts :  such  moment  of  resistance  being  found  from  the  equar 
tions  of  Article  293,  by  putting  for  p  the  ultimate,  proof,  or 
working  direct  stress  of  the  material,  as  the  case  may  be,  and  for 
y  the  distance  from  the  neutral  axis  to  the  point  in  the  given  cross 
section  where  the  limiting  stress  p  is  first  attained.     That  point 

will  be  at  the  <  coi^ca^^  (  ^^q  ^f  ^^  beam,  according  as  the  mate- 

I  convex   \  r  \ 

.  ,    .  ^      .        j-i    X    f  pressure.  I 

nal  gives  way  most  readily  to  |  J^jj^^j^^    | 

In  fig.  131,  A  represents  a  beam  of  a  granular  material,  like  cast 
iron,  giving  way  by  the  crushing 
of  the  concave  side,  out  of  which 
a  sort  of  wedge  is  forced.     B  re- 

IM^esents  a  b^un  giving  way  by  '  a" 

the  tearing  asunder  of  the  con-  F|g.  18L 

vex  side. 

In  a  beam  symmetrical  above  and  below,  or  otherwise  of  such  a 
form  that  the  neutral  axis  is  at  the  middle  of  the  depth  of  the 
cross  section,  if  A  is  that  depth, 

and  the  limiting  value  of  p  is  the  resistance  to  pressure  or  to  ten* 
sion,  whichever  is  least. 
For  other  forms  of  section,  let 

y  =  ^«  for  the  concave  side ;  and 
=  y»  for  the  convex  side ; 

and  let  the  limiting  stresses  be 

p  =/^  for  pressure  ;  and 
=^  for  tension; 

then  the  beam  will  give  way  by  <  ^^^         >  according  as  ^  is 

{^}^  J - (') 

This  point  having  been  determined,  the  equation  from  which  the 
stgrength  of  the  beam  may  be  found  is 
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Mo=  w  W;  =  ^ (2.) 

y 

Wlien  the  breaking  load  is  in  question,  the  co-ej£cienty  is  T^hat 
IS  called  the  Ttioduiiis  of  rupture  of  the  material.  It  does  not  always 
agi-cc  mth  the  resistance  of  the  same  material  to  direct  crushing  ur 
direct  tearing,  but  has  a  special  value,  which  can  be  found  by 
experiments  on  cross-breaking  only.  One  of  the  causes  of  this 
phenomenon  is  probably  the  fact,  already  stated  in  Article  2d7, 
that  the  resistance  of  a  material  to  a  direct  stress  is  increased  by 
preventing  or  diminishing  the  alteration  of  its  transverse  dimen- 
sions ;  and  another  cause  insij  be  the  fact,  that  the  strength  of 
masses  of  metal,  especially  when  cast,  is  greater  in  the  cxtemal 
layer,  or  shiny  than  in  the  interior  of  the  mass.  When  a  bar  is 
directly  torn  asunder,  the  strength  indicated  is  that  of  the  weakest 
part  of  the  mass,  which  is  in  the  centre ;  when  it  is  broken  across, 
the  strength  indicated  is  that  either  of  the  skin,  which  is  the 
strongest  part,  or  of  some  part  near  the  skin  (See  the  Article  29G). 

When  file  proof  load  or  vxyrkmg  load  is  in  question,  the  co-effi- 
cient y  is  the  modulus  of  rupture  divided  by  a  suitable  fadof  of 
iafety,  as  to  which  see  Article  247. 

295.   Tmniircrwc  Sircn^h  in  TcroM  of  Breadth  a«dl  Drptlu — Fiom 

the  principles  explained  in  Article  95,  it  is  obvious  that  the 
moments  of  inertia,  I,  of  similar  sections  are  to  each  other  as  the 
breadths,  and  as  the  cubes  of  the  depth&  If,  therefore,  6  be  the 
breadth,  and  h  the  depth,  of  the  rectangle  circumscribing  the  cross 
section  of  a  given  beam  at  the  point  where  the  moment  of  flexare 
is  greatest,  we  may  put 

I  =  n'6/*' (1.) 

n'  being  a  numerical  factor  depending  on  the  form  of  the  scctioc. 
It  is  also  evident,  that  for  similar  figures,  the  values  of  y  are  ai 
the  depths ;  so  that  we  may  put 

y^n^h (2.) 

mS  being  another  numerical  factor  depending  on  the  form  of  section. 
If  the  section  is  symmetrical  above  and  below,  m'  =  \,  Thus  it 
appears,  that  the  resistances  of  flexure  ofsifmlar  cross  sections  an 
as  t/ieir  breadths  and  as  tlie  squares  of  their  depths^  and  that  equation 
2  of  Article  294,  which  expresses  equality  between  the  greatest 
moment  of  flexure,  as  stated  in  terms  of  the  load  and  length,  and 
the  i-esistance  of  the  cross  section  where  that  moment  acts,  is  equi- 
valent to  the  following  : — 

Mo  =  mWl  =  nfbh^ (1) 
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n 


where  »  =  —  is  a  numerical  factor  depending  on  the  form  of  cross 

section  of  the  beam,  and  m  is  the  numerical  factor  depending  on 
the  mode  of  distribution  of  the  loading  and  supporting  foi-ces,  of 
which  examples  have  been  given  in  Article  291. 

The  following  table  gives  examples  of  the  values  of  the  three 
fiictors,  iVj  m'f  n,  for  some  of  the  more  usual  forms  of  cross  section : 


Fork  op  Oboss  Sectiok& 
T.  Rectftnurle  fr  A,  . . , , ,  x .  *  -  ) 

"  =  6*5 

1 

2 

I 

1 

1 
6 

(including  square)        j 

n.  Ellipse— 

Vertical  axis  hy \ 

Horizontal  axis  6,  ...  > 
(including  circle)     j 

lUL  Hollow  rectangle,  h  h 
— h'Kj  also  I-formed 
section,  where  6' is  the  • 
sum  of  the  breadths  of 
the  lateral  hollows, . . . 

IV.  Hollow  square—           ) 
h^^h'^ / 

V.  Hollow  ellipse, 

VL  Hollow  circle.  . . . . ,  r . . , 

«•      1 

64  "  20-4 
=  00491 

1 
2 

X           1 

32  "10-2 

=   0  09S2 

12V       ftAV 

\ 

6  \       hlv^) 

1   (l^^l\ 
12  V       W 

1 

2 

t     1 
'2 

1    /,     K\  1 
6   0-aO| 

1   {\-y-^^\ 
20-4  V        hhV 

10-2V        tWi 

1    fl-^'^       1 

1  fi-'i-'V 

10-2  \       AV 

1 

1 

20-4\        W 

2 

In  using  the  equation  3  for  any  of  the  purposes  to  which  it  may 
he  applied — such  as  computing  the  strength  of  a  beam  of  which 
the  dimensions  and  figure  are  given,  or  fixing  the  transverse  dimen- 
sions of  a  beam  of  which  the  strength,  length,  and  figure  are  given 
— care  is  to  be  taken  to  use  the  aawA  unit  of  measure  throughout 
the  calculation;  that  is  to  say,  when  the  transverse  dimensions,  as 
is  usually  the  case,  are  stated  in  inches,  and  the  co-efficient  of 
strength  /in  pounds  on  the  square  inch,  the  length  /  should  be 
stated  in  inches  also.  This  caution  is  necessary  on  account  of  that 
^▼ersity  of  units  which  is  characteristic  of  British  measures. 

296.   A  TaMe  •£  tka  BmIMsbco  mC  IHiitcriala  im  Mrmmhimg  Acmm 

is  given  at  the  end  of  the  volume.     It  gives  values  of  the  modulus 
of  mptttre,  being  that  for  which  the  co-efficient/ stands  in  Article 
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294,  equation  2,  and  in  Article  295,  equation  3,  when  m  W  ^  is  ^ 
breaking  moment.  It  will  be  observed|  that  this  modtdus  is,  for 
most  materials,  intennediate  between  the  tenadtj  and  the  resistance 
to  direct  crushing. 

297.  Com  Iron  Bomis^ — ^The  values  of  the  modulus  of  rapture 
for  cast  iron  require  special  remark.  It  had  for  some  time  been 
known,  that  while  the  direct  tenacity  of  cast  iron  (as  determined  by 
Mr.  Hodgkinson)  is  on  an  average  16,500  lbs.  per  square  inch,  the 
modulus  of  rupture  of  rectangular  cast  iron  beiuns  is  on  an  average 
about  40,000  lbs.  per  square  inch,  or  two  and  a-half  times  as  great 
This 'was  supposed  to  be  accoimted  for  by  the  assumption^  th«b  tiie 
stress  on  a  cross  section  of  a  cast  iron  beam  is  not  an  uniformly 
varying  stress,  and  that  the  neutral  axis  does  not  traverse  the 
centre  of  gravity  of  the  section.  But  in  1855,  Mr.  William  Heniy 
Barlow,  by  experiments  of  which  an  account  is  published  in  the 
Philosophical  Transactions  for  that  year,  showed, — ^in  the  first  place, 
that  the  stress  is  an  uniformly  varying  stress,  and  that  the  neutral 
axis,  in  symmetrical  sections  at  all  events,  traverses  the  centre  of 
gravity  of  the  section, — and  in  the  second  place,  that  the  modulus 
of  rupture  has  various  values,  ranging  from  the  mere  direct  tenacity 
of  the  iron  up  to  about  two  and  a-third  times  that  teaoacity,  accord- 
ing to  the  figure  of  the  cross  section  of  the  beam. 

The  beams  on  which  the  experiments  of  Mr.  Barlow,  now  referred 
to,  were  made,  were  in  some  cases  of  a  solid  rectangular  section, 
and  in  other  cases  of  an  open-work  rectangular  section,  consistiDg  of 
equal  rectangular  upper  and  lower  horizontal  bars,  with  alternate 
open  spaces  and  vertical  connecting  bars  between.  As  far  as  thoae 
experiments  went,  they  were  in  accordance  with  the  following 
empirical  formula : — 

/=/.+/ -f, (1.) 

where/  is  the  modulus  of  rupture  of  the  beam  in  question;  /^  the 
direct  tenacity  of  the  iron  of  which  it  is  made ;  /',  a  co-efficient 

determined  empirically ;  and  -7- ,  the  ratio  which  the  depih  qf  solid 

ft 

metal  H  in  the  cross  section  of  the  beam  bears  to  the  toial  dqtth  0/ 

section  h.     The  following  were  the  values  of  the  constants  for  the 

cast  iron  experimented  on  : — 

Direct  tenacity,     /^  =r  18,750  lbs.  per  square  inch ;  \ 

/=  23,000  lbs.  per  square  inch;  I (i) 

=  1^^  nearly.  J 

Mr.  Barlow  has  since  made  further  experiments  on  east  inai 
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beams  of  various  forms  of  section,  and  also  experiments  on  wrought 
iron  beams,  showing,  though  not  so  conclusively,  variations  in  the 
modulus  of  rupture  of  wrought  iron  analogous  to  those  which  have 
been  proved  to  exist  in  the  case  of  cast  iron ;  but  as  those  further 
experiments,  though  communicated  to  the  Kojal  Society,  have  not 
yet  been  published  in  detail,  it  would  be  premature  to  make  remarks 
on  tliem  here, 

Mr.  Barlow  has  proposed  a  theory  of  those  phenomena,  to  the 
effect  that  the  curvature  of  the  layers  of  the  beam  produces  a 
peculiar  kind  of  resistance  to  bending,  distinct  from  that  which 
arises  from  the  direct  elasticity;  and  he  adduces  in  support  of  that 
theory  the  &ct  that  the  additional  strength  represented  by  the 
second  term  of  equation  1  increases  with  the  ultimate  curvature  of 
the  beam ;  that  is,  its  curvature  just  before  breaking.  Another 
conceivable  theory  has  already  been  mentioned  in  Article  294,  viz., 
that  the  strength  of  a  metal  bar,  and  in  particular  of  a  cast  iron 
bar,  is  greatest  at  the  skin,  and  diminished  towards  the  interior ; 
that  the  tenacity  found  by  directly  tearing  a  bar  asunder,  y^,  is  the 
tenacity  of  the  interior;  that  the  modulus  of  rupture  of  a  solid 
rectangular  beam,yo  +  /'y  i^  the  tenacity  of  the  skin,  and  that  the 
modulus  of  rupture  of  an  open-work  beam  is  the  tenacity  at  a 
distance  finom  the  skin  depending  on  the  form  of  section.  But  until 
conclusive  experimental  data  shall  have  been  obtained,  all  theories 
on  the  subject  must  be  considered  as  provisional  only. 

298.  The  Sccttoa    of  E^nol  Strc«clh    for   CaM  Imb  Mtmmtm  waS 

first  proposed  by  Mr.  Hodgkinson,  in  consequence 

of  his  d£3C0very  of  the  fact,  that  the  resistance  of 

cast  iron  to  direct  crushing  is  more  than  six  times 

its  resistance  to  tearing.     It  consists,  as  in  fig.  132, 

of  a  lower  flange  B,  an  upper  flange  A,  and  a  vertical   o- 

web  connecting  theuL     The  sectional  area  of  the 

lower  flange,  which  is  subjected  to  tension,  is  nearly 

six  times  ^t  of  the  upper  flange,  which  is  subjected         ^'  ^^^' 

to  thrust.     In  order  that  the  beam,  when  cast,  may  not  be  liable 

to  crack  fitmi  unequal  cooling,  the  vertical  web  has  a  thickness  at 

its  lower  side  equal  to  that  of  the  lower  flange,  and  at  its  upper 

side  equal  to  that  of  the  upper  flange. 

The  tendency  of  beams  of  this  class  to  break  by  tearing  of  the 
lower  flange  is  slightly  greater  than  the  tendency  to  break  by 
crushing  of  the  upper  flange ;  and  their  modulus  of  rupture  is  equal, 
or  nearly  equal,  to  the  direct  tenacity  of  the  iron  of  which  they  are 
made,  b^ng,  on  an  average  of  different  kinds  of  iron,  16,500  lbs. 
per  square  inch. 

Let  the  areas  and  depths  of  the  parts  of  which  the  section  in  fig. 
132  consists  be  denoted  as  follows : — 
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Areas.  Depths^ 

Upi>er  flange, A^,  A^. 

Lower  flange, Ag,  Aj. 

Vertical  web, A3,  Ay 

Totals,...Aj4.  A2  + A3  =  A,Aj  +  h^  +  h^=zk 

No  appreciable  error  will  arise  from  treating  the  section  of  the 
vei-tical  web  as  rectangular  instead  of  trapezoidal.  The  height  of 
the  neutral  axis  above  the  lower  side  of  this  section  is 

h  _  (A3  +  \)  Ag>-(As+7g  A^-(/i2  ■  7^)  A, n  ) 

Then  by  applying  the  formula  of  Article  95,  Example  VI.,  to  thb 
cajse,  the  moment  of  inertia  of  the  section  is  found  to  be  as  follows: — 

+  Aj  A,  (Aj  +  As)*  +  A,  A,  (&j  +  A,)*  }  ; (2.) 

and  the  strength  of  the  beam  is  expressed  by  the  equation 

Mo  =  mWZ=:/'^I (3.) 

It  is  seldom  necessary,  however,  to  use  the  formulae  1  and  3  in 
all  their  complexity;  the  following  approximate  formula  being 
usually  sufficiently  near  the  truth  for  practical  purposes,  and  its 
eiTor  being  on  the  safe  side.  Let  A'  bo  the  depth  from  the  middle 
of  the  upper  flange  to  the  middle  of  the  lower  flange ;  then 

MQ=zmWl=/,h'A^ (4.) 

299.  BouMs  of  Vnifmnu  SurcButh  are  those  in  which  the  dimen- 
sions of  the  cross  section 
'^  ^^     '  are  varied  in  such  a  man- 

ner, that  its  ultimate  or 
proof  resistance  bears  at 
each  point  of  the  beam  the 
same  proportion  to  the 
moment  of  flexure.  That 
resistance,  for  figures  of 
the  same  kind,  b^g  pro- 
portional to  the  breadth 
and  to  the  square  of  the 
depth,  can  be  varied  either 
by  varying  the  breadth* 
the  depth,  or  botL     The 


Fig.  188. 


Fig.  13i. 


Fig.l8S. 


Fig.  186. 
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kw  of  Yariation  depends  upon  the  mode  of  variation  of  the  moment 
of  flexure  of  the  b^m  from  point  to  point,  and  this  depends  on  the 


Fig.  137. 


Fi«.  188. 


Fig.  189. 


Fig.  140. 


distribution  of  the  load  and  of  the  supporting  forces,  in  a  way 
which  has  been  exemplified  in  Articles  289  and  290.  When  the 
depth  of  the  beam  is  made  uniform,  and  the  breadth  varied,  the 
▼ertical  longitudinal  section  is  rectaiigtdar,  and  the  plan  is  of  a 
figure  depending  on  the  mode  of  variation  of  the  breadth.  When 
the  breadth  of  the  beam  is  made  uniform,  and  the  depth  varied, 
the  plan  is  rectangular,  and  the  vertical  longitudinal  section  is  of  a 
figure  depending  on  the  mode  of  variation  of  the  depth.  The 
following  table  gives  examples  of  the  results  of  those  principles  : — 


Mode  of  Loading 
iiid  SvppovtSng. 

»*». 

Depth  h  constant; 
Figure  of  Plan. 

Breadth  b  oonitaut; 

Figure  of 

VertlcalLoncitndlnal 

SecUon. 

L  (Figs.  183,  184). 
ruedatA,1oad- 
fldatB, 

Diitanca  from  B. 

Triangle,  apex  at 
'  B,  fig.  188. 

Parabola,  vertex 
at  B,  fig.  184. 

IL  (F<gB.  185, 186). 
nzedatA,imi- 
formlj  loaded,... 

IlL  (Ttga.  187,  188). 
Supported  at  A 
and  B,  loaded  at 
c 

Sqoare  of  distance 
from  B. 

Pair  of  parabolas, 

vertioes  toachtng 

each  other  at  B, 

fig.  185. 

Triangle,  apex  at 
B,  fig.  186. 

DistaDoe  from 

a^Acent  point  ot 

sappoit. 

Pair  of  triangles, 

common  base  at 

G,  apices  at  A  and 

B,  fig.  187. 

Pair  of  parabolas, 

vertices  at  A  and 

B,  meeting  at  C, 

fig.  188. 

IV.  (F!g«.  139,  140> 
Sopported  at  A 
andBiimilbniilj 
loaded^. 

FrodoctofdV 

tarces  from  points 

of  support 

Pair  of  parabdUs, 

vertices  at  C,  C, 

in  middle  of  beam ; 

common  base  A  B, 

Ellipse  A  D  B, 
fig.  140. 

fig.  189. 
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The  foimtilfle  and  figures  for  a  congtant  depth  are  applicable  to  tiie 
breadths  of  the  flanges  of  the  j[-shaped  girders  described  in  Artide 
298.  In  applying  the  principles  of  this  Article,  it  is  to  be  borne 
in  mind,  that  the  shearing  force  has  not  yet  been  taken  into  acconnt; 
and  that,  consequently,  the  figures  described  in  the  above  table 
require,  at  and  near  the  places  where  they  taper  to  edges,  some 
additional  material  to  enable  them  to  withstand  that  force.  In 
figs.  137  and  139,  such  additional  material  is  shown,  disposed  ia 
the  form  of  projections  or  palms  at  the  points  of  support,  which 
serve  both  to  resist  the  shearing  force,  and  to  give  lateral  st^diness 
to  the  beams. 

300.  Proof  ]>eflectioii  of  Bcnins. — Reverting  to  fig,  130,  it  is 
evident  that  if  »  represents  the  proportionate  elongation  of  the 
layer  C  C,  whose  distance  from  the  neutral  surface  O  (X  is  y,  and 
if  r  be  the  radius  of  curvature  of  the  neutral  surface,  we  must  have 

l:l  +  »::r:r  +  y; 
and  consequently,  the  radius  of  curvature  is 

and  the  cwrvaiure,  which  is  the  reciprocal  of  the  radius  of  cnrvatare^ 
is  expressed  by  the  equation 

Jjetphe  the  direct  stress  at  the  layer  0 Cf,  and  E  the moduha 
of  elasticity  of  the  material;  then  «  =  ^ ,  and  consequently,  the  cur- 
vature has  the  following  values : — 

1        jp        M 
V  "  E  y  "  E  I' - - ^^'^ 

the  second  value  being  deduced  from  the  first  by  means  of  equation 
4  of  Article  293. 

When  the  quantity  ~  =  y  varies  for  different  points  of  the  beam, 

if 

the  curvature  varies  also. 

Suppose  now  that  the  beam  la  under  its  proof  loctdj  and  let  Id^ 
denote  the  greatest  moment  of  flexure  arising  from  that  load,  1^  the 
moment  of  inertia  of  the  cross  section  at  which  that  moment  ads, 
and  i/o  the  distance  from  the  neutral  axis  of  that  section  to  the 
layer  where  the  limiting  intensity/ of  the  stress  is  attained.  Thea 
the  curvature  will  be. 
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at  the  section  of  greatest  stress,  - 

^9 


/  ^lo 


at  any  other  section, 


1  _  M 
r  ~EI 


Eyo~EIo' 
Eyo'IM,- 


(2.) 


The  exact  mt^ration  of  this  equation  for  slender  springs^  in 
certain  cases,  will  be  considered  in  a  subsequent  Article.  For 
beams  it  is  integrated  approximately  in  the  following  manner : — 

Let  the  middle  of  the  neutral  axis  of  the  section  of  greatest  stress 
be  taken  as  the  origin  <^  co-ordinates,  and  represented  by  A  in  figs. 


Fig.  141. 


Fig.  U2. 


141  and  142.  For  a  beam  supported  at  both  ends  and  symme- 
tricaUy  loaded,  A  is  in  the  middle  of  the  beam  (fig.  141).  For  a 
beam  fixed  at  one  end  and  projecting,  A  is  at  the  fixed  end  (fig. 
142).  Let  the  beam  be  so  fixed  or  supported  that  at  this  point  its 
neutral  surface  shall  be  horizontal,  and  let  a  horizontal  tangent, 
A  X  C,  to  that  sur&oe  at  that  point  be  taken  as  the  axis  of  abscissse. 

Let  A  C,  the  horizontal  distance  finom  the  origin  to  one  end  of  the 
beam,  be  denoted  by  c,  which,  as  in  Articles  289  and  290,  is  the 
length  of  the  projecting  portion  of  a  beam  fixed  at  one  end,  and  the 
half-span  of  a  beam  supported  at  both  ends  and  symmetrically 

loaded.  Let  A  X,  the  abscissa  of  any  other  point  in  the  beam  =  x. 
Let  A  B  D  be  the  curved  form  assumed  by  the  neutral  surface  when 
the  beam  is  bent,  which  form,  in  a  beam  supported  at  both  ends,  is 
concave  upwards,  as  in  fig.  141,  and  in  a  beam  fixed  at  one  end 

concave  downwards,  as  in  fig.  142.  Let  X  B  :=  t;  be  the  ordinate 
of  any  point  B  in  the  curve  A  B  D;  being  the  difference  of  level 

between  that  point  and  the  origin  A.  Let  0  D  =  Vi  be  the  greatest 
ordinate :  this  is  what  is  term^  the  de/lecUon. 

The  'inclination  of  the  beam  at  any  point  B,  is  expressed  by  the 
equation 

.      dv 
«r=arc  tan  -7— : 
ax 

and  the  curvature,  being  the  rate  of  variation  of  the  inclination  in 
*  given  length  of  the  curve,  is  expressed  by 
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1 

r 


di 
ds 


di 


dx 


y^i+ 


dsf 


But  in  cases  which  occur  in  practicCi  the  curvature  of  the  beam  ii 
so  slight,  that  the  arc  i  is  sensibly  equal  to  its  tangent,  the  d^>j» 

;  and  the  elementary  arc  c^«  is  sensibly  equal  to  its  horizontal 

projection  c^  a; ;  so  that  the  following  equations  may  be  used  witiiout 
sensible  error : — 


dv 
dx 


Slope^ 
Gurvaturey 


dv 


1 

r 


dx' 

di      d^v 
dx      da?' 


.(3.) 


Therefore,  when  the  curvature  at  each  point  is  given  by  equation 
2,  the  slope  and  the  ordinate  are  to  be  found  by  two  successive 
integrations,  as  shown  by  the  following  equations  : — 


Slope, 


.(4.) 


Ordinate,         t;  =  /    idx  =  ^^—.f'  f  ^r^nr  <^^^'' 

J  0  Ey.  J  0  J  oIMo 

The  greatest  dope  ti — that  is,  the  slope  at  D — and  the  d^Uedon 
or  greatest  ordinate  V],  are  found  by  peiformiug  the  compleU  inte- 
gititions  between  the  limits  a;  =  0  and  «  =  c 

[Headers  who  are  not  familiar  with  the  integral  calculus  ire 
referred  to  Article  81  for  explanations  of  the  natiu^  of  the  process 
of  integi'ation.1 

In  both  the  iategrals  of  the  formulae  4,  the  quantity  fvi--i3  <^ 

numerical  raiio  depending  on  the  mode  of  distribution  of  the  load- 
ing and  supporting  forces,  and  the  mode  of  variation  of  the  section 
of  the  beam.  Hence  it  is  evident  that  we  must  have  the  complete 
integralB 


MI, 


/;S'"-»--i/:/:nc''-="-'^"W 


]VIo 


Mo 


where  m"  and  n"  are  two  numerical  /actare  depending  on  the  dis- 
tribution of  the  forces  and  the  figure  of  the  beam ;  so  that  the 
greatest  slope  and  the  deflection  are  given  by  the  equations 
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.       m'fc        _  n'f<? 


'••« 


(6.) 


For  beams  of  similar  figures,  and  similarly  loaded  and  supported, 
ye  is  as  the  depth,  and  c  as  the  length ;  hence,  for  such  beams,  the 
greatest  dope  under  the  proof  load  is  directly  as  tiia  lengthy  and 
inversely  as  tlie  depUi ;  and  the  proof  deflection  is  directly  as  Hie 
square  of  the  length,  and  inversdy  as  tlie  depth. 

The  following  table  gives  the  values  of  the  factors  m''  and  n"  for 
some  of  the  more  ordmarj  cases  of  beams  of  uniform  section,  in 

which  the  ratio  j^>  being  simply  equal  to  ^,  depends  on  the 

distribution  of  the  load  alone,  and  may  be  found  by  the  aid  of  the 
tables  of  Articles  289  and  290. 


L  Constant  moment  of  flexure, 

PiTFD  AT  One  End. 
n.  Loaded  at  extreme  end, 

ilL  TJniformlv  loaded 

M 
M, 

m- 

n" 

1 

1 

1 
2 

1-* 

c 

« 

1 

2 

1 
3 

O-^' 

1 
'3 

1 

4 

Supported  at  Both  Ends. 
IV.  Loaded  in  the  middle, 

V-  TTYiifArmlv  loaded 

1-5 

c 

1 
2 

1 
"3 

2 
3 

5 
12 

For  a  beam  of  uniform  strength  and  uniform  depth,  the  quantity 

Y  is  constant ;  hence  in  every  such  beam,  in  what  manner  soever 

it  may  be  supported  and  loaded,  the  curvature  is  uniform,  as  in  the 
case  of  Example  L  of  the  above  table.     For  a  beam  of  uniform 

strength  and  uniform  breadth,  the  quantity  — =-    is  constant ;  and 

therefore  in  such  beams, 

MIo      ho 


IMo 


(7.) 


S2e 
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Ao  being  tlie  depth  at  the  section  of  greatest  bending  moment,  and 
A  the  depth  at  any  other  section.  The  following  table  shows  some 
of  the  consequences  of  these  principles  : — 


1 

"VL    Uniform   strength) 
and  nniform  depth, ....  J 

VIL   Uniform  strength, 
uniform  breadth;  fixed  1 
at  one  end,  loaded  at 
the  other, 

VJLLL   Uniform  strength, 
uniform  breadth ;  sup- 
ported at  both  ends, 
loaded  in  the  middle,.. 

IX.    Uniform  strength,  1 
uniform  breadth ;  fixed 
at  one  end,  uniformly 
loaded, 

X.    Uniform   strength,! 
uniform  breadth ;  sup- 
ported at  both  ends, 
uniformly  loaded, 

MIo 
IMo 

m" 

fiT 

1 

1 

I 
2 

V.' 

2 

2 
3 

V;, 

2 

2 
3 

e 

C — X 

Infinite. 

1 

c 

2=1-5708 

g-l  =  0-5708 

J<?     ^ 

It  is  to  be  borne  in  mind,  that  the  values  of  m"  and  n"  for  beams 
of  uniform  strength,  as  given  in  the  above  table,  are  somewhat 
less  than  those  which  occur  in  practice,  because,  in  computing  the 
table,  no  account  has  been  taken  of  the  additional  material  which 
is  placed  at  the  ends  of  such  beams,  in  order  to  give  sufficient 
resistance  to  shearing. 

The  error  thus  arising  applies  chiefly  to  m",  the  factor  for  the 
TP^TiTmiTn  slope.  For  the  fisurtor  for  the  deflection,  n**,  the  error  is 
inconsiderable,  as  experiment  has  shown. 

301.  0e«MiiMi  UmmA  ky  GmH^Ic  OaiitiUH.  The  great  length 
of  the  radii  of  curvature,  which  are  the  reciprocals  <^  the  curra- 
tures  given  by  equation  2  of  Article  300,  and  the  ann^llni^isy  of  the 
ordinates  of  the  curve  of  the  neutral  surface,  in  all  cases  which 
occur  in  practice,  render  it  neither  practicable  nor  useful  to  draw 
the  figure  of  that  curve  in  its  natural  proportions.  But  the  following 
process,  invented,  so  far  as  I  am  aware,  by  Mr.  C.  H.  Wild,  enables 
a  diagram  to  be  drawn,  which  represents^  with  a  near  approach  to 
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aocanuy^  tliat  cniYe,  vnth  its  vertical  dimenaiona  exaggerated,  so  as 
to  show  conspicuoTiBly  the  slopes  and  ordinates 

Compute,  by  equation  2  of  Article  300,  the  radii  of  curvature 
for  a  series  of  equi-distant  points  in  the  beam.  Diminish  all  those 
zadii  in  any  proportion  which  may  be  convenient,  and  draw  a  curve 
composed  of  small  circular  arcs  with  the  diminished  radii  Then  in 
the  same  ratio  that  the  radii,  as  compared  with  the  horizontal  scale 
of  the  drawing,  are  diminished,  will  the  vertical  scale  of  the  draw- 
ing, according  to  which  the  ordinates  are  shown,  be  exaggerated. 

302.    Vk«  l»goyrUo«  of  th«  Gveateat  Depth  •£  a  Beam  t«  the  Span 

is  so  regulated,  tiiat  its  greatest  deflection  shall  not  exceed  a  cer- 
tain proportion  of  the  span  which  experience  has  shown  to  be  con- 
sastent  with  convenience.  That  proportion,  from  various  examplesi 
appears  to  be — 

For  the  wking  load,  A  =  from  gj^  to  j^. 
For  the  proof  load, ...  |L  =  from  2^  to  i. 

The  determination  of  the  proportion,  ~^,  of  the  greatest  depth  of 

the  beam  to  the  span,  so  as  to  give  the  required  stiffiiess,  is  effected 
by  the  aid  of  equation  6  of  Article  300,  £rom  which  we  obtain 

^1  __  nT/c  ^ 
2c""2Eyo* 

Now  yossfnfh^m*  being  a  numerical  &ctor,  which  for  symmetri- 
cal sections  ^-s,  and  consequently  the  required  ratio  is  given  by 
the  equation 

K yg  nVc  nV       2c^ 

2  c^2m'^^2m'Evi"'4j»'E  '  «,' ^  ^' 

■n  cjLpKvwion  consisting  of  three  factors :  a  fiMtor,  <2 — „  depending 

on  the  distribution  of  the  load  and  the  figure  of  the  beam ;  a  factor, 

2c 

-->  being  the  prescribed  ratio  of  the  span  to  the  deflection ;  and  a 

factor,  -=-,  being  the  proof  strain,  or  the  working  strain,  of  the 

loaterial,  as  the  case  may  be. 

To  illustrate  this^  let  the  beam  be  under  its  working  load,  ««*» 
&nnly  distributed,  and  let  it  be  of  uniform  sectioni  alike  above  and 
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below.     Then  n"  =  — ,  m'  =  —.    Let  —  =  1000  be  the  prescribed 

lis  A  V| 

ratio  of  the  span  to  the  working  deflection.     Let  the  material  be 
wrought  iron,  for  which  ^^r^  is  a  safe  value  for  the  working  strain 

Ao        5     1000        5  1 


2c  "" 24'  3000  ""  72  ""  144  ' 

which  is  very  nearly  the  average  proportion  of  depth  to  flpoii 
adopted  for  wrought  iron  girders  in  practice. 

303.  The  slope  a«d   Deflection  of  a  Be«M  nadcr  mmj  T^mA  lie 

given  by  the  following  formulse  : — 


(i) 


To  integrate  these  equations,  it  is  only  necessary  to  sabstitiite 

for  the  constant  &ctor  •=— ,  in  the  equations  4,  5,  6,  Article  300,  ite 

equivalent  -=r?,  M'o  being  now  not  the  />ro<>^  moment  of  flexure,  tat 

to 
the  actual  moment  of  flexure  at  the  point  where  the  beam  is  hori- 

Bontal ;  that  is  to  say, 

Oreatest  slope  ^^  =    ^J^   \  deflection  «',  =  ■   ^J---*^ 

m"  and  n"  being  factors  depending  on  the  distribution  of  the  load, 
and  having  the  values  given  in  the  table  of  Article  300.  Now  the 
value  of  the  moment  of  flexure  is  given  in  terms  of  the  load  and 
length  by  equation  1  of  Article  291,  and  the  ensuing  table,  m., 
Mo  =  m  W  Z ;  and  the  value  of  I^  in  terms  of  the  dunensions  of 
the  rectangle  circumscribing  the  cross  section,  is  given  by  equation 
1  of  Article  295,  and  the  ensuing  table,  viz.,  Iq  =  n'  6  A' ;  hence  the 
above  equations  2  become 

**"■    n'E6A»   '  ^'"~    n'E6A»  ^  ' 

Moreover,  Z  =  c,  or  =  2  c,  according  as  the  beam  is  fixed  at  one  end 
only,  or  supported  at  both ;  so  that  if  m"',  n"',  be  a  pair  of  numeri- 
cal £B«tors,  whose  values  are,  for  beams  fixed  at  one  end  onlji 
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f»"'  =  rn'm;  fC*  =  n'wi; 


and  for  beams  supported  at  both  ends, 

w*  =  ^nCmi  rC'  =  2n''m; 
tbe  equations  3  become 

^*  "  nfEbh^'    '  "  n'E6A» ^^'^ 

Whence  it  appears,  that  the  deflections  of  similar  beams  under 

equal  loads  are  as  the  cubes  of  their  lengtJis,  and  iwoersdy  as  their 

breadths  and  the  cubes  ofUyeir  depths, 

I 
The  values  of  vl  =  r-~,  for  the  ordinary  forms  of  cross  section,  are 

given  in  the  table  of  Article  295.  The  following  table  gives  the 
values  of  mT  and  n"  for  different  modes  of  loading  and  support- 
ing, for  beams  of  uniform  cross  section,  and  for  beams  of  uniform 
strength :— - 

m  u 

Factor  for    Factor  for 
A.  UniFOBX  Cross  SscnOK.  Slope.       Deflection. 

L  Pixed  at  one  end^  loaded  at  the  other, ^     ^. 

1  1 

IL  Fixed  at  one  end|  loaded  uniformly, ?     -• 

m.  Supported  at  both  ends,  loaded  in  the  middle,  r     -. 

1  5 

ly.  Supported  at  both  ends,  uniformly  loaded, . .  g     ~. 

B.  XJviFOBX  Strength  Ain>  IJkiforic 

Depth. 

V.  Fixed  at  one  end,  loaded  at  the  other, 1     ^. 

1  1 

TL  Fixed  at  one  end,  loaded  uniformly, 5    -. 

A  •± 

11 

vIL  Supported  at  both  ends,  loaded  in  the  middle,  ^     >. 

•xrr  11 

YIIL  Supported  at  both  ends,  loaded  uniformly,.,  -r    ^. 
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m"  n 


C.  Uniform  Strength  and  Uniform     Paciorfor    Factor  for 

Breadth.  Slope.       De&cdoa 

0 

IX.  Fixed  at  one  end,  loaded  at  the  other, 2     ;:. 

X.  Fixed  at  one  end,  uniformly  loaded, infinite. ^. 

XI.  Supported  at  both  ends,  loaded  in  the  middle,  1     r. 

XIL  Supported  at  both  ends,  uniformly  loaded,  0*3927  ...  0-1427. 


304.  0ciiectioii  Willi  Vniforai  MoMcnt. — In  Article  292  the  caae 
has  already  been  described,  in  which  a  beam  or  bar  of  unifoim 
section  has  a  pair  of  equal  and  opposite  couples  in  the  same  plane 
applied  to  its  ends,  and  the  same  case  is  the  first  given  in  the  talnle 
of  Article  300.     In  this  case,  M  and  I  are  constants^  »»'  =  1,  and 

n"  =  ^ ;  and  accordingly,  if  c  be  the  length  of  the  part  of  the  beam 

under  consideration,  and  ^^  the  slope,  and  v\  the  deflection,  (A  one 
end  relatively  to  a  tangent  at  the  other, 

^  _  Mc       ,  _  Mc* 
*''■  El'   ^*'"  2ET 


305.  The  B«alli«iice  mt  Spria«  of  a  Beui  is  the  work  perfcfmd 
in  bending  it  to  the  proof  deflection.  This,  if  the  load  is  concen- 
trated at  or  near  one  point,  is  the  product  of  half  the  proof  load 
into  the  proof  deflection ;  that  is  to  say, 

^ (1.) 

If  the  load  is  distributed,  the  length  of  the  beam  is  to  be  divided 
into  a  number  of  small  elements,  and  half  the  proof  load  on  each 
element  multiplied  by  the  distance  through  which  that  element  i» 
moved  during  the  proof  deflection  of  the  beam.  Let  u  be  that  dis- 
tance ;  then  for  beams  fixed  at  one  end, 

«  =  Vj      1 
and  for  beams  supported  at  both  ends,     >  (2.) 

u  ^  Vi—V,  J 

Let  (fa;  be  the  length  of  an  element  of  the  beam;  to  tbe  intensH^ 
of  the  load  on  it,  per  unit  of  length;  then  the  resilience  ia 
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•^  /  uwdx (3.) 

The  cases  in  which  the  determination  of  resilience  is  most  useful 
in  practice  are  those  in  which  the  load  is  applied  at  one  point. 

Let  the  beam  be  fixed  at  one  end  and  loaded  at  the  other,  o 
being  the  length  of  its  projecting  part  Then  by  Article  295, 
equation  3  (observing  that  m=il,l  =  c\ 

c     ' 

(n  being  given  by  the  table  of  Article  295),  and  by  Article  300, 
equation  6, 

*        Ey^  "f»'EA' 

{n'  being  given  by  the  table  of  Article  300,  and  m!  by  that  of 
Article  205),     Consequently, 

Jienltence  =  -5 —  =  - — >  -^=  *c(A......* (4.) 

It  will  be  observed  that  this  expression  consists  of  three  fJEu^tors, 
viz.: — 

(1.)  The  volume  of  the  prism  circumscribed  about  the  beam, 
ebh. 

(2.)  A  ModvluB  of  ReaUience,  -=,  of  the  kind  already  mentioned 

in  Article  266. 


nn^ 


(3.)  A  numerical  £&ctor,  ^ — , ;  in  which  n  and  fti  (Article  295) 

depend  on  the  form  of  cross  section  of  the  beam,  and  n*  (Article 
300)  on  the  fonn  of  longitudinal  section  and  of  plan.  The  follow- 
ing are  values  of  this  compound  &ctor  for  a  rectangular  ero89 

mdion,  for  which  »= 2>  »»'= 5,  *nd  therefore  5 — >  =  -5- : — 

O  A  ^Tti         O 

T 
L  Uniform  breadth  and  depth, r^. 

IL  ITnifoim  strength,  imifonn  depth, r^. 

IIL  Uniform  strength,  uniform  breadth, - ^. 
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K  a  beam  be  supported  at  both  ends  and  loaded  in  *^^™*f^ 
its  length  being  Z  =  2  c,  its  proof  deflection  is  the  same  j^th  ^t  ^ 

a  beam  of  the  same  transverse  dimensions  and  of  the  length  c, 
fixed  at  one  end  and  loaded  at  the  other;  and  its  proof  load- 
donble  of  that  of  the  latter  beam  ;  therefore  its  readience  is  doaWe 
of  that  of  the  latter  beam.  (>)n««qnentiy,  for  rectangular  bc-m  of 
the  half-span  c,  supported  at  both  ends  and  loaded  m  the  middte, 
we  have  the  following  values  for  the  numerical  factor  of  tbe 
resilience : —  »• 

T 

1 
rV.  Uniform  breadth  and  depth...... ff 

I 
V,  Uniform  strength,  uniform  depth, ^ 

VL  Uniform  strength,  uniform  breadth, §• 


306.  A  8«Me.i7-AppiM  Tm««Ter«>  l>«d,  like  the  suddenlj- 
applied  pull  of  Article  267,  produces  at  first  double  the  maximum 
stress,  and  double  the  strain,  which  the  application  of  a  load 
gradually  increasing  from  nothing  to  the  amount  of  the  given 
load  would  produce.  It  is  unnecessary  to  demonstrate  this  in 
detail,  the  reasoning  being  the  same  with  that  employed  in  Artide 
267. 

The  contingency  of  the  sudden  application  of  a  mo\'ing  load  is 
provided  for  by  the  fiictor  of  safety,  which  expresses  the  ratio  of 
the  proof  load  to  the  working  load  (Article  247\. 

The  action  of  the  rolling  load  to  which  a  railway  bridge  is  sub- 
jected is  intermediate  between  that  of  an  absolutely  sudden  load 
and  a  perfiectiy  gi-adual  load.  It  has  been  investigated  mathemati- 
cally by  Mr.  Stokes,  and  experimentally  by  Captain  Galton,  and 
the  results  are  given  in  the  Report  of  the  Commissioners  on  the 
Application  of  Iron  to  Railway  Structures.  The  practical  co»- 
clusion  to  be  drawn  from  them  is,  that  a  moving  load  requires  a 
larjrer  &ctor  of  safety  than  a  steady  load. 

307    Bcttm  Fixed  at  Betit  Ends. — A  beam  is  Jixedy  Bs  well  as 

^    ^^-,  j^ c         supported,  at  both  ends,  when 

Z^g::^^^:^  ^   -r:::il^r~^T^  ^  V^^  ^^  equal  and  opposite 

jT  ^^  ^  -^^••^  "Pf  couples  are  made  to  act  on  the 
jl^  j^j  *  '        vertical  sectional  planes  at  its 

^  .  *       '  points  of  support,  of  magnitude 

mimcieut  to  maintain  its  longitudinal  axis  hoiizontel  there,  and  » 
to  auwmish  the  deflection,  slope,  and  curvature  of  its  middle  po^ 
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tioTL  This  is  generally  accomplished  by  making  the  beam  fonn 
part  of  one  continuous  girder  with  several  points  of  suppoi't,  or  by 
making  it  project  on  either  side  beyond  its  points  of  support,  and 
so  &stening  or  loading  the  projecting  portions,  that  their  loads,  or 
the  resistance  of  their  fastenings,  shall  give  t*he  required  pair  of 
eonples. 

In  fig.  143,  let  OBABC  represent  a  beam  supported  at  the 
points  0,  C,  loaded  along  its  intervening  portion,  and  so  fixed  or 
loaded  beyond  these  points  that  at  them  its  longitudinal  axis  is 
horizontal,  instead  of  having  the  slope  t|,  which  it  would  have 
if  the  beam  were  simply  supported  at  C,  0,  and  not  fixed.  At  each 
of  the  yertical  sections  above  the  points  of  suppoi-t,  C,  0,  there  is 
an  umforrnly'VaryiTig  horizontal  gtresa,  being  a  pull  above  and  a 
thrust  below  the  neutral  axis;  and  the  moment  of  that  pair  of 
■iresBes  is  that  of  the  pair  of  equal  and  opposite  couples  which 
maintain  the  beam  horizontal  at  the  points  of  support  It  is  re- 
quired to  find, — in  the  first  place,  that  resisting  moment  at  the 
vertical  planes  of  support  (from  which  the  stress  on  the  material 
there  may  at  once  be  found);  and  secondly,  the  effect  of  that 
moment  on  the  curvature,  slope,  defiection,  and  strength  of  the 
06am. 

The  general  method  of  solution  of  this  question  is  as  follows : — 
Compute,  by  equation  3  of  Article  303,  «*],  the  slope  which  the 
neutral  surface  of  the  beam  would  have  at  the  points  C,  C,  if  it 
were  simply  supported  there,  and  not  fixed.  Then,  by  Article 
304,  find  the  untform  moment  of  flexure,  which,  if  it  acted  on  the 
beam  in  such  a  manner  as  to  make  it  become  convex  upwards, 
vould  produce  a  slope  at  the  points  C,  0,  eqval  and  (xnUrary  to 
^1.  This  will  be  the  required  moment  of  resistance  at  the  vertical 
sections  C,  C,  from  which  the  greatest  stress  on  tho  material  at 
those  sections  can  be  found  by  equation  4  of  Article  293.  It  will 
afterwards  appear  that  this  is  the  greatest  stress  on  the  beam  ;  so 
that  by  putting  it  instead  of  M^  =  m  W  /  in  equations  2  of  Article 
^4,  and  3  of  Article  295,  the  conditions  of  strength  of  the  beam 
tte  determined.  Denote  this  moment  by  —  M],  the  negative  sign 
denoting  that  it  tends  to  produce  convexity  upwards,  while  the  load 
on  the  beam  tends  to  produce  convexity  downwards. 

Let  M  be  what  the  moment  of  fiexxu^  at  any  point  of  the  beam 
wou^  he,  if  it  were  simply  supported  at  0,  C.  Then  the  actual 
i&oment  of  flexure  is 

ttd  by  substituting  this  for  M  in  the  equations  of  Articles  300  and 
303,  &e  curvature,  slope,  and  deflection,  with  the  proof  load,  or 
with  any  load,  are  found. 
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Where  M  is  the  greater,  as  aii  A,  the  beam  is  conyex  dovo- 
vards.  Where  Mi  is  the  greater,  as  at  C,  the  beam  is  convex  up- 
wards.  There  are  a  pair  of  points,  B,  B,  at  which  M  =  M„  ao 
that  the  moment  of  flexure,  and  consequently  the  curvature,  Tsnish, 
and  the  beam  is  subjected  to  a  shearing  force  alone;  these  are 
called  the  poirUs  of  contrary  flexure;  and  they  divide  the  middk 
part  of  the  beam,  which  is  convex  downwards,  j&om  the  two  end- 
most  parts,  which  are  convex  upwards. 

In  expressing  the  solution  of  this  problem  by  formuke,  fear 
cases  will  be  taken  into  consideration,  viz. : — 

1.  The  case  of  an  uniform  beam^  with  a  symmetrical  load  ia 
generaL 

2.  Beam  of  uniform  section,  loaded  in  the  middle. 

3.  Beam  of  uniform  section,  loaded  imiformly. 

4.  Beam  of  unifoi-m  strength  and  uniform  depth,  uniformly 
loaded. 

Case  1.  St/mmetrical  load  on  a  beam  of  uniform  tecUon,  By 
Article  303,  equation  3^  observing  that  ^  =  2  c,  we  have 

.,  _2fnrm     Wd* 

4ind  by  Article  304, 

Mi  = ?  = i; 

c  c         ' 

consequently, 

Ml  =  2f»'m W <;  =  m"  •  m^l^m"  •  M«, (1.) 

Mo  being  what  the  moment  of  flexure  at  A  would  have  hem^  had 
the  beam  been  simply  supported 

The  values  of  tn  are  given  in  Article  300. 

Let  Mo  be  the  actual  moment  of  flexure  at  A.    Then 

^0=  (1-^-)  Mo (i) 

The  greatest  moment  of  flexure  must  be  either  at  A  or  C,  or  at 
both,  if  the  moments  at  these  sections  be  equal  and  oppodto.    But 

for  beams  of  uniform  section,  m"  is  never  less  than  ^ ;  therefore 

the  greatest  moment  of  flexure  is  at  0,  or  both  at  C  and  A,  and 
never  at  A  alon& 

The  strength  of  the  beam  is  expressed  by  the  following  formnla, 
obtained  by  putting  M^^  instead  of  m  W  /,  in  equation  3  of  Article 
295:— 

Mi  =  m''mW;=?i/6A2;  W  =  ^^4^ {3.) 

fn  ml 
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f  being  the  limit  of  proof  or  working  stress,  as  the  case  may  be, 
and  n  a  factor  suitable  to  the  form  of  section  of  the  beam,  as  givea 
by  the  table  of  Article  295. 

Hence  it  appears,  that  hy  fixing  the  ends  of  an  uniform  hea/nhy  so 
that  they  shall  be  horizontal,  its  strength  is  increased  in  ^  ratio  1 :  m". 

The  deflection  is  found,  by  subtracting  that  due  to  the  uniform 
moment  M|  firom  that  which  the  load  would  produce  if  the  beam 
were  simply  supported  at  0  and  0.  The  former  of  these  quan- 
tities, according  to  Article  304,  is 

2EI""    2EI    ' 
and  the  latter^  according  to  Article  303,  equation  2,  is 

EI     "^  mTEl  » 
so  that  the  deflection,  their  difference,  is 

fn"       l\     M,c'       /         m"\     MoC»         . 

^•=  W-iJ  •  Er=  r -■ 2-;  •  EI" (^-^ 

Prom  the  last  of  those  expressions,  it  appears  that  by  fixing  the 
ends  horizontal,  an  uniform  beam  is  made  stififer  under  a  given 
load  in  the  ratio 


•■  ■■  (»-?)• 


If,  in  the  first  exjiression  for  the  deflection,  it  be  considered  that 
Ml  is  the  moment  of  resistance  corresponding  to  the  proof  or  limit- 
ing stress  at  the  section  C,  we  may  make 

M,_/  . 

"I  ~yo  ' 

SO  as  to  obtain  the  following  expression  for  the  deflection  under  the 
proof  load : — 

m : -<'•> 

Iteing  less  than  the  proof  deflection  of  a  beam  simply  supported,  as 
giTea  by  equation  6^  Article  300,  in  the  ratio 


(n" 


&"§)^'**- 


The  points  of  contrary  flexure  are  to  be  foimd  in  each  particular 
cutt  by  solving  the  equation 

M-M,  =  0 ^ (6l) 
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Cass  2.   Umform  BOcHon,  loaded  in  the  middle. 


M;  =  M,  =  ^M,  =  iw«  =  jWc  =  n/6A'; 


r.  = 


■  —(J-) 


•  •••« 


(&) 


The  points  of  contraiy  flexure  are  midway  between  A  and  G. 
Case  ^—Uniform  aection,  uniformly  loaded. 

W  =  2c» 
1.2,6 

The  points  of  ooniaraiy  flexure  are  thus  found.     Bj  the  table  of 
Article  300^  case  5, 

M=(i-^M<.=  |(i-5)m.; 
80  that  in  order  to  have  M  =  M|^  we  must  make 

1  -  -J  =  5;  oraj  =  — =^  =  0-577  c; - (9.) 

which  equation  gives  the  distance  of  each  of  the  points  of  contruy 
flexure  !B,  from  A,  the  middle  of  the  beam. 

Case  4.   Uniform  strength,  unifonn  depth,  uniform  load.    In  this 
case  the  imiformitj  of  strength  is  attained  by  making  the  breadth 

at  each  point  proportional 
to  the  moment  of  flexure,  as 
c  shown  in  the  plan,  fig.  ]  44, 
preserving,  at  the  points  of 
contrary  flexure  B,  B,  a 
Fig.  144.  sufficient  thickness  only  to 

resist  the  shearing  foroa 
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As  shown  in  Article  300^  case  6,  the  corvature  of  the  beam  is 
uniform  in  amoimt,  changing  in  direction  only  at  the  points  of 
contraiy  flexure.  Therefore,  in  £g.  143,  0  B  and  B  A,  at  each 
aide  of  the  beam,  are  two  arcs  of  circles  of  equal  radii,  horizontal 
at  A  and  C,  and  touching  each  other  at  B;  therefore  those  arcs 
are  of  equal  length ;  therefore  each  point  of  contrary  flexure  B  i» 
midway  between  the  middle  of  the  beam  A  and  the  point  of  sup- 
port C. 

It  is  evident  also,  that  the  proof  deflection  of  the  beam  must  be 
double  of  that  of  an  uniformly  curved  beam  of  half  the  span,  sup- 
ported at  the  ends  without  being  fixed ;  that  is  to  say,  one-half  of 
that  of  an  uniformly  curved  beam  of  the  same  span,  supported  but 
not  fixed;  or  symbolically 

» 

••^iiS <^«) 

The  actual  moment  of  flexure  at  A  must  be  the  same  as  in  an 

W 
uniformly  loaded  beam,  with  the  same  intensity  of  load  w  =  ^~, 

topported,  but  not  fixed  at  B,  B;  that  is  to  say, 

^«  =  T6"  "~  "32"  "■  T ^^^'> 

and  therefore,  the  moment  of  flexure  at  C  is 

5|  being  the  breadth  of  the  beam  at  C,  which  is  three  times  the 
hieadth  h^  at  A. 

To  find  the  breadth  at  any  other  point,  it  is  to  be  observed,  that 
the  moment  of  flexure  at  the  distance  x  from  A  is 

M-M,=         g gr  =  V3-3?)^»--(^^-> 

and  that  consequently  the  breadth  5,  which  is  proportional  to  the 
moment  of  flexure,  is  given  by  the  equation 

.»i(i-^^_(.-i^v m 

In  using  this  equation,  the  positive  or  negative  sign  of  the  result 
merely  indicates  the  direction  of  the  curvature. 

According  to  equation  14,  the  figure  of  the  beam  id  plan  (fig. 
144)  consists  of  two  parabolas,  having  their  vertices  at  A,  and 

z 
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intenecting  eaeh  other  in  the  points  of  contrary  fleznie,  B,  B,  for 
whicha;==i=-sp 

The  breadth  which  must  be  left  at  B,  to  resist  shearin^^  vill 
appear  &om  the  next  Article. 

308.  A  BeMB  Fixed  mt  One  Bad  and  SappMted  mt  B«ck  18  sensiUj' 

in  the  same  condition  with  the  part  C  B  A  B  of  the  beam  in  fig. 
US,  extending  from  one  of  the  fixed  points  C  to  the  /arther  point 
of  contrary  flexure,  which  now  represents  a  point  supported^  bui  nai 
fixed.  Hence  if  a  continuous  girder  be  supported  on  a  Beries  of 
piers^  the  span  of  each  of  the  endmost  bays  should  be  to  the  qoan 
of  each  intermediate  bay,  in  the  ratio  c  +  a^ :  2  c,  where  2^  is  the 
distance  A  B  from  the  lowest  point  to  a  point  of  contrary  flexura* 

309.  Sbcnrlag  fltoew  te  Bmims. — ^It  has  already  been  shown,  in 
Article  288,  how  to  find  the  amount  F  of  the  bearing  force  at  a 
given  vertioEkl  cross  section  of  a  beam ;  and  examples  of  that  force 
in  particular  cases  have  been  given  in  Articles  289  and  290.     The 

object  of  the  present  Article  is  to  show  the  manner  in  which  the 
stress  which  resists  that  force  is  distributed. 

In  Article  104  it  has  been  shown,  that  the  intensities  of  l^e  tan- 
gential stresses  at  a  given  point,  on  a  pair  of  planes  at  right  angles 
to  each  other  and  to  the  plane  parallel  to  which  the  stresses  act, 
are  necessarily  equal.  Hence,  in  order  to  determine  the  intensity  of 
the  vertical  shearing  stress  at  a  given  point  in  a  vertical  sectioii  of 

a  beam,  such  as  the  point 

•?-.°       ■  . """^  E  in  the  vertical  section 

G  E  B  of  the  beam  repre- 
sented in  fig.  145,  it  is 
sufficient  to  find  the  equal 


p.    ...  intensity  of  the  horizontal 

shearing  stress  at  the  same 
point  E  in  the  horizontal  plane  E  F.  The  existence  of  that  hori- 
zontal shearing  stress  is  familiarly  known  by  the  £BLct,  that  if  a 
beam,  instead  of  being  one  continuous  mass,  be  divided  into 
separate  horizontal  layers,  those  layers  wiU  slide  on  each  other  like 
the  layers  of  a  coach  spring.  The  intensity  of  that  streaa  is  found 
as  follows : — 

Let  H  F  D  be  another  vertical  section  near  to  O  E  R  If  the 
moment  of  flexure  at  H  F  D  diflers  from  that  at  G  E  B,  there  must 
be  a  corresponding  diflerence  in  the  amount  of  the  direct  stress  on 
two  corresponding  parte  of  the  planes  of  section,  such  as  G  £  and 
H  F.  (In  the  case  shown  in  the  figure,  that  direct  strem  is  a  thros^ 
and  is  greatest  at  G  E).  That  difference  constitutes  a  horiaontai 
force  acting  on  the  solid  H  F  E  G ;  and  in  order  to  wHttttfa^^n  the 

♦  See  Article  303a,  p.  634. 
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eqailibriam  of  that  solid,  the  amoimt  of  shearing  stress  on  the  plane 
F£  must  be  equal  and  opposite  to  that  horizontal  force.  That 
amount  being  divided  by  ike  area  of  the  plane  F  E,  gives  the 
intensity  of  the  shearing  stress. — Q.  El  L 

From  the  foregoing  solution  it  is  obvious,  that  the  shearing  stress 
is  nothing  at  the  upper  and  lower  surfaces  of  the  beam;  because  the 
enlire  dunect  stress  on  each  cross  section  is  nothing.  This  might 
also  be  proved  by  reasoning  like  that  of  Article  278.  It  is  also 
obvious  that  the  shearing  stress  in  the  vertical  layer  between  the 
two  planes  of  section  is  greatest  at  D  B,  where  they  cut  the  neutral 
sor&oe  O  C,  at  which  the  direct  horizontal  stress  changes  from 
thmst  to  pull;  for  at  that  surface  the  horizontal  force  to  be 
balanced  by  the  shearing  stress  reaches  its  maximum. 

To  express  this  solution  symbolically  in  the  case  of  a  beam  of 

unifonn  cross  section;  let  O  B  =  a:,  O  (3  =  «,  BE  =  y,  B  G  =  yi, 

B  D  =  E  F  (sensibly)  =  dx;  let  the  breadth  of  the  beam  at  any 
point  £  be  denoted  by  z,  and  at  the  neutral  surface  by  s^ 

Let  p  be  the  intensity  of  the  direct  horizontal  stress  at  E,  q  that 
of  the  shearing  stress  at  E,  and  go  that  of  the  maximum  shearing 
stress  at  B.     ^en  by  equation  4  of  Article  293, 

M 

and  the  amount  of  the  direct  stress  on  the  sectional  plane  between 
GandEis 


-J  j^  yz^dy. 


The  horizontal  force  by  which  the  solid  H  F  E  G  is  pressed  from  O 
towards  C,  is  the  excess  of  the  value  of  the  above  quantity  for  G  £ 
above  its  value  for  H  F;  which  excess  arises  from  the  excess  of  the 
moment  of  flexure  M  at  G  E  B  above  the  moment  of  flexure  at 
H  FD,  further  from  the  middle  of  the  beam  by  the  distance  dx. 
That  diflerence  of  the  moments  of  flexure  is  obviously  equal  to 

Fc^ax 

F  being  the  amowrU  of  the  shearing  force  at  the  vertical  layer  in 
question;  consequently,  the  horizontal  force,  which  the  shearing 
stress  on  the  plane  F  E  is  to  balance;,  is 

^-^  ^^yz'dy. 

Dividing  this  by  the  area  of  the  plane  F  E,  which  JBudx^  the 
cieqaired  intensity  of  the  shearing  stress  is  found  to  be 
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If  a  beam  be  supported  at  both  ends  and  loaded  in  the  middle^ 

its  length  being  Z  =  2  c,  its  proof  deflection  is  the  same  -with  that  ojf 

a  beam  of  the  same  ti'ansverse  dimensions  and  of  the  length  e, 

£xed  at  one  end  and  loaded  at  the  other ;  and  its  proof  load  is 

double  of  that  of  the  latter  beam  ;  therefore  its  resilience  is  doable 

of  that  of  the  latter  beam.     Consequently,  for  rectangular  be^ms  of 

the  half-span  c,  supported  at  both  ends  and  loaded  in  the  middle, 

we  have   the  following  values  for  the  numerical  factor  of  the 

resilience : —  . 

n 

T 

TV.  Uniform  breadth  and  depths g. 

V.  Uniform  strength,  uniform  depth, ^ 

YI.  Uniform  strength,  uniform  breadth, g* 

30G.     A  Saddenlr-Applied  Tmnsrcrae  Ii«aci,  like    the    suddenly- 

applied  pull  of  Article  2G7,  produces  at  first  double  the  maximum 
stress,  and  double  the  strain,  which  the  application  of  a  load 
gradually  increasing  from  nothing  to  the  amount  of  the  given 
load  would  produce.  It  is  unnecessary  to  demonstrate  this  in 
detail,  the  reasoning  being  the  same  with  that  employed  in  Article 
267. 

The  contingency  of  the  sudden  application  of  a  moving  load  u 
provided  for  by  tdke  factor  of  safety,  which  expresses  the  ratio  of 
the  proof  load  to  the  working  load  (Article  2471 

The  action  of  the  rolling  load  to  which  a  railway  bridge  is  sub- 
jected is  intermediate  between  that  of  an  absolutely  sudden  load 
and  a  perfectly  gi-adual  load.  It  has  been  investigated  mathemati- 
cally by  Mr.  Stokes,  and  experimentally  by  Captain  Galton,  and 
the  results  are  given  in  the  Beport  of  the  Commissioners  on  the 
Application  of  Iron  to  Railway  Structures.  The  practical  cok- 
elusion  to  be  drawn  from  them  is,  that  a  moving  load  requires  a 
larger  factor  of  safety  than  a  steady  load 

307     Beam  Fixed  at  Beth  Ends. — A  beam  is  foxdy  as  well  SS 

supported,  at  both  end?,  when 

a  pair  of  equal  and  opposite 

couples  are  made  to  act  on  the 

pi_  j^0  '  *       vertical  sectional  planes  at  its 

points  of  support,  of  magnitude 
sufficient  to  maintain  its  longitudinal  axis  horizontal  there,  and  » 
to  diminish  the  deflection,  slope,  and  curvature  of  its  middle  pctt^ 
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tion.  This  is  generally  accomplished  by  making  the  beam  form 
part  of  one  continuous  girder  with  several  points  of  suppoi-t,  or  by 
maidng  it  project  on  either  side  beyond  its  points  of  support,  and 
BO  fisLStening  or  loading  the  projecting  portions,  that  their  loads,  or 
the  resistance  of  their  fastenings,  shall  give  tJie  required  pair  of 
oonples. 

In  fig.  143,  let  CBABC  represent  a  beam  supported  at  the 
points  C,  C,  loaded  along  its  intervening  portion,  and  so  fixed  or 
loaded  beyond  these  points  that  at  them  its  longitudinal  axis  is 
horizontal,  instead  of  having  the  slope  ti,  which  it  would  have 
if  the  beam  were  simply  supported  at  C,  C,  and  not  fixed.  At  each 
of  the  vertical  sections  above  the  points  of  support,  C,  C,  there  is 
an  uniformly'Vaiying  liorizonial  stress,  being  a  pull  above  and  a 
thrust  below  the  neutral  axis;  and  the  moment  of  that  pair  of 
stresses  is  that  of  the  pair  of  equal  and  opposite  couples  which 
mainfjtiTi  the  beam  horizontal  at  the  points  of  support.  It  is  re- 
quired to  find, — in  the  first  place,  that  resisting  moment  at  the 
vertical  planes  of  support  (from  which  the  stress  on  the  material 
there  may  at  once  be  found);  and  secondly,  the  efiect  of  that 
moment  on  the  curvature,  slope,  deflection,  and  strength  of  the 
beam. 

The  general  method  of  solution  of  tliis  question  is  as  follows : — 
Compute,  by  equation  3  of  Article  303,  i'j,  the  slope  which  the 
neutral  surface  of  the  beam  would  have  at  the  points  C,  C,  if  it 
were  simply  supported  there,  and  not  fixed.  Then,  by  Article 
304,  find  the  uniform  moment  of  flexure,  which,  if  it  acted  on  the 
beam  in  such  a  manner  as  to  make  it  become  convex  upwards, 
would  produce  a  slope  at  the  points  C,  C,  equcd  and  contrary  to 
t^.  This  will  be  the  required  moment  of  resistance  at  the  vertical 
sections  C,  C,  firom  which  the  greatest  stress  on  the  material  at 
those  sections  can  be  found  by  equation  4  of  Article  293.  It  will 
afterwards  appear  that  this  is  the  greatest  stress  on  the  beam  ;  so 
that  by  putting  it  instead  of  M^  =  m  W  /  in  equations  2  of  Article 
294,  and  3  of  Article  295,  the  conditions  of  strength  of  the  beam 
aie  determined.  Denote  this  moment  by  —  M|,  the  negative  sign 
denoting  that  it  tends  to  produce  convexity  upwards,  whUe  the  1<nu1 
on  the  beam  tends  to  proJuce  convexity  downwards. 

Let  M  be  what  the  moment  of  flexure  at  any  point  of  the  beam 
wotdd  be,  if  it  were  simply  supported  at  C,  C.  Then  the  actual 
moment  of  flexure  is 

M-M„ 

and  by  substituting  this  for  M  in  the  equations  of  Articles  300  and 
303,  the  curvature,  slope,  and  deflection,  with  the  proof  load,  or 
with  any  load,  are  found. 
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Where  M  is  the  greater,  as  at  A,  the  beam  is  convex  down- 
wards. Where  Mi  is  the  greater,  as  at  C,  the  beam  is  convex  up- 
warda  There  are  a  pair  of  points,  B,  B,  at  which  M  =r  M„  so 
that  the  moment  of  flexure,  and  consequently  the  curvature,  vanish, 
and  the  beam  is  subjectod  to  a  shearing  force  alone;  these  are 
called  the  points  of  contrary  fiexart;  and  they  divide  the  middle 
part  of  the  beam,  which  is  convex  downwards,  from  the  two  end* 
most  parts,  which  are  convex  upwards. 

In  expressing  the  solution  of  this  problem  by  formulsy  four 
eases  will  be  taken  into  consideration,  viz. : — 

1.  The  case  of  an  uniform  beam,  with  a  symmetrical  load  in 
generaL 

2.  Beam  of  uniform  section,  loaded  in  the  middle; 

3.  Beam  of  uniform  section,  loaded  uniformly. 

4.  Beam  of  uniform  strength  and  uniform  depth,  uniformly 
loaded 

Case  1.  SymmOrical  load  on  a  beam  of  uniform  geetian^  £|y 
Article  303,  equation  3,  observing  that  ^  =  2  c,  we  have 

,  _2mrm     Wc» 

and  by  Article  304, 

Mi  = ?  = i; 

oonaequently, 

Mx  =  2f»'f»  Wc  =  f»"  •  f» W^  =  mr  •  M^ (1.) 

'M^  being  what  the  moment  of  flexure  at  A  teauld  haw  heai^  bad 
the  beam  been  simply  supported. 

The  values  of  nC  are  given  in  Article  300. 

Let  Mo  be  the  actual  moment  of  flexure  at  A.    Then 


M'o=  (l-m-)  M. .(1) 

The  greatest  moment  of  flexure  must  be  either  at  A  or  G,  or  at 

both,  if  the  moments  at  these  sections  be  equal  and  oppoeiteL    But 

1 
for  beams  of  uniform  section,  m'  is  never  less  than  ^ ;  therefore 

the  greatest  moment  of  flexure  is  at  0,  or  both  at  C  and  A,  and 
never  at  A  alon& 

The  strength  of  the  beam  is  expressed  by  the  following  formula, 
obtained  by  putting  M^  instead  of  m  W  /,  in  equation  3  of  Article 
295  :— 

Mi  =  m'mW/  =  w/6A2.  w  =  --{^ (3.) 

tn  ml 
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f  being  the  limit  of  proof  or  working  stress^  as  the  case  may  be, 
and  n  a  &ctor  suitable  to  the  form  of  section  of  the  beam^  as  given 
by  the  table  of  Article  295. 

Henoe  it  appears,  that  by  fixing  the  ends  of  an  uniform  beam,  so 
that  they  shall  he  horizonJtal,  Us  strength  is  increased  in  the  ratio  1 :  m". 

The  deflection  is  found,  by  subtracting  that  due  to  the  uniform 
moment  Mi  from  that  which  the  load  would  produce  if  the  beam 
were  simply  supported  at  G  and  C.  The  former  of  these  quan- 
titieS}  according  to  Article  304,  is 

2EI""    2Er  ' 
and  the  latter,  according  to  Article  303,  equation  2,  is 

EI     """^nEl  ' 
so  that  the  deflection,  their  difference,  is 

From  the  last  of  those  expressions,  it  appears  that  by  fixing  the 
ends  horizontal,  an  uniform  beam  is  made  stiffer  under  a  given 
load  in  the  ratio 


--^  (»•-?)• 


If,  in  the  first  expression  for  the  deflection,  it  be  considered  that 
Mj  is  the  moment  of  resistance  corresponding  to  the  proof  or  limit- 
ing stress  at  the  section  C,  we  may  make 

so  as  to  obtain  the  following  expression  for  the  deflection  under  the 
proof  load : — 

'^^  w  ~  t)  17, ^^-^ 

being  less  than  the  proof  deflection  of  a  beam  simply  supported,  as 
given  by  equation  6,  Article  300,  in  the  ratio 


(5-|)=»"- 


The  points  of  contrary  flexure  are  to  be  found  in  each  particular 
case  by  solving  the  equation 

M-M,  =  0 ^ (0.) 
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v%       3     E   /i« 


r.  —  10  '  C  ■  i? ^''^ 


■pi  7  I 

For  wrought  iron  (for  example)  ^  =  about  3.     Suppose  —  =  ^ 

i/'         9 
which  is  an  ordinary  proportion  in  practice ;  then  — *  =  j^^^  near! j, 

a  quantity  practically  inappreciable. 

It  appears,  then,  that  the  distortion  produced  by  the  shearing 
stress  in  beams,  even  at  the  neutral  suifisu^e,  where  it  is  greatest, 
produces  a  deflection  which  is  very  small  compared  with  that  due 
to  the  bending  action  of  the  load ;  and  that  the  alteration  of  the 
external  figure  of  the  beam  must  be  smaller  still ;  from  which  it 
may  be  concluded,  that  in  ordinary  practical  cases  there  is  no  occa- 
sion to  compute  the  additional  deflection  due  to  the  shearing  stress. 

313.  Partiaiif-iiMidcd  Bcttoi. — ^In  designing  beams  for  the  sup- 
port of  roads  and  raUway^,  or  for  any  other  situation  in  which  one 
part  of  a  beam  may  be  loaded  and  another  unloaded,  it  is  necesaanr 
to  consider  whether  a  partial  load  may  or  may  not  produce,  at  any 
point  of  the  beam,  a  more  intense  stress  than  an  umform  load  over 
the  whole  beam. 

The  case  of  this  kind,  which  is  most  important  in  practice,  is 
that  in  which  a  beam  supported  at  both  ends  is  unifonnly  loaded 
throughout  a  certain  portion  of  its  length  and  unloaded  throughout 
the  remainder ;  and  its  solution  depends  on  two  theorema 

Theorem  L  For  a  given  intensity  of  load  per  utdt  of  lengthy  an 
uniform  load  over  the  u^le  beam  produces  a  greater  moment  of 
flexure  at  eacJi  cross  section  tJian  any  partial  load. 

Let  the  two  ends  of  the  beam  be  called  C  and  D,  and  any  inter- 
mediate cross  section  K  Then  for  an  uniform  load,  the  moment 
of  flexure  at  E  is  an  upward  moment,  being  equal  to  the  upward 
moment  of  the  supporting  force  at  either  of  the  ends  relatively  to 
E,  minvs  the  downward  moment  of  the  uniform  load  between  that 
end  and  K  A  partial  load  is  produced  by  removing  the  uniform 
load  from  part  of  the  beam,  situated  either  between  E  and  C,  be- 
tween E  and  D,  or  at  both  sides  of  R  First,  let  the  load  be 
removed  from  any  part  of  the  beam  between  E  and  0.  Then  the 
downward  moment,  relatively  to  E,  of  the  load  between  E  and  D  is 
unaltered ;  and  the  upward  moment,  relatively  to  E,  of  the  support- 
ing force  at  D  is  diminished,  in  consequence  of  the  diminution  of 
that  force ;  therefore  the  moment  of  flexure  is  diminiBhed.  A  similar 
demonstration  applies  to  the  case  in  which  the  load  is  removed 
from  a  part  of  the  beam  between  E  and  D ;  and  the  combined  effect 
of  those  two  operations  takes  place  when  the  load  is  removed  from 
portions  of  the  beam  lying  at  both  aides  of  E;  so  that  the  removal 
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of  tha  load  from  any  portion  of  the  beam,  diminisltas  the  moment  of 
fiaeure  at  each  point — Q.  K  D. 

Hence  it  follows,  that  if  a  beam  he  strong  enough  to  hear  an  uni- 
form  load  of  a  given  inUnsitf/,  ii  tmll  hear  any  partial  load  of  the 
wame  intensity. 

Thbobem  IL  For  a  given  intensity  of  load  per  unit  of  length,  the 
greatest  shearing  force  at  any  given  cross  section  of  a  heam  takes  place 
vshen  the  longer  of  the  two  parts  into  which  that  section  divides  the 
heam  ie  loaded  and  Hie  shorter  unloaded. 

Let  the  ends  of  the  beam,  as  before,  be  called  C  and  D,  and  the 
given  cross  section  E ;  and  let  C  £  be  the  longer  part,  and  E  D  the 
shorter  part  of  the  beam.     In  the  first  place,  let  0  E  be  loaded  and 
E  D  unloaded.    Then  the  shearing  force  at  E  is  equal  to  the  support- 
ing force  at  D,  and  consists  in  a  tendency  of  E  D  to  slide  upwards 
relatively  to  CR      The  load  may  be  altered,  either  by  putting 
weight  between  D  and  E,  or  by  removing  weight  between  C  and  K 
If  any  weight  be  put  between  D  and  E,  a  force  equal  to  part  of 
that  weight  is  added  to  the  supporting  force  at  D,  and  therefore  to 
the  shearing  force  at  E ;  but  a  force  equal  to  the  wliole  of  that 
weight  is  taken  away  from  that  shearing  force ;  therefore  the  shear- 
ing force  at  E  is  diminished  by  the  alteration  of  the  load.     K 
weight  be  removed  from  the  load  between  C  and  E,  the  shearing 
force  at  E  is  diminished  also,  because  of  the  diminution  of  the 
BupportiBg  force  at  D.     Therefore  any  alteration  from  tluU  distrir 
hudon  of  the  load  in  which  the  longer  segment  0  E  i»  loaded,  and  Hve 
shorter  segment  £  D  unloaded,  diminisltes  the  shearing  force  at  E. 
-^RD. 

In  designing  beams  where  the  shearing  force  is  borne  by  a  thin 
vertical  web,  or  by  lattice  work  (as  in  plate,  lattice,  and  other 
compound  gii-ders,  to  be  considered  more  fully  in  a  subsequent  sec- 
tion), it  is  necessary  to  attend  to  this  Theorem,  and  to  provide 
strength,  at  each  cross  section,  sufficient  to  bear  the  shearing  force 
which  may  arise  from  the  longer  8^;ment  of  the  beam  being  loaded 
and  the  shorter  unloaded. 

To  find  a  formula  for  computing  that  force,  let  c  be  the  half-span 
of  the  beam,  x  the  distance  of  the  given  cross  section,  E,  from  the 
Huddle  of  the  beam,  and  w  the  uniform  load  per  unit  of  length  on 
the  loaded  part  of  the  beam  C  R     The  length  of  that  part  is 

and  the  amount  of  the  load  ux)on  it, 

w{c  +  x). 

The  centre  of  gravity  of  that  load  lies  at  a  distance  from  the  end^ 
C,  of  the  beam  which  is  represented  by 
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and  therefore  the  upward  supporting  force  at  the  other  end  of  ilie 
beam,  D,  which  is  also  the  sheariog  force  at  E^  is  given,  by  tfaa 
equation 

F  =  «,(o  +  x)  -ilf  .  2o  =  l^^\ (l.) 

It  has  already  been  shown,  in  Article  290,  that  the  aheann^  finoa 
at  a  given  cross  section  with  an  uniform  load  is  F  =  «?  x ;  hence 
the  excess  of  the  greatest  shearing  force  at  a  given  cross  aectioii 
with  a  partial  load,  above  the  shearing  force  at  the  same  croaa 
section  with  an  uniform  load  of  the  same  intensity,  is 

P.F  =  !£i|^' (2.) 

At  the  ends  of  the  beam  this  excess  vanishes.     At  the  middle,  it 

consists  of  the  whole  shearing  force  !P  =  -  ti7  c,  or  one  quarter  of 

the  shearing  force  at  the  ends ;  that  is,  one-eighth  of  the  amount 
of  an  uniform  load. 

314.  Aitowaace  for  Wdght  •f  Seam. — ^Wheu  a  beam  is  of  gieat 
span,  its  own  weight  may  bear  a  proportion  to  the  load  which  it 
has  to  carry,  sufficiently  great  to  require  to  be  taken  into  aooount  in 
determining  the  dimensions  of  the  beam.  Before  the  weight  of  the 
beam  can  be  known,  however,  its  dimensions  must  have  been  de- 
termined, so  that  to  allow  for -that  weight,  an  indirect  prooeaa  must 
be  employed. 

As  already  explained  in  Article  302,  the  depth  of  a  beam  is  de- 
termined by  the  deflection  which  it  is  desired  to  allow  ;  and  the 
breadth  remains  to  be  fixed  by  conditions  of  strength,  the  atreDgth 
being  simply  proportional  to  the  breadth. 

Let  6'  denote  the  breadth  as  computed  by  considering  the  eao- 
terncU  load  alonSj  W^     Compute  the  weight  of  the  beam  from  that 

provisional  breadth,  and  let  it  be  denoted  by  B'.     Then  =  is  the 

proportion  which  the  weight  of  the  beam  must  bear  to  the  entire  or 

W 

ffro88  load  which  it  is  calculated  to  support;  and  =^, — ^  is  the 

proportion  in  which  the  gross  load  exceeds  the  external  load. 
Consequently,  if  for  the  provisional  breadth  6'  there  be  substituted 
the  excust  breadth, 

—  W  — B** * •••V*v 
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beam  "will  now  be  strong  enough  to  bear  both  the  proposed 
lemal  load  W^  and  its  own  weight,  which  will  now  be 

^  =  ^^_5/> (2-) 

d  the  true  gross  load  will  be 

^  =  W^^^ ^^'^ 

In  the  preceding  formulie,  both  the  external  load  and  the  weight 
of  the  beam  are  treated  as  if  uniformly  distributed — a  supposition 
ivhich  is  sometimes  exact,  and  always  sufficiently  near  the  truth 
Tor  the  purposes  of  the  present  Article. 

315.  liiMiiiBs  irfwcik  •f  KcaiB. — The  gross  load  of  beams  of 
gnmilar  figures  and  proportions,  yarying  as  the  breadth  and  square 
of  the  depth  directly,  and  inversely  as  the  length,  is  proportional 
to  the  square  of  a  given  linear  dimension.  The  weights  of  such 
beams  are  proportional  to  the  cubes  of  corresponding  Imear  dimen- 
sionflL  Hence  the  weight  increases  at  a  £sister  rate  than  the  gross 
load ;  and  for  each  particular  figure  of  a  beam  of  a  given  material 
and  proportion  of  its  dimensions,  there  must  be  a  certain  size  at 
which  the  beam  will  bear  its  own  weight  only,  without  any  addi- 
tional load. 

To  reduce  this  to  calculation,  let  the  gross  working  uniformly- 
distributed  load  of  a  beam  of  a  given  figure,  as  in  Article  295,  be 
expressed  as  follows : — 


W 


=^fli^ (1.) 


If  by  and  h  being  the  length,  breadth,  and  depth  of  the  beam,  /  the 
limit  of  working  stress,  and  n  a  factor  depending  on  the  form  of 
cross  section.     The  weight  of  the  beam  will  be  expressed  by 

B=zkv/lhh', (2.) 

«/  being  the  weight  of  an  unit  of  volume  of  the  material,  and  k  a 
&ctor  depending  on  the  figure  of  the  beam.  Then  the  ratio  of  the 
weight  of  the  beun  to  the  gross  load  is 

W  ""  Sn/h' ^"^'^ 

which  increases  in  the  simple  ratio  of  the  length,  if  the  proportion* 
■g  is  fixed.     When  this  is  the  case,  the  length  L  of  a  beam,  whose 
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weight  (treated  as  uniformlj  distributed)  is  its  working  load,  ii 
given  by  the  condition  ^  =:  1 ;  that  is, 


^-TS7  -"B" ^*-^ 


This  limiting  length  having  once  been  determined  for  a  given  daa 
of  beams,  may  be  used  to  compute  the  ratios  of  the  gross  Uad^ 
weight  of  the  beam,  and  external  load  to  each  other,  for  a  beam  of 
the  given  class,  and  of  any  smaller  length,  I,  according  to  the  fol- 
lowing proportional  equation : — 

L  :  ^  :  L-Z  :  :  W  ;  B  :  W-B (5.) 

To  illustrate  this  by  a  numencal  example,  let  the  beams  in  ques- 
tion be  plain  rectangular  cast  iron  beams,  so  that  n  =  r;,  ib  =  If 

v/  =  0*257  lb.  per  cubic  inch  ;  let  40,000  lbs.  per  square  inch  be 
taken  as  the  modulus  of  rupture,  and  4  as  the  £u;tor  of  safety,  so 

that/=  10,000  lbs.  per  square  inch ;  and  let  y  =  ^p     Then 

L  =  3,459  inches  =  288  feet,  nearly. 

316.  A  Stoplac  Seam,  like  that  represented  in  fig.  68,  Article 
142,  is  to  be  treated  like  a  horizontal  beam,  so  fiur  as  the  bending 
stress  produced  by  that  component  of  the  load  which  is  nonnal  to 
the  beam,  is  concerned.  The  component  of  the  load  which  acts 
along  the  beam,  is  to  be  consider^  as  producing  a  direct  throst 
along  the  beam,  which  is  to  be  combined  with  the  stress  due  to  the 
bending  component  of  the  load 

317.  An  Ori«iMail7  Cnrred  Bean,  at  any  given  cross  section  made 
at  right  angles  to  its  neutral  sm&ce,  so  far  as  the  bending  stress  is 
concerned,  is  in  the  same  condition  with  an  originally  stnugbt 
beam  at  a  similar  and  equal  cross  section  to  which  the  same 
moment  of  flexure  is  applied.  Beams  are  sometimes  made  with  a 
slight  convexity  upwards,  called  a  camber,  equal  and  opposite  to 
the  curvature  which  the  intended  working  load  would  produce  m 
an  originally  straight  beam.  The  effect  of  this  is  to  make  the 
beam  become  straight  under  the  working  load,  instead  of  carM 
and  to  diminish  the  additional  stress  due  to  rapid  motion  of  the 
Imid,  which  additional  stress  arises  partly  from  the  curvature  of  the 
bojiin. 

318.  The    Bx|mBal«n  aad  OoamutSaa  of  I«obs  Bcmum,  vhidi 
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arise  from  the  changes  of  atmospheric  temperature,  are  usually  pro- 
Tided  for  by  supporting  one  end  of  each  beam  on  rollers  of  steel  or 
hardened  cast  iron.  The  following  table  shows  the  proportion  in 
which  the  length  of  a  bar  of  certain  materials  is  increased  by  an 
elevation  of  temperature  from  the  melting  xx>int  of  ice  (32**  Fahr., 
or  0^  Centigrade)  to  the  boiling  point  of  water  under  the  mean 
atmo^heric  pressure  (212^  Fahr.,  or  100^  Centigrade);  that  is,  by 
an  elevation  of  180°  Fahr.,  or  100''  Centigrade  :— 

Metals. 

Brass, *ooai6 

Bronze, '00181 

Copper, '00184 

Gold, '0015 

Oast  iron, 'ooiii 

Wrought  iron  and  steel, '00114  ^  "00125 

Lead, '0029 

Platinum, '0009 

Silver, '002 

Tin, '002  to  'O025 

Zinc,. '00294 

Eabtht  Mateuals. 

(Tbe  expansibilities  of  stone  from  the  experiments  of  AEr.  Adi&) 

Brick,  common, '00355 

„      fire, '0005 

Cement, '0014 

Glass,  average  of  difiei'cnt  kinds, '0009 

Granite, *ooo8  to  '0009 

Marble, '00065  to  'ooii 

Sandstone, '0009  to  *ooia 

Slate, '00I04 

TlVBEB. 

(Expansion  along  the  grain,  when  dry,  according  to  Mr.  Joule^ 

Froeeed,  Ray.  Soc.,  Nov.  5,  1857.) 

Baywood, "000461  to  "000566 

Deal, "000428  to  '000438 

Mr*  Joule  found  that  moisture  diminishes,  annuls,  and  even  re- 
veries, the  expansibility  of  timber  by  hea^  and  that  tension  in- 
creases itb 

319.  The  xiuiic  Cmrrm^  in  the  widest  sense  of  the  term,  is  the 
tgore  assumed  by  the  longitudinal  axis  of  an  originally  straight 
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l)ar  under  anj  systeia  of  bending  foroe&  All  the  ftxamplflB  o£  At 
curvature,  slope,  and  deflection  of  beams  in  Article  300  and  ife 
subsequent  Articles,  are  cases  in  which  the  elastic  eurye  has  ben 
determined  vith  a  d^pree  of  approximation  sufficiently  cLoee  unkr 
the  circumstances ;  that  is,  when  the  deflection  is  a  Yery  snudl 
fraction  of  the  length.  The  present  Article  relates  to  the  figure  of 
the  elastio  curve  for  a  dender  JlcU  paring  of  ttmform  seeUot^  vhen 
acted  upon  either  by  a  pair  of  equal  and  opposite  couplea;,  or  bj  i 
pair  of  equal  and  opposite  forces. 

The  general  equation  of  Article  300  applies  to  this  case,  via.:— 


1 
r 


EI' 


.{!.) 


I  being  the  uniform  moment  of  inertia  of  the  section  of  the  spna^ 
£  the  modulus  of  elasticity,  M  the  moment  of  flexure  at  a  given 
point,  and  r  the  radius  of  curvature  at  that  point. 

When  a  spring  is  under  the  action  of  a  pair  of  equal  and  opp(mto 
couples  applied  to  its  two  ends,  then,  as  in  Article  304,  M  is  constant^ 
r  is  constant,  and  the  elastic  curve  is  a  circular  arc  of  the  radios  r. 

When  a  spring  is  tmder  the  action  of  a  pair  o/eqiuU  aokd  oppo»i» 

forces,  let  A  and  B  denote  the  two  points  to  which  those  forces  are 

appHed,  and  A  B  their  common  line  of  action.     The  figures  £roia 


Fig.  146  a. 


Fig.  146  6. 


Kg.  146/ 

146  a  to  146^  inolusiTe,  represent  various  forms  which  the  spong 
may  assume^  vi&  :^- 

L  When  the  fbroes  are  directed  towards  each  other-- 
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A  aimple  axe,  like  a  bow,  meetmg  A  B  at  tiie  points  A  and  B 

I 

6,  &  An  undulating  figure,  crossrog  A  B  at  any  number  of  inter- 
nxediate  points. 

cL  The  points  A  and  B  coinciding,  which  may  give,  with  an 
emJIess  spring,  a  figure  of  8. 

H.  "Wjien  the  forces  are  directed  from  each  other — 

«L  One  or  more  loops,  with  the  ends  and  intermediate  portions 
meeting  or  crossing  A  B 

yr  The  forces  acting  from  each  other  at  the  points  A,  B,  in  two 
ri^d  levers  A  D,  B  £,  to  which  the  spring  is  fixed  at  D  and  £ :  the 
spring  forming  one  or  more  looped  coils,  lying  altogether  at  one  side 
of  the  line  of  action  A  B. 

Xiet  P  be  the  common  magnitude  of  the  equal  and  opposite  forces 
applied  at  A  and  B,  and  x  the  perpendicular  distance  of  any  point 
O  in  the  elastic  curve  from  the  line  of  action  A  R  Then  the  mo- 
ment of  flexure  at  that  point  is  obviously 

M  =  ajP; (2.) 

and  consequently  the  radius  of  curvature  at  that  point  is  given  by 
the  equation 

EI_BI. 

'-  M-iP' ^^f 

that  is  to  say,  the  radius  of  cusrvaJbwre  is  inversdy  proportiorud  to  the 
perj)endieulardi8ta7ice/rornthelineqf(idionqftha/^  At  each 
of  the  points  in  figs.  146  a,  h,  c,  d,  and  e,  where  the  curve  meets  or 
crosses  A  B,  the  radius  of  curvature  is  infinite ;  that  is,  there  is  a 
point  of  contrary  flexure. 

The  above  geometrical  property  is  common  to  all  the  varieties  of 
cnrres  formed  by  an  uniform  spring  bent  by  a  pair  of  forces,  and 
is  sofiGicient  to  enable  any  one  of  them  to  be  drawn  approximately, 
by  means  of  a  series  of  short  circular  arcs.  It  is  sufficient,  also,  to 
establish  all  their  other  geometrical  properties,  such  as  the  rela- 
tions between  their  rectangular  co-ordinates,  and  the  lengths  of 
their  arcs.  These  are  expressed  by  means  of  elliptic  functions; 
and  it  is  unnecessary  to  give  them  in  detail  in  this  treatise, 
except  in  one  case,  which  will  be  mentioned  in  the  next  Article, 
319  A 

There  is  one  important  proposition,  however,  which  it  is  here 
neoeasaiy  to  prove ;  and  that  is  the  following 

Thbobeic  Th(U  a  spring  of  a  given  length  and  aedionf  to  the  ends 
offehose  neulral  surface  a  pair  of  forces  aire  appHody  wUl  not  be  bent 
(f  those  forces  are  less  than  a  certain  finite  magnitude.  Let  A  and 
B  in  fig.  146  a  be  the  two  ends  of  the  spring,  to  which  two  aqua) 


'652  THEORY  OF  STRUCTURES. 

and  opposite  forces  of  the  magnitude  P  are  applied,  directed  to- 
wards each  other ;  the  spring  forming  a  single  arc  A  C  B,  of  tiie 
length  L  x  being,  as  before,  the  ordinate  of  any  point  C,  let  y  Ve 
the  distance  of  that  ordinate  from  A. 

The  smaller  the  force  P,  the  more  nearly  inll  tiie  arc  A  C  6 
approach  to  the  straight  line  A  B  ;  and  in  order  to  find  the  small- 
est value  of  P  which  is  compatible  with  any  bending  of  the  spnag, 
that  force  must  be  computed  on  the  supposition  that  the  ordinste 
X  at  each  point  is  insensibly  small  compared  with  the  length  of  tlie 
spring,  and  consequently,  that  the  length  of  the  arc  A  C  does  sot 
sensibly  differ  from  that  of  its  abscissa  y.  This  being  the  case,  ^ 
curvature  at  any  point  C  is  to  be  taken  as  sensibly  given  hj  tlie 
following  equation : — 

1 d\x^ 

which  value  being  insei-ted  in  equation  3,  gives 

d^x__   P 

The  int^p:td  of  this  equation  i3 


•^ (^) 


y 

a?  =  a  •  sm  •  -, 
c 


where  c 


=v 


EI 
P 


.(5.) 


In  order  that  x  may  be  =  0  at  the  points  A  and  B,  it  is  neoessaiy 

that  when  y  :=  l,^  should  he  =  nv,  n  being  any  whole  number; 

c 

and  consequently  that 

c=— (6.) 

Now  of  all  the  possible  values  of  n^  that  which  gives  the  least  value 
of  P  is  n  =  1 ;  whence  we  find 

V"EI       i         J  T>       ^*EI  ^. 

-p-  =  -  ;  and  P  =  -^; (7.) 

and  this^ntte  quamtUy  is  the  amaUest  force  tohich  will  bend  the  gkff^ 
spring  in  the  manner  proposed. — Q.  E.  D. 

Tins  investigation  proves  the  Theorem  in  question,  and  gives 
the  least  bending  force ;  but  as  it  leaves  the  constant  a  indetef' 
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minate,  it  does  not  give  tlie  figure  assumed  by  the  spring,  whioh 
cannot  be  found  exactly  except  by  the  use  of  elliptic  functions. 

319  A.  The  iifdMstaife  Arch,  described  in  Article  183,  is  of  the 
lame  figure  with  the  coiled  and  looped  elastic  curve  represented  in 
£g,  146/;  for  its  radius  of  curvature  at  any  point  is  inversely  pro- 
portional to  the  perpendicular  distance  of  that  point  firom  a  given 
straight  line.  In  order  to  transform  all  the  equations  given  in 
that  Article  for  the  hydrostatic  arch  into  the  corresponding  equa- 
tions for  the  coiled  and  looped  elastic  curve  of  fig.  146  /^  it  is  only 
necessaiy  to  put  for  the  constant  product  of  the  ordinate  and  radius 
of  curvature  the  following  value  : — 

EI 
xr=  -^. 

An  instrument  consisting  of  an  uniform  spring  attached  to  a  pair 
of  leversy  might  be  used  for  tracing  the  figures  of  hydrostatic 
arches  on  paper. 

This  property  of  the  coiled  and  looped  elastic  curve  is  analogous 
to  tiiat  discovered  by  James  Bemouilli  in  the  simple  bow  of  fig. 
146  Of  viz.,  that  it  is  the  figure  assumed  by  the  vertical  longitu- 
dinal section  of  an  indefinitely  broad  sheet,  containing  a  liquid 
mass  whose  upper  horizontal  surfiEice  is  represented  by  A  B. 


SflcnoH  7. — On  Eetietance  to  TunsUng  OTid  Wrenching. 

320,  The  Vmuum^  Mmmmnt,  or  moment  of  torsion,  applied  to  a 
bar,  is  the  moment  of  a  pair  of  equal  and  opposite  couples  applied 
to  two  cross  sections  of  the  bar,  in  planes  perpendicular  to  the 
axis  of  the  bar,  and  tending  to  make  the  portion  of  the  bar  betweea 
those  cross  sections  rotate  in  opposite  directions  about  that  axi& 
In  the  following  Articles,  twisting  moments  are  supposed  to  be 
expressed  in  inehrpounda, 

321.  mumm^fih  •f  m  CyUn^vicmi  axle— A  cylindrical  axle,  A  B,  fig. 
147,  being  subjected  to  the  twisting 
moment  of  a  pair  of  equal  and  oppo- 
site couples  applied  to  the  cross  sec- 
tions A  and  B,  it  is  required  to  find 
the  condition  of  stress  and  strain  at 
any  intermediate  cross  section  such 
as  8,  and  also  the  angular  displace-  ^  ^^^* 

ment  of  any  cross  section  relatively  to  any  other. 

From  the  uniformity  of  the  figure  of  the  bar,  and  the  uniformity 
of  the  twisting  moment,  it  is  evident  that  the  condition  of  stress 
and  strain  of  all  cross  sections  is  the  same ;  also,  because  of  the 

2a 
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circular  figure  of  each  cross  seddon,  the  condition  of  stress  sad 
strain  of  all  partides  at  the  same  distance  from  the  axis  of  the 
<^linder  most  be  alike. 

Suppose  a  circular  layer  to  be  included  between  the  croa  sectios 
S,  and  another  cross  section  at  the  distance  dx  &c»n.  it  The 
twisting  moment  causes  one  of  those  cross  sections  to  rotate  reb- 
tivelj  to  the  other,  about  the  aids  of  the  cylinder,  through  sa 
angle  which  may  be  denoted  hj  di.  Then  if  there  be  two  pointi 
at  the  same  disi»Jioe  r  firom  the  axis  of  the  cylinder,  one  in  the  one 
cross  section,  and  the  other  in  the  other,  which  points  were  ozigi- 
nsJly  opposite  to  each  other,  in  a  line  parallel  to  the  axis,  the 
twisting  moment  shifts  one  of  those  points  laterally,  relatiyely  to 
the  other,  through  the  distance  reft.  Consequently  the  part  of 
the  layer  which  lies  between  those  points  is  in  a  condition  of 
distortion,  in  a  plane  perpendicular  to  the  radius  r ;  and  the  di»> 
tortion  is  expressed  by  the  ratio 

di 

'-""Tx (1) 

which  Taries  proportuynally  to  the  dlstaTioe  from  tlie  axis.  There  is 
therefore  a  Clearing  stress  at  each  point  of  the  cross  section  C, 
whose  direction  is  perpendicular  to  the  radius  drawn  from  the 
axis  to  that  point,  and  whose  intensity  is  proportional  to  that  radius, 
being  represented  by 

y  =  C,  =  Cr-^ <*) 

• 

The  STBXHcms  of  the  axle  is  determined  in  the  following 
manner : — Let  /  be  the  limit  of  the  shearing  stress  to  which 
the  material  is  to  be  exposed,  being  the  tdtvmaie  resistance  to 
wrenching  if  it  is  to  be  broken,  the  proof  resistance  if  it  is  to 
be  tested,  and  the  toorking  resistance  if  the  working  moment  of 
torsion  is  to  be  determined.  Let  r,  be  the  external  radios  of  the 
axla  Then  /  is  the  value  of  q  at  the  distance  ri  from  the  axis ; 
and  at  any  other  distance  r,  the  intensity  of  the  shearing  stress  is 

?  =  •? (3) 

Conceive  the  cross  section  S  to  be  divided  into  narrow  oonoentrie 
rings,  each  of  the  breadth  dr.  Let  r  be  the  mean  radius  of  one  of 
these  rings.  Then  its  area  is  2  »  rdr;  the  intensity  of  the  shear- 
ing stress  on  it  is  that  given  by  equation  3,  and  the  leverage  of  that 
stress  relatively  to  the  axis  of  the  cylinder  is  r;  conaequeotly,  the 
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momezit  of  the  sheaiing  stress  of  the  ring  in  question,  being  the 
product  of  those  three  quantities,  is 

which  being  integrated  for  all  the  rings  from  the  centre  to  the 
circumference  of  the  cross  section  S^  gives  for  the  moment  of 
torsion,  and  of  resistance  to  torsion, 

M=^./Vrfr  =  ^ (4.) 

(1=1-6708). 

If  the  axle  is  hoUaw,  Tq  being  the  radius  of  the  hollow,  the  integral 
is  to  be  taken  from  t^Tq  to  r  =  7*1 ;  and  the  moment  of  torsion 
becomes 

M  =  £^./V^r=^^^^^l^> (5.) 

It  is  in  general  more  conv^ent  to  express  the  strength  of  an 
axle  in  terms  of  the  diameter  than  in  terms  of  the  radius.  Let  hi 
be  the  external  diameter  of  the  axle,  and  Hq  its  internal  diameter, 
if  hollow;  then 

For  SL  solid  asde,  ^  =  ^^='^7^ 

For  a  hMow  axle,  M= le^-^-— STAT" 

If  these  formula  be  compared  with  those  applicable  to  solid  and 
hollow  cylindrical  beams  in  Article  295,  it  will  be  seen  that  they 
differ  only  in  the  numerical  fieustor,  which,  for  the  moment  of 

flexure,  is  ^  =  j^>  and  for  the  moment  of  torsion,  Jg  =  5^' 

Hence  we  have  this  useful  principle,  that  for  equal  values  of  ths 
limUng  stress  f,  the  resistance  of  a  cylinder,  solid  or  hollow,  to 
^orendixng,  is  double  of  its  resistance  to  breaking  across. 

Values  of  the  co-efficient  of  ultimate  resistance  to  shearing  for 
cast  and  wrought  iron,  are  given  in  a  table  which  has  already  been 
referred  to.  The  co-efficient  for  cast  iron  is  somewhat  doubtful, 
benuse  the  experiments  give  varying  results.     That  given  in  the 


(6.) 


356  THEORY  OF  STBUCTUBES. 

table,  viz.,  27,700,  is  adopted  on  the  authority  of  Mr.  Hodgido* 
son's  work  On  Cast  Iron,  as  the  mean  of  the  experiments  considered 
by  him  the  most  trnstwoi*thy;  bat  some  experiments  give  a  Talae 
as  low  as  24,000,  and  others  a  value  as  high  as  30,000. 

With  respect  to  the  working  values  of  the  limiiaTig  stress^  the 
following  are  those  adopted  by  Tredgold  in  his  practical  roles : — 

For  cast  iron, 7,6dO  lbs.  per  square  inch. 

For  wrought  iron, 8,570       „  „ 

Tliis  amounts  to  allowing  a  factor  of  safety  of  about  4  for  cast 
iron  and  6  for  wrought  Practical  ej^perience  of  the  strength  of 
wrought  iron  axles  confiims  the  co-efficient  given  above  for  wrought 
iron  vety  closely,  it  having  been  found  that  such  axles  bear  a  work- 
ing stress  of  9,000  lbs.  per  square  inch  for  any  length  of  time,  if 
well  manufactured  of  good  material  The  co-efficient  for  cast  iron 
appears  to  leave  too  small  a  factor  of  safety  for  any  motion  except 
one  that  is  very  smooth  and  steady,  and  it  may  be  considered  tLat 
5,000  lbs.  per  squai-e  inch  is  a  aofer  co-efficient  for  general  use. 
Hence  we  may  put,  as  the  limit  of  working  stress  in  shafts, 

For  cast  iron, /=  5,000  lbs.  per  square  incL 

For  wrought  iron, ./=  9,000        „  „ 

322.  Aagle  •r  Tonimt  •f  n  CjUmdrkcml  Axl«. — Suppose  a  pair  of 
diameters,  originally  parallel,  to  be  drawn  across  the  two  circular 
ends,  A  and  B,  of  a  cylindrical  axle,  soUd  or  hollow ;  it  is  proposed 
to  find  the  angle  which  the  directions  of  those  lines  make  with 
each  other  when  the  axle  is  twisted,  either  by  the  working  moment 
of  torsion,  or  by  any  other  moment. 

This  question  is  solved  by  means  of  equation  2  of  Article  331| 
which  gives  for  the  angle  of  torsion  per  vnil  of  length, 

di        q 
dx  ""  Or* 

The  condition  of  the  axle  being  uniform  at  all  points  of  its  lengtii, 
the  above  quantity  is  constant ;  and  if  a;  be  the  length  of  the  axle, 
and  %  the  angle  of  torsion  sought,  expressed  in  length  of  aic  to 

radius  1,  we  have  —  =  -j-y  and  therefore, 

'=S^ - 0) 

L  Let  the  moment  of  torsion  be  the  loorking  mometUf  for  which 

9/ 
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'X'lieii  the  angle  of  totmon  is 

•='c7=c7«; ^^f 

and  is  the  same  whether  the  axle  is  solid  or  hollow. 

A  value  of  C,  the  co-efficient  of  transverse  elasticity  for  cast  iron, 
is  given  in  the  table ;  bnt  it  is  tincei*tain,  as  experiments  are  dis- 
cordant. For  wrought  iron,  that  constant  has  been  found  with 
more  precision,  its  mean  value  being  about  9,000,000  lbs.  per 
square  inch.  Hence,  for  the  toarking  torsion  of  wrought  iron 
shafts,  we  may  make 

C~  1,000 ^  -^ 

H.  Let  the  moment  of  torsion  have  any  amount  M  consistent 
-with  safety.     Then  for  ~,  we  have  to  put  the  equal  ratio  deduced 

T 

from  the  equations  4  and  5  of  Article  321,  by  substituting  q 
for  y  in  the  numerators  and  r  for  r^  in  the  denominators ;  that  is 
to  Bay, 


._qx    2Ma;_32Mg     ,^^Mg 
J'or  hollow  aadeSf  -  =  —7-, — -tt  ;  and 


f  = 


qx         2Ma?  32M«  „     Mx 


=  10-2 .. 


Cr""iU(i1-*^o)^C(/*t-/*;)     *"     C(Ai-AJ) 


(^) 


323.  The  VeniiiMce  •€  a  eyiiB^ricai  Axle  is  the  product  of  one- 
balf  of  the  greatest  moment  of  torsion  into  the  corresponding  angle 
of  tondon ;  and  it  is  given  by  the  following  equation : — 


M»        f*Kx^  vj      1-     i5L 

«— g*^^    '^  for  a  solid  shaft;  or 
Mf  =  >! W  T.*?  *  for  a  hoUow  shaft 

2       5-1  c  a; 


(1.) 
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324.  AxIm  ii«t  CircBtar  In  Section. — ^When  the  cross  section  of  a 

shaft  is  not  circular,  it  is  certain  that  the  ratio  -  of  the  sheuing 

r 

stress  at  a  given  point  to  the  distance  of  that  point  from  the  axis 

of  the  shaft,  is  not  a  constant  quantity  at  different  points  of  the 

cross  sectioni  and  that  in  many  cases  it  is  not  even  approzimatelj 

constant ;  so  that  formuhe  founded  on  the  assumption  of  its  being 

constant  are  erroneous.     The  mathematical  investigations  of  M.  de 

St.  Tenant  have  shown  how  the  intensity  of  the  bearing  stress  is 

distributed  in  certain  cases. 

The  most  important  case  in  practice  to  which  M.  de  St.  Venant*8 

method  has  been  applied  is  that  of  a  square  shaft ;  and  it  appean 

that  its  moment  of  torsion  is  given  by  the  formula 

M  =  0-281 /A»  nearly. 

325.  Bending  nnd  Twiailnff  cnmMned ;  Cwmatu  mmA  AmMm^ — ^A  siuift 
is  often  acted  upon  by  a  bending  load  and  a  pair  of  twisting  couples 
at  the  same  time.  In  that  case,  the  greatest  direct  stress  due  to 
the  bending  load,  and  the  greatest  shearing  stress  due  to  the  moment 
of  torsion,  are  to  be  combined  in  the  manner  already  illustrated  for 
beams,  in  Article  310. 

That  is  to  say,  let  p  be  the  greatest  stress  due  to  bending,  and  q 
that  due  to  twisting ;  let  jpi  be  the  intensity  of  the  greatest  resnlt- 
ant  stress,  and  i  the  angle  which  its  direction  makes  with  the  axis 
f^  the  shaft     Then 


P^=V{l-^^}^-2' 


P 


(1.) 


One  of  the  most  important  examples  of  this  is  ilhistnited  in 

fig.  148,  which  represents  a  shaft  having  a  cnnk 
at  one  end.  At  the  centre  of  the  cnmk-pin, 
T,  is  applied  the  pressure  d  the  connecting 
rod ;  and  at  the  b^tring,  Sy  acta  the  equal  and 
opposite  resistance  of  that  bearing.  Bepieaent- 
ing  the  common  magnitude  of  those  forces  byP| 
they  form  a  couple  whose  moment  is 

M  =  PSF. 

p.    j^g  Draw  P  N  perpendicular  to  SN,  the  axis  of  the 

^'      *  shaft ;  and  let  the  aogle  P  SN  =  jL     Then  the 

tovple  M  may  be  resolved  into 
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A  bending  couple  P  '  N  S  =  M  ooaj;  and 
A  twisting  couple  P  *  N  P  =s  M  sin  J. 

Equal  and  opposite  couples  act  on  the  farther  end  of  the  shaft. 
Let  A  be  its  diameter. 

By  the  formulse  of  Article  295^  the  greatest  stress  produced  at  S 
by  the  bending  couple  is 


P 


10*2  M  cos  J  ,ov 

3P— ' <2> 


and  that  produced  by  the  twisting  oouple^  according  to  Article 
321,  is 

g-l  Msinj  _  JO  tan  j  ,« . 

^  -         U^ Y"  ' ^  ^^ 

consequently,  by  the  equations  1  of  this  Article,  the  resultant 
greatest  stress  at  S,  and  its  inclination  to  the  axis  of  the  shaft,  are 


51  M 


p,  =  |(sec^  + 1)  =— ^  (1  +  cos  j)  ; 


ft    B    ~    * 

2' 


(4.) 


aad  by  TnaVing  p,  =:/,  the  proper  diameter  can  be  determined. 

These  results  may  be  represented  graphically  as  follows : — Draw 
8Q  bisecting  the  angle  N  SP,  and  P  Q  perpendicular  to  S  Q.  S  Q 
will  be  the  direction  of  the  r^ultant  greatest  stress  at  8,  and  the 
intensity  of  that  stress  will  be  the  same  as  if  it  were  caused  by  the 
bending  action  of  a  force  equal  to  P  and  applied  at  Q,  on  an  oblique 
section  of  the  shaft  perpendicular  to  S  Q ;  and  also  the  same  as  the 
greatest  intensity  of  the  stress  which  would  be  produced  at  S  by 
tiie  direct  bending  action  of  a  force  equal  to  P  appKed  at  M  in  the 
axis  of  the  shaf^  with  the  leverage 

■ 

826.  Hie  TmA  •r  wiMds  are  made  sufficiently  strong;  to  provide 
against  an  action  analogous  to  combined  twisting  and  bending, 
which  may  arise  from  the  whole  force  tranflmittMl  by  a  pair  of 
wheeb  lumpening  to  act  on  one  comer  of  one  tooth,  such  as  0 
or  D,  fig.  149. 

In  fig.  150,  let  the  shaded  part  represent  a  portion  of  a  cross 
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wofion  of  the  rim  of  the  wheel  A  of  fig.  149,  and  let  EHEP- 

be  the  fkoe  of  a  tooth,  on 

one  comer  of  which,  P,  acta 

the    force     represented    by 

\.     ^  y  Na  that  letter.     Conceive  any 

7  p^    r^i  pi^ K     s®<^tional  plane  E  F  to  in- 

^^V^Jl  I  v^  Fjcr  1*50  tersect  the  tooth  from  tJie 

>  ^    U/ 7  Fig.  150.  ^^^  Ep  t^  ^^^  ^t  PK, 

^  \  •  and  let  P  G  be  perpendicular  to  that  plana 

Let  h  be  the  thickness  of  the  tooth,  and  let 

^  EF  =  6,PG  =  ^ 

*^*  Then  tlie  moment  of  flexure  at  the  secdoii 

EF  is  P^,  and  the  greatest  stress  produced  by  that  moment  of 
flexure  at  that  section  is 

GP; 
JP  = 


X  ' 


which  is  a  maximnm  when 
then  the  value, 


hli 


PE  F  =  45**,  and  6  =  2^  having 


Oonsequently,  the  proper  thickness  for  the  tooth  is  given  by  dw 
equation  

A=\/^- 0) 

This  formula  is  Tredgold's ;  according  to  whom  the  proper  value 
for  the  greatest  working  stress  /is  4^500  lbs.  per  square  inch,  when 
the  tee&  are  of  cast  iron. 


Section  8. — On  Crushing  hy  Bending. 


837.  imtfdwMimrT  BanMurlu. — ^Pillars  and  struts  whose  lengths 
exceed  their  diameters  in  considerable  proportions  (as  is 
almost  always  the  case  with  those  of  timber  and  metal), 
give  way  not  by  direct  crushing,  but  by  bending  sideways 
and  breaking  across,  being  crushed  at  one  side,  as  at  A« 
fig.  151,  and  torn  asunder  at  the  other,  as  at  R 

There  does  not  yet  exist  any  complete  theory  of  this 

phenomenon.     The  formulse  which  have  been  provision- 

^.    jg^^  ally  adopted  are  founded  on  a  mode  of  investigation 

partly  theoretical  and  partly  empirical     Those  whidi 

will  first  be  explained  are  of  a  form  proposed  by  Tredgold  on  theo* 

zetioal  grounda     Having  fedlen  for  a  time  into  disuse,  they  wen 
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leviTed  b7  Mr.  Lewis  Gordon,  who  determined  the  values  of  the 
constants  contained  in  them  by  a  comparison  of  them  with  Mr. 
Hodgkinson*s  experiments.  Then  will  be  given  Mr.  Hodgkinson's 
own  empirical  formulse  for  the  ultimate  strength  of  cast  iron  pillars. 

328.   Streastli  •f  Iron  Pillars  and  8inito« — Let  P  be  the  load  which 

acts  on  a  long  pillar  or  strut,  and  S  its  sectional  area.  Then  one 
part  of  the  intensity  of  the  greatest  stress  on  the  material  is  simply 
the  intensity  due  to  the  uniform  distribution  of  the  load  over  the 
sectioDy  and  may  be  represented  thus  : — 

Another  part  of  the  greatest  stress  is  that  which  arises  from  the 
lateral  bending,  which  will  take  place  in  that  direction  in  which 
the  pillar  is  most  flexible ;  that  is,  in  the  direction  of  its  least  dia- 
meter, if  the  diameters  are  unequal.  Let  h  be  that  diameter,  and 
h  the  diameter  peipendioular  to  it ;  let  ^  be  the  length  of  the  pillar, 
and  let  V  be  the  greatest  deflection  of  the  axis  of  the  pillar  from  its 
original  straight  position.  Th^n,  as  in  the  case  of  a  spring,  Article 
319,  tho  greatest  moment  of  flexure  is  P  t; ;  and  the  greatest  stress 
produced  by  that  moment  (which  will  be  denoted  by  p")  is  directly 
as  the  moment,  and  inversely  as  the  breadth  and  square  of  the 
thicknesB  of  the  pillar  (Article  295) ;  that  is. 

But  the  greatest  deflection  consistent  with  safety  is  directly  as  the 
square  of  the  length,  and  inversely  as  the  thickness  (Article  300) ; 
that  18, 

? 

■lao,  the  product  i  A*  is  proportional  to  the  sectional  area  S  and  to 
the  thicbneBs  /•.    Consequently  we  have  the  proportional  equation 

P*  57?  *''•*••' 

that  ifl,  the  addUumal  stress  due  to  bending  is  to  the  stress  due  to 
direct  presswre^  in  a  ratio  tohid^  increases  as  tJie  square  of  the  jnvpoT' 
Hon  in  which  Uie  length  ofUte  pillar  exceeds  tlie  least  diameter. 

The  whole  intensity  of  the  greatest  stress  on  the  material  of  the 
pillar,  being  made  equal  to  a  co-efficient  of  strength  /,  is  expressed 
by  the  following  equation : — 


/  =  p'  +  p'  =  |(i  +  « .  ^.) ; (1.) 
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in  wldch  a  is  a  constant  co-efficient,  to  be  detennined  hj  experi- 
meat.    Hence  tlie  following  is  the  strength  of  a  long  pHlar : — 


P  = 


/8 


1  +  a 


(2.) 


The  following  are  the  yalnes  of/ and  a  for  the  vltimaU  tirength^ 
as  computed  by  Mr.  Grordon  from  Mr.  Hodgkinson's  experimentA 
on  pillars  fixed  at  the  ends,  by  having  flat  capitals  and  basea^ 
as  in  ^g,  152 : — 

/,  lbs.  per  inch.         a. 

1 

WrougJU  iron,  solid  rectangular  section,  36,000 

Catiiran,  hollow  cylinder, 80,000 

„         soUd  n      80,000 


3,000* 
1 

800' 
1 

ioB" 


A  pillar  B0i7ira>ED  at  both  ends,  as  in  fig.  154,  is  as  flexible  as 
ft  pillar  of  the  same  diameter,  fixed  at  both  ends,  and  of  doable  the 

length;  and  its  strength  might  therfr- 

I  fore  be  expected  to  be  the  same;  a 

-*   conclusion  verified  by  the  experiments 

of  Mr.  Hodgkinson.    Hence,  for  sndi 

pillars, 

^'-  m 


TT 


IL 


i 


P« 


l  +  4a{. 


Mr.  Hodgkinson  found  the  Gtrength 
_  ofa  pillar JiiceJ  of  on^emfanc^fviimU 

Fi     162        Fiff  15S       Fie  IS*"  ^  ^  ^^^^  (^^'  ^^^)»  ^  ^  *  ™^*^ 
^'       *        6'      •  ijetween  the  strengths  of  two  pillars  of 

the  same  length  and  diameter,  one  fixed  at  both  ends,  and  Uie  other 
rounded  at  both  ends. 

Taking  the  proof  load  as  one-half  of  the  breaking  load  for  wrought 
iron,  and  one-third  for  cast  iron,  and  the  working  load  as  6x>m  one- 
fourth  to  one-sixth  of  the  breaking  load  for  both  materiala^  tlw 
following  are  the  values  to  be  assigned  to  the  limit  of  atrassjT  under 
different  drcumstanoes : — 


Load — BreaUog. 

"Wrought  iron, 36,000 

Cast  iron, , 80,000 


Proot  WoriuQg. 

X  8,000         6,000  to    9,000 
26,700       139300  to  aOfOoo 


IBOK  PILLABS  AND  fiTKUTS. 
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In  ndng  the  fonnul»  2  and  3,  the  ratio  ^  is  generally  fixed  bcfore- 

hand,  to  a  degree  of  approximation  sufficient  for  the  purposes  of  the 
calculation. 

329.  €MiBectiii«  Bodi  of  engines  are  to  be  considered  as  in  the 
condition  of  stmts  rounded  at  both  ends ;  pim^m  B««ia,  as  in  the 
condition  of  struts  fixed  at  one  end  and  rounded  at  the  other. 

330.  CMMpwtoMi  •f  €Mt  aad  WrMisht  Mwmm* — ^When  the  ultimate 
strength  per  square  inch  of  section  of  pillars  is  computed  by  means 
of  equation  2  of  Article  328,  it  appears  that  for  the  smaller  pro- 
portions of  length  to  diameter,  cast  iron  is  the  stronger  material ; 
bat  that  its  strength  diminishes  as  the  proportion  of  length  to 
diameter  increases,  faster  than  that  of  wrought  iron  ;  so  that  for 
the  proportion 

l:h::  ^^695  :  1  :  :  26 J  :  1  nearly, 

those  materials  in  the  shape  of  solid  pillars,  rectangular  for  wrought 
iron,  cylindrical  for  cast,  are  equally  strong,  and  beyond  that  pro- 
portion wrought  iron  is  the  stronger.  This  result  was  pointed  out 
by  Mr.  Gordon.     The  following  table  illustrates  it : — 


i 

lO 

34,840 
64,000 

so 
40,000 

26*4 

29,230 
29,230 

30 

27,700 
24,620 

40 

23.480 
16,000 

k 

Breaking  load, 
lbs.  per  square 

incb,  =  g, 

^Wronght, 
solid'rect- 
angular, 

Catt,  toUd 
cylindrical. 

331.  nr,  H^dsklMM's  F4 

Mrmm  Piifam»  as  deduced  by  that  author  from  his  own  experiments, 
are  as  follows : — 

I.  When  the  length  is  not  less  than  thirty  times  the  diameter. 

Por  solid  cylindrical  pillars^  A  being  the  diameter,  tn  inches,  and 

It  the  length  in/eeif 

A** 
P-A^. (1.) 

For  hollow  cylindrical  pillars,  A,  being  the  external,  and  h^  the 
internal  diameter,  in  tnaieSy  and  L  the  length  in/eet, 


Af*  -  A?* 


.(2.) 


The  values  of  the  co-efficient  ▲  are  as  follows 
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[1.)  For  solid  pillars  with  rounded  aids, 14*9 

[2.1  „  „  fiat  ends, 4r^6 

[3.1  For  hollow  pillars  with  rounded  ends, 13X> 

k)  ..  „  flat  ends, 44"3 


9f 


» 


IL  When  the  length  h  leas  than  thirty  times  the  diameter. 

Let  h  denote  the  breaking  load  of  the  pillar,  as  computed  by  the 
preceding  formulae.  Let  c  denote  the  crushing  load  of  a  short  Idodc 
of  the  same  sectional  area  S,  as  computed  by  the  formula 


c  =  49  tons  X  S  in  square  inches. 
Then  the  oonect  crushing  load  of  the  pillar  is 

he 


(3.) 


P  = 


6  +  -r 


(M 


332.  In  WMiviht  iroM  FmMew^tk,  the  bars  which  act  as  struts, 
in  order  that  they  may  have  sufficient  stiffiiess,  are  made  of  vanouf 

figures  in  cross  section, 
of  which  some  examples 


\ 


TT3 


n        are  given  in  fig&  155 

' — '* — ■  (angle  iron),  156  (dian- 

nel  iron),  157  (a  croo- 


Fig.  166.         Fig.  156.         Fig.  157.      Fig.  158.    shaped  ^tion,  used  in 

half-lattice  girders),  and  158  (T-iron).  In  some  large  lattice  girders, 
the  struts  are  composed  of  a  pair  of  parallel  T-iron  bara^  sadi 
as  fig.  158,  with  their  middle  ribs  turned  towards  each  other, 
and  connected  together  by  a  lattice  work  of  small  diagonal  bara 
In  applying  to  wrought-iron  struts  the  formulsB  of  Article  338, 

pages  361,  362,  for  j^  there  is  to  be  substituted  to-jI  J  being  the 

lecut  moment  of  inertia  of  the  section  (Article  95,  pages  77-82^ 
333.  "Wrmmgkt  Iron  CeUa  are  rectangular  tubes  (generally  square) 

composed  of  four  plate  iron  sides,  rivetted  to  angle  iron  hm  at  the 

corners,  as  shown  in  the  section,  fig.  159.  This 
mode  of  construction  was  designed  by  Mr.  Fair- 
bairn,  to  resist  a  thrust  along  the  axis  of  the  tuhe^ 
The  tUtimcUe  reeiskmce  of  a  single  square  cell  to 
|i  11.    crushing  by  the  buckling  or  bending  of  its  sides, 

iJLx^        >^  ^   when  the  thickness  of  the  pktes  is  not  lets  Aon 

one-Mrtieth  o/ths  diameter  of  ike  cdly  as  detennined 
by  Mr.  Fairbaim  and  Mr.  Hodgkinson,  is 

27,000  lbs.  per  square  inch  section  of  iron  ; 


Fig.  169. 
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bat  when  a  number  of  cells  exist  Iside  by  side  in  one  girder,  their 
stifihcss  is  increased,  and  their  ultimate  resistance  to  a  thrust  may 
be  taken  at 

33^000  to  36,000  lbs.  per  square  inch  section  of  iron. 

The  latter  co-efficients  apply  also  to  cylindrical  cells. 

334.  The  Hut^m  •r  Plate  Iron  oirdcrs  are  subjected  to  a  diagonal 
thrust  arising  firom  the  shearing  stress,  and  are  usually 
fltiffened  by  means  of  T-iron  ribs,  in  the  manner  shown 
in  £g.  160.     The  entire  depth  across  the  ribs  may  be 
taken  to  represent  h  in  the  formulse  of  Article  328.  T1[| 

335,    Timheat   Posts    and    Strata. — The  following  for-    --^  ,  I 

mala  is  given  on  the  authority  of  Mr.  Hodgkinson's 
experiments,  for  the  tdtimcUe  resistance  of  posts  of  octk 
and  red  pine  to  crushing  by  bending  : — 

I*-  a|'s; (1.)        j^j,  leo. 

8  being  the  sectional  area  in  square  inches,  7*  :  I  the  ratio  of  the 
least  diameter  to  the  length,  and  A  =  3,000^000  lbs.  per  square 
inch. 

The  factor  of  safety  for  the  working  load  of  timber  being  10,  A 
is  to  be  made  =  300,000  only,  if  P  is  the  working  load. 

For  square  posts  and  struts,  the  foimula  becomes 

P  =  A^*. (2.) 

If  the  strength  of  a  timber  post  be  computed  both  by  this  formula 
and  by  the  formula  for  direct  crushing,  viz. : — 

P=/S, (3.) 

the  letmr  value  should  be  adopted  as  the  ti-ue  stren^L 

The  al>ove  formulae  are  for  posts  and  struts  fixea  at  both  ends. 

For  those  which  are  freely  jomted  at  both  ends,  the  strength  is 

reduced  to  one  fourth. 

Weisbach  applies  to  timber  posts  and  struts  a  formula  identical 

with  equation  2  of  page  362,  with  the  following  values  of  the  con* 

stants : — 

/=  7,200  lbs.  on  the  square  inch. 

1 
a= 

250 
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of  tiiiiber  to  crashing,  while  green,  is  about  on^' 
after  having  been  dried. 


Sbcooh  9. — On  Compound  Girden,  Frames,  cmd  Bridges, 


336.  emmifmmmA  Cit<M»  in  €immKKmJL — ^A  componnd  girder  is  a 
stractme  which,  as  a  whole,  acts  as  a  beam,  leasting  bending  and 
breaking  bj  a  tzansreise  load ;  bat  whose  parts  are  subjected  to 
a  Tuiety  of  stresses  of  different  kinds,  requiring  to  be  sepaiatdj 
considered ;  such  as  the  Warren  girder  of  Articles  162  and  16^ 
and  the  Lattice  girder  of  Articles  161  and  165. 

in  Part  IL,  Chapter  EL,  Section  1,  it  has  already  been  shown 
bow  to  determine  the  total  stresses  which  act  on  the  sereral  pieces 
of  a  frame ;  in  section  6  of  the  present  chapter,  it  has  been  shown 
bow  the  stress  is  distributed  in  a  continuous  beam ;  and  in  that  and 
other  sections,  the  resistance  of  materials  to  the  yarious  kinds  of 
stress  has  been  considered.  The  principal  object  of  the  present 
section  is  to  indicate,  by  referring  back  to  |»revions  Articles,  where 
the  data  and  formulae  for  determining  the  strength  of  the  different 
parts  of  certain  componnd  structores  are  to  be  found. 

A  girder  consists  of  three  principal  parts :  a  lower  rib,  to  resist 
tension ;  an  upper  rib,  to  resist  thiust ;  and  a  vertical  toeb  orjranef 
to  resist  shearing  f<»oe. 

337.  Mate  Mrmm  csiNUva  are  treated  of  in  this  section  ratber  than 
in  section  6,  because  the  slender  proportions  of  the  parts  subjected 
to  a  throst  sometimes  render  it  neoessaiy  to  compute  their  strength 

according  to  the  laws  of  resistance  to 
crushing  by  bending,  explained  in  Ar- 
tide  328.  Some  of  the  forms  of  cross  sec- 
tion employed  in  such  beams  are  shown 
in  figs.  161,  162,  163,  164,  and  165.  Fig. 
161  is  a  plain  I-shaped  beam,  rolled  'm 
one  piece.  In  fig.  162,  the  upper  and 
lower  ribs  consist  eack  of  a  flat  bar  or 
narrow  plate  rivetted  to  a  pair  of  angle 
irons,  the  two  pairs  of  angle  irons  being 
rivetted  to  the  upper  and  lower  edges  w 
the  Tertical  webi  In  fig.  163  the  eon- 
struction  is  the  same,  exc^t  that  the 
FSg.  164.  yertical  web  is  double  :  this  is  the  ^'boay 
Fig.  163.  beam,"  long  employed  in  the  platforms  of 

t)last  furnaces,  and  first  used  in  a  rEulway  bridge  by  Andrew  Thom- 
son about  1832,  on  the  PoUok  and  Govan  Kailway.  In  fig.  164, 
the  upper  and  lower  ribs  are  each  built  of  several  layers  of  narrow 
plates  or  fiat  bars,  rivetted  to  each  other  and  to  a  pair  of  an^ 


q 
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irons  ;  the  upper  and  lower  pairs  of  angle  irons  are  rivetted  to  the 
upper  and  lower  edges  of  the  vertical  web,  and  the  plates  of  the 
vertical  web  are  connected  and  nblffened  at  each  of  their  vertical 
joints  by  a  pair  of  T-irons,  in  the  manner  of  which  a  horizontal 
Bectdon  has  been  already  given  in  fig.  160,  Article  334.  The  object 
of  building  the  larger  sizes  of  horizontal  ribs  in  layers,  instead  of 
making  them  in  one  piece,  is  to  make  them  of  those  sizes  of  iron 
-which,  can  easily  be  rolled  of  good  quality,  and  which  are  usually 
found  in  the  market.  Beams  resembling  fig.  164  are  sometimes 
made  with  a  doable  vertical  web,  for  the  sake  of  lateral  stif&iess. 

f*ig.  165  represents  the  general  form  of  the  cross  section  of  grecU 
tubuiar  or  celltdar  girders,  characterized  by  Mr. 
Stephenson's  principle,  of  carrying  the  railway 
through  the  interior  of  the  b^un,  and  by  Mr. 
Pairbaim's  principle,  of  giving  stifihess  by  means 
of  cells,  already  describ^  in  Article  333.  The 
joints  of  the  cells  are  connected  and  stiffened  by 
covering  plates  outside  as  weU  as  angle  irons 
inside ;  and  the  plates  of  the  two  sides,  which  form 
a  doable  vertical  web,  are  stiffened  and  connected 
by  T-irons,  like  those  of  fig.  164. 

Smaller  cellular  girders  are  sometimes  used,  in 
-which  the  top  alone  consists  of  one  or  two  lines  _    ... 

of  cells,  the  girder  in  other  respects  being  similar  ^ 

to  fig;  164,  with  either  a  single  or  a  double  vertical  web. 

In  all  plate  iron  girders,  the  joints  exposed  to  tension  should  have 
oovering  plates,  doable  rivetted  if  the  stress  is  great  enough  to 
require  it,  which  is  almost  always  the  case  in  the  lower  rib  (see 
Article  280).  The  joints  exposed  to  thrust  should  be  exactly  plane, 
exactly  perpendicular  to  the  direction  of  the  thrust,  accurately 
fitted,  and  perfectly  dose,  that  the  surfaces  may  abut  equally  over 
their  whole  extent.  Should  open  or  irregular  abutting  joints  be 
discovered  after  the  girder  has  been  pat  together,  they  should  be 
filed  oaty  and  a  flat  plate  of  steel  driven  tight  into  each  opening. 
The  plates  or  bars  of  which  built  ribs  are  composed  should  break 
joint  in  a  manner  similar  to  the  bond  of  brickwork. 

In  plate  iron  girders  generally,  it  is  sufficiently  accurate  for  prac- 
tical purposes  to  consider  the  whole  bending  moment  M  at  any 
vertical  section  as  borne  by  the  upper  and  lower  ribs,  and  the  whole 
shearing  stress  P  by  the  vertical  web ;  and  also  to  consider  the 
resistance  of  each  of  the  horizontal  ribs  as  concentrated  at  the 
centre  of  gravity  of  its  section.  Let  h  be  the  vertical  depth  between 
the  centres  of  gravity  of  the  sections  of  the  upper  and  lower  ribs ; 
then  the  common  value  of  the  thrust  along  the  compressed  rib,  and 
the  tension  along  the  stretched  rib,  is 
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Let  Si  be  the  sectional  area  of  the  compressed  rib^yi  its  resastKon 
to  craBhing  per  square  inch,  Sg  the  sectional  area  of  the  stretched 
rib,y^  its  resistance  to  tearing  per  square  inch;  then 

^'"^-/A'^-Z"^ -"^^^ 

The  values  of  the  tenacity y«  have  ah^cadj  been  considered  in  sec- 
tion 3.  For  plate  beams  with  double-rivettcd  covering  plates,  its 
tdtimate  value  may  be  taken  at  about  45,000  lbs.  per  square  inch 
of  section  of  rib.  The  ultimate  resistance  to  cruslung,  yj,  may  be 
taken  at  its  full  value  of  36,000  lbs.  per  square  inch  in  great  tubular 
girders ;  but  when  the  compressed  rib  is  narrow  as  compared  with 
its  length,  the  tendency  to  lateral  bending  may  be  allowed  for  by 
means  of  the  following  empirical  formula,  of  the  kind  already  ex- 
plained in  section  8,  Article  328 : — 

/i  =  — ^t; (3.) 

where/ s=  36,000,  a  =  ^^-qTTTvi  ^*'  =  the  breadth  of  the  compreflsed 

rib,  and  Z'  =s  the  span  of  the  girder,  if  it  is  not  laterally  stiffeiwd 
by  framing.  In  cases  in  which  parallel  beams  are  stiffened  by  hori- 
zontal diagonal  braces,  I'  may  be  taken  to  denote  the  distance  aloi^ 
Uio  rib  between  a  pair  of  the  points  to  which  braces  are  attached 

Let  t  be  the  thickness  of  the  vertical  web  if  single,  or  the  smn 
of  the  thicknesses  if  double.  Then  its  sectional  area  is  ht  nearly; 
consequently,  if^^  be  its  resistance  per  unit  of  section  to  the  shear- 
ing force, 

and  as  the  shearing  stress  is  equivalent  to  a  puU  and  a  throst  in 
directions  perpendicular  to  each  other,  and  at  angles  of  45^  to  the 
horizon,/  should  be  the  resistance  of  the  vertical  web  to  cnishiDg^ 
as  determined  by  equation  2  of  Article  328,  page  362,  in  whidi, 

f or  T  is  to  be  substituted  p,  h  being  the  depth  of  the  web,  as  beforai 

and  /r  the  width  across  the  flanges  of  the  stiffening  rib& 

The  shearing  force  F  at  each  cross  section  is  to  be  computed  fti 
for  a  partial  loadj  extending  over  the  greater  of  the  two  segments 
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into  which  the  section  divides  the  beam,  as  explained  in  Article 
313.  The  weight  of  the  beam  itself  may  be  allowed  for,  either 
by  the  method  of  Article  314,  or  by  the  approximate  method  of 
•Article  315. 

Owing  probably  to  the  yielding  of  the  joints,  it  is  found  that  in 
computing  the  d^ection  of  plate  girders,  when  first  loaded  (Articles 
300  to  303),  a  smaller  modulus  of  elasticity  ought  to  be  taken  than 
for  continuous  iron  bars.  Its  value  in  lbs.  per  square  inch  is  about 
two-thirds  of  the  value  for  a  continuous  bar,  so  that  the  deflection 
18  about  one*half  greater.  But  the  paii^  of  that  deflection  due  to 
ibe  yielding  of  the  joints  is  permanent;  so  that  after  the  joints 
have  ''come  to  their  bearing*  the  modulus  of  elasticity  becomes  the 
same  as  for  a  continuous  bar. 

338.  For  HaiPiAitice  Mnatm  •■«  lattice  BcaHM,  the  methods  of 
determining  the  total  stresses  have  been  fully  considered  in  Articles 
162y  163,  164,  and  165;  and  it  has  only  to  be  added  here,  that 
the  sheanng  force  should  be  computed  for  a  partial  load,  as 
in  Article  313.  The  ultimate  tenacity  of  the  ties  may  be 
taken  at  /,  s=  from  50,000  to  60,000  lbs.  per  square  inch.  The 
resistance  of  the  struts  is  to  be  computed  as  in  Article  328.  The 
figare  of  the  strut  diagonals  has  been  considered  in  Article  332. 
The  compressed  rib  may  be  a  T-bar  in  small  beams,  and  in  laiger 
beams  a  built  rib  or  a  oelL  The  remarks  made  in  the  last  Article 
on  abutting  joints  and  on  deflection  are  equally  applicable  in  the 
present  case.  In  designing  those  joints  which  are  connected  by 
means  of  bolts,  rivets,  or  keys,  the  principles  of  Article  280  should 
be  observed. 

339.  A  B«wMffta«  Qiviar  conststs  of  an  arched  rib  resisting 
throBt ;  a  horizontal  tie  resisting  tension,  and  holding  together  the 
ends  of  the  arched  lib;  a  series  of  veridcal  suspending  ban^  by 


Fig.l6e. 

which  the  platform  is  hung  from  the  arched  rib,  and  a  series  of 
diagonal  braces  between  the  suspending  bars.  Such  girders  are 
executed  in  timber  and  in  iron;  sometimes  the  arched  rib  is  made 
of  cast  iron,  as  being  stronger  against  crushing  than  wrought  iron, 
and  the  remainder  of  the  structure  of  wrought  iron. 

The  arched  rib  may  be  treated  as  uniformly  loaded.    Aooord- 
ing  to  Article  178,  its  condition  is  like  that  of  an  uniformly* 

2b 
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loaded  chain  inTerted,  and  its  proper  form  a  parabola;  snd  itm 
thrast  along  it  at  each  point  is  to  be  found  bj  the  formule  of 
Article  169.  The  tension  along  the  horizontal  tie  is  equal  to 
the  nniform  hoiizontal  component  of  the  thrust  along  the  aidied 
rib. 

The  tension  on  each  vertical  suspending  bar  is  the  weaglht  of  those 
portions  of  the  platform  and  of  the  tie  rod  which  hang  ficom  it 
To  give  lateral  stability  to  the  girder,  the  suspending  bars  ar» 
nsufdl y  made  of  considerable  breadth,  and  of  a  form  of  horiaontil 
section  resembling  figs.  160  and  161,  and  are  firmly  bolted  to  the 
cross  beams  of  timber  or  of  wrought  iron  which  cany  the  roadwaj. 

When  the  beam  is  uniformly  loaded,  the  arched  rib  is  equilibrated, 
and  there  is  no  stress  on  the  diagonals.  The  strength  of  the  tvo 
diagonals  which  cross  each  other  at  a  given  plane  of  section  S  ST,  is 
to  be  adapted  to  sustain  the  excess  of  the  greater  shearing /oree  dus 
to  a  partial  load  above  thai  due  to  an  vmform  load,  as  given  by  the 
formulae  of  Article  313. 

340.  sttfbned  SaapeMiMi  BHdcn. — ^The  suspension  bridge  IS  that 
which  requires  the  least  quantity  of  material  to  support  a  given 
load.  But  when  it  consists,  as  in  Article  169,  soldy  of  cables  or 
chains,  suspending  rods,  and  platform,  it  alters  its  figure  with  evoy 
alteration  of  the  distribution  of  the  load;  so  that  a  moving  load 
causes  it  to  oscillate  in  a  manner  which,  if  the  load  is  heavy  and 
the  speed  great,  or  even  if  the  application  of  a  small  load  takee 
place  by  repeated  shocks,  may  endanger  the  bridge.  To  diminiA 
this  evil,  it  has  long  been  the  practice  partially  to  stiffen  suspenson 
bridges  by  means  of  framework  at  the  sides  resembling  a  lattice 
girder. 

It  was  formeriy  supposed  that,  to  make  a  suspennon  bridge  is 
stiff  as  a  girder  bridge,  we  should  use  lattice  girders  sufficiaitly 
strong  to  bear  the  load  of  themselves,  and  that,  such  being  the  case, 
there  would  be  no  use  for  the  suspending  chains.  But  Mr.  P.  W* 
Barlow,  having  made  some  experiments  tipon  models^  finds  that 
very  light  girders,  in  comparison  with  what  were  sn^qpoeed  to  be 
necessaiy,  are  sufficient  to  stiffen  a  suspension  bridge.  If  mathe- 
maticians had  directed  their  attention  to  the  subject^  they  mi^ 
have  anticipated  this  result. 

The  present  is  believed  to  be  the  first  investigation  of  its  theoij 
whidi  has  appeared  in  print. 

The  weight  of  the  chain  itself,  being  always  distributed  in  tiie 
same  manner,  resists  alteration  of  the  figure  of  the  bridge.  Bf 
leaving  it  out  of  account,  therefore,  an  error  will  be  made  on  the 
safe  side  as  to  the  stiffiiess  of  l&e  bridge,  and  the  calculation  wiU  be 
simplified. 

Let  fig.  167  represent  one  side  of  a  suspension  bridge,  in  whioht 
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girder  is  used  to  stiffen  the  bridge.     In  order  thst  it  may  do  so 
^fiectualljy  any  partial  or  <x>noentrated  load  on  the  platfozm  nu^ 


F!g.l67. 


meazm  of  the  girder,  be  tnuis- 
mitted  to  the  chain  in  such 
a  maimer  as  to  be  uniformly 
distributed  on  the  chain. 

The  girder  must  have  its 
ends  so  fixed  to  the  piers  as 
to  be  incapable  of  rising  or 
falling.  Then  the  forces 
iviucii  act  upon  it  may  be 
thus  classed  : — downward, 
the  load  as  aj^lied ;  dovm- 
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Fig.  169. 


-I- 


Fig.  170. 


ward  cr  upuxurd^  the  resistances  of  the  fastenings  of  the  ends  to 
their  vertical  displacement;  upvxxrd,  the  uniformly  distributed 
tension,  acting  through  the  suspension  rods,  between  the  girder 
and  the  chain. 

The  girder  will  be  supposed  to  be  of  uniform  section  throughout 
itslex^gth. 

Two  cases  will  be  considered  : — first,  that  in  which  a  given  load 
is  concentrated  in  the  middle  of  the  girder;  and  secondly,  that  in 
which  a  given  portion  of  the  length  of  that  girder  is  uniformly 
loaded,  and  the  remainder  tmloaded,  like  the  partially  loaded  beam 
of  Aitiele  313.     The  second  case  is  the  most  important  in  practica 

In  each  case,  the  Judf-span  of  the  bridge  will  be  denoted  by  c, 
•ad  the  horizontal  distance  of  any  point  firoon  the  middle  of  the 
liridge  by  m. 

Cask  L  A  mmgle  load  W,  applied  at  the  omire  of  the  prder,  tends 
to  depress  the  chain  in  the  middle,  and  consequently  to  raise  it  at 
the  sides^  and  along  with  it  to  raise  the  beam  near  the  ends;  but 
the  beam  being,  by  its  attachment  to  the  piers,  prevented  from 
rising  at  the  ends,  takes  a  form  like  that  represented  by  fig.  168  : 
depressed  in  the  middle  at  A,  and  concave  upwards;  elevated,  and 
convex  wywanis  at  C,  0;  having  points  of  contrary  fleanire  at  B,  B; 
and  again  depressed  at  D,  D,  the  points  of  attachment  to  the  pier& 
Now  this  curved  figure  is  the  ^ect  of  three  downward  forces, 
applied  at  D,  A,  D,  reqpeetively,  and  of  an  uniformly  distributed 
upward  force,  acting  on  the  whole  length  of  the  girder.     Each  half 
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of  the  girder,  therefore,  is  in  the  condition  of  the  beam  described  in 
Article  308,  inverted;  that  is  to  say,  the  half-girder  from  A  to  D, 
if  inverted,  becomes  a  beam  supported  at  D,  supported  cmdfaod 
horizoTdal  at  A,  and  loaded  nniformlj  between  A  and  D;  and 
hence  (referring  to  the  formulsB  of  Article  307,  case  3,  and  of 
Article  308)  we  have  the  following  proportions  amongst  the  lengtiis 
of  the  parts  into  which  the  half-^rder  is  divided  bj  the  highest 
point  C,  and  the  point  of  contrary  flexure  B, 

AC 


1 


BXJ  =  CD  =  =^  =  0-577xAO; (1.) 

and  consequently,  making  A  C,  the  distance  between  the  lowest 
and  highest  points,  =  c^,  we  have 


^=^  =  ^=0-634 (2L) 

c      AD     1577  ^  ' 

In  order  to  determine  the  greatest  moment  of  flexure,  and  tlie 

deflection,  of  the  stiflening  girder,  A  C  =  c'  is  to  be  taken  as  the 
hali'-span  of  a  girder  like  that  considei-ed  in  Article  307,  case  3, 
fixed  at  both  ends,  and  loaded  with  an  unifoim  load  of  the  intensily 

"^  "  2  c'"  r268^ ^^•' 

The  greatest  moment  of  flexure,  as  thus  deteimined  by  the  for- 
muliB  of  Article  307,  case  3,  is  at  the  point  A,  and  has  the  following 
value: — 

M,  =  ^  =^  =  0-1057  c  W; (4) 

and  to  that  moment  of  flexure  must  the  strength  of  the  stiffening 
girder  be  adapted. 

The  proof  deflection  may  be  measured  in  two  ways :  either 
between  the  highest  and  lowest  points,  C  and  A,  or  between  the 
ends  and  the  lowest  point,  D  and  A.  The  first  may  be  called  Vo 
and  the  second  «]>.     Now  by  Article  307,  case  3,  we  have 

The  points  of  support  D  are  at  the  same  level  with  the  points 
of  contrary  flexure  B,  being,  in  £euH;,  points  of  no  curvature  them^ 
selves  ;  and  from  this  it  is  ^isily  found  that 

*'•  =  5  "•  =  11 '%  =  «^2*»  >*  sj ^^^ 
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Case  2.  The  girder  pa/rtiaUy  loaded.  Let  E  B^  in  either  of  the 
figs.  169,  170,  represent  the  length  of  the  loaded  part  of  the 
stiffening  girder,  and  B  D  that  of  the  unloaded  part ;  let  u?  be 
Hie  uniform  intensity  of  the  load,  and  x  the  distance  of  the  point 
-^rhere  the  load  terminates  from  the  middle  of  the  beam ;  x  being 
considered  as  a  positive  quantity  when  the  loaded  part  is  the 
longer,  as  in  fig.  169,  and  as  a  negative  quantity  when  the  loaded 
port  is  the  shorter,  as  in  fig.  170. 

The  ends  E  and  D  of  the  beam  being  fisistened  so  as  to  be  in- 
capable of  vertical  displacement,  the  loaded  segment  E  B  is  convex 
downwards,  and  the  unloaded  segment  B  D  convex  upwards :  the 
loaded  segment  is  in  the  condition  of  a  beam  supported  at  E  and 
S,  and  uniformly  loaded  with  the  excess  of  the  weight  sustained 
above  the  force  exerted  between  the  girder  and  the  chain ;  and  the 
tinloaded  segment  is  in  the  condition  of  a  beam  hdd  doum  at  B  and 
I>,  and  loaded  with  an  uniformly  distributed  ^Ji^pwa/rd  force,  being 
thkt  exerted  between  the  girder  and  chain.  The  greatest  moment 
of  flexure  of  each  segment  is  at  its  middle  point,  being  A  for  th<> 
loaded  part^  and  C  for  the  unloaded  part 

The  length  of  the  loaded  segment  being 

ITBsrc  +  a, 
its  gross  load  is 

and  the  intensity  of  the  force  exerted  between  the  girder  and 
chains 

«/=^^> - (1.) 

This  is  the  intensity  of  the  upwa/rd  load  on  the  s^;ment  B  D, 
whoee  length  is  B  D  =  e  -  x ;  and  consequently,  acGX>rding  to 
Articles  290  and  291,  the  greatest  moment  of  flexure  of  that  seg- 
ment, at  C,  is 

uf{e-xY      w(o  +  a;)(c-g)'  .«. 

^«- 8        -  "^T6c  ^^'' 

The  amoumit  of  the  upward  force  exerted  between  the  chain  and 
BDis 

W'  =  «/(c.«:)  =  ^^^^; (3.) 

and  this  also  is  the  amount  of  the  nd  load  on  EB,  being  the  excess 
of  the  gross  load  above  the  part  borne  by  the  chain.  The  half 
of  this  quantity^ 
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2  4c  ^  ' 

Ib  the  Tfthie  at  onee  of  the  aupporting  force  exerted  hj  the  piar 
against  the  girder  at  E,  of  the  shearing  foioe  between  the  teo 
divisions  of  &e  girder  at  By  and  of  the  doimwaitl  foree  by  ^i^idi 
the  end  D  of  the  girder  is  held  at  its  point  of  attaRhiwent  to  the 
pier. 

The  intenaitj  of  the  net  load  oa  £  B  ia 

^-«^  =  "27" ' f^J 

and  the  length  of  that  segment  being  c  +  as^  its  greatest  moment  of 
flexure^  at  A«  aooordiog  to  Articles  290  and  291,  is 

^^^  8  ~  16  c  ^  ' 

By  the  usual  process  of  fmding  maxima  and  minima^  it  is  easily 
asceitained,  that  the  greatest  moment  of  flexure  of  tiie  loaded 

division  of  the  girder  occurs  when  «  =  ^ ;  or  when  twoAUrds  of 

HiA  beam  wrt  loaded;  and  that  the  greatest  moment  of  flexure  of  the 

wnloaded  division  of  the  girder  occurs  when  x  =  —  — ,  or  when 

ivxhthirds  of  the  beam  are  unloaded;  and  further,  that  those  two 
greatest  moments  are  of  equal  magnitude  though  opposite  in 
direction,  viz. : — 

XMO.  ^A  =  -mKx.  Mo  =  -^  ; (7.) 

and  the  stiflening  girder  must  be  made  sufficiently  strong  to  betr 
this  bending  moment  safely  in  either  direction.  Now,  the  greateflt 
moment  of  flexure  which  would  arise  from  an  uniform  load  of  the 
given  intensity  to  over  the  whole  beam  unsupported  by  the  chain  is 

therefore  the  traneverae  ttrength  of  the  gtifferwng  girder  %koiuJid  le 
four  tvxTUy-eeverUh  parts  ofUuU  of  a  simple  girder  of  the  same  t^ 
suited  to  hear  an  vmform  load  of  the  same  intensity. 

The  greatest  value  of  the  shearing  force  F  in  equation.  4  occcot 
when  one-liolfoi  the  girder  is  loaded,  or  a:  =  0,  and  its  amount  is 
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we 


F  =  -f •. (a) 

Wiien  two-iLirds  of  the  beam  are  loaded,  the  proof  deflection  of 
A  below  a  straight  line  joining  £  and  B,  according  to  Article 
300,  is 

5     /    (c  +  xf       i     5    /<P        5    fc^      ,^, 

^       12    B       4y  9     12    Ey"*27    Ey'"'^'^ 

ar/our-nmihg  of  the  proof  deflection  of  a  beam  of  the  same  flgare, 
nnifonnlj  loaded,  of  ^e  span  2  c,  imsupported  by  a  chain.  At  the 
same  time^  the  elevation  of  C  above  a  straight  line  joining  B  and 
D  is 


V, 


*'""12    E       4y     ~*9    12    Ey"108    Ey-^^"'-' 


The  proof  depression  of  the  lowest  point  of  the  beam,  A,  below 
the  highest,  C,  is  given  by  the  equation 

.        _5     5    /<f  _  S5    /<f 
«A-|-t?€  —  9'12'E^--"108'  E^*- t"-^ 

ixtjiv&^rdniha  of  the  proof  deflection  of  an  mnfevmlj  loaded  beam.  * 

*  In  the  preceding  solution  of  Case  2,  whlelrappeared  in  the  first  ecGtion  of  this  work, 
the  e3ect  or  the  resistance  of  the  chain  to  disfigurement  npon  tlie  figure  of  the  anzili«Ty 
nrder  is  neclected;  and  hence  the  resalt  is  in  almost  every  case  an  approximation  onlj; 
rat  it  can  m  shown  that  the  error  is  always  on  the  safe  side,  fonr  twentj-seyenths  of 
the  stnogth  of  a  simple  girder  being  $omewkat  mart  than  sufficient  ibr  the  strength  of 
the  stiSeninff  ^rder.  In  order  to  roalce  the  solution  exact,  the  extensibility  of  the 
chain  slwala  be  sa  great  as  to  make  its  proof  ctmirmi  dtptimcm  nearly  equal  to  the 
p^wif  d^Uctkn  of  this  stiffening  girder;  ont  in  pcactioa  the  proof  deprasioa  of  the 
chain  is  alwajs  much  less. 

The  fint  aolvtioii  in  whidi  the  action  of  the  diais  just  referrBd  to  is  taken  into 
aeeoonfe  appealed  in  an  editorial  article  of  the  Ciml  Bm^immr  and  ArekUooft  Jomnal 
ibr  Notember  and  December,  1860;  and  this  is  done  bv  introdudng  into  the  conditions 
of  the  problem  an  equation,  expressing  that  under  ait  the  alterations  of  the  figure 
ef  the  diaia  prodneed  by  the  oending  of  the  stiffining  girder,  the  span  continnee 


Baring  applied  the  principle  just  stated  to  the  problem  of  Case  2j  the  author  of  this 
work  hae  arfrred  at  the  following  results,  supposing  the  chain  to  be  mextenti^e. 

The  ^lialast  bending  moment  of  the  stress  on  Uie  stiAning  girder  takes  place  when 
O'ilT,  or  about  five-twelfths,  of  the  spaa  of  the  fand^  aie  hMded,  and  0*583,  or  about 
aeven-twelftha,  unloaded. 

That  mooMBt  is  0*188  of  the  bending  moment  whidi  would  he  produced  by  an  uniform 
lend  ef  the  mne  mtsasity  <m  a  girder  supported  at  the  ends  only. 
H«ioa  it  aspean  that  if  the  chain  be  supposed  ineztenaible,  the  proportion 
borne  Vjr  the  strength  of  the  stifTaning  girder  to  that  of  a  ample  girder 
ef  the  same  span,  suited  to  bear  an  uniform  load  of  the  same  intenaty 

with  the  travelling  load,  onght  to  be. 0*138 si; 

while  if  the  chain  is  supposed  very  extensible,  aa  in  the  ^pcezuaate  solu- 
tion, that  proportion  is  found  to  be  4: 27,  or 0*148: 1; 

■0  that  in  the  intermediate  cases  that  ooenr  in  practice  no  material  error  will 

~  if  that  proportion  he  made  1 : 7,  or  .....^...m.... 0*148: 1* 
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341.  Ribked  AvchM. — ^Bridges  are  frequently  oonstmcted  -mhom 
arches  consist  of  iron  or  timber  ribs  springing  from  stone  abatments, 

as  in  fig.  171.  Insadi 
cases  it  onght  to  be 
oonsideredy  that  each 
rib  fulfils  at  once  the 
functions  of  an  egio- 
librated  areh^  sustain- 
Fig.  171.  '  ing  an  nniform   load 

of  a  certain  intensitj, 
and  having  a  certain  thrust  along  it,  to  be  computed  by  the  principle 
of  Articles  169  and  178,  and  those  of  a  stiffening  girder,  suited  to 
produce  an  uniform  distribution  of  a  partial  load,  according  to  the 
principles  of  Article  340.  Therefore,  in  designing  the  cross  aectioo 
of  a  rib  for  such  a  bridge,  a  provisional  cross  section  ought  first  to 
be  designed,  suitable  to  bear  a  bending  moment,  upward  or  down- 
ward, of  four  tweniy-sevenJLha  of  that  which  an  uniform  load  of  the 
given  intensity  would  produce  on  a  straight  girder  of  the  same 
span ;  and  in  the  second  place,  it  should  be  determined  in  what 
proportion  the  thrust  along  the  rib,  considered  as  an  equilibrated 
arch,  will  increase  the  intensity  of  the  greatest  stress  on  the  pro- 
visional section  already  designed,  and  the  breadths  of  that  Bectaoo 
should  be  increased  in  that  proportion,  to  obtain  the  final  cross 
section.     (See  p.  639.) 

Section  10. — AfiscdUmeoua  Remarks  on  Strength  and  St^fkesi. 


342.  EfliDcfti  of  TeMpemtare. — At  a  temperature  of  600^  Fahren- 
heit, the  tenacity  of  iron  was  found  by  Mr.  Fairbaim  not  to  be 
diminished.  That  of  copper  and  brass,  at  the  same  temperature, 
is  reduced  to  about  two-thirds  of  its  ordinaxy  magnitude  Sudden 
cooling  irom  a  high  temperature  tends  to  make  most  substances 
hard,  stiff,  and  brittle ;  gradual  cooling  tends  to  make  them  soft 
and  tough ;  and  if  often  repeated  or  p^ormed  slowly  from  a  veiy 
high  temperature,  to  weaken  them.  Various  effects  of  temperature 
on  the  elasticity  of  solids  have  been  ascertained  by  Dr.  Joule,  Dr. 
Thomson,  and  Professor  Kupfer ;  but  they  are  more  important  to 
the  science  of  molecular  physics  than  to  the  art  of  construction. 

343.  The  Efliects  ^r  Repeated  Jfleldngs  on  Caat  Mwrnm   have    been 

ascertained  by  Mr.  Fairbaim.  Up  to  and  beyond  the  fourteenth 
melting  the  resistance  to  crushing  increases ;  but  the  resistance  to 
cross-breaking  reaches  its  maximum  about  the  twelfth  melting,  and 
afterwards  diminishes,  from  the  metal  becoming  brittle  and  079- 
talline. 

344.  The  Effccis  of  Daeoiitr  on  strength  form  the  subject  of  a 
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paper  hy  Profeesor  James  Thomson  in  the  Cambridge  and  Dublin 
JdaihemaUeal  Journal,  That  author  shows,  that  a  bent  bar  or  a 
"twisted  rod  of  a  ductile  material,  by  being  slowly  and  gradually 
stxainedy  may  be  brought  into  such  a  condition  as  to  have  nearly 
i^MB  whole  of  its  cross  section  in  the  condition  of  proof  or  limiting 
stress  instead  of  the  outer  layers  only,  and  may  thus  have  its 
strength  increased  much  beyond  that  given  by  the  ordinary  formulse. 

345.  latcnHd  Friction  is  a  term  which  may  be  used  until  a  better 

shall  be  devised  to  express  a  phenomenon  recently  observed  by  Sir 

William  Thomson  in  the  extension  of  copper  wire  by  a  direct  pulL 

The  tension  of  the  wire  is  increased,  step  by  step,  by  successive 

aogmentations  of  the  load  within  the  limits  of  permanent  elasticity, 

and  the  elongation  la  observed  at  each  step.      Then  by  successive 

diminutions  of  the  load,  the  tension  is  diminished  by  the  same 

series  of  steps  in  the  reverse  order,  and  the  elongation  observed. 

WJien  the  load  is  completely  removed,  the  wire  recovers  its  original 

length  without  ''set"  or  permanent  elongation,  but  for  each  degree 

of  tension  the  elongation  is  greater  during  the  shortening  of  the 

^re  than  during  the  lengthening ;  as  if  there  were  some  molecular 

force  analogous  to  friction,  in  so  Su:  as  it  impedes  motion  both  ways, 

making  the  elongation  less  than  it  would  otherwise  be  while  the 

wire  is  being  elongated,  and  greater  than  it  would  otherwise  be 

while  the  wire  is  returning  to  its  original  length.     It  appears  also 

that  the  force  in  question  must  depend  in  some  way  on  the  stress, 

from  its  disappearing  when  the  tension  is  removed. 

346.  It  must  be  obvious  that  much  of  the  subject  of  strength  and 
siiffnesB  is  in  a  provisional  state,  both  as  to  mathematical  theory 
and  as  to  experimental  data.  Considerable  improvement  in  both 
these  respects  may  be  anticipated  from  researches  now  in  progress. 

Condensed  Summary  of  Ezpebimzmts  bt  Mbssbs.  Robert  Napier 
AKD  Sons  on  the  TENAcrrr  of  Iron  and  Steel. 

{Far  detaUt,  tee  TnmeactumM  of  ike  iHMtUtttiom  ofEmgmeere  m  Scotland,  1858-59.) 
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PART  III. 

FBINCIPLES  OF  GINEMATIC3.  OR  THE  COMPABISON  OF 

liOnON& 


347.  iMvM*H  mt  Ao  8«itieciu — ^The  science  of  cinematicSy  and 
the  fmidamental  notions  of  rest  and  motion  to  which  it  relates, 
hairiiig  already  been  defined  in  the  Introduction,  Articles  8,  9^  10, 
1 1 ;  it  remains  to  be  stated,  that  the  principles  of  cinematics,  or  the 
eompariflon  of  motions,  will  be  divid^  and  arranged  in  the  present 
part  of  this  treatise  in  the  following  manner :— > 

L  Motions  of  Points. 

IX       Kigid  Bodies  or  Systems. 

nL       • Pliable  Bodies  and  Fluidsi 

lY.       Connected  Bodie& 


CHAPTER  L 

XOnOHS  OF  POINTS. 


SEonoK  1. — Motion  of  a  Pair  of  Points, 

348.   Vizcdl  aad  Ncarij  Vised  I^lrecttoM. — ^From  the   definition 

of  motion  given  in  Article  9,  it  follows,  that  in  order  to  determine 
the  relatiye  motion  of  a  pair  of  points,  which  consists  in  the  change 
of  length  and  direction  of  the  straight  line  joining  them,  that  line 
must  be  compared,  at  the  beginning  and  end  of  the  motion  con- 
sidered, with  some  fixed  or  standard  length,  and  with  at  least  two 
fixed  directions.  Standard  lengths  have  already  been  considered 
in  Article  7. 

An  ahsohUdy  fiaoed  direction  may  be  ascertained  by  means  whose 
principles  cannot  be  demonstrated  until  the  subject  of  dynamics  is 
considered.  For  the  present  it  is  sufficient  to  state,  that  when  a 
solid  body  rotates  free  from  the  influence  of  any  external  force 
tending  to  change  its  rotation,  there  is  an  absolutely  fixed  direction 
called  that  of  the  axis  of  angular  mcmentuany  which  bears  certain 
relations  to  the  successive  positions  of  the  body. 

A  nearly  fixed  direction  \&  that  of  a  straight  line  joining  a  pair 
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of  points  in  two  bodies  whose  distance  £rom  each  other  is  Terj 
great,  such  as  the  eai-th  and  a  fixed  star. 

A  line  faced  rdativdy  to  the  earth  changes  its  absolute  directioa 
(unless  parallel  to  the  earth's  axis)  in  a  manner  depending  on  Um 
earth's  rotation,  and  returns  periodically  to  its  original  absolute 
direction  at  the  end  of  each  sidereal  day  of  86,164  seconds.  This 
rate  of  change  of  direction  is  so  slow  compared  with  that  whidi 
takes  place  in  almost  all  pieces  of  mechanism  to  which  dnematical 
and  dynamical  principles  are  applied,  that  in  almost  all  questions 
of  applied  mechanics,  directions  fixed  relatively  to  the  earth  may 
be  treated  as  sufficiently  nearly  ^edi  for  practical  purpoaesL 

When  the  motions  of  pieces  of  mechanism  relatively  to  each 
other,  or  to  the  frame  by  which  they  are  carried,  are  under  consi- 
deration, directions  fixed  relatively  to  the  frame,  or  to  one  of  the 
pieces  of  the  machine,  may  be  considered  provisionally  as  fixed  lor 
the  purposes  of  the  particular  question. 

349.  MotioM  mt  a  Pair  af  Paiata. — In  fig.  172,  let  Aj  B|  repre- 
sent the  relative  situation 
of  a  pair  of  points  at  one 
instant,  and  A,  B^  the 
relative  situation  of  the 
same  pair  of  points  at  a 
later  instant.  Then  die 
change  of  the  strai^t  line 

AB  between  those  points^ 
__  __  from  the  length  anddirec- 

Fig.  172.  Fig.  178.         Fig,  1X4.       tion  represented  l^  Aj  Bi 

to  the  length  and  dunection 

represented  by  A*  Bj,  constitutes  the  rdative  motion  of  the  pair  of 
points  A,  B,  during  the  interval  between  the  two  instants  of  time 
considered. 

To  represent  that  relative  motion  by  one  line,  let  there  be  drawn, 

from  one  point  A,  fig.  173,  a  pair  of  lines,  A  B„  A  B.,  equal  and 

Ijarallel  to  AJlBi,  A^Bt,  of  fig.  172 ;  then  A  represents  one  of  the 
pair  of  points  whose  relative  motion  is  under  consideration,  and 
B„  Bj,  represent  the  two  successive  positions  of  the  other  point  B 

relatively  to  A ;  and  the  line  Bj^  represents  the  motion  of  B  refo- 
tivdy  to  A. 

Or  otherwise,  as  in  fig.  174,  from  a  single  point  B  let  there  he 

drawn  a  pair  of  lines,  BAi,  BA3,  equal  and  parallel  to  A|B„  A^ 
of  fig.  172  ;  then  A],  A,,  represent  the  two  successive  positions  of 

A  i-elatively  to  B;  and  the  line  A|  A,,  equal  and  parallel  to  Bj  Bi  cf 
%%.  173,  but  pointing  in  the  contrary  direction,  represents  the  motion 
of  A  relatively  to  B, 
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350.  Fix«4  Potat  mmd  BioTiag  P^iati^ — ^In  fig.  173,  A  is  treated 
the  fixed  point,  and  B  as  the  moving  point ;  and  in  fig.  174,  B 
j»  taneated  as  the  fixed  point,  and  A  as  the  moving  point ;  and  these 
are  simply  two  different  methods  of  representing  to  the  mind  the 
Bfune  relation  between  the  points  A  and  B  (see  Article  10). 

35h    CMMFmMBt  mmd  WUamUamt  motions.  —  Let    O    be    a    point 

assumed  as  fixed,  and  A  and  B  two  snc- 
cessiTe  positions  of  a  second  point  rela- 
tivelj  to  O.  In  order  to  express  mathe- 
matically  the  amonnt  and  direction  of 

^£,  the  motion  of  the  second  point 
relatively  to  0,  that  line  may  be  com- 
pared with  three  axes,  or  lines  in  fixed 
directions,  traversing  the  fixed  point  O, 
HuchasOX,  OY,  OZ.- 

Through  A  and  B  draw  straight  lines 
AC,  BD,  paraUel  to  the  plane  of  O  Y 
and  O  Z,  and  cutting  the  axis  0  X  in  0 

and  D.    Then  CD  is  said  to  be  the  com-  ^8  ^^^ 

panent  of  the  motion  of  the  second  point  relatively  to  O,  cUong  or 
in  the  diredion  o/*the  axis  O  X ;  and  by  a  similar  pit>cess  are  found 

the  components  of  the  motion  AB  along  O  Y  and  O  Z.     The  entire 

motion  A  B  is  said  to  be  the  reaiJiant  of  these  components,  and  is 
evidently  the  diagonal  of  a  paraUelopiped  of  which  the  components 
are  the  sides. 

The  three  axes  are  usually  taken  at  right  angles  to  each  other ; 
in  which  case  A  G  and  B  D  are  perpendiculars  let  fall  from  A  and 
B  upon  OX;  and  if  «  be  the  angle  made  by  the  direction  of  the 

motion  A  B  with  O  X, 

(T15=  ABcostf. 

The  relations  between  resultant  and  component  motions  are 
exactly  analogous  to  those  between  the  lines  representing  resultant 
and  component  couples,  which  have  already  been  explained  in 
Artidee  32,  33,  34,  35,  36,  and  37. 

352.  The  vummmnmmmx  of  tibm  is  effected  by  comparing  the  events, 
and  especially  the  motions,  which  take  place  in  intervals  of  time. 

Equal  times  are  the  times  occupied  by  the  same  body,  or  by  equal 
and  similar  bodies,  under  precisely  similar  circumstances,  in  per- 
forming equal  and  similar  motions.  The  standard  unit  of  Ume  is 
the  period  of  the  earth*s  rotation,  or  sidereal  day,  which  has  been 
proved  by  Laplace,  from  the  reccnds  of  celestial  phenomena,  not  to 
nave  changed  by  so  much  as  one  eiglU-miUioTUh  part  of  its  length 
in  the  course  of  the  last  two  thousand  years. 


382  VBDRXPISB  OF  GOnniAXIC& 

A  sabofrdiDate  unit  is  the  moondy  bemg  the  time  of  one  swing  of 
apendafami,  so  adjusted  as  to  make  86,400  oedilations  in  1  -00273791 
of  a  sideresl  day ;  so  that  a  sidereal  day  is  86164*09  seooDds. 

The  leogtii  of  a  solar  day  is  Yariahle ;  but  the  memn  mdar  dtg, 
being  the  exact  mean  of  all  its  dijSerent  lengths,  is  the  period 
already  mentioned  of  1-00273791  of  a  sid»eal  day,  or  86,400 
seconds.  The  divisions  of  the  mean  solar  day  into  24  haaa,  of 
each  hour  into  60  minutes,  and  of  each  minute  into  60  aeoolndl^  ait 
£uniliar  to  alL 

Fractions  of  a  second  aie  measured  by  the  oscillations  of  tmafl 
pendulums,  or  of  springs,  or  by  the  rotations  of  bodies  so  oontnved 
as  to  rotate  through  equal  angles  in  equal  tunea 

353.  TtimiMf  is  the  ratio  of  the  number  of  units  of  lengtk 
described  by  a  point  in  its  motion  relatively  to  another  poini^  ^ 
the  number  of  units  of  time  in  the  interval  occupied  in  deacnbiiig 
the  length  in  question ;  and  if  that  ratio  is  the  same,  wh^er  it  be 
computed  for  a  longer  or  a  shorter,  an  earlier  or  a  later,  part  of  the 
motion,  the  velocity  is  said  to  be  uniforil  Telocity  is  expreaaed 
in  units  of  distance  per  unit  of  time.  For  different  purpose^  there 
are  employed  various  units  of  velocity,  some  of  which,  together  vith 
their  proportions  to  each  other,  are  given  in  the  following  table  :— 

Comparison  qf  Different  Measures  of  VdoeUy. 

UBflB  Feet  Feet  Feit 

per  hoar.  per  second.         permmute.        perboni 

I      , .  =  146  =88         =  5280- 

0-6818.  =  I      .  =    60         =  3^00 

O-0II36  =  0*016  =      1  =60 

0-0001893  =  0-00027  =      0*016  =       I 
1  nautical  mile  ^ 

per  hour,  or  >=  1-1507  =  1-6877  =  101-262  =  607574 

"knot^" J 

In  treating  of  the  general  princdples  of  mechanics,  befool  p^seamd 
is  the  unit  of  velocity  commonly  employed  in  Britain.  The  unitB 
of  time  being  the  same  in  all  civilized  countries,  the  proportioos 
amongst  their  units  of  velocity  sie  the  same  with  those  amongsfc 
their  linear  measures. 

Component  and  resultant  vdodtiss  are  the  vdocities  of  oompone&i 
and  resultant  motions^  and  are  related  to  each  other  in  the  nine 
way  with  those  motions,  which  have  already  been  trcated  of  in 
Article  351. 

354.  "WJwMmm.  Mart—  consists  in  the  oombinalaan  of  nufoim 
velociiy  with  uniform  direction ;  that  i%  yniSk  «M?^»ffii  aki^  * 
straight  line  whose  direction  is  fixed. 
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Sscnoir  2. — JJnifana  Motion  of  Several  PovnU. 


•t  Three  Poiateu — ^Theobex.    Tbs  ftloiive  motumM 
vfiharmfovnU  m  a  given  intervcU  of  time 
aire  Ttpremnied  in  diredion  amd  mtigrd-  "^ 

Uide  by  the  three  nde$  of  a  triangle.  Let 
O,  A,  B,  denote  the  three  points.  Any 
one  of  them  may  be  taken  as  a  fixed 
point;  let  O  be  so  chosen;  and  let  OX, 
O  IT,  O  Zy  fig.  176,  be  axes  traTening 
it  in  fixed  directions.     Let  A,  and  Bi  i?.       « 

be  the  positions  of  A  and  B  rektively  ^«-  ^^^ 

to  O  at  the  beginning  of  the  given  interval  of  time,  and  A«  and  B| 

their  positions  at  the  end  of  that  interval  Then  A^  A,  and  Bi  B, 
axe  the  respective  motions  of  A  and  B  relatively  to  O.     Complete 

the  parallelogram  Ai  Bi  5  A, ;  then  because  A^b  is  parallel  and 
eqtud  to  Ai  £^,  6  is  the  position  which  B  would  have  at  the  end  of 
the  interval,  if  it  hadno  motion  rdatively  to  A ;  but  B,  is  the  actual 

position  of  B  at  the  end  of  the  interval ;  therefore,  frB^  is  the  motion 
of  B  relatively  to  A.     Then  in  the  triangle  Bj  6  Bj, 


Bi  6  ^  Ai  A^  is  the  motion  of  A  relatively  to  O, 
&  B|  is  the  motion  of  B  relatively  to  A, 

Bi  B|  is  the  motion  of  B  relatively  to  O; 

so  tliat  those  three  motions  are  represented  by  the  three  sides  of  a 
triangla— Q.  E.  D. 

This  Theorem  might  be  otherwise  expressed  by  sayin^^,  ifuU  if 
tiiree  mcving  poirUa  be  considered  in  any  order,  the  m/jtion  of  the  third 
relaiively  to  the  first  ia  the  reeuUcmt  of  the  motion  of  the  third  rdativdy 
to  the  second,  cmd  of  the  motion  of  the  second  relatively  to  the  first; 
the  word  '* resultant'*  being  understood  as  already  explained  in 
Article  oou 

356.  HeCtoM  mf  m,  fletiee  •€  P^tate. — GOBOLLABT.     If  a  series  of 

poirUs  be  considered  in  any  order,  and  the  motion  of  each  point  deter- 
mined rdatwdy  to  thai  which  precedes  it  in  the  series,  amd  if  the 
rdaiioe  motion  qf  the  Icut  point  and  the  first  point  be  also  determined, 
then  wHL  those  motions  be  represented  by  the  sides  qf  a  dosed  polygon. 
Lei  O  be  the  first  point,  A,  B,  C,  <ba,  suooessive  points  following 
it,  M  the  last  point  but  one,  and  N  the  last  point;  and,  for  brevity's 
tdke,  let  the  relative  motion  of  two  points,  sndi  as  B  and  0,  be 
denoted  thus  (B,  0).  Then  by  the  Theorem  of  Article  355  (O,  AX, 
{A,  ISS,  and  (O,  B)  are  the  three  sides  of  a  triangle;  also  (O,  B^ 
(B,  0),  and  (O,  0),  are  the  three  sides  of  a  triMn^;  therefore 
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(O,  A),  (A,  B),  (B,  C),  and  (O,  C),  are  the  four  sides  of  a  qosdii- 
lateral ;  and  by  continuing  the  same  process,  it  is  shown,  that  haw 
great  soeyer  ^e  number  of  points,  (O,  N),  is  the  closing  side  oft 
polygon,  of  which  (O,  A),  (A,  B),  (B,  C),  (C,  D),  &c.,  (M,  N)  are 
tlie  other  sidea — Q.  E.  D.  In  otiber  words,  the  motion  of  the  lad 
point  reUUivdy  to  the  first  is  the  resuUavJt  of  the  motions  qfeeuh  poUti 
of  the  series  rdaJtivdy  to  that  preceding  it. 

This  proposition  is  exactly  analogous  to  that  of  the  "polygon  of 
couples,*'  Article  37. 

357.  The  Pwt«iirJ«piped  •€  niotioMs  is  a  case  of  the  polygon  cl 
motions,  analogous  to  the  parallelopiped  of  forces  in  Article  54.    In 

fig.  177,  let  there  be  four  points,  O,  A,  B,  C, 
of  which  one,  O,  is  assumed  as  fixed,  and 
is  traversed  by  three  axes  in  fixed  diroo- 
tions,  O  X,  O  Y,  O  Z.    In  a  given  interral 

of  time,  let  A  have  the  motion  A,  A, 
along  or  parallel  to  OX ;  let  B  have,  in  the 

same  interval,  the  motion  6  B,  parallel  to 

O  T,  and  relatively  to  A;  then  B|  B^,  ^le 

diagonal  of  the  parallelogram  whose  ades 

Rg.  177.  nj^  ^  «,  Ai  A,  and  bB^  is  the  motion  of 

B  relatively  to  O.     Let  C  have,  relatively  to  B,  the  motion  e  C» 

parallel  to  O  Z;  then  C,  C„  the  diagonal  of  the  parallelopiped 

whose  edges  are  A|  A«,  6  B«,  and  cC„  is  the  motion  of  C  relatively 
to  O,  being  the  resultant  of  the  motions  represented  by  those  three 
edges.  This  is  a  mechanical  explanation  of  the  composition  of 
motions,  leading  to  results  oon^csponding  with  the  geomdriofd 
explanation  of  Article  351. 

358.  CsmpMntfyg  ]iioU««  IS  the  relation  which  exists  between 
the  simultaneous  motions  of  two  points  relatively  to  a  third,  which 
is  assumed  as  fixed.  The  comparative  motion  of  two  points  is  ex* 
pressed,  in  the  most  general  case,  by  means  of  four  quantities, 
liz. : — 

(1.)  The  velocitf/  ratio,*  or  the  proportion  which  their  velocities 
bear  to  eaoh  other. 

(2.)  (3.)  (4.^  The  directional  relation,*  whidi  requires,  for  its  com* 
plete  expression,  three  angles.  Those  three  angles  may  be  measured 
in  different  ways,  and  one  of  those  ways  is  the  foUowing  : — 

(2.)  The  angle  made  by  the  directions  of  the  compared  motions 
with  each  other. 

(3.)  The  angle  made  by  a  plane  parallel  to  those  two  directioiis 
with  a  fixed  plane. 

*  TImm  taran  an  adopted  ttom  Mr.  WiUb*i  woik  on  HaduniaB. 
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(4.)  The  angle  made  by  the  intersectdon  of  those  two  planes  with 

fixed  direction  in  the  fixed  plane. 

Thus,  the  comparative  motion  of  two  points  relatively  to  a  third, 
^  expressed  by  means  of  one  of  those  groups  of  four  elements  whidi 
Sir  William  Bowan  Hamilton  has  called  ^^quoAenwtms^  In  most  of 
'tlie  practical  applications  of  cinematics,  the  motions  to  be  compared 
aj:«  limited  by  conditions  which  render  the  comparison  more  simple 
-fcihan  it  is  in  the  general  dase  just  described  In  machines,  for 
example,  the  motion  of  each  point  is  limited  to  two  directions, 
forward  or  backward  in  a  fixed  path;  so  that  the  comparative 
xnotion  of  two  points  is  sufficiently  expressed  by  means  of  the 
velocity  ratio,  together  with  a  directional  relation  expressed  by  -f  or 
— ,  according  as  the  motions  at  the  instant  in  question  are  similar 
<xr  contrary. 

Sechok  3. — YcffM  MoHan  qfFoinU. 

359.   T^MltT  mmd  I»lff«cllo«   of  Taried  Mmtimm. — The  motion  oi 

one  point  relatively  to  another  may  be  ^ 

-varied,  either  by  change  of  velocity,  or 
by  change  of  direction,  or  by  both 
oombined,  which  last  case  will  now  be 
considered,  as  being  the  most  general. 
In  fiff.  178,  let  O  represent  a  point 
assumed  as  fixed,  OX,  O  Y,  OZ,  fixed 
directions,  and  A  B  part  of  the  pcUh  or 
orbit  traced  by  a  second  point  in  its 
varied  motion  relatively  to  O.     At  the  '^  *^^* 

instant  when  the  second  point  reaches  a  given  position,  such  as  P, 

in  its  path,  the  direction  of  its  motion  is  obviously  that  of  P  T,  a 
tangent  to  the  path  at  P. 

^  find  the  velocity  at  the  instant  of  passing  T,  let  At  denote  an 
interval  of  time  which  includes  that  instant^  and  a«  the  distance 
traced  in  that  interval     Then 

At 

is  an  approsamalion  to  the  velocity  at  the  instant  in  question,  whicb 
will  approach  continually  nearer  and  nearer  to  the  exact  velocity  a» 
the  interval  a i  and  the  distance  a«  are  made  shorter  and  shorter ; 

and  the  limU  towards  which  •—:  convenes,  as  a«  and  At  are  u 

At 

finitely  diminished,  and  which  is  denoted  by 

•=« -•(>•> 

2c 
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is  the  exaot  f^dociiy  at  t&e  nutant  of  paflBu^  P.    Tfaas  tb  tiie  x»^ok9B 
called  "  differeTUiaiion.^^ 

Should  the  velocity  at  eadi  instairt  of  time  be  known,  thm  the 
distance  t^  —  Sq,  described  ^hixing  an  interval  of  time  t^  — t^  is  finmd 
b^  imtegnUion  (see  Axtkle  81),  as  follows  : — 


r,-jij=  f*'  vdt (3.) 


360.  C«nqponeBto  of  Taried  nocton. — All  the  propositioilS  of  the 

two  preceding  sections,  respecting  the  composition  and  resolutian 
of  motions,  are  applicable  to  the  velocities  of  varied  motions  at  a 
given  insi»nt^  each  sacb  velodtj  being  represented  by  a  linei,  such 

as  P  T9  in  the  direction  of  the  tangent  to  the  path  of  the  point 
which  moves  with  that  velocity,  at  the  instant  in  question.  For 
example,  if  the  axes  OX,  O  T,  O  Z,  are  at  right  angles  to  each 

other,  and  if  the  tangent  P  T  makes  with  their  directions  respec- 
tively the  angles  »,  fi,  y,  then  the  three  rectangular  components  of 
the  velocity  of  the  point  parallel  to  those  three  axes  aro 

V  cos  »;  V  COB  fi;  V  cos  y. 

Let  X,  y,  z,  be  the  co-ordinates  of  any  point,  such  as  P^  in  the  path 

A  P  B,  as  referred  to  the  three  given  axes.     Then  it  is  well  kiiowii 

that 

dx  ^      dy  dz 

cos •  =  -=-;  coB^  =  -3^;coBy  =  -7-: 
da  ds  ds 

and  consequently  the  three  components  of  the  velocity  v  aie 

d  X                     d  y                     d  z 
vcoB«=--r-;«;oos^=:--r^;  r  cosy  =  --r-; (3.) 

Cb  t  at  at 

and  these  are  related  to  their  resultant  by  the  equation 

m'*m'<w=- (^> 

361.  Viiirormlr-Taried  Teiocitr. — Let  the  velocity  of  a  point 
either  increase  or  diminish  at  an  uniform  rate ;  so  that  if  t  repre- 
sents the  time  elapsed  £rom  a  fixed  instant  when  the  velocity  was 
i;^,  the  velocity  at  the  end  of  that  time  shall  be 

v^v^-\-at'y (1.) 

a  being  a  constant  quantity,  which  is  the  rate  qfvariaiion  eft  the 
velocity,  and  is  called  acceleration  when  positive,  and  retardation 
when  negative.     Then  the  mean  velocity  during  the  time  t  is 


v«  +  V  at 


'0 


=  t?ft-} 


2        ^''  2'' 


W 
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and  tlie  distance  described  is 

•-•.«  +  ^ - - <3.) 

To  find  the  Telocity  of  a  pomt,  whose  Tdocity  is  vniformly  varied, 
at  a  given  instant^  and  ike  rate  of  variation  of  tliat  velocity,  let 
the  distances,  Ati,  As^,  described  in  two  equal  intervals  of  time, 
each  equal  to  A^,  before  and  after  the  instant  in  question,  be 
observed.  Then  1^  velocity  at  the  instant  between  those  inter- 
vals is 

S'Zl      ^..^-^-.p..— •.\*.; 

and  its  rate  of  variation  is 

362.  TotMI  Sate  •f  Tnrtau«B  •f  Tei«cic7« — When  the  velocity 
of  a  point  is  neither  constant  nor  uniformly-varied,  its  rate  of 
variation  may  still  be  found  by  applying  to  the  velocity  the  same 
operation  of  diffhrentiation,  which,  in  Article  359,  was  applied  to 
the  distance  described  in  order  to  find  the  veloci^.  The  result  of 
this  operation  is  expressed  by  the  symbols, 

dy  _d^ 
dt  ^  de* 

and  is  the  limit  to  which  the  quantity  obtained  by  means  of  the 
formula  5  of  Article  361  continually  approximates,  as  the  interval 
denoted  by  A  ^  is  indefinitely  diminished. 

363.  iJHiAnM  DeTtectoM  is  the  change  of  motion  of  a  point  which 
moves  with  uniform  velocity  in  a  circular 
path.     The  fxUe  at  which  uniform  deviation 
takes  place  is  determined  in  the  following 
manner. 

Let  C,  fig.  179,  be  the  centre  of  the  cir- 
cular path  described  by  a  point  A  with  an 

uniform  velocity  v,  and  let  the  radius  C  A  be 
denoted  by  r.  At  the  beginning  and  end  of 
an  interval  of  time  a^,  let  A,  and  A3  be  the 
positions  of  the  moving  point.     Then 

the  arc  A,  A|  s=  i;  a  ^ ;  and 

the  chord  A.  A.  =  «  a  ^  * 

aro  • 

The  vdodties  at  A|  and  A.  are  represented  by  the  equal  lines 
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Aj  V|  =  Aa  Vg  =  %  touching  the  drcle  at  Ai  and  A^  reflec- 
tively. From  A,  draw  A^v  equal  and  parallel  to  A,  Y^  and  join 
V,v.  Then  the  velocity  A,  Y,  may  be  considered  as  compounded 
of  A,  V  and  i;  V, ;  so  that  v  V,  is  the  deviatum  of  the  motion  dar- 
ing the  interval  At;  and  because  the  isosceles  triangles  AjvYi, 
0  A|  An,  are  similar : — 

_  A,  V,  •  A|  A^  ^  ff'Ai  ^  chord, 
CA         "      «•  a«   ' 

and  the  approximate  rate  of  that  deviation  is 

r'    chord 


r  '    arc   * 


but  the  deviation  does  not  take  place  by  instantaneous  changes  of 
velocity,  but  by  insensible  d^rees ;  so  that  the  true  rate  of  deviation 
is  to  be  found  by  finding  the  limit  to  which  the  approximate  rate 
continually  approaches  as  the  interval  At  is  diminished  indefinitdj. 


«» 


Now  the  factor  —  remains  unaltered  by  that  diminution ;  and  the 

ratio  of  the  chord  to  the  arc  approximates  continually  to  equaliiy ; 
so  that  the  limit  in  question,  or  true  rate  0/ dematioTiy  is  expressed  by 

- (1-) 

364.  ThitIbs  DeTteti^M. — When  a  point  moves  with  a  varyiDg 
velocity,  or  in  a  cui*ve  not  circular,  or  has  both  these  variations  of 
motion  combined,  the  rate  of  deviatum  at  a  given  instant  is  still 
represented  b^  equation  1  of  Article  363,  provided  v  be  taken  to 
denote  the  velocity,  and  r  the  radius  of  curvature  of  the  path,  of 
the  point  at  the  instant  in  question. 

365.  The  itoMit«Ht  Bate  of  Tartetimi  of  the  motion  of  a  point 
is  found  by  considering  the  rate  of  variation  of  velocity  and  the 
rate  of  deviation  as  represented  by  two  lines,  the  former  in  the 
direction  of  a  tangent  to  the  path  of  the  point,  and  the  latter  in 
the  direction  of  the  radius  of  curvature  at  the  instant  in  question, 
and  taking  the  diagonal  of  the  rectangle  of  which  those  two  lines 
are  the  sides,  which  has  the  following  value : — 


366.  The  Bate*  ar  Tariatimi  af  tka  C^aaipaaeat  Tdadtlea  of  a  point 

parallel  to  three  rectangular  axes,  are  represented  as  follows :— 
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^•«.  ^.  ^.  n\ 

de'  df  de' ^  ' 

and  if  a  rectangular  parallelopiped  be  constracted^  of  whicli  the 
edges  represent  these  quantities,  its  diagonal,  whose  length  is 

V  { (^)'+  (f.0'+  (f^)'} <^> 

"will   represent  the  resuUaml  rate  of  variation^  already  given  in 
another  form  in  equation  1  of  Article  365. 

367.  The  c;MMF«riMH  •r  ike  Turied  iii«ti*M  of  a  pair  of  points 
relatively  to  a  third  point  assumed  as  fixed,  is  made  by  finding  the 
ratio  of  their  velocities,  and  the  directional  relation  of  the  tangents 
of  their  paths,  at  the  same  instant,  in  the  manner  already  described 
in  Article  358  as  applied  to  uniform  motions.  It  is  evident  that 
the  comparative  motions  of  a  pair  of  points  may  be  so  regulated  as 
to  be  constant,  although  the  motion  of  each  point  is  varied,  pro- 
vided the  variations  ti^e  place  for  both  points  at  the  same  instant^ 
and  at  rates  proportional  to  their  velocities. 
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CHAPTER  n. 


jronONB  OF  BIGID  BODIES. 


SEcnON  1. — Etgid  Bodut^  cmd  thrir  Trtmdaiiaii^ 


368l  The  term  Ki«ld  B^dy  is  to  be  imdeistood  to  denote  a  body, 
or  aa  assemblage  of  bodies,  or  a  system  of  poiniaSy  vbose  figtxT>a 
undeigoes  no  aLbeiaJbion  duiing  the  motion  whkk  is  under  ooh:- 
ftLderafcion. 

369.  TnMiBitom  or  siUAtes  is  tbe  motion  oi  a  rigid  body  rela- 
tively  to  a  fixed  point,  when  the  points  of  the  rigid  body  have  no 
motion  relatively  to  eaich  other ;  that  is  to  a&y,  when  they  all  move 
with  the  same  velocity  and  in  the  same  direction  at  the  same 
instant,  so  that  no  line  in  the  rigid  body  changes  its  direction. 

It  is  obvious  that  if  three  points  in  the  rigid  body,  not  in  the 
same  straight  line,  move  in  parallel  directions  with  equal  velocities 
at  each  instant,  the  .body  must  have  a  motion  of  translation. 

The  paths  of  the  different  points  of  the  body,  provided  they  are 
^  equal  and  similar,  and  at  each  instant  paiallel,  may  have  any 
figure  whatsoever. 

Section'  2. — Simple  Rotadon. 


370.  iteuuiMi  or  Tnminc  is  the  motion  of  a  rigid  body  when 
lines  in  it  change  their  direction.  Any  point  in  or  rigidly  attached 
to  the  body  may  be  assumed  as  a  fixed  point  to  whidi  to  refer  the 
motions  of  the  other  points.   Such  a  point  is  called  oenibrt  ofroUilAon, 

371.  Axis  of  RscattoB. — Thbobeil  In  wery  possible  ehamge  of 
position  of  a  rigid  body,  reUuivdy  to  a  Jixed  cmtre,  there  is  a  Une 

tra/versing  that  eentre  whose  cltroo- 
tian  is  not  ckomqed.  In  fig.  180, 
let  O  be  the  centre  of  rotation,  and 
let  A  and  B  denote  any  two  other 
points  in  the  body,  whose  aitaa- 
tions  relatively  to  O  are^  before 
the  turning,  A|,  B^,  and  after  the 

Join 


Ilg.  180. 


turning,    A«  B^ 


■Ai  A^ 


B]  B|,  forming  the  isosceles  trian- 
glet  O  Ai  At,  O  Bi  B^.     Bisect  the  bases  of  those  triangles  in  C  and 
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3>  TespectiTelyy  and  through  the  points  of  buectioD  draw  two  planes 
•perpendicnlar  to  the  Tespcctive  bases,  intersectiiig  each  other  in  the 

strai^t  line  O  £,  which  must  trayerse  O.  Let  £  be  anj  point  in 
-thte  line  O  £;  then  £  A]  A„  and  £  B|  Bat,  are  isosceles  tmngles ; 
aind  £  18  at  the  nine  distance  from  O,  A,  and  B,  before  and  after 
tke  turning;  tiierefore  £  is  one  and  tiie  same  point  in  the  body, 
whioaa  place  ia  unchanged  by  the  taming;  and  this  demonstration 

appfies  to  ereiy  point  in  the  straight  line  O  £;  therefore  that  line 
is  undianged  in  direction— Q.  R  D. 

G6BOLLABT.  It  is  evident  that  erery  fine  in  the  body,  parallel 
to  tbe  axis,  has  its  direction  unchanged. 

372.  The  pium  •r  ii«tBtiMi  is  any  plane  perpendicular  to  the 
«zi&  The  Mm^  of  BtfiMtiMi,  or  angular  motion,  is  the  angle  made 
by  the  two  diieetions,  before  and  after  the  turning  of  a  line  per- 
pendicolar  to  the  axis. 

373.  The  ^-gpi— ^  Tcfocitr  of  a  turning  body  is  the  ratio  of  the 
angle  of  rotation,  expressed  in  terms  of  radius,  to  the  number  of 
ixnitB  of  time  in  the  interval  of  time  occupied  by  the  angular  motion. 
Speed  of  turning  is  sometimes  expressed  also  by  the  number  of 
tarns  or  fractions  of  a  turn  in  a  given  time.  The  relation  between 
these  two  modes  of  expression  is  the  following : — ^Let  a  be  the 
acngular  velocily,  as  above  defined,  and  T  the  turns  in  the  same  unit 
«f  time;  then 

(2ir=  6-2831852). 

374.  VmMbtm  B«teU«B  consists  in  uniformity  of  the  angular  velo- 
city of  tiie  turning  body,  and  constancy  of  the  direction  of  its  axis 
of  rotation. 

375.  BMMim  MHMMM  •»  mm  9mnm  •#  SMr* — 8Kace  the  angular 
BK>ti€n  of  votetMin  consists  in  the  change  oc  curactiun  of  a  line  in 
a  plane  of  rotatxoo,  and  since  that  cha^oge  of  direction  is  the  same 
how  short  soever  the  line  may  be,  it  is  evident  that  the  condition 
ef  lotatkm,  like  that  of  translation,  is  common  to  every  particle, 
how  mall  soever,  of  the  turning  rigid  body,  and  ^^iolt  the  angular 
v<decity  of  taming  of  each  particle,  how  small  soever,  is  the  same 
with  that  of  the  entire  body      This  ia  otherwise  evident  by  con- 
sidering, that  each  part  into  whidi  a  r^d  body  can  be  divided 
tana  esmpletHy  about  in  the  same  time  UnUSk  every  other  part,  and 
withtiie  enkiie  body. 

371  Mi^ t  III!  f  M^iiHPiwJgdi  ifiiMiiBw^ — Yhs  dmwAon  d  TcMioxk 
a  gmn  ajda  ia  diatingiiished  in  an  artntraiy  manner  into 
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right-handed  and  left-handed  One  end  of  the  axis  is  clioeen,  as 
tluit  from  'which  an  observer  is  supposed  to  look  along  the  direction 
of  the  axis  towards  the  rotating  body.  Then  if  the  body  seems  to 
the  observer  to  torn  in  the  same  direction  in  which  the  son  aeens 
to  revolve  to  an  observer  north  of  the  tropics,  the  rotation  is  said 
to  be  right-handed;  if  in  the  contrary  direction,  l^handed :  and 
it  is  usual  to  ooi^der  the  angular  velocity  of  right-handed  rotatkm 
to  be  positive,  and  that  of  left>*handed  rotation  to  be  n^ative; 
but  this  is  a  matter  of  convenience.  It  is  obvious  that  the 
same  rotation  which  seems  right-handed  when  looked  at  from 
one  end  of  the  axis,  seems  left-handed  when  looked  at  iix>m  the 
other  end. 

377.  BebUlTe  HotUn  of  ii  Pair  •f  Pobiu  !■  ii  BsIaiIbs  l^^^j* — ^Let 

O  and  A  denote  any  two  points  in  a  rotating  body ;  and  consider- 
ing O  as  fixed,  let  it  be  required  to  determine  the  motion  of  A 
relatively  to  an  axis  of  rotation  drawn  through  O.  On  that  axis 
let  fall  a  perpendicular  from  A ;  let  r  be  the  length  of  that  perpen- 
dicular. Then  the  motion  of  A  relatively  to  the  axis  traversing  O 
is  one  of  revoltUion,  or  trandatian  in  a  circular  path  of  the  mc^tttf 
r ;  the  centre  of  that  circular  path  being  at  the  point  where  the 
perpendicular  from  A  meets  the  axis.  If  a  be  the  angular  velocity 
of  the  body,  then  the  vdocUy  of  A  relatively  to  the  axis  traversiiig 
Ois 

V  =  ar] (1.) 

•  and  the  direction  of  that  velocity  is  at  each  instant  perpendicular 
to  the  plane  drawn  through  A  and  the  axis.  The  rate  ofdeoiaJAm 
of  A  in  its  motion  relatively  to  the  given  axis  is 

^  =  «'»■; .(2.) 

in  which  the  first  expression  is  that  ah'eady  found  in  Artide  363, 
and  the  second  is  deduced  from  the  first  by  the  aid  of  equation  I  of 
this  Article.  It  is  evident  that  for  a  given  rotation  the  motion  of 
O  relatively  to  an  axis  of  rotation  traversing  A  is  exactly  the  same 
with  that  of  A  relatively  to  a  parallel  axis  traversing  O ;  for  it 
depends  solely  on  the  angular  velocity  a,  the  perpendicular  distance 
r  of  the  moving  point  from  the  axis,  and  the  direction  of  the  axis ; 
all  which  are  tibe  same  in  either  case. 

r  is  called  the  radiue-^venAor  of  the  moving  point 

378.  CylUidriail  Swikce  mH  E^mU   Vcl^cMea. — If  a  cylindrical 

surfikce  of  circular  cross  section  be  described  about  an  axis  of  rota- 
tion, all  the  points  in  that  surfiuse  have  equal  velodtiea  relatively 
to  the  axis,  and  the  direction  of  motion  of  each  point  in  the  ^^liiH 
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^rical  saiface  relatively  to  the  axis  is  a  tangent  to  the  surface  in  a 
^lane  perpendicular  to  the  axis. 

379.  C«MpanillT«  THLmtimmm  •f  Tw«  P«Imi«  nbitireir  t*  an  Axfa. — 

Xiet  O,  A,  B,  denote  three  points  in  a  rotating  rigid  body ;  let  O  be 
<x>iiaidered  as  fixed,  and  let  an  axis  of  rotation  be  drawn  through 
it.  Then  the  compartUive  motions  of  A  and  B  relatively  to  that 
AXIS  are  expressed  as  follows  : — the  ffdocUy-raUo  is  thai  of  the  rctdii- 
^rectores  of  t/te  points,  and  the  directional  reioHon  consists  in  tite 
a,ngle  between  Oteir  directions  of  motion  being  the  same  with  that 
between  their  radiir^ectores.  Or  symbolically :  Let  ri,  r^  be  the  pei> 
pendicular  distances  of  A  and  B  from  the  axis  traversing  O,  and 
^  and  t^  their  velocities ;  then 

t7,      r,         ,  A         A 
--  =  -  ;  and  v^v,  =  r^r, 

380.  C;MMpMM»t«  w€  Vdocilr  of  «  Pol«t  in  n  Botntlng  B«4f. — The 

component  parallel  to  an  axis  of  rotation,  of  the  velocity  of  a  point 

in  a  rotating  body  relatively  to  that  axis, 

is   nulL     That  velocity  may  be  resolved  v, 

into  components  in  the  plane  of  rotation.  a, 

ThtuB  let  O,  in  fig.  181,  represent  an  axis  .^^l         v 

of  rotation  of  a  body  whose  plane  of  rota-  b, 

tion  is  that  of  the  figure ;  and  let  A  be 

any  point  in  the  body  whose  radius- vector 

18  OA  =  r.     The  velocity  of  that  point  ^  0 

being  V  =  aTy  let  that  velocity  be  repre-  — 

aented  by  the  line  AV  perpendicular  to  ^' 

O  A.      Let  B  A  be  any  direction  in  the  plane  of  rotation,  along 

mrhich  it  is  desired  to  find  the  component  of  the  velocity  of  A ;  and 

let  .^^  V  A  TJ  =  '  be  the  angle  made  by  that  line  with  A  V     From 

V  let  fall  YU  perpendicular  to  BA;  then  ATT  represents  the 

component  in  question ,  and  denoting  it  by  u, 

«=:  «7  *  cos  ^  =  ar  *  cos  $ (1.) 

From  O  let  fall  O B  perpendicular  to  B  A.  Then  .^AOB  = 
^^a^y  KT5  r=^  •  \  and  the  right-angled  triangles  O B  A  and  A  TJ  V 
are  aiiiular ;  so  that 

AT  :  AU  :  :  OA  :  OB  =  r  cos  $ (2.) 

Now  the  enlire  velocity  of  B  relatively  to  the  axis  O  is 

ar  cos  #  =  ti^ , (3.) 

so  that  ihe  component^  along  a  given  straight  line  in  the  plane  of 
roiadony  of  the  velodly  of  any  point  in  thai  linCy  is  equal  to  the  veUh 
cU^  ofUiepoiwU  where  a  perpendicular  from  the  axis  meets  thai  line. 
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Sscnoir  3. — Combined  RoUUitma  ootid  TrtrndaUonM, 


381.  ywpiM^r  •f  ■!■  MMtoas  ar BigM  MmHttm — ^The  forgoing  pro- 
poaitioa  may  be  i^arded  aa  a  particular  caae  of  the  followiogy  "rlud 
is  tnsw  of  all  motions  of  a  ligid  bodj. 

TJt€  componadt,  along  a  given  tbrai^  tins  in  a  rigid  boffy,  of  Ai 
veU)aiim  qf  the  powl8  in  thai  line  rdaivvdy  toanypoint,  u^etherinor 
attacked  to  ^  bedg  or  otherwise,  are  all  equal  to  each  other;  for 
otherwise,  the  distaooes  between  points  in  the  given  stzaig^t  Hue 
must  alter,  which  is  inconsistoit  with  the  idea  of  rigidity: 

382.  HcHchI  mwUknwk. — ^Rotation  is  the  only  movement  which  a 
rigid  body  as  a  whole  can  have  relatively  to  a  point  beion^ng  to 
it  or  attached  to  it  But  if  the  motion  of  the  body  be  determinel 
relatively  to  a  point  not  attached  to  it,  a  translation  may  be  com- 
bined with  the  rotation.  When  that  translation  takes  place  m 
the  direction  of  the  axis  of  rotation,  the  motion  of  the  rigid  body  ia 
said  to  be  hdicad,  or  ecrew-like,  because  each  point  in  the  rigid  bo<^ 
describes  a  helix  or  screw,  or  a  part  of  a  heluL  or  screw. 

Let  V|  denote  the  velocity  of  translation,  parallel  to  the  axis  of 

rotation,  which  is  common  to  all  points  of  the  body ;  this  is  called 

the  vdocily  of  advance.     The  advance  during  one  complete  turn  of 

the  rotating  body  is  the  piJUh  of  each  of  the  helical  or  screw-like 

paths  described  by  its  particles ;  that  is,  the  distance,  in  a  direo- 

tion  parallel  to  the  axis,  between  one  turn  of  each  sucdi  helix  and 

2«* 
the  next;  and  a  being  the  angnlar  velocity,  ao  that  —  is  t^e  tine 

of  one  turn,  the  value  of  the  pitch  is 

P  =  -5^^  whence  t?i  =  JJ ^.(L) 

Let  r,  as  before,  be  the  radiua-'VQctQr  of  any  point  in  the  badjc,  and 
let 

t?,  =  ar (2.) 

denote  its  vdoaty  of  revoltUion,  or  velocity  relatively  to  the  eaoE, 
due  to  the  rotation  alone.  Then  the  restdtant  velocity  of  that 
point  is 

t,=  7urF^=«.A/{^+,*} (s.) 

The  indination  of  the  helix  described  by  that  point  to  the  plane  of 
rotation  is  given  by  the  equation 

i  =  arc  '  taa  •  -  =  aia  •  tan  •  =^>— ^^^,..(4> 

Vm  ^  vr 
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the  taagentof  that  angle  beiiig  the  mtio  of  the  piidi  to  the  ciic^ 
ference  of  the  circle  described  by  the  point  relatively  to  the  axis  of 
Totation. 

383.    ProbLEIC.      T*  Flad  the  OleiiMi  •f  ii  BIsM  B«47  iktm  the 

Ijet  A,  B,  q»  %.  182,  be  three 
pointB  in  a  rigid  body,  and  at  a 
fprveiL  instant  let  them  hare  sio>  "^ 

idons  relatiTely  to  a  point  indepen- 
dent of  the  body,  which  motions 
represented  in  veloeity  and 


direction  by  the  three  lines  A  V., 
B  V^  C  V^  It  is  reqtured  to  find 
the  motion  of  the  entire  rigid 
body  relatiTely  to  the  same  fixed 
point. 

Through  any  point  o,  fig.  183, 
draw  three  lines  oayoh,oc,  equal 
and   parallel  to  the  three  lines 

AT"a,  BVj,  C  V^  Through  a,  6,  and  c,  draw  a 
plane  ahc^on  which  let  fall  a  perpendicular  o  n 
troia  o.  'then,  o  n  represents  a  component,  which 
is  common  to  the  velocities  of  all  the  three  points 
Ay  B,  C,  and  must  therefore  be  common  to  all  the 
points  in  the  body;  that  is,  it  is  a  velocity  of 
translcUMrL 


Hg.  182. 


Fig.  188. 


Erom  thft  pointe  V«  Y^  V^  draw  lines  YT^^IT^i,  V.XJ^ 
equal  and  parallel  to  on,  but  opposite  in  direction  to  it ;  and  join 
A  Uc  B  Ut,  C  U«,  which,  will  all  be  parallel  to  the  suae  plane  ; 
that  is^  to  tibe  plane  a  be.  The  last  thiee  lines  will  represent  the 
component  velocities  which,  along  with  the  common  velocity  of 
translation  parallel  to  o  n,  make  up  the  resultant  velocities  of  the 
three  point&  Through  any  two  of  the  points  A,  B,  draw  planes 
perpendicular  to  the  respective  components  of  their  motions  which 
are  parallel  to  a  he.  These  two  planes  will  inteisect  each  other  in 
a  line  ODE,  which  will  be  parallel  to  on.  The  perpendicular 
distances  of  that  line  from  the  points  A,  B,  being  unchanged  by  the 
motion,  it  represents  one  and  the  same  Une  in  or  attadbad  ilo  the 
rigid  body,  and  it  is  therefore  the  axis  of  rotation.    A  plane  drawn 

through  the  third  point  C,  perpendicular  to  C  U«,  will  cut  the  other 
two  plaaes  in  the  same  axis :  the  three  reewd^dng  component 
velocities 


AU«BXJ»,  CU^ 
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will  be  respectiyelj  proportional  to  the  perpendicular  distanoeB,*] 
radii-vectorea, 

AD,BE,CF, 

of  the  three  points  from,  that  axis ;  and  the  angolar 
will  be  equal  to  each  of  the  three  quotients  made  by  dividing  Ik' 
revolving  component  velocitieB  of  the  points  by  their  re^e^n 
radii-vectore&  This  rotation,  combined  with  a  translation  pai^ 
to  the  axis,  with  a  velocity  represented  by  o  n,  constitutes  a  kdkd 
motion,  being  the  required  motion  of  the  rigid  body. — Q.  £.  L 

384.  Special  CaMs  of  the  preceding  problem  occur,  in  wbA 
either  a  more  simple  method  of  solution  is  sufficient,  or  the  geBoal 
method  fails,  and  a  special  method  has  to  be  employed. 

I.   When  the  motions  of  the  pouU»  ^ 
the  body  are  known  to  be  aU  paraUd  It 
one  plane,  it  is  sufficient  to  know  tbs 
motions  of  two  points,  such  ais  A,B,^ 
184.     Let  A  O,  B  O,  be  two  planes  tzir 
^      versing  A  and  £,  and  perpendicolar  to 
^  the  respective  directions  of  the  simul- 
taneous velocities  of  those  points;  if  tho» 
planes  cut  each  other,  the  entire  motioD 
^  is  a  rotation;  the  line  of  intersedaoa  of 

"*•  *^*-  the  pianos  O,  being  the  axis  of  roWaoo, 

and  the  angular  velocity,  are  found  as  in  the  last  Article.    ITtii 
two  planes  are  parallel,  the  motion  is  a  translation. 

II.  If  three  points,  not  in  the  same  plane,  haoe  paraUd  maliem, 
or  ififiree  points  in  tlie  same  plane  haoe  pa/raUd  motions  chliqi^  ^ 
ihe  plame,  the  motion  is  a  translation. 

ni.  If  Ih/ree  points  in  the  same  plane  move  perpendio^ 
plane,  as  ABC,  fig.  1840,  then  if  their  velocities  are  equal, tiift 


Fig.  184  & 


motion  is  a  translation;  and  if  their  velocities  are  unequal,  tite 
motion  is  a  rotation  about  the  axis  which  is  the  intersection  (^tha 
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ilane  of  the  three  points  with  the  plane  drawn  through  the  extre- 
aities  V^  Y^  Y„  of  the  three  lines  which  represent  their  veloci- 
ies  ;  the  angular  velocity  being  found  as  in  Article  383. 

If  the  plane  of  rotation  is  known,  then  the  simultaneous  veloci* 
ies  of  two  points,  as  A  and  £  in  figs.  184  b  and  184  c,  are  sufficient 
o  determine  the  axis  O. 

385,    UmmOmm  Cmmhimr^  with  Traaateitoa  te  the 

[jet  a  bodj  rotate  about  an  axis  C  {Bg.  185), 

ized  relatively  to  the  body,  with  an  angular 

reiocitjr  a,  and  at  the  same  time  let  that  axis 

iiave  a  motion  of  translation  in  a  straight  path 

perpendicular  to  the  direction  of  the  axis,  with 

khe  velocity  u,  represented  by  the  line  C  XT.     It 

b  reqtiired  to  find  the  velocity  and  direction  of 

motion  of  any  point  in  the  body.     From  the  p,    ^g. 

moving  axis  draw  a  straight  line  G  T  perpendi- 

cnlar  to  that  axis  and  to  0  XT,  and  in  that  direction  into  which  the 

rotation  (as  represented  by  the  feathered  arrow)  tends  to  turn  0  U, 

and  make 

^=1 (1) 

a 

Then  the  point  T  has,  in  virtue  of  trandation  along  wUh  the  axis 
0,  a  forward  motion  with  the  velocity  u ;  and  in  virtue  of  rokt- 
Hon  aifont  that  axis,  it  has  a  bctckward  motion  with  the  velocity 

2ual  and  opposite  to  the  former ;  and  its  resultant  velocity  is  0. 
enoe  every  point  in  the  body,  which  comes  in  succession  into  the 

podtion  T,  situated  at  the  distance  —  firom  the  axis  0  in  the  direc- 

a 

tion  above  described,  is  at  rest  ai  the  instant  of  its  arriving  at  tliat 
position;  that  is,  it  has  just  ceased  to  move  in  one  direction,  and 
is  about  to  move  in  another  direction ;  and  this  is  trae  of  every 
point  which  arrives  at  a  line  traversing  T  parailel  to  0.  Conse- 
quently the  resultant  motion  of  the  body,  at  any  given  instant,  is 
tne  same  as  if  it  were  rotating  about  the  line  which  cU  the  instant 

in  question  occupies  the  position  T,  parallel  to  G,  at  the  distance 

II 

-;  and  that  line  is  called  the  instantanisous  axis.  To  find  the 
a 

motion  of  any  point  A  in  the  body  at  a  given  instant,  let  fall  the 

perpendicular  AT  from  that  point  on  the  instantaneous  axis;  then 

the  motion  of  A  is  in  the  direction  A  V  perpendicular  to  the  plane 


398 


VBJSCTBUSB  OF  ODTEMATICS. 


of  the  instaxLtuieoxiB  axis  and  of  the  insUmtajieouB  rudit 
AT,  and  the  Talocitf  of  that  motion  is 


«  =  «-AT. 


W 


386.  B^niMs  CjUmMni  TMchoid. — Eyeiy  straight  line  pazaDd 
to  the  moTing  axis  0,  in  a  cylindrical  gur&oe  described  abont  C 

with  the  ladins  -,  becomes  in  turn  the  instantaneous  axia     Hena 

a 

the  motion  of  the  body  is  the  same  with  that  produced  by  the  tcIQ- 

ing  of  such  a  cylindrical  sui&oe  on  a  plane  FTP  parallel  to  O  and 

u 


to  C  U,  at  the  distance  -. 


a 


The  path  described  by  any  point  in  the  body,  such  as  A,  whkli 

is  not  in  the  moving  axis  C,  is  a  curve  well  known  by  the  name  o^ 

troclioid.     The  particular  form  of  trochoid  called  tiie  eyoUrid,  b 

described  by  each  of  the  points  in  the  rolling  cylindrical  6uifiio& 

387.   Phrae  K«litec  mi  Cyiiiider;  Sptni  iPwtOu^ — Another  mode 

of  representing  the  combination  of  rota- 
tion with  translation  in  the  same  plane 
is  as  follows  : — Let  O  be  an  axis  assumed 
as  fixed,  about  which  let  the  plane  0  C 
(containing  the  axis  O)  rotate  (right- 
handedly,  in  the  figure),  with  the  rnoga- 
lar  velocity  a.  Let  a  rigid  body  ha^^ 
TtUuivety  to  the  rotating  pktney  and  in  s 
direction  perpendicular  to  it,  a  transla- 
tion with  the  velocity  ti.  In  the  plane 
GO,  and  at  right  angles  to  the  axis  0, 


u 


take  O  T  =  — ,  in  such  a  direction  tint 
a 

the  velocity 
v  =  a-OT, 

which  the  point  Tin  the  rotating  plane  has  at  a  given  instant^  sbill 
be  in  the  contrary  direction  to  the  equal  velocity  of  translatkm 

tf,  which  the  rigid  body  has  relatively  to  the  rotating  plane.  Then 
each  point  m  the  rigid  body  which  arrives  at  the  position  T,  or  it 
any  position  in  a  line  traversing  T  parallel  to  the  fixed  axis  0,  is 
at  rest  at  (M  instant  of  its  occupying  that  position ;  therefore  tl» 
line  traversing  T  parallel  to  the  fixed  axis  O  is  ^  itukuUmmm 
axis;  the  motion  at  a  given  instant  of  any  point  in  the  riflid  bod?, 
such  as  A,  IS  at  right  angles  to  the  ladius-vector  A  T  drawn  per^ 
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to  the  instuitaneous  axis;  and  the  ^relocity  of  that 
otdon  is  given  bj  the  equation 


f?=: 


a-AT. 


AU  the  lines  in  the  ligid  body  which  socoessiyely  oocapy  the 
-position  of  instantaneous  axis  are  situated  in  a  plane  of  that  body, 
JP  T  P,  perpendicular  to  O  0 ;  and  all  the  positions  of  the  instan- 
-taaneous  axis  are  situated  in  a  cylinder  described  about  O  with  the 
iraditifl  OT;  ao  that  the  motion  of  the  rigid  body  is  such  as  is  pro- 
«laoed  by  the  rolling  of  the  plane  T'P  onthe  cylinder  whoee  radiua  is 


u 


O  T  =  -•     Each  point  in  the  rigid  body,  such  as  A,  describes  a 

plana  maial  about  the  fixed  axis  O.  "For  each  point  in  the  rolling 
jtlarUy  P  P,  that  spiral  is  the  involute  of  the  circle  whose  radius  is 
O  T.  For  each  point  whose  path  of  motion  traverses  the  fixed  axis 
O9  that  is,  for  each  point  in  a  plane  of  the  rigid  body  traversing  O 
pazallel  to  PP,  the  spiral  is  Archimedean,  having  a  radius- vector 
ixicreasing  by  the  length  u  for  each  angle  a  through  which  it 

figs.  187, 188,  and  189, 


iig.  isa 


Fig.  189. 


let  O  be  an  axis  assumed  as  fixed,  and  0  0a  plane  traversiDg  that 
axis,  and  rotating  about  it  with  the  angnlar  velocity  &  Let  0  be 
an  axis  in  that  plane,  parallel  to  the  fixed  axis  O ;  and  about  the 
moving  axis  0  let  a  rigid  body  rotate  with  the  angular  velocity  h 
relativdy  to  the  pUme  0  0;  and  let  the  directions  of  the  rotations  a 
and  h  be  distinguished  by  positive  and  negative  signs.  The  body  is 
said  to  have  the  rotations  about  the  parallel  axes  O  and  0  combined 
or  compcundedy  and  it  is  required  to  find  the  result  of  that  com- 
bination  of  parallel  rotations. 

Fig.  187  represents  the  case  in  which  a  and  h  are  similar  in 
direction ;  fig.  188,  that  in  which  a  and  h  are  in  opposite  direc- 
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tionS;  and  h  is  the  greater ;  and  fig.  189,  that  in  which  a  and  5  se 
in  opposite  directions,  and  a  is  the  greater. 

Let  a  common  perpendicidar  O  C  to  the  fixed  and  moving  axes 
be  intersected  in  T  by  a  straight  line  parallel  to  both  those  axes,ii 
such  a  manner  that  the  distances  of  T  &om  the  iixed  and  moTing 
axes  respectively  shall  be  inversely  proportional  to  the  angokr 
velocities  of  the  component  rotations  about  them,  as  is  expzwed 
by  the  follo^ving  proportion : — 

aibiiOT  :  or (1.) 

When  a  and  h  are  similar  in  direction,  let  T  fall  between  O  and  C, 
as  in  fig.  187  ;  when  they  are  contrary,  beyond,  as  in  figs.  188  and 
189.  Then  the  velocity  of  the  line  T  of  Ute  plans  OCiaa-  OT  ; 
and  the  velocity  ^f  the  line  T  of  the  rigid  body,  rdcUivdy  io  At 
plane  O  C,  is  6  -  C  T,  equal  in  amount  and  contrary  in  directian  to 
the  former ;  therefore  each  line  of  the  rigid  body  which  arrives  at 
the  position  T  is  at  rest  at  the  instant  of  its  occupying  that  posi- 
tiou,  and  is  then  tJie  ingtanianeotia  cuds.  The  resuUani  angular 
velocity  is  given  by  the  equation 

c  =  a  +  6; (2.) 

regard  being  had  to  the  directions  or  signs  of  a  and  b ;  that  is  to 
say,  if  we  now  take  a  and  b  to  represent  arithmetical  magnitades, 
and  affix  explicit  signs  to  denote  their  directions,  the  direction  of 
c  will  be  the  same  with  that  of  the  greater ;  the  case  of  fig.  187 
will  be  represented  by  the  equation  2,  already  given ;  and  those  €i 
figs.  188  and  189  respectively  by 

c  =  b  —  a;  c^rza-b (^  A.) 

The  relative  propoi-tions  of  a,  b,  and  c,  and  of  the  distances 
between  the  fixed,  moving,  and  instantaneous  axes,  are  given  by 

the  equation  

»:6;c::CT:0T:0C (3.) 

The  motion  of  any  point,  such  as  A,  in  the  rigid  body,  is  at  each 
instant  at  right  angles  to  the  radius- vector  A  T  drawn  finom  the 
point  perpendicular  to  the  instantaneous  axis ;  and  the  velocity  of 

that  motion  is  

17  =  c  •  XT (4) 

389.    t^yllMder  Il*ni«c  •■  CyliMdcrs  EpinrocheMa^ — All  the  linOB 

in  the  rigid  body  which  successively  occupy  the  position  of  instan- 
taneous axis  are  situated  in  a  cylindrical  sux&ce  described  about  C 
with  the  radius  0  T ;  and  all  the  positions  of  the  instantaneous 
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are  contained  in  a  cylindrical  surface  described  about  O  with 

tJie  radius  O  T ;  therefore  the  resultant  motion  of  the  rigid  body 
is  that  which  is  produced  by  rolling  the  former  cylinder^  attached 
to  the  body,  on  the  latter  cylinder^  considered  as  fixed. 

In  fig.  187,  a  convex  cylmder  rolls  on  a  convex  cylinder;  in  fig. 
188,  a  smaller  convex  cylinder  rolls  in  a  lai^^er  concave  cylinder ; 
in  £g.  189,  a  larger  concave  cylinder  rolls  on  a  smaller  convex 
cylinder. 

flach  point  in  the  rolling  rigid  body  traces,  relatively  to  the 
fixed  axis,  a  curve  of  the  kind  called  epitrochoids.  The  epitrochoid 
traced  by  a  point  in  the  surface  of  the  rolling  cylinder  is  an  epi- 
cycloid. 

In  certain  cases,  the  epitrochoids  become  curves  of  a  more  simple 
class.  For  example,  each  point  in  the  moving  axis  C  traces  a 
circle. 

IkVlien  a  cylinder,  as  in  fig.  188,  rolls  within  a  concave  cylinder 
of  double  its  radius,  each  point  in  the  surface  of  the  rolling  cylinder 
moves  backwards  and  forwards  in  a  straight  line,  being  a  diameter 
of  the  fixed  cylinder;  each  point  in  the  axis  of  the  rolling  cylinder 
traces  a  circle  of  the  same  radius  with  that  cylinder,  and  each  other 
point  in  or  attached  to  the  rolling  cylinder  traces  an  ellipse  of 
greater  or  less  eccentricity,  having  its  centre  in  the  fixed  axis  O. 
This  principle  has  been  made  available  in  instruments  for  drawing 
and  taming  ellipses. 

390.  Cvmuara  •f  Bpitfch^idtab    The  following  being  given :— » 

the  radius  of  the  fixed  cylinder,  O  T  =  r, ; 

the  radius  of  the  rolling  cylinder,  ClC  =  f  , ; 

the  instantaneous  radiua-vector  of  a  tracing-point  A^  At  =:  r; 

the  angle  made  by  that  radius-vector  with  the  rotating  plane^ 

it  is  required  to  find  the  radius  of  curvature,  p,  of  the  path  of  the 
tracing-point  A,  at  the  instant  under  consideration. 

The  radius  of  a  convex  cylinder  is  to  be  considered  as  positive^ 
and  that  of  a  concave  cylinder  as  negative ;  and  regard  is  to  be 

paid  to  the  principle,  that  cos  ^  is  <  ^^4jve  I  •^^^^'^'^S  as  ^  is 

{acute  ) 
obtuse/* 

Let  c/^  be  an  indefinitely  short  interval  of  time;  then  during 
that  interval  the  tracing-point  A  moves  through  the  distance  crdt 
Let  the  direction  of  the  radius-vector  r,  which  is  perpendicular  to 
the  path  traced  by  A,  alter  in  the  same  time  by  the  angle  du 
Then  the  radius  of  curvature  of  the  path  of  A  is 

2d 
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crdt  /I  V 

P^-dT <^> 

To  determine  the  angular  motion  di  o£  the  radius-yector,  it  has  to 
be  cox)aidered,  that  the  absolute  angular  velocity  of  the  rolling 
cylinder  is  c,  which  gives  that  cylinder  an  angular  motion,  edt,iik 
the  given  interval ;  and  also  that,  in  the  course  of  the  same  inter- 
val^ a  new  line  comes  to  occupy  the  position  of  instantaneous  axis, 
distant  &om  the  original  line  by  the  length  hr^dt,  in  a  directicNi 
opposite  to  that  of  the  rotation  of  the  rolling  cylinder.  The  effecb 
of  this  filiiftiTig  of  the  instantaneous  axis  is,  to  turn  the  angolar 
position  of  the  radius-vector  r,  in  a  negative  direction  relatively  to 
the  rolling  cylinder,  through  the  angle 

hVaCOSi'dt 


irhich  being  combined  with  the  angular  motion  of  the  cylinder, 
cdt,  gives  as  the  resultant  angular  motion  of  the  radius-vector^ 


di=.(cJ-^:ips^dt', 


which  being  substituted  in  equation  1,  gives  for  the  radius  of  cur- 
vature of  the  path  traced  by  A, 

p=       '"■        =^^ (2.) 

^  Dr.  COS  ^      -     ora  cos  ^ 

c 1 

r  cr 

Now, 


c      r,  +  n' 

(attention  being  paid  to  the  implicit  signs  of  Ti  and  r.)  ;  and  ooxb- 
sequentlyy 

^r- ^L±Ji! (3.) 


curvB 


The  sign  of  this  result,  when  <  P^^^®  I  ^  shows  that  the 

traced  by  A  is  <  cnnYQr  \  ^^^^^  T.     The  following  are  some 

limited  cases : — 

I.  JFhen  the  tracing-point  is  the  mrface  qf  (he  roUmg  ej^inder^ 
r  =  2  r.  cos  ^;  and  therefore^ 
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^  =  2r.coB/.^; <*•) 

wliick  is  the  xadins  of  curvature  of  an  epic$fcloid, 

H.    When  a  cylinder  rolls  on  a  plane,  r^  becomes  infinitelj  greai 
as  oompaied  witii  r«  and  thus  reduces  equation  3  to 

^■"  ,     r,co8# " "^ '' 

r 

wUch  is  the  radius  of  curvature  of  a  trochoid. 

HI.    When  a  cylinder  rcUs  on  a  plane,  and  the  Praeing-poirU  ia 
t»  the  mrfaee  qfthe  cylinder,  r=z2r^coBi,  and 

p  =  2r=:4r,  cos^y (6.) 

whii^  18  the  radius  of  curvature  of  a  cydoid. 

rV.  When  aplcmerdUe  on  a  cylinder,  r.  becomes  infinitely  great 
as  oompared  whh  Ti  and  r;  and  equation  3  becomes 

p  = ' (7.) 

r 

wbich  is  the  radius  of  carvatuie  of  a  spiral  of  the  dass  mentioned 
in  Article  387. 

V.   When  a  plane  roUe  on  a  cylinder,  and  the  tracmg-pomt  is  in 
the  plane,  cos  ^  =  0 ;  and  equation  7  becomes 

P=r, (8.) 

which  is  the  radius  of  curvature  of  the  involute  of  a  cxrde. 

YL   When  a  pUme  rolls  on  a  cylinder,  and  the  tracing-point  is 
at  the  distance  ri  from  the  plane  on  the  side  next  the  cylinder, 

am 

oos  #  =  — ^ ;  and  equation  7  takes  the  following  form : — 

T 

p=;^ <^) 

which  is  the  radius  of  curvature  of  an  Archimedean  spiraL  Let  B 
be  the  distance  of  a  point  in  that  spiral  fix>m  the  fixed  axis  O ;  then 
f*  =  B'+f1>aQd 


(Rl+rni (9  A) 


As  to  rolling  curves  in  general,  see  Professor  Clerk  Maxwell's  paper 
in  the  Transactions  of  the  Royal  Society  of  Edinburgh,  voL  xvi 
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391.  E^mil   and  OppMile  PuaUel  B«taUou  C^MbiiMd. — ^Let  ft 

plane  O  C  rotate  with  an  angular  velocity  a  about  an  axis  O  ooa- 
tained  in  the  plane,  and  let  a  rigid  body  rotate  about  the  axis  C 
in  that  plane  parallel  to  O,  with  an  angular  Telocity  —  a,  equal  and 
opposite  to  that  of  the  plane.  Then  the  angular  veloci^  of  the 
rigid  body  is  nothing ;  that  is,  its  motion  is  one  of  translaiion  only, 

all  its  x)oints  moving  in  equal  circles  of  the  radius  O  C,  with  the 

velocity  a  *  O  C.  This  case  is  not  capable  of  being  represented  by 
a  rolling  action. 

392.  B*tati«ns  ab«Bt  Intcnecting  Axes  CoMiMned. — In  fig.   190, 

let  O  A  be  an  axis  assumed  ai 
fixed ;  and  about  it  let  the  pkne 
AGO  rotate  with  the  ai^pilv 
velocity  a.  Let  O  C  be  an  axis 
in  the  rotating  plane ;  and  about 
that  axis  let  a  rigid  body  rotate 
with  the  angular  velocity.  6  re- 
latively to  the  rotating  plane. 
Because  the  point  O  in  the 


Fig.  190. 


rigid  body  is  fixed,  the  instantaneous  axis  must  traverse  that  point 
The  direction  of  that  axis  is  determined,  as  before,  by  oonsidenng 
that  each  point  which  arrives  at  that  line  must  have,  in  virtue  of 
the  rotation  about  O  C,  a  velocity  relatively  to  the  rotating  plane, 
equal  and  directly  opposed  to  that  which  the  coincident  point  of 
the  rotating  plane  has.  Hence  it  follows,  that  the  ratio  of  the  per- 
pendiculai*  distances  of  each  point  in  the  instantaneous  axis  mm. 
the  fixed  and  moving  axes  respectively — ^that  is,  the  ratio  of  tbe 
sines  of  the  angles  which  the  instantaneous  axis  makes  with  the 
fixed  and  moving  axes — ^must  be  the  reciprocal  of  the  ratio  of  tlie 
component  angular  velocities  about  those  axes ;  or  i^)naibolically,  if 
O  T  be  the  instantaneous  axis, 

sinAOTrsinCOT  ::b  :a (1.) 

This  determines  the  direction  of  the  instantaneous  axis,  which  mkj 
also  be  found  by  graphic  construction  as  follows : — On  O  A  take 

O  a  proportional  to  a ;  and  on  O  0  take  O  b  proportional  to  ft.  Let 
those  Hnes  be  taken  in  such  directions,  that  to  an  observer  looking 
from  their  extremities  towards  O,  the  component  rotations  seem 
both  right-handed.  Complete  the  parallelogram  05 ca;  the  dia- 
gonal O  c  will  be  the  instantaneous  axia 

The  resultant  angular  velocity  about  this  instantaneous  axis  is 
found  by  considering,  that  if  0  be  any  point  in  the  Jioving  axis, 
the  linear  velocity  of  that  point  must  be  the  same,  whether  com- 
puted from  the  angular  velocity  a  of  the  rotating  piano  about  the 
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fixed  axis  O  A,  or  from  the  resultant  angular  velocity  c  of  the  rigid 
body  about  the  instantaneous  axis.  That  is  to  say,  let  C  D,  C  E, 
be  perx>endicular8  from  C  upon  0  A,  O  T,  respectively ;  then 

a-CI)=:c  -OB; 

but  CD  :  CE  : :  sin  .^ AOC  :  sin  .crirC 0 T;  and  therefore 

sin^^COT  :sin.^AOC  :  :a  :c; 

and,  combining  this  proportion  with  that  given  in  equation  1,  we 
obtain  the  following  proportional  equation  : — 


sin  .^00 T  :sin.<:^AOT 


sin-^AOC 


.(2.) 


:  :  a         ;  h 

:  :  Oa      :  06 

that  is  to  say,  Oie  angular  velocities  of  the  component  and  restdtant 
roUUions  are  each  proportional  to  the  sine  of  the  angle  between  the  axes 
of  the  other  two  ;  and  the  diagonal  of  the  parallelogram  0  b  c  a  repre- 
BerUs  both  the  direction  oftlie  instantaneous  axis  and  the  angular  velo- 
cUy  about  thai  axis. 

393.  B«iiiag  €•■««. — All  the  lines  which  successively  come  into 
the  position  of  instantaneous  axis  are  situated  in  the  suiface  of  a 
cone  described  by  the  revolution  of  O  T  about  0  C ;  and  all  the 
positions  of  the  instantaneous  axis  lie  in  the  surface  of  a  cone 
described  by  the  revolution  of  OT  about  OA.  Therefore  the 
motion  of  the  rigid  body  is  such  as  would  be  produced  by  the  roll- 
ing of  the  former  of  those  cones  upon  the  latter. 

It  is  to  be  understood,  that  either  of  the  cones  may  become  a 
flat  disc,  or  may  be  hollow,  and  touched  internally  by  the  other. 
For  example,  should  .^  A  0  T  become  a  right  angle,  the  fixed  cone 
would  become  a  flat  disc;  and  should  .^AOT  become  obtuse, 
that  cone  would  be  hollow,  and  would  be  touched  internally  by  the 
rolling  cone ;  and  similar  changes  may  be  made  in  the  rolling  cone. 

The  path  described  by  a  point  in  or  attached  to  the  rolling  cone 
is  a  spherical  epitrochoid;  but  for  the  purposes  of  the  present  trea- 
tise, it  is  unnecessary  to  enter  into  details  respecting  the  properties 
of  that  class  of  curs'ea 

394.   Amil«g7  of  RotallMis  um4L  SiMgIc  Forces. — If  the  proportional 

equation  3  of  Article  388,  which  shows  the  relations  between  the 
component  angular  velocities  of  rotation  about  a  pair  of  parallel 
axes,  the  resultant  angular  velocity,  and  the  position  of  the  instan- 
taneous axis,  be  compared  with  the  proportional  equation  of  Article 
39,  by  means  of  which,  as  explained  in  Article  40,  the  magnitude 
and  position  of  the  i-esultant  of  a  pair  of  parallel  forces  are  found, 
it  will  be  evident  that  those  equations  are  exactly  analogous. 
The  result  of  the  combination  of  a  rotation  with  a  translation  in 
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the  same  plane,  in  prodncing  a  rotation  of  equal  angular  velocity 
about  an  instantaneous  axis  at  a  certain  distance  to  one  side  of  tiie 
moving  asjs,  as  expbdned  in  Article  385,  is  exactly  analogoios  to 
the  result  of  the  combination  of  a  single  force  with  a  couple  in  pro- 
ducing an  equal  single  force  transferred  laterally  to  a  certain  dis- 
tance, as  explained  in  Article  41. 

The  result  of  the  combination  of  two  equal  and  opposite  rotatioBS 
about  parallel  axes,  in  producing  a  translation  with  a  velodtj 
which  is  the  product  of  the  angular  velocity  into  the  distance 
between  the  axes,  as  explained  in  Article  391,  is  exactly  analogous 
to  the  production  of  a  couple  by  means  of  a  pair  of  equal  and  oppo- 
site forces,  as  explained  in  Article  25. 

The  result  of  the  combination  of  two  rotations  about  intersecting 
axes,  as  explained  in  Article  392,  is  exactly  analogous  to  the  result 
of  the  combination  of  a  pair  of  inclined  forces  acting  through  one 
point,  as  explained  in  Article  51. 

The  combination  of  a  rotation  about  a  given  axis  with  a  transla- 
tion parallel  to  the  same  axis,  as  explained  in  Article  382,  is  exactly 
analogous  to  the  combination  of  a  force  acting  in  a  given  line  with 
a  couple  whose  axis  is  parallel  to  the  same  line,  as  explained  in 
Article  60,  cases  4  and  5. 

It  thus  appears,  that  just  as  the  composition  and  resolution  of 
translations  are  exactly  analogous  to  the  composition  and  resolution 
of  couples,  so  the  composition  and  resolution  of  rotations  are  exactly 
analogous  to  the  composition  and  resolution  of  single  forces;  that  is 
to  say,  if  lines  be  taken,  representing  in  direction  axes  of  rotation, 
and  in  length  the  angular  velocities  of  rotation  about  such  axes,  all 
mathematical  theorems  which  are  true  of  lines  representing  single 
forces  are  true  of  such  lines  representing  rotations :  and  if  with  this 
be  combined  the  principle,  that  all  mathematical  theorems  which 
are  true  of  lines  representing  in  direction  the  axes  and  in  length  the 
moments  of  couples  are  true  also  of  lines  representing  the  velocities 
and  directions  of  translations,  all  problems  of  the  resolution  and 
composition  of  motions  may  be  solved  by  referring  to  the  solutions 
of  analogous  problems  of  statics. 

395.  CmapaniaTe  Bl^Uoas  In  Compomid  B«laU«B. — The  velodty- 

ratio  of  two  points  in  a  rotating  rigid  body  at  any  instant  is  that  of 
their  perpendicular  distances  from  its  instantaneous  axis ;  and  tbe 
angle  between  the  directions  of  motion  of  the  two  points  is  equal 
to  that  between  the  two  planes  which  traverse  the  points  and  the 
instantaneous  axis. 

Section  4. — Varied  Rotation, 

396.  TariatUn  af  Aagaiar  Tei«citr  is  measured  like  variation  of 
linear  velocity,  by  comparing  the  change  which  takes  place  in  the 
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sLTigahr  velocity  of  a  rotating  body,  a  a,  during  a  given  interval  of 
tiiiiiey  with  the  length  of  that  intervaJ,  a  <,  and  the  rate  of  variation  is 
tiixe  valne  towards  which  the  ratio  of  the  change  of  angular  velocity  to 

tlie  interval  of  time^  — ,  converges,  as  the  length  of  the  interval  is 
ixidefinitely  diminished ;  being  represented  by 

da 

and  found  by  the  operation  of  differentiation. 

397.  Chaage  •f  the  Axto  of  B«teti«M  has  been  already  considered, 
so  far  as  it  is  consistent  with  uniform  angular  velocity,  in  the  pre- 
ceding section.  All  the  propositions  of  that  section  are  applicable 
&lso  to  cases  in  which  the  angvlar  vdociiy  is  varied^  so  long  as  the 
T&tio  of  each  pair  of  component  angular  velocities,  such  as  a  :  6,  is 
oonstantw 

When  that  ratio  varies,  the  propositions  are  true  also,  provided 
it  be  understood,  that  the  roUing  cylinders  amd  cones  toith  drcvla/r 
bcues,  spoken  of  in  section  3,  are  simply  the  oscutoMng  cylinders  and 
coTiea  at  the  lines  of  contact  of  rolling  cylinders  and  cones  with  bases 
not  circular ;  and  that  r^,  r^  in  each  case,  represent  the  values  of 
tlie  variable  radii  of  curvature  of  non-circular  cylinders  at  their 
lines  of  contact,  and  .^  A  0  T,  «^  C  0  T,  the  variable  angles  of 
obliquiiy  of  the  osculating  circular  cones  of  non-Knrcular  cones. 

398.  c#MF«B«iiis  •fTwtod  WLmtmO^m — The  most  convenient  way, 
in  most  cases,  of  expressing  the  mode  of  variation  of  a  rotatory 
motion,  is  to  resolve  the  angular  velocity  at  each  instant  into  three 
component  angular  velocities  about  three  rectangular  axes  fixed  in 
direction.  The  values  of  those  components,  at  any  instant,  show  at 
onoe  the  resultant  angular  velocity,  and  the  direction  of  the  instan- 
taneous axis.  For  example,  let  a„  a^  a„  be  the  rectangular  com- 
ponentB  of  the  angular  vdocity  of  a  ri^d  body  at  a  given  instant 

rotation  about  x  from  y  towards  Zy 

about  y  from  z  towards  a?, 

and  about  z  from  x  towards  y, 

being  considered  as  positive ;  then 

a=V(a;+aJ+a5 (1.) 

is  the  resultant  angular  velocity,  and 

cos«  =  — ;  cos/8=^:  oosy=- ; (2.) 

a  a  a 

are  the  cosines  of  the  angles  which  the  instantaneous  axis  makes 
with  the  axes  of  a;,  y  and  z^  respectively. 
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UOTIONS  OF  PLIABLE  BODIES^  AND  OF  FLUID& 

399.  Birialoa  •fthe  Svtject. — ^The  subject  of  the  present  diapter, 
BO  far  as  it  oomprehends  the  relative  motiona  of  the  pointe  of 
pliable  aolidSy  has  been  already  treated  of  in  those  portions  of  the 
Third  Chapter  of  Part  11.  which  relate  to  strains.  There  lemaia 
now  to  be  considered  the  following  branches  : — 

L  The  Motions  of  Flexible  Cords. 
IL  The  Motions  of  Fluids  not  alteiing  in  Yolumei 
III.  The  Motions  of  Fluids  altering  in  Volume. 

Section  1. — Motions  of  Flexible  Cords. 

400.  tWeaienii  Principles. — As  those  relative  motions  of  the  pcunts 
of  a  cord  which  may  arise  from  its  extensibility,  belong  to  the  sub- 
ject of  resistance  to  tension,  which  is  a  branch  of  that  of  strength 
and  stiffiiess,  the  present  section  is  confined  to  thoce  motions  of 
which  a  flexible  cord  is  capable  when  the  length,  not  merely  of  the 
whole  cord,  but  of  each  part  lying  between  two  points  fixed  in  the 
cord,  is  invariable,  or  sensibly  invariable. 

In  order  that  the  figure  and  motions  of  a  flexible  cord  may  be 
determined  from  cinematicai  considerations  alone,  independently  of 
the  magnitude  and  distribution  of  forces  acting  on  the  conl,  its  we^t 
must  be  insensible  compared  with  the  tension  on  it^  and  it  must 
eveiywhere  be  tight ;  and  when  that  is  the  case,  each  part  of  the 
cord  which  is  not  straight  is  maintained  in  a  curved  figure  by  pass- 
ing over  a  convex  surface.  The  line  in  which  a  tight  cord  lies  on  a 
convex  surfisuse  is  the  shortest  line  which  it  is  possible  to  draw  on 
that  surface  between  each  pair  of  points  in  the  course  of  the  oord. 
(It  is  a  well  known  principle  of  the  geometiy  of  curved  surfaces, 
that  the  oscuUUing  plane  at  each  point  of  such  a  line  is  perpendi- 
cular to  the  curved  surface.) 

Hence  it  appears,  that  uie  motions  of  a  tight  flexible  oord  of 
invariable  length  and  insensible  weight  are  regulated  by  the  follow- 
ing principles ; — 

L  The  length  between  each  pair  of  points  in  the  cord  is  conaianL 

IL  That  length  is  the  shortest  line  which  can  be  drawn  between  its 
soaremiiies  over  the  surfaces  by  which  iJie  oord  is  gtUded, 
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401.  li«ti«Bs  CkMMd. — ^The  motions  of  a  cord  are  of  two  kinds — 
X  Travelling  of  a  cord  along  a  track  of  invariable  form;  in 

'nvliich  case  the  velocities  of  all  points  of  the  cord  are  equal. 

H.  Alteration  of  the  figure  of  the  track  by  the  motion  of  the 
guiding  sur&oe& 

Those  two  kinds  of  motion  may  be  combined. 

The  most  usual  problems  in  practice  respecting  the  motions  of 
oords  are  those  in  which  cords  are  the  means  of  transmitting  mo- 
tion between  two  pieces  in  a  train  of  mechanism.  Such  problems 
-vrill  be  considered  in  Part  lY.  of  this  treatise. 

19'ext  in  point  of  frequency  in  practice  are  the  problems  to  be 
considered  in  the  ensuing  Article. 

402.  C«rd  Gnldcd  hy  SarTaces  m€  BerolntiMi. — ^Let  a  COrd  in  ttOme 

portions  of  its  course  be  stitdght,  and  in  others  guided  by  the  sur- 
faces of  circular  drums  or  pulleys,  over  each  of  which  its  track  is 
a  circular  arc  in  a  plane  perpendicular  to  the  axis  of  the  guiding 
surface.  Let  r  be  the  radius  of  any  one  of  the  guiding  surfaces, 
%  the  angle  of  inclination  which  the  two  straight  portions  of  the 
oord  contiguous  to  that  surface  make  with  each  other,  expressed  in 
length  of  arc  to  radius  unity.  Then  the  length  of  the  portion  of 
the  cord  which  lies  on  that  surface  is  r  i ;  and  if  «  be  the  length  of 
any  straight  portion  of  the  cord,  the  total  length  between  two  given 
points  fixed  in  the  oord  may  be  expressed  thus  : — 

L  =  1  •  «  +  2  •  ri (1.) 

Let  c  be  the  distance  between  the  centres  of  a  given  adjacent  pair 
of  guiding  surfaces,  8  the  length  of  the  straight  portion  of  cord 
which  lies  between  them,  and  r,  /,  their  respective  radii;  then 
evidently 


B=^c^  +  {r±r'f (2.) 

the  upper  signs  being  employed  when  the  cord  crosses,  and  the 
lower  when  it  does  not  cross  the  line  of  centres  c 

Now  let  a  given  point  in  the  cord,  A,  be  considered  as  fixed,  and 
let  L  be  the  constant  length  of  cord  between  A  and  another  point 
in  the  cord,  B.  Let  one  of  the  guiding  surfaces  between  A  and  B 
be  moved  through  an  indefinitely  short  distance,  dx,iii9k  direction 
which  makes  angles,  J,/,  with  the  two  contiguous  straight  divisions 
of  the  cord  respectively.  Then,  in  order  to  keep  the  cord  tight,  B 
must  be  drawn  longitudinally  through  the  distance, 

dx  •  (cosj  +  cosf); ••....(3.) 

and  consequently,  if  u  represent  the  velocity  of  translation  of  the 
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guiding  sorfaoe  in  the  given  direction^  and  v  tlie  longitudinal  velo- 
city of  the  point  B  in  the  cord^ 

t?  =  w(cosJ+cos/)  j (4.) 

and  if  any  number  of  guiding  surfaces  between  A  and  B  be  tmis- 
lated^  each  in  its  own  direction, 

Vz=z2  •  W(COSJ  +  C08/) (5.) 

The  case  most  common  in  practice  is  that  in  which  the  pHes,  or 
straight  parts  of  the  cord,  are  all  parallel  to  each  other ;  so  thai  i 
=  180°  in  each  case,  while  a  certain  number,  n,  of  the  guiding 
bodies  or  pulleys  all  move  simultaneously  in  a  direction  parallel  to 
the  plies  of  the  cord  with  the  same  velocity,  lu  Then  cos  J==  cos/ 
=  1;  and 

v  =  2nu (6.) 

Seciiok  2. — Motions  of  Fluids  of  Constant  Density. 

403.  Teiocitj  and  Flow. — The  density  of  a  moving  fluid  mass 
may  be  either  exactly  invariable,  from  the  constancy  or  the  adjust- 
ment of  its  temperature  and  pressure,  or  sensibly  invariable,  from 
the  smallness  of  the  alterations  of  volume  which  the  actual  altera- 
tions of  pressure  and  temperature  are  capable  of  producing.  The 
latter  is  the  case  in  most  problems  of  practical  mechanics  afTecting 
liquids. 

Conceive  an  ideal  surface  of  any  figure,  and  of  the  area  A,  to  b» 
situated  within  a  fluid  mass,  the  parts  of  which  have  motion  rela- 
tively to  that  surface ;  and  let  u  denote,  as  the  case  may  be,  the  uni- 
form velocity,  or  the  mean  value  of  the  varying  velocity,  resolved 
in  a  direction  perpendicular  to  A,  with  which  the  particles  of  the 
fluid  pass  A     Then 

Q  =  w  A (1.) 

is  the  volume  of  fluid  which  passes  from  one  side  to  the  other  of 
the  surface  A  in  an  unit  of  time,  and  is  caUed  ihejlow,  or  rate  cf 
4oWf  through  A. 

When  the  particles  of  fluid  move  obliquely  to  A,  let  /  denote 
the  angle  which  the  direction  of  motion  of  any  particle  passing  A 
makes  with  a  normal  to  A,  and  v  the  velocity  of  that  partide; 
then 

t»  =  t;  *  COB  0 (2.) 

When  the  velocity  normal  to  A  varies  at  diflerent  points,  either 
from  the  variation  of  v,  or  of  0,  or  of  both,  the  flow  may  also  be 
expressed  as  follows : — Let  A  be  divided  into  indefinitely  small 
elements,  each  of  which  is  represented  by  c?  A ;  then 
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Q=  f  udA  =z  f  vcoai'  dA; (3.) 

and  ]£  ^e  now  distinguish  the  mean  normal  vdocity  from  the 
▼elocity  at  any  particular  point  by  the  symbol  u^  we  have, 


Q        ludA 
ift.  =  ?  =  -4 


/ 


dA. 


(*•) 


404.  Pttedpie  cf  c«niiBaUr.~AxioH.  When  the  motion  ofafiuid 
of  ctmstavJt  density  is  considered  retativdy  to  am,  enclosed  space  of 
invariable  volume  which  is  alicays  filled  vnth  the  fluid,  the  flow  into 
the  9pace  cmd  the  fl^cw  o/uJt  of  it,  in  omy  one  given  interval  oftima, 
must  he  equal — a  principle  expr^sed  symbolically  by 

2Q  =  0 (5.) 

The  preceding  self-evident  principle  regulates  all  the  motions  of 
fluids  of  constant  density,  when  considered  in  a  purely  cinematical 
manner.  The  ensuing  articles  of  this  section  contain  its  most 
usual  applications. 

405.  Flow  %m.  m  scrcttoi.— A  stream  is  a  moving  fluid  mass,  in- 
definitely extended  in  length,  and  limited  transversely,  and  having 
a  continuous  longitudinal  motion.  At  any  given  instant,  let  A,  A', 
be  the  areas  of  any  two  of  its  transverse  sections,  considered  as 
fixed  I  Ujidy  the  mean  normal  velocities  through  them ;  Q,  Q',  the 
mtes  of  flow  through  them ;  then  in  order  that  the  principle  of  con- 
tinuity may  be  fulfilled,  those  rates  of  flow  must  be  equal ;  that  is, 

uA  =  u*  A'  =z(i  =  Q[  s=z  constant  for  all  cross 

sections  of  the  channel  at  the  given  instant; (1.) 

consequently, 

'^  =  ^1  (2.) 

u       A 

or,  the  wmnal  vdocUiea  cU  a  given  instant  at  two  fixed  cross  sections 
are  imoersdy  as  the  areas  of  these  sections. 

406.  PIpeN  Chuncb,  Canmits,  mmA  Jets. — When  a  stream  of 
fluid  completely  filb  a  pipe  or  tube,  the  area  of  each  cross  section 
is  given  by  the  figure  and  dimensions  of  the  pipe,  and  for  similar 
forms  of  section  varies  as  the  square  of  the  diameter.  Hence  the 
mean  normal  velocities  of  a  stream  flowing  in  a  full  pipe,  at  difler- 
ent  cross  sections  of  the  pipe,  are  inversely  as  the  squares  of  tho 
diameters  of  those  sections. 

A  channd  partially  encloses  the  stream  flowing  in  it,  leaving  the 
upper  surface  free ;  and  this  description  applies  not  only  to  chan- 
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nels  commonly  so  called,  but  to  pipes  partially  filled.  In  this 
the  area  of  a  cross  section  of  the  stream  depends  not  only  on  ike 
figure  and  dimensions  of  the  channel,  but  on  the  figure  and  defv 
tion  of  the  free  upper  surfiuse  of  the  stream. 

A  curmU  is  a  stream  bounded  by  other  portions  of  fluid  vhoM 
motions  are  different. 

A  Tof  is  a  stream  whose  surface  is  either  free  all  round,  or  ii 
touched  by  a  solid  body  in  a  small  portion  of  its  extent  only. 

407.  A  wtrnMrndng  c^rvmc  is  a  part  of  a  stream  which  movei 
towards  or  from  an  axis.  It  is  evident  that  such  a  stream  cannot 
extend  to  the  axis  itself,  but  must  turn  aside  into  a  different  coune 
at  some  finite  distance  from  the  axis.  Conceive  a  radiating  ciu> 
rent  to  be  cut  by  a  cylindrical  surface  of  the  radius  r  described 
about  the  axis,  and  let  h  be  the  depth,  parallel  to  the  axis,  of  the 
jiortion  of  that  surface  which  is  traversed  by  the  current ;  then 
the  mean  rculiiU  conijxyiient,  «,  of  the  velocity  of  the  current  at 
that  suiffice  has  the  value, 

t*=s^ (1.) 

40&  A  TMtazt  BMly»  mm  Whirl,  is  a  stream  which  either  retains 
into  itself,  or  moves  in  a  spiral  course  towards  or  from  an  axis.  In 
the  latter  case  two  or  more  successive  turns  of  the  same  vortex  maj 
touch  each  other  laterally  without  Che  intervention  of  any  solid 
partition. 

409.  an  air  Bt •€!•«  of  a  fluid  relatively  to  a  given  space  considered 
as  fixed  is  that  in  which  the  velocity  and  direction  of  the  motion  d 
the  fluid  at  eetchfiacedpoifU  is  uniform  at  every  instant  of  the  tiDM 
under  consideration ;  «>  that  although  the  velocity  and  directioQ  of 
the  motion  of  a  given  particle  of  the  fluid  may  vary  while  it  ii 
titmsferred  from  one  point  to  another,  that  particle  assumes,  at  etcb 
fixed  point  at  which  it  arrives,  a  certain  definiUs  velocity  and 
direction  depending  on  the  position  of  that  point  alone ;  whidi 
velocity  and  direction  are  successively  assumed  by  ^ach  paitide 
which  successively  arrives  at  the  same  fixed  point. 

The  steady  motion  of  a  stream  is  expressed  by  the  two  conditioo^ 
tliat  the  area  of  each  fixed  cross  section  is  constant,  and  tiiat  tlie 
flow  through  each  cross  section  is  constant ;  that  is  to  say, 

m-^'-dh^ <^-J 

If  tt  represents  the  normal  velocity  of  a  fluid  moving  steadHj,  «< 
•  ginmjmd  pointy  then 

57  =  0' (4) 
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expresses  the  condition  of  steady  motion.  Next,  let  u  represent  the 
normal  velocity,  not  at  a  given  fixed  point j  but  of  a  given  identical 
partide  of  fluid;  then  the  Yariation  undergone  by  i«  in  an  indefi- 
nitely small  interval  of  time,  dtj  la  that  arising  £rom  its  being 
'fenuisfeiTed  from  one  cross  section  to  another,  whose  distance  down 
the  stream  from  the  former  ^d  a^zw  dt     Hence,  denoting  by 

-J—  "da^  the  indefinitely  small  variation  of  velocity  which  takes 

d  *  u 
place  from  this  cause,  and  by  --r— ,  the  rate  at  which  that  variation 

takes  place,  we  have 

d  'u      du    de  du 


^  u 


dt  "  ds'  dt"        ds 


.(3.) 


IVIost  of  the  problems  respecting  streams  which  occur  in  practice 
have  reference  to  steady  motion. 

410.  In  Vtuttmdr  ivioiion,  the  velocity  at  each  flooed  point  varies, 

du 
at  a  xate  denoted  by  -=-  :  and  the  total  rate  of  variation  of  the 

•^  a< 

T^odty  of  an  individiud  particle  in  a  stream,  being  found  by  adding 

together  the  rates  of  variation  due  to  lapse  of  time  and  to  change  of 

position,  is  expressed  by 

d'u  ^du      du    da du  .        du  ,- . 

'dT^'dt'^'de'Tt'^'dt'^^'  Ji ^^-^ 

411.  H«cimi  •€  Pifltoas. — Let  a  mass  of  fluid  of  invariable 
Tolume  be  enclosed  in  a  vessel,  two  portions  of  the  boundary  of 
'which  (called  pistons)  are  moveable  inwards  and  outwards,  the  rest 
of  the  boundary  being  fixed.  Then,  if  motion  be  transmitted 
between  the  pistons  by  moving  one  inwards  and  the  other  outwards, 
it  follows^  from  the  invariability  of  the  volume  of  the  enclosed  fluid, 
that  the  velocities  of  the  two  pistons  at  each  instant  will  be  to  each 
other  in  the  inverse  ratio  of  tiie  areas  of  the  respective  projections 
of  the  pistons  on  planes  normal  to  their  directions  of  motion.  This 
is  the  principle  of  the  transmission  of  motion  in  the  hydraulic  press 
and  hydraulic  craoM. 

The  fl^ow  produced  by  a  piston  whose  velocity  is  i«,  and  the  area 
of  whose  projection  on  a  plane  perpendicular  to  the  direction  of  its 
motion  is  A,  is  given,  as  in  other  cases,  by  the  equation 

Q  =  M  A. (1.) 


412.    Omend  BWcMMtial   B^mici^M  mi  C^MtinaltT. — ^When  the 

motions  of  a  fluid  of  invariable  density  are  considered  in  the  most 
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general  wa,j,  the  principle  of  oontiniiity  stated  in  Axtide  404  b 
ezpreased  symboHcaUy  in  the  foUowing  numner.  The  flpaoe  air 
somed  as  fixed,  to  which  the  motion  of  the  fluid  is  refened,  is  ooa- 
ceiTed  to  he  divided  into  indefinitely  small  rectangular  elementur 
spaces^  each  having  for  its  linear  dimensions,  dx,  dy,  dz^  andft? 
^e  areas  of  its  three  pairs  of  fitoes,  clyc^  4^9  c?«e?a^  J  a?  ^y.    L^ 

a^  c  +  dx,  he  the  co-ordinates  of  the  pair  of  &oeBy  dffdz; 
y^y-^dy,  „  „  „  „  dzdx; 

z^z-hdz,  „  „  „  „  dxdy. 

Let  the  velocity  of  the  particles  of  water  at  any  point  be  resolved 
into  three  rectangular  components,  «,  v,  to,  parallel  respectivelj  to 
X,  y,  Zy  with  proper  algebraical  signs.  Let  outward  flow  be  posh 
tive,  and  inward  flow  n^;ative.  ^e  values  of  the  flow  for  the  six 
htces  are  as  follows : — 

Through  the  first  £ftcedy<i  2;,  ^wdydz; 

„        „    8eoond£Bioedydzy  {u -i- -r-ds£^dyd»; 


n 


n 


n 


X 

first  £ftce  disc? OS,  —vdzdx', 

d  ft 
Bdcond£dce  dzdXj  {v  +  •j-dy)dzdxj 


^TBt&cedxdy,  ^wdxdy; 
„        9,    second  &ce  dxdy,  {to  +  -=-  dz)  dxdy. 

Adding  those  six  parts  of  the  flow  together,  and  equaiaDg  ^ 
result,  in  virtue  of  the  principle  of  continuity,  to  nothing,  we  fiod 
the  following  equation  : — 

(du  .  dv      du>\  J    J    J        n 

and,  striking  out  the  common  factor, 

du      dv      dw      ^  ^x 

dx      dy       dz^     ^  *' 

This  is  the  general  differential  eqtiation  qf  conHfmdty  in  a  fluid  d 
invariable  volume. 

413.  GeBcnl  DltTervUlal  E^oatlou  •f  JHfiy  II^tlMi.  —  If  eadl 

particle  which  arrives  successively  at  a  given  point  assumes  a  vdo- 
city  and  direction  of  motion  depending  on  the  position  of  the  {^^ 
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•loney  and  not  on  the  lapse  of  time,  that  state  of  steady  motion  la 
xepireaented  by  the  equations, 

du     ^    dv     ^    dto    ^  ,,  . 

5i-=«'5F=«'^=«' (^•) 

where  «,  v,  w,  are  the  component  vdocitiea  at  a  Juiced  poimJt,  Nex^ 
iTiBtead  of  the  velocities  at  a  fixed  point,  let  t^  t;,  ir,  be  the  compO' 
nerU  vetocUtea  of  an  individiuil  particle;  then  in  ike  indefinitely 
short  interval  dt,  the  co-ordinates  of  that  particle  alter  by  the 
lengths  dx=zudt,  dy=ivdty  dzz=zwdt;  and  it  assumes  the 
component  velocities  proper  to  its  new  position,  differing  from  its 
original  velocities  by  quantities,  which,  being  divided  by  dt,  give 
the  rates  of  variation  of  the  component  velocities  of  an  individual 
forUele,  riz, : — 


u         du  ,      du  ,      du 


dt  dx  dy  dz  ' 

i  'V  dv  .       dv  ,      dv 


dt  dx  dy  dz 

d'fo         dto  ,       dw  .      dw 

=  M    -z f-V    -= \-W 


•  ••••••••••a  I  ^* I 


dt  dx  dy  dz' 

414.    CIcTCnd  DMcraitlal  E^MtlMifl  •£  VaMciidr  JBLmOmt^ — When 

the  motion  is  not  steady,  each  of  the  thi-ee  rates  of  variation  in  the 
equations  2  of  Article  413  requires  the  addition  of  a  term  represent- 
ing the  rate  of  variation  of  velocity  due  to  lapse  of  time  indq)en- 
d&nily  qfcha/nge  ofpoaitiony  as  follows : — 

d'u      du  ,      du  .      du  ,      du  .,  ^ 

dt       dt  dx         dy         dz  ^  * 

and  similar  equations  for  —77-  and  —jr- :  the  presence  of  the  dot 

denoting  that  the  velocities  are  those  of  an  individual  partible,  and 
its  absence,  that  they  are  those  at  a  fixed  point ' 

415.  K^patiMifl  9t  iMspiftcaMeat. — ^In  all  the  preceding  Articles^ 
Xy  y,  and  z^  denote  the  co-ordinates  of  a  real  or  ideal  fiaoed  poirU  in 
the  space  to  which  the  motions  of  the  fluid  are  referred;  and  the 

difEerentialB  -;=— ,  tc,  refer  to  the  difierences  amongst  the  condi- 
dx 

tions  of  the  fluid  at  different  points  in  that  space.     Let  i,  «,  ^, 

icpi\uittnt  the  co-ordinates  of  an  individual  particle;  then  the  tluree 

components  of  the  velocity  of  that  particle  have  the  values 

^i  dn  di  ^. 
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and  the  three  components  of  the  reUe  of  variation  of  its  motion,  aa 
defined  in  Article  366,  are 

<Pi  ^  d'u    (pfi  ^  d'v    iP ^  ^  d"w  . 

'd?'"dT'  'de'iTt'  'd?'"in"' ^^' 

the  values  of  —m  — tt-*  «^d  —j-ri  being  taken  from  Article  413  for 

at     dt  dt         ^^ 

steady  motion,  and  from  Article  414  for  unsteady  motion. 

416.  A  Ware  is  a  state  of  unsteady  motion  of  a  mass,  whether 
Bolid  or  fluid,  such,  that  the  state  of  motion  which  at  a  given  instant 
of  time  takes  place  amongst  the  particles  occupying  a  certain  ^lace, 
is  transmitted  to  other  particles  occupying  a  certain  other  space, 
along  a  continuous  course,  it  may  be  unchanged,  or  it  may  be  with 
modifications  which  still  leave  a  certain  similarity  between  ihe 
motions  of  the  particles  originally  affected,  and  of  those  afifected  in 
succession. 

For  example,  let  a  given  fixed  point  0  be  taken  as  the  oiigiii, 
and  let  the  particle  which  is  at  that  point,  at  an  instant  of  time 
denoted  by  0,  have  a  certain  velocity  and  direction  of  motioo. 
After  the  lapse  of  the  time  ty  let  another  particle  which  is  at  a  point 
A,  distant  from  O  by  the  length  Xy  have  either  the  same  velocity 
and  direction  of  motion,  or  a  velocity  and  direction  bearing  a 
definite  relation  to  those  of  the  origiiud  particle;  the  motion  so 
communicated  having  been  transmitted  in  succession  to  all  the 
particles  between  O  and  A 

The  vdocity  of  transmission  or  propagation  of  a  wave,  when  coin 

stant,  is  the  ratio,  •-,  of  the  distance  between  two  points  to  the  time 

which  elapses  between  the  instants  when  the  motions  at  tho96 
points  are  similar.  Let  a  denote  that  velocity ;  then  the  condition 
of  motion  at  any  point  whose  distance  from  the  oii^n  is  2B,  at  the 
instant  t,  depends  upon,  or  is  a /unction  of,  at  —  x;  which  quantity, 
or  a  quantity  bearing  some  definite  proportion  to  it,  is  cidled  the 
pliase  of  the  wave  motion.  Wave  motion  in  fluids  of  invariable 
density  is  regulated  by  the  principle  of  continuity  already  stated. 
(See  p.  641.) 

417.  OMiiiation  in  a  fluid,  is  a  motion  in  which  each  individual 
particle  of  the  fluid  returns  over  and  over  again  to  the  same  posi- 
tion, and  repeats  over  and  over  again  the  same  motions.  The 
period  of  an  oscillation  is  the  interval  of  time  which  elapses 
between  the  commencement  of  a  scries  of  movements,  and  the 
commencement  of  the  repetition  of  the  same  movements.  The 
most  usual  kind  of  oscillation  in  a  fluid  is  that  of  a  series  of  oscH* 
latory  waves,  in  which  a  certain  state  of  motion  is  transmitted 
onward  from  particle  to  particle,  that  motion  being  osciUatoiy, 
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Section  3. — Motions  of  Fluids  of  Varying  Density. 

418.  wiuw  of  Toinne  and  Flow  of  mass. — In  the  case  of  a  fluid 
of  TBrying  densily,  the  vclumey  which  in  an  unit  of  time  flows 
throni^  a  given  area  A^  with  a  normal  velocily  Uy  is  still  repre- 
sentedy  as  for  a  fluid  of  constant  densitj,  by 

Q  =  Ai*; (1.) 

bat  the  absolvle  quomJtityy  or  mass  of  fluid  which  so  flows,  bears  no 
longer  a  constant  proportion  to  that  Tolume,  but  is  proportional 
to  the  volume  multiplied  by  the  density.  The  density  may  be 
expressed,  either  in  units  of  weight  per  unit  of  volume,  or  in 
arbitrary  units  suited  to  the  particular  case.  Let  f  be  the  density; 
then  the^oto  of  mass  may  be  thus  expressed  : — 

e  Q  =  e  A  u (2.) 

419.  The  Principle  of  ContinniiTf  as  applied  to  fluids  of  vaiying 
density,  takes  the  following  form  : — thsfloxo  into  or  otU  qfcmy  fixed 
space  ofeonskmt  volume  is  that  due  to  the  varUUion  of  density  aloTie, 

To  express  this  symbolically,  let  there  be  a  fixed  space  of  the 
constant  volume  Y,  and  in  a  given  interval  of  time  let  the  density 
of  the  fluid  in  it,  which  in  the  first  place  may  be  supposed  uniform 
at  each  instant,  change  from  Ci  ^  fs*  Then  the  mass  of  fluid  which 
at  the  b^pnning  of  the  interval  occupied  the  volume  Y,  occupies 

at  the  end  of  the  interval  the  volume  — -  ;  and  the  difierence  of 

ft 
those  volumes  is  the  volume  which  flows  through  the  surface 

bounding  the  space,  ouluxird  if  f ^  is  less  than  fi,  invford  if  ^s  is 

greater  then  ei*     Let  t,  —  tihe  the  length  of  the  interval  of  tune  ; 

then  the  rate  of  flow  of  volume  is  expressed  as  follows : — 


_^^.-o 


If  tbe  rate  of  flow  is  variable  during  the  instant  in  question,  the 
above  eauation  gives  its  mean  value;  and  in  that  case  the  exact 
rate  of  j^oto  of  volume  at  a  given  instant  is  the  value  towards  which 
tiie  result  of  equation  1  conveiges  as  the  interval  of  time  is  inde- 
finitely diminished,  viz. : — 

0-=^- « 

The  flaw  of  mass  at  the  same  instant  is 

Q^---jr (^•> 

2x 
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Next  let  it  be  supposed  that  the  density  of  the  fluid  varies  at 
diferent  points  of  the  spaca  Then  on  the  right-hand  side  of 
equation  3,  e  is  to  be  held  to  represent  the  mean  derisUy  tkrougkeiut 
the  space  at  the  given  instant;  while  on  the  left-hand  side,  e  ™^ 
be  held  to  represent  the  mean  density  at  the  surfaee  through  which  the 
Jlow  takes  place.  Let  that  sur&ce  be  divided  into  parts,  over  each  of 
which  the  density  is  uniform  at  a  given  instant ;  let  Q'  represent  the 
part  of  the  flow  of  volume  which  takes  place  through  one  of  those 
parts  of  the  surface,  and  q'  the  density  of  the  fluid  so  flowing,  so  that 
Q'  e  is  the  part  of  the  flow  of  mass  which  takes  place  through  the  part 
of  the  sur&ce  in  question;  then  for  equation  3  is  to  be  substituted 

420.  Sircam. — ^To  apply  the  preceding  principles  to  a  stream  of 
fluid  of  vaiying  density,  let  the  axis  of  the  stream  be  a  line,  straight 
or  curved,  which  traverses  the  centimes  of  gravity  of  all  the  cross 
sections  of  the  stream  made  at  right  angles  to  that  axis,  and  let 
distances  from  a  fixed  point  in  that  axis,  measured  daton-stream,  be 
denoted  by  s,  and  the  area  of  any  cross  section  by  A.  Let  «„  s„  be 
the  positions  of  two  ^ross  sections  of  the  stream  whose  distance 
apart  along  the  axis  is  S2  —  Si;  then  the  volume  of  the  space 
between  those  cross  sections  is 

V  =  I''  A  ds (1.) 

JjGt  Qi  be  the  rate  of  flow  of  volume  through  the  first  cross  section; 
Q2  that  through  the  second;  Wj,  «,,  the  corresponding  mean  vdo- 
cities  normal  to  the  respective  cross  sections;  f  the  mean  denaitv  of 
the  fluid  in  the  space  Y ;  ^^  the  mean  density  at  the  first  cross  section, 
and  es  that  at  the  second.     Then  equation  4  of  Article  419  bec(«iea 

The  rate  at  which  the  flow  of  mass  varies,  in  passing  from  one  cross 
section  of  the  stream  to  another,  is  the  limit  to  which  the  ratio 

Q«e«-Q«ft 

converges  as  the  distance  *,  -  «i  is  indefinitely  diminished;  iliat  is 

to  say, 

The  mean  normal  velocity  at  a  given  cross  section  of  a  stream 
having  the  value  w  =  j-,  is  subject  to  the  equation 
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^"^^i  =  .:^i^  (4.) 


d9  dt 

421.  StMuly  9l«ttoB« — ^In  the  case  of  steady  motion  in  a  fluid  of 
varying  density,  the  density,  velocity,  and  direction  of  motion  at 
each  flxed  point  of  the  space  to  which  the  motion  is  referred,  are 
constant,  and  are  assumed  successively  by  each  particle  which  arrives 
at  the  given  point.  Hence  in  this  case,  equation  4  of  Article  419 
becomes 

2-Q'e'=0 (1.) 

The  case  of  a  stream  is  expressed  by  the  forms  assumed  by  equations 
3  and  4  of  Article  420,  viz. : — 

that  is  to  say,  thejloio  of  mass  is  uniform  for  aU  cross  sections  of  the 
Mream;  and  being  also  constant  for  all  instants  of  time,  is  therefore 
absolutely  constant 

422.  pifltMM  and  Ofiiadenu — Let  a  mass  of  fluid  of  variable 
density  be  enclosed  in  a  space  whose  volume  is  capable  of  being 
varied  by  the  motion  of  one  or  more  pistons.  Let  A  be  the  area 
of  the  projection  of  a  piston  on  a  plane  perpendicular  to  its  direction 
of  motion;  u  its  normal  velocity,  positive  if  outward,  negative  if 
inward ;  /  the  density  of  the  fluid  in  contact  with  it;  Y  the  whole 
volume  of  fluid  enclosed;  e  its  mean  density.  Then  equation  4 
becomes 

=-^^^=-^=^r^ (^•> 

the  last  expression  being  introduced  because  ^  V  =  the  mass  en- 
closed, is  constant.     If  the  density  is  imiform,  then 

^'^"^-JT-' <^^-) 

as  is  otherwise  evident. 

If  the  space  is  not  completely  enclosed,  but  has  an  opening  whose 
cross  section  is  A",  and  at  which  the  mean  normal  velocity  of  the 
stream  is  t^"  (positive  outward),  and  the  density  ^^  then  the  flow  of 
mass  through  that  opening.  A"  vJ"  (">  is  to  be  included  in  the  sum- 
mation at  the  left  side  of  equation  1. 

423.  €a«iMimi  ]»iflr«reMtiMi  B^nnti— , — ^As  in  Article  412  and  the 
subsequent  Articles,  let  v,  v,  and  tr,  be  the  rectangular  components 
of  the  velocity  of  the  fluid  at  any  given  fixed  point  in  the  space  to 
which  the  motion  is  referred,  and  dx,df/,dz,  the  dimensions  of  an 
indefinitely  small  fixed  rectangular  portion  of  that  space.  Then 
considering  tlie  pair  of  faces  of  that  space  whose  common  area  is 
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dydz,  the  flow  of  mass  in  at  the  first  ^ceis-u^-df/dz,  and  the 
flow  of  mass  out  at  the  second  face  is  («  e  +  '~J~^^^  c/y  Js ;  the 
resultant  of  which  pair  of  flows  is 

ax 

Taking  the  corresponding  resultant  for  the  other  two  pairs  of  faces, 
adding  the  three  quantities  thus  found  together,  observing  that 
Y  =  dxdydz,  and  dividing  by  that  common  factor,  the  equation 
4  of  Article  419,  which  expresses  the  principle  of  continuity, 
becomes  the  following  : — 

dx   "^   dy  dz  dt' ^ '^ 

which  is  the  equation  of  continuity  for  a  fluid  of  varying  density. 
This  equation  may  be  otherwise  expressed  as  follows  : — 

^\dx^dydzj\dx        dy         dz      dtj  "^ 

or  dividing  by  e, 

du    dv     dv)     (     d         d  d      d\y        ,  a/o.\ 

"-2!  +  ^+-_+(w--  +  i?— -  +  tO;^  +  j-jhyp.  log.  e  =  0.  (2  A.) 

dx    dy    dz     \   dx       dy        dz    dtj 

The  first  three  terms  of  the  last  equation  are  identical  with  ibe 
three  terms  of  the  equation  of  continuity  for  a  fluid  of  uniform 
density. 

The  conditions  of  steady  motion  are  the  following : — 

^'*-0    — -0-  — -0-  ^^-0.  /3^ 

Tf^'Tt-^'  dt-^'Tt-^' ^^^ 

which  conditions  apply  to  a  Jixed  point  in  space^  and  not  to  an 
individual  particle  of  fluid.  The  rates  of  variation  of  the  component 
velocities  and  of  the  density  of  an  individual  particle  of  fluid  vn 
expressed  as  follows  : — 

d'u      du  .      du  ,      du  .       du  ... 

dt        dt         dx        dy  dz^  ^  ' 

d'vd'w       -t  d ' i 

and  similar  equations  for  --r--,     ,^  ,  and  — r-r« 

at      at  at 

424.  The  motions  of  €«iin«cicd  Bodies  form  the  subject  of  the 

Theory  of  Mechanism^  to  which  the  Fourth  Part  of  this  treatiae 

relates. 


PART  IV. 

THEORY  OF  MECHANISM. 


CHAPTER  L 

DEFimTIONS  AND  GENERAL  FRINaPLES. 

425.  TiicmT  of  Pare  HcciiiuiiMn  iKsflaedL — Mctchines  816  bodies, 
or  assemblages  of  bodies,  which,  transmit  and  modify  motion  and 
force.     The  word  "  machine,"  in  its  widest  sense,  may  be  applied 
to  every  material  substance  and  system,  and  to  the  material  uni- 
verse itself;  but  it  is  usually  restricted  to  works  of  human  art,  and 
in  that  restricted  sense  it  is  employed  in  this  treatise.     A  machine 
transmits  and  modifies  motion  when  it  is  the  means  of  TnnVing  one 
motion  cause  another ;  as  when  the  mechanism  of  a  clock  is  the 
means  of  making  the  descent  of  the  weight  cause  the  rotation  of 
the  hands.    A  machine  transmits  and  modifies  force  when  it  is  the 
means  of  making  a  given  kind  of  physical  energy  perform  a  given 
kind  of  work ;  as  when  the  furnace,  boiler,  water,  and  mechanism 
of  a  marine  steam  engine  are  the  means  of  miilriiig  the  eneiOT  of 
the  chemical  combination  of  fuel  with  oxygen  perform  the  woi^  of 
overcoming  the  resistance  of  water  to  the  motion  of  a  shipb    The 
acts  of  transmitting  and  modifying  motion,  and  of  transmitting  and 
modifying  force,  take  place  together,  and  are  connected  by  a  cer- 
tain law ;  and  until  lately,  they  were  always  considered  together 
in  treatises  on  mechanics ;  but  recently  great  advantage  in  point 
of  clearness  has  been  gained  by  first  considering  separately  the  act 
of  transmitting  and  modifying  motion.     The  principles  which  re- 
gulate this  function  of  madiines  constitute  a  branch  of  Cinematics, 
called  the  theory  of  pare  mechamisTn.    The  principles  of  the  theory 
of  pure  mechanism  having  been  firfft  established  and  understood, 
those  of  the  Hieory  of  the  work  of  machines,  which  regulate  the  act 
of  transmitting  and  modifying  force,  are  much  more  readily  de- 
monstrated and  apprehended  than  when  the  two  departments  of 
the  theory  of  machines  are  mingled.     The  establishment  of  the 
theory  of  pure  mechanism  as  an  independent  subject  has  been 
mainly  accomplished  by  the  labours  of  Mr.  Wilfis,  whose  no- 
menclature and  methocb  are^  to  a  great  eztentj  followed  in  this 
treatise. 


422  THEORY  OF  ICECHAinSK. 

426.  The  €a«iMimi  PmUcm  of  the  theory  of  pure  meduausm 
may  be  stated  as  follows  : — CHven  the  mode  o/connedion  of  two  or 
more  moveable  points  or  bodies  unth  each  other,  and  vnih  certain  Jixed 
bodies;  required  the  comparaHve  motions  of  the  moveable  points  or 
bodies :  and  converselj,  wlien  the  comparative  motions  of  tux»  or 
more  moveoMe  points  aire  given,  to  find  their  proper  mode  ofconneo- 
Hon, 

The  term  '' comparatiye  motion"  is  to  be  understood  as  in 
Articles  358^  367,  379,  and  395.  In  those  Articles,  the  compaia- 
tive  motions  of  points  belonging  to  one  body  have  already  been 
considered.  In  order  to  constitute  mechanism,  two  or  more  bodies 
must  be  so  connected  that  their  motions  depend  on  each  other 
through  cinematical  principles  alone. 

427.  ViwBws  nioTiBff  Pi«cM|  Conneetwn. — ^The  frame  of  a  ma- 
chine is  a  structure  which  supports  the  momng  pieces,  and  regulates 
fche  path  or  kind  of  motion  of  most  of  them  directly.  In  consider- 
ing the  movements  of  machines  mathematically,  the  frame  is  con- 
sidered as  fixed,  and  the  motions  of  the  moving  pieces  are  referred 
to  it  The  frame  itself  may  have  (as  in  the  case  of  a  ship  or  of  a 
locomotive  engine)  a  motion  relatively  to  the  earth,  and  in  that 
ease  the  motions  of  the  moving  pieces  relatively  to  the  earth  aro 
the  resultants  of  their  motions  relatively  to  the  frame,  and  of  the 
motion  of  the  frame  relatively  to  the  earth ;  but  in  all  problems  of 
pure  mechanism,  and  in  many  problems  of  the  work  of  maohinea» 
the  motion  of  the  frame  relatively  to  the  earth  does  not  require  to 
be  considered. 

The  moving  pieces  may  be  distinguished  into  primary  and  second- 
ary; the  former  being  those  which  are  directly  carried  by  the 
frame,  and  the  latter  those  which  are  carried  by  other  moving 
pieces.  The  motion  of  a  secondary  moving  piece  relatively  to  the 
frame  is  the  resultant  of  its  motion  relatively  to  the  primary  piece 
which  carries  it,  and  of  the  motion  of  that  primary  piece  relativelj 
to  the  frame. 

Connectors  are  those  secondary  moving  pieces,  such  aa  links,  belt^ 
eords,  and  chains,  which  transmit  motion  from  one  moving  piece 
to  another,  when  that  transmission  is  not  effected  by  imznediate 
eontact 

428.  BoariBga  are  the  surfaces  of  contact  of  primary  moving 
pieces  with  the  frame,  and  of  secondary  moving  pieces  with  the 
pieces  which  carry  them.  Bearings  guide  the  motions  of  the  pieces 
which  they  support,  and  their  figures  depend  on  the  nature  of  those 
motions.  The  bearings  of  a  piece  whidi  has  a  motion  of  tnuoali^ 
tion  in  a  straight  line,  must  have  plane  or  cylindrical  sutfusesi 
exactly  straight  ii^  the  direction  of  motion.  The  bearings  of  rotat- 
ing pieces  must  have  surfiaces  accurately  turned  to  figures  qfrevoU^ 
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iion,  Bach  aa  cylinders,  spheres,  conoids,  and  flat  discs.  The  bearing 
of  a  piece  whose  motion  is  helical,  must  be  an  exctd  screw,  of  a 
pitch  equal  to  that  of  the  helical  motion  (Article  382).  Those 
parts  of  moving  pieces  which  touch  the  bearings,  should  have 
BQor&oes  aooniatelj  fitting  those  of  the  bearings.  They  may  bo 
distinguished  into  dides,  for  pieces  which  move  in  straight  lines, 
gudgeons^  jowmala,  luahesy  and  pwois,  for  those  which  rotate,  and 
serewt  for  those  which  move  helically. 

The  accurate  formation  and  fitting  of  bearing  surfaces  is  of  primary 
importa&oe  to  the  correct  and  efficient  working  of  machines.  Sur- 
fiaces  of  revolution  are  the  most  easy  to  form  accurately,  screws  are 
more  difficult,  and  planes  the  most  difficult  of  alL  The  success  of 
Mr.  Whitworih  in  malring  true  planes,  is  regarded  as  one  of  the 
greatest  achievements  in  the  construction  of  machinery. 

429.  Me  M»ii—  we  PviflMUT  H«Hac  iPiecM  are  limited  by  the 
fiftct,  that  in  order  that  different  portions  of  a  pair  of  bearing  sur- 
fiaces  may  accurately  fit  each  other  during  their  relative  motion^ 
tiKMe  aorfaoes  must  be  either  straight,  circular,  or  helical;  from 
which  it  follows^  that  the  motions  in  question  can  be  of  three  kinds 
only,  viz : — 

L  Stnd^  irandaHan,  or  shifting ,  which  is  neoeasarily  of  limited 
extent,  and  which,  if  the  motion  of  the  machine  is  of  indefinite 
duraiiony  must  be  redprocaUng ;  that  is  to  say,  must  take  place 
altematdy  in  opposite  directions.  (See  Part  IIL^  Chapter  II., 
Section  1.) 

XL  Simple  rotadon,  or  turning  about  a  fixed  axis,  which  motion 
may  be  either  continuous  or  reciprocating,  being  called  in  the 
latter  case  oaciUadan.     (See  Part  III.,  Chapter  II.,  Section  2.) 

HL  ffeUeal  or  9oreu>4ike  moUon,  to  which  the  same  remarks 
apply  as  to  straight  translation.  (See  Part  IIL^  Chapter  II., 
Section  3,  Article  382.) 

430.  Me  m&i»mmM  of  mwmmitmvr  H«rtav  Ptoccs  relatively  to  the 
pieoea  wfaidi  cany  them,  are  limited  by  the  same  principles  which 
apply  to  the  motions  of  primary  pieces  relativdy  to  the  frame.  But 
the  motionB  cf  secondary  moving  pieces  relatively  to  the  frame  may 
be  any  motuma  whidi  can  be  compounded  of  straight  tranalatioua 
and  simple  rotations  according  to  the  prindples  already  explained 
in  Part  III,  Chapter  II.,  Section  3. 

431.  An  MiiiMiiiwj  CTMMMMitiMi  in  mechanism  consists  of  a 
pair  of  primary  moving  pieoeSy  so  connected  that  one  transmits 
motion  to  the  other. 

The  piece  whose  motion  is  the  cause  is  called  the  driver ;  that 
wlioae  motion  is  ihe  effect,  the  /dlawer.  The  oonnecdan  between 
the  driver  and  the  follower  may  be — 

L  By  rolUng  eontad  of  their  surfiuses,  as  in  toothleu  whede. 
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IL  By  diding  eoniaet  of  their  surfiiceSy  as  in  toaiked  wheeU, 
screwBy  wedges  J  ca/mSy  and  eaoapemenJle. 

III.  By  hamda  or  wra^pping  connectors,  such  as  beUe,  eordsy  and 
gea/nng-chaine, 

I Y.  By  link'toork,  sach  as  conmecUng  rods,  tmiivenal  joints,  and 
dicks. 

Y.  By  redu^ioaiMn  of  cords,  as  in  the  case  of  ropes  and  polleya 

YL  By  an  imt/ervening  fluid,  transmitting  motion  between  two 
pistons. 

The  various  cases  of  the  transmission  of  motion  from  a  driver  to 
a  follower  are  further  classified,  according  as  the  relation  between 
their  dirediims  of  motMn  is  constant  or  changeable,  and  according 
as  the  ratio  of  their  vdoc^JtUss  is  constant  or  variable.  This  latter 
principle  of  classification  is  employed  by  Mr.  Willis  as  the  founda- 
tion of  a  primary  division  of  the  subject  of  elementary  combinations 
in  mechanism  into  classes,  which  are  subdivided  according  to  the 
mode  of  connection  of  the  pieces.  In  the  present  treatise,  elemoi- 
tary  combinations  will  be  classed  primarily  according  to  the  mode 
of  connection. 

432.  Une  of  €«wiecti«B. — ^In  every  class  of  elementary  combiiiA- 
tions,  except  those  in  which  the  connection  is  made  by  reduphea- 
tion  of  cords,  or  by  an  intervening  fluid,  there  is  at  each  instant 
a  certain  straight  Ime,  called  the  line  ofconriMtion,  or  line  (^mutual 
{icUon  of  the  driver  and  follower.  In  the  case  of  rolling  contact 
this  is  any  straight  line  whatsoever  traversing  the  point  of  contact 
of  the  suifMses  of  the  pieces ;  in  the  case  of  sliding  contact,  it  is  a 
line  perpendicular  to  those  surfitces  at  their  point  of  contact ;  in 
the  case  of  wrapping  connectors,  it  is  the  centre  line  of  that  ptit 
of  the  connector  by  whose  tension  the  motion  is  transmitted ;  in 
the  case  of  link-work,  it  is  the  straight  line  ^Missing  through  the 
points  of  attachment  of  the  link  to  the  driver  and  foUower. 

433.  Principle  of  CJ«BHecii««. — The  line  of  connection  of  the 
driver  and  follower  at  any  instant  being  known,  their  oompaiative 
velocities  are  determined  by  the  following  principle  : — The  respec- 
tive linear  velocities  of  a  point  in  tJie  driver,  and  a  point  in  the  yb^ 
lower,  each  sUfuated  anywhere  in  the  line  of  connection,  a/re  to  each 
other  inversdy  as  the  cosines  of  the  respedive  angles  made  by  the  paths 
of  the  points  toith  the  line  qf  connection.  This  principle  might  be 
otherwise  stated  as  follows : — The  components,  along  Ae  line  ofeonr 
necUon,  qf  the  velocities  of  any  two  points  situated  in  that  line,  are 
equal, 

434.  AdjttiiM«UB  •€  SpMd.^ — ^The  velocity-ratio  of  a  driver  and 
its  follower  is  sometimes  made  capable  of  being  changed  at  will,  bj 
means  of  apparatus  for  varying  the  position  of  their  line  of  conneo- 
tion;  as  when  a  pair  of  rotating  cones  are  embraced  by  a  bdt 
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whicli  can  be  shifted  so  as  to  connect  portions  of  their  sarfeuies  o£ 
dififerent  diameten, 

435.  A  Train  •f  iviechaaimii  consists  of  a  series  of  moving  pieces, 
each  of  which  is  follower  to  that  which  drives  it^  and  driver  to  that 
which  follows  it 

436.  AOTi«sai«  combiBaitoM  in  mechanism  are  those  by  whidi 
oomponnd  motions  axe  given  to  secondaiy  piecesL 


1 
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Oir  ELSMENTABT  COXBINATIONS  A2n>  TRAHTB  OF  KBCKAKISM. 

Section  1. — Rolling  dyrUacL 


437.  Pitcii  SmfiMcs  are  those  surfaces  of  a  pair  of  moTing  pieces, 
which  touch  each  other  when  motion  is  communicated  by  roUiog 
contact.  The  line  of  contact  is  that  line  which  at  each  instant 
traverses  all  the  pairs  of  points  of  the  pair  of  pitch  sui&oes  whidi 
are  in  contact. 

438.  flBi««tk  WhMlflf  ]i«llcnt  flBi««lli  Backs. — ^Qf  a  pair  of  pii- 
maiy  moving  pieces  in  rolling  contact,  both  may  rotate,  or  one 
may  rotate  and  the  other  have  a  motion  of  sliding,  or  stiai^t 
tnmslation.  A  rotating  piece,  in  rolling  contact,  is  called  a  smooth 
iohed,  and  sometimes  a  roUer;  a  sliding  piece  may  be  called  a 
smoothracL 

439.  OcMnd  CoMdUtioM  of  B«Uiii«  Cmmimet* — ^The  whole  of  tbe 

principles  which  regulate  the  motions  of  a  pair  of  pieces  in  rolling 
contact  follow  from  the  single  principle,  that  eaehpair  qfpokUa  m  Ihs 
pitch  aur/aces,  which  are  in  contact  at  a  given  instanty  must  at  (Kat 
instant  be  moving  in  the  same  direction  v^ih  the  same  velocity. 

The  direction  of  motion  of  a  point  in  a  rotating  body  being  per- 
pendicular to  a  plane  passing  through  its  axis,  the  condition,  that 
e£u:h  pair  of  points  in  contact  with  each  other  must  move  in  the 
same  direction  leads  to  the  following  consequences : — 

L  That  when  both  pieces  rotate,  their  axes,  and  all  their  points 
of  contact,  lie  in  the  same  plane. 

IL  That  when  one  piece  rotates  and  the  other  slides,  the  axis  of 
the  rotating  piece,  and  all  the  points  of  contact,  lie  in  a  plane  pez^ 
pendicular  to  the  direction  of  motion  of  the  sliding  piece. 

The  condition,  that  the  velocities  of  each  pair  of  points  of  con- 
tact must  be  equal,  leads  to  the  following  consequences : — 

III.  That  the  angular  velocities  of  a  pair  of  wheels,  in  rolhi^ 
contact,  must  be  inversely  as  the  perpendicular  distances  of  anr 
pair  of  points  of  coatact  from  the  r^^ctive  axea 

rV.  That  the  linear  velocity  of  a  smooth  rack  in  rolling  contact 
with  a  wheel,  is  equal  to  the  product  of  the  stngnUr  velocity  of  the 
wheel  by  the  perpendicular  distance  from  its  axis  to  a  pair  of  points 
of  contact. 
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HespectiBg  the  line  of  contact,  the  above  principles  ILL  and  lY. 
sad  to  the  following  conclusions  : — 

V.  That  for  a  pair  of  wheels  with  parallel  axes,  and  for  a  wheel 
nd  rack,  the  line  of  contact  is  straight,  and  parallel  to  the  axes  or 
JOB  ;  and  hence  that  the  pitch  surfaces  are  either  plane  or  cylin- 
trical  (the  term  '' cylindrical"  including  all  surfaces  generated  by 
he  motion  of  a  sjantight  line  parallel  to  itself). 

VI.  That  for  a  pair  of  wheels,  with  intersecting  axes,  the  line  of 
ontact  is  also  straight,  and  traverses  the  point  of  intersection  of 
he  axes ;  and  hence  that  the  rolling  sur&ces  are  conical^  with  a 
tonunooi  apex  (the  term  '^  conical"  including  all  surfaces  generated 
yy  the  motion  of  a  straight  line  which  traverses  a  fixed  point). 

440.  Ctenitar  CjiiBdrical  Wheels  are  employed  when  an  uniform 
relocily-ratio  is  to  be  communicated  between  parallel  axes.  Figs. 
187,  188,  and  189,  of  Article  388,  may  be  taken  to  represent  pairs 
of  sach  wheels ;  C  and  O,  in  each  figure,  being  the  parallel  axes  of 
the  wheels,  and  T  a  point  in  their  line  of  contact  In  ^g.  187, 
both  pitch  sur&ces  are  convex,  the  wheels  are  said  to  be  in  otUside 
gearing y  and  their  directions  of  rotation  are  contrary.  In  figs.  188 
and  189,  the  pitch  surface  of  the  larger  wheel  is  concave,  and  that 
of  the  smaller  convex ;  they  are  said  to  be  in  inside  gearing^  and 
their  directions  of  rotation  are  the  same. 

To  represent  the  comparative  motions  of  such  pairs  of  wheels 
symbolically,  let  

0T  =  rpCf=r2, 

be  their  radii :  let  OC  =  c  be  the  line  of  cenCres,  or  perpendicular 
distance  between  the  axes,  so  that  for 


outside )         .  _.  /I  \ 


Let  a^yOphe  the  angular  velocities  of  the  wheels,  and  v  the  oommon 
velocity  of  their  pitch  surfaces ;  then 


*  =  »1  ^1  =  ^2*2*  I (2\ 

c:ri:r2::aj=t:a^:aj:ai;J  ^   ^ 

the  aagn=±=  applying  to  |  ^^/ 1  gearing. 

441.  A  "^  ■  ■§■  *  Sack  and  dMster  Wbed,  whick  are  used  when 
an  uniform  velocity-ratio  is  to  be  communicated  between  a  sliding 
piece  and  a  turning  piece,  may  be  represented  by  fig.  185  of  Article 
385,  C  being  the  axis  of  the  wheel,  P  T  P  the  plane  sur&ce  of  the 
rack,  and  T  a  point  in  Iheir  line  cf  contact  Letr  be  the  radius  of 
the  wheel,  a  its  angular  velocity,  and  v  the  linear  velocity  of  the 
lack;  then 
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442.  BcTcl  iTheeb,  whose  pitch  surfaces  are  frostra  of  icgskr 
cones^  are  used  to  transmit  an  uniform  angular  velodty-ndi 
between  a  pair  of  axes  which  intersect  each  other.  Fig.  190  <f 
Article  392  will  serve  to  illustrate  this  case;  O  A  aad  OCbdi^ 
the  pair  of  axes,  intersecting  each  other  in  O,  O  T  tiie  line  of  con- 
tact, and  the  cones  described  by  the  revolution  of  O  T  about  0  k 
and  0  C  respectively  being  the  pitch  surfaces,  of  which  narrow  a»a 
or  frustra  are  used  in  practice. 

Let  Oi,  Oj,  be  the  angular  velocities  about  the  two  axes  ws^ 
tively;  and  let  ii  =  ^^-r:  A  O  T,  t,  =  ^^-r:  C  O  T,  be  the  an^  node 
by  those  axes  respectively  with  the  line  of  contact ;  then  from 
the  principle  IIL  of  Article  439  it  follows,  that  the  angular  vekdtf- 
ratio  is 


a, 


sin  t 


I 


sin  ii 


.(1.) 


Which  equation  serves  to  find  the  angular  velocity-ratio  when  the 
axes  and  the  line  of  contact  are  given. 

Conversely,  let  the  angle  between  the  axes, 

be  given,  and  also  the  ratio  — ;   then  the  position  of  the  line  of 
contact  is  given  by  either  of  the  two  following  equations  : — 


smti  = 


smts  = 


a^smj 


is/(a!  +  a8  + 2  tti  Ojcosj)' 
«!  sin  J* 


•W 


J  (oi +  c^  +  2  a^  a,  cosj)  ' 

Graphically,  the  same  problem  is  solved  as  follows : — ^On  the  two 
axes  respectively,  take  lengths  to  represent  the  angular  velocitiei 
of  their  respective  wheels.     Complete  the  parallelogram  of  whidi 

those  lengths  are  the  sides,  and  its  diagonal  will  ha 
the  line  of  contact.  As  in  the  caae  of  the  roDisg 
cones  of  Article  393,  one  of  a  pair  of  bevel  wheeb 
may  be  a  flat  disc,  or  a  concave  cone. 

443.  N«n-Circiiiar  Wheel*  are  used  to  transmit  t 
variable  velocity-ratio  between  a  pair  of  parallel 
axes.  In  ^g.  191,  let  Ci,  C*,  represent  the  axesof 
such  a  pair  of  wheels;  T„  Tj,  a  pair  of  points  whidi 
at  a  given  instant  touch  each  other  in  the  line  of 
contact  (which  line  is  parallel  to  the  axes  and  in 
the  same  plane  with  them) ;  and  Ui,  TJ|^  anotber 
pair  of  points,  which  touch  each  other  at  another 
instant  of  the  motion;  and  let  the  four  points,  Ti, 


Fig.  191. 
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3^X9  ^19  XJ2,  be  in  one  plane  perpendicular  to  the  two  axes,  and  to 
the  line  of  contact.  Then  for  every  such  set  of  four  points^  the 
two  following  equations  must  be  fulfilled  :— 


c,u,+c.tj.=c;t.+o.t,=c,c,;)        .^. 

arc  T,  ir»  =  arc  T,  TJ,;  J  ^   ' 

and  those  equations  show  the  geometrical  relations  which  must 
eadst  between  a  pair  of  rotating  surfaces  in  order  that  they  may 
moTO  in  rolling  contact  round  fixed  axes. 

The  same  conditions  are  expressed  differentially  in  the  following 
manner : — Let  r^  r.,  be  the  radii  vectorea  of  a  pair  of  points  which 
touch  each  other;  ds^,  ds^  Sk  pair  of  elementary  arcs  of  the  cross 
sections  T^  TJi,  T,  XJ„  of  the  pitch  surfsuses,  and  a  the  line  of  centres 
or  distance  between  the  axes.     Then 

ij^^^ds,    V (2.) 

dvi  dr^'  ) 

If  one  of  the  wheels  be  fixed  and  the  other  be  rolled  upon  it,  a 
point  in  the  axis  of  the  rolling  wheel  describes  a  circle  of  the  radius 
e  round  the  axis  of  the  fixed  wheel. 

The  equations  1  and  2  are  made  applicable  to  intide  gearing  by 
pxitting  —  instead  of  +  and  +  instead  of  — . 

The  angular  yelocity-ratio  at  a  given  instant  has  the  value 

??..^ (3.) 

As  examples  of  non-circular  wheels,  the  following  may  be 
mentioned : — 

I.  An  ellipse  rotating  about  one  focus  rolls  completely  round  in 
outside  gearing  with  an  equal  and  similar  ellipse  also  rotating  about 
one  focus,  the  distance  between  the  axes  of  rotation  being  equal  to 
the  major  axis  of  the  ellipses,  and  the  velocity-ratio  varying  from 

1  —  excentricity  ,     ^  +  excentricity 
1  +  excentricity       1  —  excentricity* 

H.  A  hyperbola  rotating  about  its  farther  focus,  rolls  in  inside 
gearing,  through  a  limited  arc,  with  an  equal  and  similar  hyperbola 
rotating  about  its  nearer  focus,  the  distance  between  the  axes  of 
rotation  being  equal  to  the  axis  of  the  hyperbolas,  and  the  velocity* 
ratio  varying  between 

excentricity  +1       , 

■  .  ./ r  and  umty. 

excentncity  —  1  '' 
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IIL  Two  logarithmic  spirals  of  equal  obliquity  rotate  in  Tolling 
contact  with  each  other  through  an  indefinite  angle.  (For  fuithtt 
examples  of  non-circular  wheels,  see  Professor  Clerk  MaxwelTs 
paper  on  Rolling  Curves,  Trcms.  Roy.  Soc.  Edin.,  voL  xvi,  and 
I^fessor  Willis's  work  on  MechanisnL) 

SEcnoH  2. — Sliding  Contact 

444  skew-Bcrel  'Whecb  are  employed  to  transmit  an  nnifinm 
velocity-ratio  between  two  axes  which  are  neither  parallel  nor 


Fig.  194. 


Fig.  198.  Fig.  193. 

intersecting.  The  pitch  surface  of  a 
skew-bevel  wheel  is  a  frostnun  or 
zone  of  a  hyperholoid  of  revciviiion. 
In  fig.  192,  a  pair  of  large  portions  of 
such  hyperboloids  are  2iown,  rotat- 
ing about  axes  A  B,  C  D.  In  fig.  193 
are  shown  a  pair  of  narrow  zones  of 
the  same  figures,  such  as  are  employed 
in  practice. 

A  byperboloid  of  reyolution  is  a 
surface  resembling  a  sheaf  or  a  dice 
box,  generated  by  the  rotation  of  a  straight  line  round  an  axis  from 
which  it  is  at  a  constant  distance,  and  to  which  it  is  inclined  at  a 
constant  angle.  If  two  such  hyperboloids,  equal  or  unequal,  be 
placed  in  the  closest  possible  contact,  as  in  fig.  192,  they  will  touch 
each  other  along  one  of  the  generating  straight  lines  of  each,  which 
will  form  their  line  of  contact,  and  will  be  inclined  to  the  axes 
A  B,  C  D,  in  opposite  directions.  The  axes  will  neither  be  parallel, 
nor  will  they  intersect  each  other. 

The  motion  of  two  such  hyperboloids,  rotating  in  contact  with 
oach  other,  has  sometimes  been  classed  amongst  cases  of  rolling 
contact;  but  that  classification  is  not  strictly  correct;  for  although 
the  component  velocities  of  a  pair  of  points  of  contact  in  a  direction 
at  right  angles  to  the  line  of  contact  are  equal,  still,  as  the  axes  are 
neither  parallel  to  each  other  nor  to  the  line  of  contact,  the  velocities 
of  a  pair  of  points  of  contact  have  components  along  the  line  of 
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Bcmtact^  wliich  are  unequal,  and  their  difference  constitntes  a  lateral 

The  directions  and  positions  of  the  axes  being  given,  and  the 

required  angnlar  velocity-ratio,  — ,  it  is  required  to  find  the  obli- 

ai 

quiiies  of  the  generating  line  to  the  two  axes,  and  its  radii  vectorts, 

or  least  perpendicular  distances  from  these  axes. 

In  fig.  194,  let  A  B,  0  D,  be  the  two  axes,  and  G  K  their  common 
pokipenoiculftr. 

On  any  plane  normal  to  the  common  perpendicular  G'Kh,  draw 
a  5  II  A  B,  c  (^  II  C  D,  in  which  take  lengths  in  the  following  pro- 
portions:—~ 

complete  the  parallelogram  hpeq,  and  draw  its  diagonal  eh/;  tiie 
line  of  contact  £  H  F  will  be  parallel  to  that  diagonal 

From  p  let  fall  p  m  perpendicular  to  he.  Then  divide  the 
common  perpendicular  G  K  in  the  ratio  given  by  the  proportional 
equation 

Feiem:  mh  :  :  G^  :  G^  :  KH; 

then  the  two  segments  thus  found  will  be  the  least  distances  of 
the  line  of  contact  from  the  axes. 

The  first  pitch  sur&ce  is  generated  by  the  rotation  of  the  line 

EHF  about  the  axis  AB  with  the  radius  vector  GH  =  ri;  the 
second,  by  the  rotation  of  the  sam^  line  about  the  axis  0  D  with 

the  radius  vector  H  K  =  r^ 

To  draw  the  hyperbola  which  is  the  longitudinal  section  of  a 
skew-bevel  wheel  whose  generating  line  has  a  given  radius  vector 
and  obliquity,  let  A  G  B,  ^g.  195,  re- 
present the  axis,  G  H  J.  A  G  B,  the 
radius  vector  of  the  generating  line, 
and  let  the  straight  line  £  G  F  make 
with  the  axis  an  angle  equal  to  the 
obliquity  of  the  generating  line.  H 
will  be  the  vertex,  and  £  G  F  one  of  ^«- 1^^- 

the  asymptotes,  of  the  required  hyperbola.     To  find  any  number  of 
points  in  that  hyperbola,  proceed  as  follows  : — ^Draw  XwY  parallel 

to  G  H,  cutting  G  E  in  W,  and  make  XY  =  J  (GH*  +  XW). 
TbeaoL  will  Y  be  a  point  in  the  hyperbola^ 

445.  Cteo«r«d  wiMclfc — To  increase  the  friction  or  adhesion 
between  a  pair  of  wheels,  which  is  the  means  of  transmitting  fcwce 
and  motion  from  one  to  the  other,  their  sur^u^es  of  contact  are 
•ometimeB  formed  into  alternate  circular  ridges  and  grooves,  con- 
stituting what  is  called  /rictional  gearing.     Fig.  196  is  a  cross 


Fig.  196. 
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section  illustratiDg  the  kind  of  frictional  gearing  invented  br  Ul, 
Bobertson.  The  comparatiye  motion  of  a  pair  of  wheeb  tiM 
I  I  ridged  and  grooved  is  nearly  the  same  with  thi 

I  I  of  a  pair  of  smooth  wheels  in  rolling  oontad^ 

\  P\^  P\,  P^  /\  having  cylindrical  or  conical  pitch  sur&ces  Ijiag 

midway  between  the  tops  of  the  ridges  and  bottom 
of  the  grooves. 

The  relative  motion  of  the  faces  of  contact  of 
the  edges  and  grooves  is  a  rotatory  sliding,  abcmt 
the  line  of  contact  of  the  ideal  pitch  surfJEu^es  as  an  insfantanfsnni 
axis. 

The  angle  between  the  sides  of  each  groove  is  about  40°  ;  and  it 
is  stated  that  the  mutual  Mction  of  the  wheels  is  about  onoe  and 
a-half  the  force  with  which  their  axes  are  pressed  towards  each  other. 

446.  Teeth  ef  Wheels. — The  most  usual  method  of  commmii- 
eating  motion  between  a  pair  of  wheels,  or  a  wheel  and  a  nxk, 
and  the  only  method  which,  by  preventiDg  the  possibility  of  the 
rotation  of  one  wheel  unless  accompanied  by  the  other,  insores  the 
preservation  of  a  given  velocity-ratio  exactly,  is  by  means  of  the 
projections  called  teeth. 

The  pitch  surface  of  a  wheel  is  an  ideal  smooth  sui^oe,  inter- 
mediate between  the  crests  of  the  teeth  and  the  bottoms  of  the 
spaces  between  them,  which,  by  rolling  contact  with  the  pitch  sur- 
face of  another  wheel,  would  communicate  the  same  velocity-iatio 
that  the  teeth  communicate  by  their  sliding  contact  In  designing 
wheels,  the  forms  of  the  ideal  pitch  surfaces  are  first  det^nmned, 
and  from  them  are  deduced  the  forms  of  the  teeth. 

Wheels  with  cylindrical  pitch  surfaces  are  called  spur  utheds; 
those  with  coniciJ  pitch  surfaces,  bevd  wheds;  and  those  vith 
hyperboloidal  pitch  surfaces,  skew-bevd  wheels. 

The  pitch  line  of  a  wheel,  or,  in  circular  wheels,  the  pitch  cirde, 
is  a  transverse  section  of  the  pitch  surface  made  by  a  sni&ce  per- 
pendicular to  it  and  to  the  axis ;  that  is,  in  spur  wheels,  by  a  plane 
perpendicular  to  the  axis  ;  in  bevel  wheels,  by  a  sphere  described 
about  the  apex  of  the  conical  pitch  surface;  and  in  skew-bevel 
wheels,  by  any  oblate  spheroid  generated  by  the  rotation  of  an 
ellipse  whose  foci  are  the  same  with  those  of  the  hyperbola  that 
generates  the  pitch  surface. 

The  pitch  point  of  a  pair  of  wheels  is  the  point  of  contact  of  thor 
pitch  lines ;  that  is,  the  transverse  section  of  the  line  of  contact  of 
the  pitch  sur&ces. 

Similar  terms  are  applied  to  racks. 

That  part  of  the  acting  surface  of  a  tooth  which  projects  beyood 
the  pitch  surface  is  called  the  /ace;  that  which  lies  within  the 
pitch  surface,  the  flank. 
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The  radius  of  the  pitch  circle  of  a  circular  wheel  is  called  the 
geometrical  radius  ;  that  of  a  circle  touching  the  crests  of  the  teeth 
18  called  the  real  radius;  and  the  difference  between  those  radii, 
the  addendv/m, 

447.  Pitch  wmA  If ■wbcr  mf  Teeik. — ^The  distance,  measured  along 
the  pitch  line,  from  the  £stce  of  one  tooth  to  the  face  of  the  next,  is 
eall^  the  pitch. 

The  pitch,  and  the  number  of  teeth  in  circular  wheels,  are  regu- 
lated by  the  following  principles  : — 

I.  In  wheels  whidi  rotate  continuouslj  for  one  revolution  or 
mofie,  it  is  obviously  necessary  thai  the  pUch  should  he  an  aliquot 
part  of  the  circumference. 

In  wheels  which  reciprocate  without  performing  a  complete  re- 
volution, this  condition  is  not  necessary.     Such  wheels  are  called 


IL  In  order  that  a  pair  of  wheels,  or  a  wheel  and  a  rack,  may 
work  correctly  together,  it  is  in  all  cases  essential  that  the  pitch 
^auld  be  Ots  sa/me  in  each 

III.  Hence,  in  any  pair  of  circular  wheels  which  work  together, 
the  numbers  of  teeth  in  a  complete  circumference  are  directly  as 
the  radii,  and  inversely  as  the  angular  velocities. 

rV.  Hence  also,  in  any  pair  of  circular  wheels  whic^  rotate 
continuously  for  one  revolution  or  more,  the  ratio  of  the  numbers 
of  teeth,  and  its  reciprocal,  the  angular  velocity-ratio,  must  be  ex- 
pressible in  whole  numbers. 

Y.  Let  n,  N,  be  the  respective  numbers  of  teeth  in  a  pair  of 
wheels,  N  being  the  greater.  Let  <,  T,  be  a  pair  of  teeth  in  the 
smaller  and  laiger  wheel  respectively,  which  at  a  particular  instant 
work  together.  It  is  required  to  find,  first,  how  many  pairs  of 
teeth  must  pass  the  line  of  contact  of  the  pitch  surfaces  before  t 
and  T  work  together  again  (let  this  number  be  called  a);  secondly, 
with  how  many  different  teeth  of  the  laiger  wheel  the  tooth  t  wUl 
work  at  different  times  (let  this  number  be  called  6)  ;  and  thirdly, 
with  how  many  different  teeth  of  the  smaller  wheel  the  tooth  T 
will  work  at  different  times  (let  this  be  called  e). 

Case  1.  If  n  is  a  divisor  of  N, 

a  =  N;  6=-;  c=l (1.) 

n 

CiSB  2.  If  the  greatest  common  divisor  of  N  and  n  be  c?,  a  num- 
ber leas  than  n,  so  that  n  =  md*,  N  «  M (i^  then 

a-mNsMnssMmc?;  6~M;  e  ^  m. (2.) 

Oasi  3.  If  N  and  n  be  prime  to  each  other, 

2f 
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a  =  Nn^  6  ss  N ;  c  =  n.. (3.) 

It  is  considered  desirable  by  millwrights,  with  a  view  to  the 
preservation  of  the  uniformity  of  shape  of  the  teeth  of  a  pair  of 
wheels,  that  each  given  tooth  in  one  wheel  ahould  work  with  a& 
many  different  teeth  in  the  other  wheel  as  possibla  They,  there- 
fore, study  to  make  the  numbers  of  teeth  in  each  pair  of  wheels 
which  work  together  such  as  to  be  either  prime  to  each  other,  or  to 
have  their  greatest  common  divisor  as  small  as  is  possible  con- 
sistently with  the  purposes  of  the  machine. 

VI.  The  smallest  number  of  teeth  which  it  is  practicable  to  give 
to  a  pinion  (that  is,  a  small  wheel),  is  regulated  by  the  principle, 
that  in  order  that  the  commimication  of  motion  firom  one  wheel  to 
another  may  be  continuous,  at  least  one  pair  of  teeth  should  always 
be  in  action ;  and  that  in  order  to  provide  for  the  contingencr^  of  a 
tooth  breaking,  a  second  pair,  at  least,  should  be  in  action  alsa 
For  reasons  which  will  appear  when  the  forms  of  teeth  are  con- 
sidered, this  principle  gives  the  following  as  the  least  numbers  of 
teeth  which  can  be  usually  employed  in  pinions  having  teeth  of  the 
three  classes  of  figures  named  below,  whose  properties  will  be  ex- 
plained in  the  sequel : — 

I.  Involute  teeth, 25. 

II.  Epicycloidal  teeth, 12. 

IIL  Cylindrical  teeth,  or  «tow», 6. 

448.  Hanting  €•«. — When  the  ratio  of  the  angular  velocities  of 
two  wheels,  being  reduced  to  its  least  terms,  is  expressed  by  small 
numbers,  less  than  those  which  can  be  given  to  wheels  in  practice, 
and  it  becomes  necessary  to  employ  multiples  of  those  numbers  by 
a  common  multiplier,  which  becomes  a  common  divisor  of  the 
numbers  of  teeth  in  the  wheels,  millwrights  and  engine-makers 
avoid  the  evil  of  frequent  contact  between  the  same  pairs  of  teeth, 
by  giving  one  additional  tooth,  called  a  kwniing  cog,  to  the  larger 
of  the  two  wheel&  This  expedient  causes  the  velocity-ratio  to  be 
not  exactly  but  only  approximately  equal  to  that  which  was  at  first 
contemplated ;  and  therefore  it  cannot  be  used  where  the  exactness 
of  certain  velocity-ratios  amongst  the  wheels  ^h  of  importance,  as 
in  clockwork. 

449.  A  Train  •f  Wh«eiw«rk  consists  of  a  series  of  axes,  each 
having  upon  it  two  wheels,  one  of  which  ia  driven  by  a  wheel  on 
the  preceding  axis,  while  the  other  drives  a  wheel  on  the  following 
axis.  If  the  wheels  are  all  in  outside  gearing,  the  direction  of 
rotation  of  each  axis  is  contrary  to  that  of  the  adjoining  axes.  In 
some  cases,  a  single  wheel  upon  one  axis  answers  the  purpose  both 
of  receiving  motion  from  a  wheel  on  the  preceding  axis  and  giving 
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motion  to  a  wheel  on  the  following  axi&  Such  a  wheel  is  called 
joi  uUe  tohed :  it  affects  the  direction  of  rotation  only^  and  not  the 
velodtj-ratio. 

Liet  the  series  of  axes  be  distinguished  by  numbers  1,  2,  3^ 
^^  •••.«»;  let  the  numbers  of  teeth  in  the  chiving  uSiads  be 
denoted  by  N's,  each  with  the  number  of  its  axis  affixed  >  thus, 
^19  ^s>  ^<^  •  •  •  •  ^m-xy  Azid  let  the  numbers  of  teeth  in  the  d/riven 
or  JaUowing  wheels  be  denoted  by  n\  each  with  the  number  of  its 
axis  affixed ;  thus,  n^,  fht  ^  •  .  -  .  n^  Then  the  ratio  of  the 
angular  velocity  o^  of  the  ni^  axis  to  the  angular  velocity  Oi  of  the 
iirait  axis  is  the  product  of  the  m—  1  velocity-ratios  of  the  succea- 
aive  elementaiy  combinations,  vizL : — 

a»      Ni .  N, .  Ac.  .  . . .  N«_i  ,.  , 

—  = -r ^-^; (1.) 

Oi  n»  *  fH  '  Ac w« 

that  is  to  say,  the  velocity-ratio  of  the  last  and  first  axes  is  the 
ratio  of  the  px>duct  of  the  numbers  of  teeth  in  the  drivers  to  the 
product  of  the  numbers  of  teeth  in  the  followers;  and  it  is  obvious, 
that  so  long  as  the  same  drivers  and  followers  constitute  the  train, 
the  order  in  which  they  succeed  each  other  does  not  affect  the 
resultant  velocity-ratia 

Supposing  all  the  wheels  to  be  in  outside  gearing,  then  as  each 
elementaiy  combination  reverses  the  direction  of  rotation,  and  as 
the  number  of  elementary  combinations,  m  -  1,  is  one  less  than 
the  number  of  axes,  m,  it  is  evident  that  if  i7»  is  odd,  the  direction 
of  rotation  is  preserved,  and  if  even,  reversed. 

It  is  often  a  question  of  importance  to  determine  the  numbers  of 
teeth  in  a  train  of  wheels  best  suited  for  giving  a  determinate 
▼elodty-ratio  to  two  axes.  It  was  shown  by  Young,  that  to  do 
tliis  with  the  least  total  number  of  teeth,  the  velocity-ratio  of  each 
elementary  combination  should  approximate  as  nearly  as  possible 
3*59.  This  would  in  many  cases  give  too  many  axes;  and  as  a 
useful  practical  rule  it  may  be  laid  down,  that  fix>m  3  to  6  ought 
to  be  the  limit  of  the  velocity-ratio  of  an  elementary  combination 
in  wheelwork. 

"Let  z^  be  the  velocity-ratio  required,  reduced  to  its  least  terms, 

and  let  B  be  greater  than  0. 

If  r^  is  not  greater  than  6,  and  C  lies  between  the  prescribed 

minimun  number  of  teeth  (which  may  be  called  t),  and  its  double 
2  ty  then  one  pair  of  wheels  will  answer  the  purpose,  and  B  and  0 
will  themselves  be  the  numbers  required.  Should  B  and  C  be 
inconveniently  laige,  ihfy  are  if  possible  to  be  resolved  into  fiuston^ 
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and  those  factora,  or  if  they  are  too  small,  multiples  of  them,  mad 
for  the  numbers  of  teetL    Shonld  B  or  0,  or  both,  be  at  onoe  icoos- 

veniently  large,  and  prime,  then  instead  of  the  exact  ratio  ^ ,  soiBe 

ratio  approximating  to  that  ratio,  and  capable  of  resolution  into  ooq- 
venient  factors,  is  to  be  found  by  the  method  of  continued  firactaoos. 

Should  ^  be  greater  than  6,  the  best  number  of  elem^itazy 

combinations,  m  —  1,  will  lie  between 

logB-logO        logB-logC 

log  6  log  3        ^   ' 

Then,  if  possible,  B  and  C  themselves  are  to  be  resolved  each 
into  m  —  I  factors  (counting  1  as  a  factor),  which  &ctoi3,  or 
multiples  of  them,  shall  be  not  less  than  t,  nor  greater  than  6t;  or 
if  B  and  C  contain  inconveniently  large  prime  Victors,  an  approxi- 
mate velocity-ratio,  found  by  the  method  of  continued  fraction^  is 

to  be  substituted  for  ^  as  before. 

So  fiu:  as  the  resultant  velocity-ratio  is  concerned,  the  order  of 
the  drivers  N  and  of  the  followers  n  is  inmiaterial;  but  to  secure 
equable  wear  of  the  teeth,  as  explained  in  Article  447,  Principle  V., 
the  wheels  ought  to  be  so  arranged  that  for  each  elementaiy  com- 
bination the  greatest  common  divisor  of  N  and  n  shall  be  either 
1,  or  as  small  as  possible. 

450.  Principle  •£  fiiiidiBg  Centact. — The  line  ofctctioT^  or  of  con- 
nectioTby  in  the  case  of  sliding  contact  of  two  moving  pieces,  is  the 
common  perpendicular  to  tibeir  surfaces  at  the  point  where  thej 
touch ;  and  the  principle  of  their  comparative  motion  is,  that  ike 
oomponerUSy  aJUmg  thcU  perpendicular,  of  the  vdodbiee  of  any  twe 
points  traversed  by  it,  a/re  equal. 

Case  1.  Two  sJdfiing  pieces j  in  sliding  contact,  have  linear  velo- 
cities proportional  to  the  secants  of  the  angles  which  their  directioiis 
of  motion  make  with  their  line  of  action. 

Case  2.  Two  rotating  pieces,  in  sliding  contact,  have  ^ngnUr 
velocities  inversely  proportional  to  the  perpendicular  distances 
from  their  axes  of  rotation  to  their  line  of  action,  each  multiplied 
by  the  sine  of  the  angle  which  the  line  of  action  makes  wiUi  the 
particular  axis  on  which  the  perpendicular  is  let  £dl. 

In  fig.  197,  let  Ci,  Cg,  represent  the  axes  of  rotation  of  the  two 

?iecesj  Ai,  A,,  two  portions  of  their  respective  surfaces;  and  Tj, 
\  a  pair  of  points  in  those  sur&ces,  which,  at  the  instant  under 
consideration,  are  in  contact  with  each  other.  Let  P,  P,  be  the 
common  perpendicular  of  the  surfaces  at  the  pair  of  points  T„  T,; 


princifij:  of  slidino  coktact. 
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that  iSy  the  line  of  action;  and  let  Oi  Pi,  0,  P„  be  the  common  per* 
pendiciilara  of  the  line  of  action  and  of  the  two  axes  respectivelj. 
Then  at  the  given  instant,  the  components 
along  the  line  P,  Pi  of  the  velocities  of  the 
points  Pi,  Pj,  are  equal  Let  t„  i,,  be  the 
angles  which  that  line  makes  with  the  direc- 
tions of  the  axes  respectively.  Let  Oi,  a*,  be 
the  respective  angular  velocities  of  the  moving 


pieces; 


then 


Oi  *  Oi  Pi  *  fdn  »!  =  Ot '  0,  Ps '  sin  is; 


oonsequentlj, 


c^p: 


(1.) 


<h      Ct  Pi  sin  i% 

which  is  the  principle  stated  above. 

When  the  line  of  action  is  perpendicular  in  direction  to  both 
axeSy  then  sin«is=8in«ssl;  and  equation  1  becomes 


CtPi 

cTp; 


.(1    A.) 


When  the  aooee  cure  paraUel,  ij  »=  i^  Let  I  be  the  point  where 
the  line  of  action  cuts  the  plane  of  the  two  axes ;  then  the  triangles 
Pt  Ci  I,  Pt  Cs  I,  are  similar;  so  that  equation  1  a  is  equivalent  to 
the  foUowing : —  

a,     TC, 

arm, <^  «•> 

Casb  3.  A  rotaHng  piece  and  a  shifting  piece,  in  sliding  contact^ 
have  their  comparative  motion  regulat^  by  the  following  prin- 
ciple : — ^Let  C  P  denote  the  perpendicular  distance  from  the  axis  of 
the  rotating  piece  to  the  line  of  action;  t  the  angle  which  the  direc- 
tion of  the  line  of  action  makes  with  that  axis;  a  the  angular 
velocity  of  the  rotating  piece;  v  the  linear  velocity  of  the  sliding 
piece;  ^  the  angle  which  its  direction  of  motion  makes  with  the 

line  of  action;  then  

i7asa''UlP*8ini*Bec/. (2.) 

When  the  line  of  action  is  perpendicular  in  direction  to  the  axis 
«£  the  rotating  piece,  sin  i  =  1 ;  and 

«  =  a-CP-8ec-y=a*rC; (2  a.) 

where  1 0  denotes  the  diEftance  from  the  bjob  of  the  rotating  pieoe 
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to  the  point  where  the  line  of  action  cuts  a  perpendicular  from  Umt 
axis  on  the  direction  of  motion  of  the  ahifting  piece. 

451.   Teeth  of  Spwr-WheeU  aad  Raclu.     Oencral  Principle^ ^The 

figures  of  the  teel^  of  wheels  are  regulated  by  the  principle,  thai 
t£s  teeth  of  a  pair  qftoheda  shaU  give  the  acmie  vdocUy-raiio  by  their 
sliding  oofnkusty  which  the  ideal  smooth  pitch  sfuafaces  would  give  hy 
thevr  rolling  contact.  Let  B|,  Bf,  in  fig.  197,  be  parts  of  the  pitch 
lines  (that  is,  of  cross  sections  of  the  pitch  surfaces)  of  a  pair  of 
wheels  with  parallel  axes,  and  I  the  pitch  point  (that  is,  a  section 
of  the  line  of  contact).  Th^i  the  angular  vdiocities  which  would  be 
given  to  the  wheels  by  the  rolling  contact  of  those  pitch  lines  are 

inversely  as  the  segments  I  Oj,  1 0«,  of  the  line  of  centres;  and  this 
also  is  tiie  proportion  of  the  angular  velocities  given  by  a  pair  of 
sur&ces  in  sliding  contact  whose  line  of  action  traverses  the  point 
I  (Article  450,  case  2,  equation  1  B).  Hence  the  condition  of 
correct  working  for  the  teeth  of  wheeb  with  parallel  axes  is,  that 
the  line  of  action  of  the  teeth  shaU  at  every  instant  traverse  the  Une 
of  contact  of  the  pitch  siirfaces;  and  the  same  condition  obviously 
applies  to  a  rack  sliding  in  a  direction  perpendicular  to  that  of  tlM 
axis  of  the  wheel  with  which  it  works. 

452.  Teeth  i^cacrihed  hj  Rollins  Cmrvea. — ^From  the  principle  of 
the  preceding  Article  it  follows,  that  at  every  instant^  the  position 
of  the  point  of  contact  T^  in  the  cross  section  of  the  acting  surface 
of  a  tooth  (such  as  the  line  Ai  Ti  in  ^,  197),  and  the  corresponding 
position  of  the  pitch  point  I  in  the  pitch  line  I  Bi  of  the  wheel  to 
which  that  tooth  belongs,  are  so  related,  that  the  line  I  Ti  which 
joins  them  is  normal  to  the  outline  of  the  tooth  A,  T|  at  the  point 
T].  Now  this  is  the  relation  which  exists  between  the  tracing- 
point  T„  and  the  instantaneous  axis  or  line  ofconiact  I,  in  a  roUi^ 
curve  of  such  a  figure,  that  being  rolled  upon  the  pitch  surfiEu»  Bi, 
its  tracing-point  Ti  traces  the  outline  of  the  tootL  (As  to  rolling 
curves,  see  Articles  386,  387,  389,  390,  393,  396,  397,  and  Professor 
Clerk  Maxwell's  paper  there  referred  to). 

In  order  that  a  pair  of  teeth  may  work  correctly  together,  it  is 
necessary  and  sufBcient  that  the  instcmtomeous  radii  vectores  from 
the  pitch  point  to  the  points  of  contact  of  the  two  teeth  should 
coincide  at  each  instant,  as  expressed  by  the  equation 


IT,  =  IT,; (1.) 

and  this  condition  is  frilfilled,  if  the  ouUinesofthe  two  teeth  he  traced 
by  the  motion  of  the  same  tracing-point,  in  rolling  the  same  rolling 
curve  on  tfie  same  side  of  the  pitch  surfaces  of  the  respective  wheds. 

The  flo/nk  of  a  tooth  is  traced  while  the  rolling  curve  rolls  inside 
of  the  pitch  line;  the  face,  while  it  rolls  outside.     Hence  it  is 
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evident  that  the  Jkmks  of  the  teeth  of  the  driying  wheel  drive  the 
faoes  of  the  teeth  of  the  driven  wheel;  and  that  the  yocw  of  the 
teeth  of  the  driving  wheel  drive  the  flanka  of  the  teeth  of  the 
driven  wheel  The  former  takes  place  while  the  point  of  contact 
of  the  teeth  is  approachMig  the  pitdi  point,  as  in  fig.  197,  supposing 
the  nM>tion  to  be  from  Pj  towards  P^;  the  latter,  after  the  point  of 
oontact  has  passed,  and  while  it  is  t^oceding  fromy  the  pitch  point 
The  pitch  point  divides  the  path  of  the  point  of  contact  of  the  teeth 
into  two  parts,  called  the  piaUh  of  (Approach  and  the  paih  ofreoeas; 
and  the  lengths  of  those  paths  must  be  so  adjusted,  that  two  pairs 
of  teeth  at  least  shall  be  in  action  at  each  instant. 

It  is  evidently  necesaaiy  that  the  surfaces  of  contact  of  a  pair  of 
teeth  should  either  be  both  convex,  or  that  if  one  is  convex  and  the 
other  concave,  the  concave  surface  ^ould  have  the  flatter  curvature. 

The  equations  of  Article  390  give  the  relations  which  exist 
between  the  radius  of  curvature  of  a  pitch  line  at  the  pitch  point 

!r,),  the  radius  of  curvature  of  the  rolling  curve  at  the  same  point 
«-(),  the  radius  vector  of  the  tracing-point  (r  =  I T),  the  angle  made 
by  that  line  with  the  line  of  centres  of  the  fixed  and  rolling  curves 
(#  =■  .^  TIC),  and  the  radius  of  curvature  of  the  curve  traced  by 
the  point  T  (^),  all  at  a  given  instant. 

When  a  pair  of  tooth  surfaces  are  both  convex  absolutely,  that 
which  IS  a  face  is  concave,  and  that  which  is  a  flank  is  convex, 
towards  the  pitch  point;  and  this  is  indicated  by  the  values  of  f 
having  contrary  signs  for  the  two  teeth,  being  positive  for  the  face 
and  n^ative  for  the  flank.  The  foux  of  a  tooth  is  always  convex 
absolutely,  and  concave  towards  the  pitch  point,  ^  being  positive; 
so  that  if  it  works  with  a  concave  flank,  the  value  of  ^  for  that  flank 
is  positive  also,  and  greater  than  for  tiie  face  with  which  it  worka 

453.   The  SIMtag  •€  n  Pair  •€  Tcdh  •■  Bach  Otiier,that  is,  their 

relative  motion  in  a  direction  perpendicular  to  their  line  of  action, 
is  found  by  supposing  one  of  the  wheels,  such  as  1,  to  be  fixed,  the 
line  of  centres  Oi  C,  to  rotate  backwards  round  Of  with  the  angular 
velocity  Oi,  and  the  wheel  2  to  rotate  round  0^  as  before  wi^  the 
angular  velocity  Oj  relatively  to  the  line  of  centres  C|  C,,  so  as  to 
have  the  same  motion  as  if  its  pitch  surface  rolled  on  the  pitch 
sur&ce  of  the  first  wheel  Thus  the  relaJtive  motion  of  the  wheels 
is  unchanged ;  but  1  is  considered  as  fixed,  and  2  has  the  resultant 
motion  given  by  the  principles  of  Article  388 ;  that  is,  a  rotation 
about  the  instantaneous  axis  I  with  the  angular  velocity  Oj  +  Oi. 
Hence  the  vdocUy  ofdiding  is  that  due  to  this  rotation  about  I, 

^th  the  radius  IT  =  r j  that  is  to  say,  its  value  is 

^(«i  +  Oi); 0) 

•0  that  it  Ib  greater,  the  farther  the  point  of  contact  is  from  the 
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line  of  centres ;  and  at  the  instant  when  that  pointy  passing  the  line  d 
oentres,  coincides  vdth  the  pitch  point,  the  velocity  of  sliding  is  null, 
and  the  action  of  the  teeth  is,  for  the  instant,  that  of  rolling  contact. 
The  roots  of  the  teeth  slide  towards  each  other  during  the  ap- 
proach, and  from  each  other  during  the  recess.  To  find  the  amount 
or  total  distance  through  which  the  sliding  takes  place,  let  t^  be  the 
time  occupied  by  the  approach,  and  ^  that  occupied  by  the  reoesa  ; 
then  the  distance  of  sliding  is 

«=  rr{ai  +  a,)dt  +  rr(a,  +  a,)dt; (2.) 

Jo  Jo 

or  in  another  form,  if  eft  denote  an  element  of  the  change  of  angu- 
lar position  of  one  wheel  relatively  to  the  other,  i|  the  tmount  of 
that  change  during  the  approach,  and  t^  during  the  recess,  then 

{oi'i' <h)di=zdi;  and 

«=  f*'rdi  +  f''rdi (3.) 

Jo  Jo 

(See  also  Article  455.) 

454.  The  Arc  mf  Coniact  •n  the  Pilch  Ijines  is  the  length  of  that 

portion  of  the  pitch  lines  which  passes  the  pitch  point  during  the 
action  of  one  pair  of  teeth ;  and  in  order  that  two  pairs  of  teeth  at 
least  may  be  in  action  at  each  instant,  its  length  should  be  at  least 
double  of  the  pitcL  It  is  divided  into  two  parts,  the  arc  of  ap- 
proach and  the  arc  of  recess.  In  order  that  the  teeth  may  be  of 
length  sufficient  to  give  the  required  duration  of  contact,  the  dis- 
tance moved  over  by  the  point  I  upon  the  pitch  line  during  the 
rolling  of  a  rolling  curve  to  describe  the  &ce  and  flank  of  a  tooth, 
must  be  in  all  equal  to  the  length  of  the  required  arc  of  contact. 
It  is  usual  to  make  the  arcs  of  approach  and  recess  equal 

455.  The  ijcngth  •f  a  Te«ih  may  be  divided  into  two  parts, 
that  of  the  face  and  that  of  the  flank.  For  teeth  in  the  dnving 
wheel,  the  length  of  the  flank  depends  on  the  arc  of  approach, — ^that 
of  the  face,  on  the  arc  of  recess ;  for  those  in  the  following  wheel, 
the  length  of  the  flank  depends  on  the  arc  of  recess, — ^that  of  the 
face,  on  the  arc  of  approach. 

Let  g,  be  the  arc  of  approach,  q,  that  of  recess ;  ^i  the  length  of 
the  flank,  Hi  the  length  of  the  face  of  a  tooth  in  the  driving  wheeL 
Let  Ti  be  the  radius  of  curvature  of  the  pitch  line,  ro  that  of  the  rolling 
curve,  r  the  ludius  vector  of  the  tracing-point,  at  any  instant  The 
angular  velocity  of  the  rolling  curve  relatively  to  the  wheel  is 


dt    \r,,       rj' 
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die  positive  sign  applying  to  rolling  outside,  or  describing  the  face, 
&xid  the  negative  sign  to  rolling  inside,  or  describing  the  flank. 
Hence  the  velocity  of  the  tracing-point  at  a  given  instant  is 


d  consequently 


.(1.) 


JF'or  the  following  wheel,  qi  and  g.  have  to  be  interchanged,  so  that^ 
if  rt  be  the  radius  of  that  wheel, 


'2) 


The  equations  2  and  3  evidently  give  the  means  of  finding  the  dis- 
tance of  sliding  between  a  pair  of  teeth,  in  a  different  form  from 
that  given  in  Article  453 ;  for  that  distance  is 

-/:crs)^'*/:c-f>» w 


456.  To  iMMa  giijMiMg  all  the  preceding  principles  apply,  ob- 
serving that  the  radius  of  the  greater,  or  concave  pitch  sur&oe,  is 
to  be  considered  as  negative,  and  that  in  Article  453,  the  difference 
of  the  angular  velocities  is  to  be  taken  instead  of  their  sum. 

457.  ■■▼•lato  Teeth  fer  C^rcalwr  Whedo,  being  the  first  of  the 

three  kinds  mentioned  in  Article  447,  are  of  the  form  of  the  in- 
volute of  a  circle,  of  a  radius  less  than  the  pitch  circle  in  a 
ratio  which  may  be  expressed  by  the  sine  of  a  certain  angle  #, 
and  may  be  traced  by  the  pole  of  a  logarithmic  spiral  rolling  on 
the  pitdi  circle,  the  angle  made  by  that  spiral  at  each  point  with 
its  own  radius  vector  being  the  complement  of  the  given  angle  i. 
But  this  mode  of  describing  involutes  of  circles,  being  more  com- 
plex than  the  ordinary  method,  is  mentioned  merely  to  show  that 
they  fidl  under  the  general  description  of  curves  described  by 
rdliing. 


442 


THEORY  OF  MBCHAHISK. 


In  fig.  198,  let  Ci,  G^  be  the  oentres  of  two  ciieiilar  wbeds. 
whose  pitch  circles  are  Bi,  Bi.  Through  the  pitch  point  I  dnw 
the  intended  line  o/ctcUon  P|  Pg,  Tnaking  the  anjg^e  O I P  =  #  witk 


the  line  of  centres.     From  0„  C„  draw 


C,  Pi  =  I C,  •  sin  #, ) 
^,  ==  IC,  •  sin  #,  j 


(1.) 


Fig.  198. 


perpendicular  to  P^  Pg,  with  which  two  peipendicolan  as  ndii, 
aescribe  circles  (called  base  circles)  D„  D^ 

Suppose  the  base  drdes  to  be  a  pair  of 
drculur  pulleys,  connected  hj  means  of  a 
cord  whose  course  from  pollej  to  puUey  is 
Pi  I P,.  As  the  line  of  connection  of  those 
pulleys  is  the  same  with  that  of  the  prc^iosed 
teeth,  they  will  rotate  with  the  required 
Telocity-ratio.  Now  suppose  a  tracing-point 
T  to  be  fixed  to  the  coid,  so  as  to  be  carried 
along  the  path  of  contact  Pj  I  P..  That 
point  will  trace,  on  a  plane  rotating  along 
with  the  wheel  1,  part  of  the  involute  A 
the  base  circle  Di,  and  on  a  plane  rotating 
along  with  the  wheel  2,  part  oi  the  involute 
of  the  base  circle  D,,  and  the  two  cmres  so 
traced  will  always  touch  each  other  in  the 
required  point  of  contact  T,  and  will  therefore  fulfil  the  condition 
required  by  Article  451. 

All  involute  teeth  of  the  same  pitch  work  smoothly  together. 
To  find  the  length  of  the  path  of  contact  on  either  side  of  the 
pitch  point  I,  it  is  to  be  observed  that  the  distance  between  the 
fronts  of  two  successive  teeth  as  measured  along  Pi  I  P^  ia  leai 
than  the  pitch  in  the  ratio  sin  #  :  1,  and  consequently  that  if  dis- 
tances not  less  than  the  pitch  x  sin  ^  be  marked  off  eiUier  way  from 
I  tov/ards  Bj  and  P,  respectively,  as  the  extremities  of  the  path  of 
contact,  and  if  the  addendum  circles  be  described  through  the 
points  so  found,  there  will  always  be  at  least  two  pairs  of  teeth  in 
action  at  once.  In  practice,  it  is  usual  to  make  the  path  of  contact 
somewhat  longer,  viz.,  about  24  times  the  pitch ;  and  with  this 
length  of  path  and  the  value  of  i  which  is  usual  in  practice,  viz., 
75(°,  the  addendum  is  about  1^  of  the  pitch. 

The  teeth  of  a  ra4^  to  work  correctly  with  wheels  having  invo- 
lute teethy  should  have  plane  surfaces,  perpendicular  to  the  line  of 
connection,  and  consequently  making,  with  the  direction  of  motion 
of  the  rack,  angles  eqiud  to  the  before-mentioned  angle  #. 
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4II»8.  HMtas  •r  iBTwiate  Teeth. — ^The  distance  throtigli  which  a 
of  involnte  teeth  slide  on  each  other,  is  found  by  observing 
that  the  distance  from  the  point  of  contact  of  the  teeth  to  the  pitch 
point  is  giyen  by  the  equation 

''"^'cT'^™^  ; (1) 

irliidi  reduces  equation  3  of  Article  455  to  the  following  : — 


-e.4)-^-' « 


This  distance  may  also  be  expressed  in  terms  of  the  extreme  dis- 
tances of  the  point  of  contact  from  the  pitch  point.  Let  these  be 
denoted  hy  i^t^;  then 

(1       1  \     <*  +  fi 

For  inside  gearingy  the  difference  of  the  reciprocals  of  the  radii  of 

the  wheels  is  to  be  taken  instead  of  their  sum. 

The  preceding  fbimule,  which  are  exact  for  involnte  teeth,  are 

approximately  correct  for  all  teeth,  if  #  be  taken  to  represent  the 

mean  value  of  the  angle  C I P  between  the  line  of  centres  and  the 

line  of  action. 

31 
The  usual  value  of  #  being  75^^,  sin  #  =  -^  nearly. 

459.  The  AiMeiUin  ef  invetoie  TeeUi,  that  is,  their  projection 
beyond  the  pitch  circle,  is  foimd  by  considering,  tiiat  for  one  of  the 
wheels  in  fig.  198,  such  as  the  wheel  1,  the  ficU  radius,  or  radius 
of  the  addendum  circle,  is  the  hypothenuse  of  a  right-angled  tri- 
angle, of  which  one  side  is  the  radius  of  the  base  circle  0  P,  and  the 
other  isTTC  +  the  portion  of  the  path  of  contact  beyond  I.     Now 

CTP  =  ri  •  sin  # ;  Pl  =  r, .  cos  ^.  Let  t^  be  the  portion  of  the  path 
of  contact  above  mentioned  (  =  g,  *  sin  ^),  and  d,  the  addendum  of 
the  wheel  1  j  then 

(r,  +  ii,)"=r;  •ain*l  +  (r,  cos  *  +  «,)•; (1.) 

and  for  the  wheel  2  the  sufBxes  1  and  2  are  to  be  interchanged. 

31  1 

The  usual  value  of  sin  ^  is  about  -^^  and  that  of  cos  i  about  -r. 

OS  4 

The  same  foimulie  apply  to  teeth  of  any  figure,  if  #  be  taken  to 

represent  the  extreme  Talne  of  the  angle  C I  P. 

460.  The  flMsUcai  Fimie*  wtiii  ■■▼•late  Teeth  of  a  given  pitch  p, 

has  its  size  fixed  by  the  consideration  that  the  path  of  contact  of 

the  flanks  of  its  teeth,  which  must  not  be  less  than  p-ani,  cannot 
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be  greater  than  tiie  distance  along  the  line  of  action  from  the  pEti& 
point  to  the  base  circle,  LP  =  r  •  cos  f     Hence  the  leaui  raditu  is 

r  =ip tan  i; (1-) 

which,  for  ^  =  75^%  gives  for  the  radius'  r  =  3*867  p,  and  for  the 
circumference  of  the  pitch  circle,  p  x  3*867  x  2  «-  =  24*3  /?;  to 
which  the  next  greater  integer  multiple  of  piB  25  p;  and  Hhereiare 
Iwenly-fioe^  as  formerlj  stat^  in  Article  447,  is  the  least  nninber 
of  irwoLvJt/t  teeth  to  be  employed  in  a  pinion. 

461.  Bpic7ci«idal  TMih. — For  tracing  the  figures  of  teeth,  the 
most  convenient  rolling  curve  is  the  circle.  The  path  of  contact 
which  a  point  in  its  circumference  traces  is  identical  with  the  cirde 
itself;  the  flanks  of  the  teeth  are  internal,  and  their  fiftoea  external 
■epicycloids,  for  wheels;  and  both  flanks  and  faces  are  cycloids  Ibr 
a  rack. 

Wheels  of  the  same  pitch,  with  epicycloidal  teeth  traced  by  the 
same  rolling  circle,  all  work  correctly  with  each  other,  whatsoever 
may  be  the  numbers  of  their  teeth ;  and  they  are  said  to  bdong  to 
iheaaane  aet. 

For  a  pitch  circle  of  twice  the  radius  of  the  rolling  or  deecribU^ 
■circle  (as  it  is  called),  the  internal  epicycloid  is  a  straight  line,  being 
in  £eu^  a  diameter  of  the  pitch  circle ;  so  that  the  flanks  of  the  teeth 
for  such  a  pitch  circle  are  planes  radiating  from  the  axi&  Fur  a 
smaller  pitch  circle,  the  flanks  would  be  convex,  and  incurved  or 
under-ctU,  which  would  be  inconvenient ;  therefore  the  smallest 
wheel  of  a  set  should  have  its  pitch  circle  of  twice  the  radius  of  the 
•describing  circle,  so  that  the  flanks  may  be  either  straight  or  concava 
In  fig.  199,  let  B  be  part  of  the  pitch  circle  of  a  wheel,  C  O  the 

line  of  centres,  I  the  pitch-point, 
B  the  internal,  and  R'  the  equal 
external  describing  circles,  so  placed 
as  to  touch  the  pitch  circle  and  each 
other  at  I;  let  DID'  be  the  path 
of  contact,  consisting  of  the  path  of 
I  approach  D  I,  and  the  path  of  re- 
cess I D'.  In  order  that  there  may 
always  be  at  least  two  pairs  of  teeth 
in  action,  each  of  those  arcs  should 
be  equal  to  the  pitch. 

The  angle  i,  on  passing  the  line  of 
centres,  is  90^;  the  least  value  of  that 
angle  i3#=^C ID  =  ^CriD'. 
It  appears  from  experience  that 

^*  *^^*  *^®  ^®*®*  value  of  i  should  be  about 

^Hr;  therefore  the  arcs  D I  »  ID*  should  eadi  be  one-sixth  of  a  cir^ 
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ctuxiference ;  therefore  the  drcumferenoe  of  the  describing  circle 
should  be  six  times  the  pitch. 

It  follows  that  the  smallest  pinion  of  a  set,  in  which  pinion  the 
flgfcTilrB  are  straight,  should  have  twelve  teeth^  as  has  alroady  been 
stated  in  Article  447. 

462.  The  Addcndaw  for  EpieycloUbii  Tcdh  is  found  from  the 
formula  already  given  in  Article  459,  equation  1,  by  putting  for 

0  the  angle  0  I D,  and  for  ^  the  chord  I  ly  «  2  ro  -  cos  ^,  ro  being 
the  nulius  of  the  rolling  circle.     Hence 

(^  +  ^'  =  •1  8in«#  +  (ri+2ro)»-cos»^ (1.) 

3  1 

For  the  usual  value  of  B,  60°,  sin*  ^  =  7,  and  cos*  ^  =  -7 ;  whence 

4  4 

(r,  +  rf|)»  =  f-  +  r,ro  +  rJ (2.) 

462  A.  The  siMiiig  of  Bpicrcfoidml  Teeth  is  deduced  from  equation 
3  of  Article  455,  by  observing,  that  the  radius  vector  of  the  point 
of  contact  is 

r  =  2ro-Bin^, (1.) 

and  that  the  extreme  values  of  q  are  the  arcs  of  approach  and 

«=?.  =  2r„g-#), (2.) 


whence  we  have 


-C/r)/:-' 


sin  7^  •  d  TT- 


^i     r^  J  0  2  ro        2  To 

=  8  (1  -  sin  ^)  rj  (1  +  1)  ; (3.) 

which,  for  0  =  60°,  has  the  value 

#=l-07rj(i+i^ (3  a.) 

463.  AnpMxiwate  SplcrcleMai  Teeih<( — Mr.  Willis  has  shown 
how  to  approximate  to  the  figure  of  an  epicycloidal  tooth  by  means 
of  two  circular  arcs,  one  concave,  for  the  na;ak,  the  other  convex,  for 
the  face,  and  each  having  for  its  radius,  the  mecm  radius  of  curva- 
ture of  the  epicycloidal  arc  Mr.  Willis's  formulie  are  deduced  in 
his  own  work  from  certain  propositions  respecting  the  transmission 
of  motion  by  linkwork.  In  the  present  treatise  they  will  be 
deduced  from  the  values  already  given  for  the  radii  of  curvature  of 
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epicycloids  in  Article  390,  case  1,  eqiiati<Hi  4 :  Tiz.,  let  r^  be 
ludius  of  the  pitch  cirde,  r«  that  of  the  rolliiig  drde,  e  the  radioa 
of  carvatare  required;  then 


g  =  2ro  cos#^^i^  =  4ro006#/*  — ^*  >..,,.(L) 


2 

the  sign  +  applying  to  an  external  epicydoid^  that  is,  to  the  faa  of 
a  tooth,  and  the  sign  —  to  an  inlemal  epieydoid,  that  is,  to  the 
flank  of  a  tooth. 

To  find  the  distances  of  the  centres  of  curvature  of  the  given 
point  in  an  epicycloid  from  the  point  of  contact  I  of  the  pitch  circle 
and  rolling  circle,  there  is  to  be  subtracted  from  the  radius  <^  eor^ 
vature,  the  instantaneous  radius  vector,  r  =  2  r«  cos  i;  t^t  is  to  say, 

e-r=  2roco8^'^  -*^2r. ^^'^ 


The  value  to  be  assumed  for  #  is  its  mean  value,  that  is,  75^"^;  and 
cos  ^  =  2  nearly  :  Tq  is  nearly  equal  to  the  pitch, /?;  and  if  n  be  the 
number  of  teeth  in  the  wheel, 

6  :  n  :  :  To  :  r> 

Therefore,  for  the  proportions  approved  of  by  Mr.  Willis,  eqoataoD 
2  becomes 

'-••=1  iT^' W 

+  being  used  for  the  fiioe,  and  —  for  the  flank ;  also 

r  =  |  nearly (4.) 

Sence  the  following  con- 
struction. In  fig.  200,  let 
B  C  be  part  of  the  pitdi 
circle,  A  the  point  whore  a 
tooth  is  to  cross  il     Set  off 

«/  AB  =  AO  =  |.  Diawradii 

^        ^^^J'^'T  ofthe  pitch  circle,  DB,EQ 

Draw  FB,  CO,  making  angles  of  75^**  with  those  radii,  in  whidi 
take 

2ii+12'^"-2'  H  -  12 -••(*) 
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44? 


Boaxnd  P,  with  the  radins  F  A,  draw  the  circular  arc  A  H ;  this 
will  be  the  &ce  of  the  tooth.  Hound  G,  with  the  radius  G  A, 
draiv'  Hie  circular  aic  G  K ;  this  will  be  the  flank  of  the  tooth. 

To  fiudlitate  the  application  of  this  rule,  Mr.  Willis  has  published 
tables  of  the  values  of  e  —  r,  and  invented  an  instrument  called  the 
**  odoTUcgrapk.^ 

464.  Teeth  •#  Wheel  «■«  TniBiUe. — A  Wwndle^  as  in  fig.  201, 
baa  cylindrical  pins  called  staves  for  teeth.  The  face  of  the  teeth 
of  a  ^wheel  suitable  for  driving  it,  in  outside  gearing,  are  described 
by  first  tracing  external  epicycloids  by  rolling  the  pitch  circle  B^  of 
tbe  trundle  on  the  pitch  circle  B|  of  the  dnving  wheel,  with  the 


Fig.  201.  Ftg.  902. 

centre  of  a  stave  for  a  tracing-pointy  as  shown  by  the  dotted  lines, 
and  then  drawing  curves  parallel  to  and  within  the  epicycloids,  at 
a  distance  from  them  equal  to  the  radius  of  a  stave.  Trundles 
having  only  six  staves  will  work  with  large  wheels. 

To  drive  a  trundle  in  inside  gearing^  the  outlines  of  the  teeth  of 
the  wheel  should  be  curves  parallel  to  internal  epicycloids.  A 
peculiar  case  of  this  is  represented  in  £^,  202,  where  iiie  radius  of 
the  pitch  circle  of  the  trundle  is  exactly  one-half  of  that  of  the 
pitch  circle  of  the  wheel ;  the  trundle  has  three  equi-distant  staves ; 
and  the  internal  epicycloids  described  by  their  centres  while  the 
pitch  circle  of  the  trundle  is  rolling  within  that  of  the  wheel,  are 
three  straight  lines,  diameters  of  the  wheel,  making  angles  of  60° 
with  each  other.  Hence  the  sur&ces  of  the  teeth  of  the  wheel 
form  three  straight  grooves  intersecting  each  other  at  the  centre, 
each  being  of  a  breadth  equal  to  the  diameter  of  a  stave  of  the 
trundle. 

465.  iMaieMiMM  sT  Teetk« — ^Toothed  wheels  being  in  general 
intended  to  rotate  either  way,  the  backs  of  the  teeth  are  made 
similar  to  the  fronta  The  space  between  two  teeth,  measured  on 
the  pitch  circle,  is  made  about  one-fifth  part  wider  than  the  thick- 
ness of  Uie  tooth  on  the  pitch  circle;  that  is  to  say, 

thickness  of  tooth  =  —  pitch, 


us 
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width  of  space  =  r-^  pitch. 

The  difference  of  —  of  the  pitch  is  called  the  bad^iask. 

The  clearance  allowed  between  the  points  of  teeth  and  the  bottoms 
of  the  spaces  between  the  teeth  of  the  other  wheel,  is  about  one- 
tenth  of  the  pitch. 

The  thickness  of  a  tooth  is  fixed  according  to  the  principles  already 
stated  in  Article  326;  and  the  breadi/i  is  so  adjusted,  that  when 
moltiplied  by  the  pitch,  the  product  shall  contain  one  sqtusn  tafi4 
for  each  160  lbs.  of  force  transmitted  by  the  teeth. 

466.  Mr.  Swis's  Pr«ccM. — ^Mr.  Sang  has  published  an  elaboorste 
work  on  the  teeth  of  wheels,  in  which  a  process  is  followed  diffeni^ 
in  some  respects  from  any  of  those  before  described.  A  form  k 
selected  for  the  path  of  the  point  of  contact  of  the  teeth,  and  from 
that  form  the  figures  of  the  teeth  are  deduced.  For  details^  the 
reader  is  referred  to  Mr.  Sang^s  work. 

467.  Tiie  Teeck  •€  m.  Berei-wiMei  have  acting  soifaoes  of  the 
conical  kind,  generated  by  the  motion  of  a  line  trarersing  the  a;pei 
of  the  conical  pitch  sur&ce,  while  a  point  in  it  is  carried  round  the 
outlines  of  the  cross  section  of  the  teeth  made  by  a  sphere  described 
about  that  apex. 

The  operations  of  describing  the  exact  figures  of  the  teeth  of 
bevel-wheels,  whether  by  involutes  or  by  rolling  curves,  are  in  everf 
respect  analogous  to  those  for  describing  the  figures  of  the  teeth  oi 
spur-wheels,  except  that  in  the  case  of  bevel-wheels^  all  those 
operations  are  to  be  performed  on  the  surface  of  a  sphere  described 
about  the  apex,  instead  of  on  a  plane,  substituting  poje*  for  csntrm, 
and  great  circles  for  straight  lines. 

In  consideration  of  the  pra,ctical  difficulty,  especially  in  the  ease 
of  large  wheels,  of  obtaining  an  accurate  spherical  surface,  and  of 
drawing  upon  it  when  obtained,  the  following  approaaimaU  method, 
proposed  originally  by  Tredgold,  is  generally  used : — ^Let  O,  fig. 

203.  be  the  apex,  and  O  0  the  axis  of  t£e 
pitch  cone  of  a  bevel-wheel;  and  let  the 
largest  pitch  circle  be  that  whose  radius  is 

C  R  Perpendicular  to  O B  drawB  A  cat- 
ting the  axis  produced  in  A^  let  the  oater 
rim  of  the  pattern  and  of  the  wheel  be  made 
a  portion  of  the  surface  of  the  oone  whose 
apex  is  A  and  side  A  B.    The  narrow  mm 

Fi    208  ^^^  ^^^  ^^^  employed  will  approadi 

^'  sufficiently  near  to  a  zone  of  the  sphere 

described  about  O  with  the  radius  O  B,  to  be  used  in  its  stead   0& 
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»  plane  emrfaoe,  with  the  radins  AB,  draw  a  circular  arc  BD;  a 
sector  of  that  circle  will  represent  a  portion  of  the  surface  of  the 
oone  ABC  developed^  or  vprwd  cvi  fla>L  Describe  the  figures  of 
teeth  of  the  required  pitch,  suited  to  the  pitch  circle  B  D,  as  if  it 
Trere  that  of  a  spur-wheel  dT  the  radius  A  B ;  those  figures  will  be 
tihe  required  cross  sections  of  the  teeth  of  the  bevel- wheel,  made  by 
the  conical  zone  whose  apex  is  A 

468.  Teeck  •£  8kew-B«Tei  wiMeis. — ^The  CTOSS  sections  of  the  teeth 
of  a  akew-bevel  wheel  at  a  given  pitch  circle  are  similar  to  those  of 
a  bevel  wheel  whose  pitch  surface  is  a  cone  touching  the  hjperbo- 
loidal  pitch  surface  of  the  skew-bevel  wheel  at  the  given  pitch 
drde;  and  the  surfaces  of  the  teeth  of  the  skew-bevel  wheel 
are  generated  by  a  straight  line  which  moves  round  the  outlines 
of  the  cross  section  and  at  the  same  time  is  kept  always  in  the 
position  of  the  generating  line  of  a  hyperboloidal  surface  similar  to 
the  pitch-surface  (see  Article  444,  pages  430,  431). 

469.  Tke  Teeth  ef  ifeM-ctrc«bup  Wheefa  are  described  by  rolling 
circles  or  other  curves  on  the  pitch  surfaces,  like  the  teeth  of  cir- 
cular wheels;  and  when  they  are  small  compared  with  the  wheels 
to  which  they  belong,  each  tooth  is  nearly  similar  to  the  tooth  of  a 
droular  wheel  having  the  same  radius  of  curvature  with  the  pitch 
surface  of  the  actual  wheel  at  the  point  where  the  tooth  is  situated. 

470.  A  c«m  or  wiper  is  a  single  tooth,  either  rotating  continu- 
ously or  oscillating,  and  driving  a  sliding  or  turning  piece,  either 
constantly  or  at  intervals.  All  the  principles  which  have  been 
stated  in  Article  450,  as  being  applicable  to  sliding  contact,  are 
applicable  to  cams ;  but  in  designing  cams,  it  is  not  usual  to  deter- 
mine or  take  into  consideration  the  form  of  the  ideal  pitch  surface 
which  would  give  the  same  comparative  motion  by  rolling  contact 
that  the  cam  gives  by  sliding  contact 

471.  ScrewB.  PUch. — ^The  figure  of  a  screw  is  that  of  a  convex 
or  concave  cylinder  with  one  or  more  helical  projections  called 
threada  winding  round  it  Convex  and  concave  screws  are  dis- 
tingnished  technically  by  the  re8t)ective  names  of  male  And/emale^ 
or  exUmal  and  itUernal;  a  short  internal  screw  is  called  a  niU;  and 
when  a  §creuf  is  not  otherwise  specified,  external  is  understood. 

The  relation  between  the  cuivanoe  and  the  roiatum^  which  com- 
pose the  motion  of  a  screw  working  in  contact  with  a  fixed  nut  or 
helical  guide,  has  already  been  demonstrated  in  Article  382,  equa- 
tion 1 ;  and  the  same  relation  exists  between  the  rotation  of  a 
screw  ^bout  an  axis  fixed  longitudinally  relatively  to  the  frame- 
work, and  the  advance  of  a  nut  in  which  that  screw  rotates,  the 
nut  being  free  to  shift  longitudinally,  but  not  to  turn.  The  advance 
of  the  nut  in  the  latter  case  is  in  the  direction  opposite  to  that  of 
the  advance  of  the  screw  in  the  former  case. 

2o 
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A  screw  is  called  right-handed  or  Ufi-haofided^  according  as  ite 

advance  in  a  fixed  nut  is  accompaned 
by  right-handed  or  left-handed  rotat»aL 
when  viewed  by  an  observeryiitw^  whona 
the  advance  takes  place.  Fig.  204  re- 
presents a  right-handed  screw,  and  fig. 
205  a  left-handed  screw. 
-*— ^    ^       \^^_  ^-*-      The  pUch  of  a  screw  of  one  thread, 

and  the  toUd  pitch  of  a  screw  of  any 
number  of  threads^  is  the  pitch  of  tite 

Fiir  9(u  w-  OAK  helical  motion  of  that  screw,  as  ex- 
*ig.  204.  Hg.  806.  pj^^^  i^  Article  382,  and  ia  the  dis- 
tance (marked  p  in  figs.  204  and  205)  measured  parallel  to  the  axis 
of  the  screw,  between  the  corresponding  points  in  two  oonseeotive 
turns  of  the  same  thread. 

In  a  screw  of  two  or  more  threads,  the  distance  measured  paraUd 
to  the  axis,  between  the  corresponding  points  in  Ctoo  o^jboenf 
threads,  may  be  called  the  divided  pitch, 

472.  Tfrnnmrni  aad  cit««bup  pitch^ — ^When  the  pitch  of  a  screw  Is 
not  otherwise  specified,  it  is  always  understood  to  be  measured 
parallel  to  the  axi&  But  it  is  sometimes  convenient  for  partioilar 
purposes  to  measure  it  in  other  directions;  and  for  that  purpose  a 
cylindrical  pitdt  surface  is  to  be  conceived  as  described  about  the 
axis  of  the  screw,  intermediate  between  the  crests  of  the  threads 
and  the  bottoms  of  the  grooves  between  them. 

If  a  helix  be  now  described  upon  the  pitch  cylinder,  so  a?  to 
cross  each  turn  of  each  thread  at  right  angles,  the  distance  between 
two  corresponding  points  on  two  successive  turns  of  the  same 
thread,  measured  along  this  normal  hdix,  may  be  called  the  nonyd 
pitch;  and  when  the  screw  has  more  than  one  thread,  the  nonnal 
pitch  from  thread  to  thread  may  be  called  the  normal  dixidedpiidL 

The  distance  from  thread  to  thread  measured  on  a  circle  described 
on  the  pitch  cylinder,  and  called  the  pitch  circle^  may  be  called  tiie 
drcvlar  pitch;  for  a  screw  of  one  tkcead  it  is  one  drcomfereiioe ; 
for  a  screw  of  n  threads 

one  circumference 
n 

The  following  set  of  formulsB  show  the  relations  amongst  the  difier- 
ent  modes  of  measuring  the  pitch  of  a  screw.  The  pUch^  properly 
speaking,  as  originally  defined,  is  distinguished  as  the  cueCal  pUeL 
and  is  the  same  for  all  parts  of  the  same  screw :  the  nonnal  and 
circular  pitch  depend  on  the  radius  of  the  pitch  cylinder. 

Let  r  denote  ^e  radius  of  the  pitch  cylinder ; 

n,  the  number  of  threads ; 
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%,  the  obliqnity  of  the  t>iiy%^g  to  the  pitch  drdes,  and  of 
zfecxnnal  helix  to  the  axis ; 


the  axial  iP^*^^ 

I  divided  pitch ; 


^ = A  [  *^*  °""^  {  SSid  pitch; 

p„  the  circular  [>itch ; 

Then 

p^^p^'  ootan  i  =  ji?,  •  coeeo  t  a  —3—  j 


;>.  =;?.-8ect=/?,taiif 


n 
2vr 'tani 


n 

.    .                        2*r'Bm* 
;>,  «/?.-Bmf  =jp.-C08t  = . 

473.  Scraw  Oc«riiic« — A  pair  of  convex  screws,  each  rotating 
about  its  axis,  are  used  as  an  elementaiy  combination,  to  transmit 
motion  by  the  sliding  contact  of  their  threads.  Such  screws  are 
conunonlj  called  endless  screws.  At  the  point  of  contact  of  the 
screws,  their  threads  must  be  parallel ;  and  their  line  of  connection 
is  the  common  perpendicular  to  the  acting  surfaces  of  the  threads 
at  their  point  of  contact.     Hence  the  following  principles : — 

X.  If  the  screws  are  both  right-handed  or  both  left-handed,  the 
angle  between  the  directions  of  their  axes  is  the  sum  of  their  obli- 
quities : — ^if  one  is  right-handed  and  the  other  left-handed^  that 
angle  is  the  difference  of  their  obliquitiea 

IX  The  normal  pitch,  for  a  screw  of  one  thread,  and  the  normal 
divided  pitch,  for  a  screw  of  more  than  one  thread,  must  be  the 
same  in  each  screw. 

III.  The  angular  velocities  of  the  screws  are  inversely  as  their 
ntimber  of  threads. 

474.  0o*ke*»  o«avtii«  is  a  case  of  screw  gearing,  in  which  the 
axes  of  the  screws  are  parallel,  one  screw  being  right-handed  and 
the  other  left-handed,  and  in  which,  from  the  shortness  and  great 
diameter  of  the  screws,  and  their  large  num- 
ber of  threads^  they  are  in  fact  wheds,  with 
teeth  whose  crests,  instead  of  being  paralld 
to  the  line  of  contact  of  the  pitch  cylinders, 
cross  it  obliquely,  so  as  to  be  of  a  screw-like  "  p.  ^^^ ' 
or  helical  form.  In  wheelwork  of  this  kind, 
the  contact  of  each  pair  of  teeth  commences  at  the  foremost  end  of 
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the  helical  front  and  terminates  at  the  aftermoflt  end ;  and  litt 
helix  is  of  such  a  pitch  that  the  contact  of  one  pair  of  teeUi  doo 
not  terminate  until  that  x>f  the  next  pair  has  commenoed.  Tkt 
object  of  this  is  to  increase  the  smoothness  of  motion. 

With  the  same  object^  Dr.  Hooke  invented  the  making  of  i^ 

fronts  of  teeth  in  a  series  of  steps.  A 
wheel  thus  formed  resembles  in  shape  a 
series  of  equal  and  similar  toothed  diaa 
placed  side  by  side,  with  the  teeth  <€ 
each  a  little  behind  those  of  the  preced- 
ing disc.  In  such  a  wheel,  let  p  be  the 
Fig.  207.  circular  pitch,  and  n  the  number  of  steps. 

Then  the  arc  of  contact,  the  addendum,  and  the  extent  of  slidmg, 

are  those  due  to  the  smaller  pitch  ~,  while  the  strength  of  the  ieeA 

is  that  due  to  the  thickness  corresponding  to  the  entire  pitch  p ; » 
that  the  smooth  action  of  small  teeth  and  the  strength  of  hag6 
teeth  are  combined.  Stepped  teeth  being  more  expensive  and 
difficult  to  execute  than  common  teeth,  are  used  for  special  p«n^ 
poses  only. 

475.  Tiie  Wheel  «■«  Screw  is  an  elementary  combination  of  two 
screws,  whose  axes  are  at  right  angles  to  each  other,  both  being 
right-handed  or  both  left-handed.  As  the  usual  object  of  this  com- 
bination is  to  produce  a  change  of  angular  velocity  in  a  ratb 
greater  than  can  be  obtained  by  any  single  pair  of  ordinary  wheels, 
one  of  the  screws  is  commonly  wheel-like,  being  of  large  diameter 
and  many-threaded,  while  the  other  is  short  and  of  few  threads; 
and  the  angular  velocities  are  inversely  as  the  number  of  threada 


Fig.  208.  Fig.  209. 

Fig.  208  represents  a  side  view  of  this  combination,  and  £g.  M 
a  cross  section  at  right  angles  to  the  axis  of  the  smaller  screw.  It 
has  been  shown  by  Mr.  Willis,  that  if  each  section  of  both  screvi 
be  made  by  a  plane  perpendicular  to  the  axis  of  the  large  screw  or 
wheel,  the  outlines  of  iiie  threads  of  the  larger  and  smaller  screw 
should  be  those  of  the  teeth  of  a  wheel  and  rack  respectively :  B|B|, 


SLUtma  OP  acREWB — oldhau's  coupling  4d3 

n    fig.  208,  for  example,  being  the  pitch  circle  of  the  wheel,  ancl 
$9  B,  the  pitch  line  of  the  rack. 

The  periphery  and  teeth  of  the  wheel  are  luu&lly  hoUowed  to 
kt  tie  ecrew,  aa  ahown  at  T,  fig.  209. 

To  make  the  teeth  or  threads  of  a  pair  of  screws  fit  correctly  and 
vork  smoothly,  a  hardened  steel  screw  is  made  of  the  figure  of  the 
cinfLUer  screw,  with  its  thread  or  threads  notched  so  as  to  form  a 
mtTtug  tool ;  tie  larger  screw,  or  wheel,  is  cast  approxiinately  of 
Jie  required  figure  ;  the  larger  screw  and  tlie  steel  screw  are  fitted 
up  in  their  proper  relative  poaition,  and  made  to  rotat«  in  contact 
■ri^h  eacL  other  by  turning  the  steel  ecrew,  which  cuts  the  threads 
of  'the  larger  screw  to  their  true  figura 

476.  The  B«lBtm  •UdlBs  •Tb  Pair  af  scnm  at  their  point  of 
contact  is  found  thns : — Let  rj,  r^  be  the  radii  of  their  pitdi  cylin- 
ders, and  t,,  if,  the  obliquities  of  their  threads  to  tlieir  pitch  circles, 
one  of  which  is  to  be  considered  as  n^;ative  if  the  screws  are  con- 
tar&ry-handed.  Let  u  be  the  common  component  of  the  velocities 
of  a  pair  of  points  of  contact  along  a  line  touching  the  pitch  stu> 
&cea  and  perpendicular  to  the  threads,  at  the  'pitch  point,  and  t> 
the  velodlj  of  sliding  of  the  threads  over  each  other.     Then 


no  that 


::i- 


..(1.) 


«  =  a,r,'  COS  t,  +  <v",  •  cos  *j  =  tt  (cotan  ^  +  ocrtan  t^ (3.) 

When  t}ie  screws  are  contrary-handed,  the  difference  instead  of  the 
anm  of  the  terms  in  equation  3  is  to  be  taken. 

477.  OMhBHi  t)mmwUm^ — A  eovpiing  ia  a  mode  of  connecting  a 
pair  of  shafts  so  that  they  shall  rotate  in     „.     „, 
the  same  direction,  with  the  same  mean 
angular  velocity.    If  tJie  axes  of  the  shafts 
are  in  the  same  straight  line,  the  coupling 
consists  in  so  connecting  their  contiguous 
ends  that  tbey  shall  rotate  as  one  piece; 
bat  if  the  axes  are  not  in  the  same  straight 
line,  combinations  of  mechanism  are  re-  j 
qnired.     A  coupling  for  parallel  shafts   ;_ 
which  acts  by  tltding  amtaet  was  invented  j.    jjp 

by  Oldham,  and  is  represented  in  fig.  210.  ^ 

C„  C„  are  the  axes  of  the  two  parallel  shafta ;  Dy  D^  two  crow- 
beads,  &cin'g  each  other,  fixed  on  the  ends  of  the  two  shafta  re- 
roectively;  £y  Ej,  a  bar,  sliding  in  a  diametral  groove  in  tlie  fitce  (rf 
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D^;  £2,  Eg,  a  bar,  sliding  in  a  diametral  groove  in  the  face  of  D,. 
those  bars  are  fixed  together  at  A,  so  as  to  form  a  rigid  cross.  TV. 
angular  velocities  of  the  two  shafts  and  of  the  cross  are  all  equal  &i 
every  instant  The  middle  point  of  the  cross,  at  A,  revolves  is 
the  dotted  circle  described  upon  the  line  of  centres  C.  C^  as  s 
diameter,  twice  for  each  turn  of  the  shafts  and  cross;  tae  iiislia- 
taneous  axis  of  rotation  of  the  cross,  at  any  instant^  is  at  I,  the 
point  in  the  circle  C^  Cj,  diametrically  opposite  to  A. 

Oldham's  coupling  may  be  used  with  advantage  where  t^e  axa 
of  the  shafts  are  intended  to  be  as  nearly  in  the  same  straight  has 
as  is  possible,  but  where  there  is  some  doubt  as  to  the  pracdea- 
bUity  or  permanency  of  their  exact  continuity. 

Sbction  3. — CofmecHon  by  Bancls, 

478.  Bmada  ciasMdk — ^Bands,  or  wrapping  connectors,  for  oon- 
municating  motion  between  pulleys  or  drums  rotating  about  fixed 
axes,  or  between  rotating  pulleys  and  drums  and  abiflnng  pieoeB, 
may  be  thus  classed  : — 

I.  BeltSf  which  are  made  of  leather  or  of  gutta  percha,  tae  flat 
and  thin,  and  require  nearly  cylindrical  pulleya  A  belt  tends  t/^ 
move  towards  that  part  of  a  piiJley  whose  radius  is  greatest ;  pullejs 
for  belts,  therefore,  are  slightly  swelled  in  the  middle,  in  order 
that  the  belt  may  remain  on  the  pulley  unless  forcibly  shifted.  A 
belt  when  in  motion  is  shifts  off  a  pulley,  or  from  one  pulley  on 
to  another  of  equal  size  alongside  of  it,  by  pressing  against  that 
part  of  the  belt  which  is  moving  tauxxrda  the  pulley. 

II.  Cords,  made  of  catgut,  hempen  or  other  fibres,  or  wire,  axe 
nearly  cylindrical  in  section,  and  require  either  drums  with  ledgea, 
or  grooved  pulleys. 

III.  Chains,  which  are  composed  of  links  or  bars  jointed  together, 
require  pulleys  or  drums,  grooved,  notched,  and  toothed,  so  as  ta 
fit  the  links  of  the  chains. 

Bands  for  communicating  continuous  motion  are  endUsa, 
Bands  for  communicating  reciprocating  motion  have  usually  their 

ends  made  fast  to  the  pulleys  or  drums  which  they  connect,  aatl 

which  in  thisi  case  may  be  sectors. 

479.  PriBcipie  •r  c«BB«cU«B  by  Bmadbi^ — ^The  line  of  canneeium 
of  a  pair  of  pulleys  or  drums  connected  by  means  of  a  band,  is  the 
central  line  or  axis  of  that  part  of  the  band  whose  tension  transmits 
the  motion.  .  The  principle  of  Article  433  being  applied  to  thi^ 
case,  leads  to  the  following  consequences : — 

L  For  a  pair  of  rotating  pieces,  let  r^  r^  be  the  perpendiculars 
let  fall  from  their  axes  on  ^e  centre  line  of  the  band,  Ot,  a^,  their 
angular  velocities,  and  i|,  i^  the  angles  which  the  centre  line  of  the 
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baoid  makes  with  the  two  axes  respectively.     Then  the  longitudi 
nal  velocity  of  the  band,  that  is,  its  component  velocity  in  the 
direction  of  its  own  centre  line,  is 

tfariOi  8ini|  =  *i^  suih; 0-) 

vrhence  the  angnlar  velocity-ratio  is 

*!!=145^ (2.) 

Oi      r.  Bin  fs  ' 

When  the  aaou  are  parallel  (which  is  almost  always  the  case),  ii  =  i^ 
and 

2=?- (»•> 

The  flame  equation  holds  when  both  axes,  whether  parallel  or  not, 
axe  perpendicular  in  direction  to  that  part  of  the  band  which  trans- 
mits the  motion ;  for  then  sin  i|  =  sin  i^  =  1. 

II.  For  a  rotating  piece  and  a  diding  piece,  let  r  be  the  perpendi- 
cular from  the  axis  of  the  rotating  piece  on  the  centre  line  of  the 
band,  a  the  angular  velocity,  i  the  angle  between  the  directions  of 
the  band  and  axis,  u  the  longitudinal  velocity  of  the  band,  j  the 
angle  between  the  direction  of  the  centre  line  of  the  band  and  that 
of  the  motion  of  the  sliding  piece,  and  v  the  velocity  of  the  sliding 
piece;  then 

«=ra  sin  t  =  v  cosj;  and (4.) 

rasint  ,-.v 

«= r- (5.) 

cos^ 

When  the  centre  line  of  the  band  is  parallel  to  the  direction  of 
motion  of  the  sliding  piece,  and  perpendicular  to  the  direction  of 
the  axis  of  the  rotating  piece,  sin  t  =  cos  j  =  1,  and 

t>  =  u  =  ra (6.) 

480.  The  Pitch  fl«rihce  •f  m  PhI1«t  •'  Drani  is  a  surface  to 
which  the  line  of  connection  is  always  a  tangent ;  that  is  to  say, 
it  is  a  surface  parallel  to  the  acting  surface  of  the  pulley  or  drum, 
and  distant  from  it  by  half  the  thickness  of  the  band. 

481.  circHiwr  pbUcts  Mki  Mhemmm  are  used  to  communicate  a 


^ 


^f  


Fig.  Sll.  Fig.  212. 

eoDstant  velooily-ratia     In  each  of  them,  the  length  denoted  by  r 
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in  the  equations  of  Article  479  is  constant,  and  is  called  the  ^tc- 
tive  radivsj  being  equal  to  the  real  radius  of  the  pulley  or  dram 
added  to  half  the  thickness  of  the  band. 

A  crossed  belt  connecting  a  pair  of  circular  pulleys,  as  in  fig.  211, 
reverses  the  direction  of  rotation ;  an  open  belt,  as  in  fig.  212,  pre- 
serves that  direction. 

482.  The  lieagtii  •faa  BadileM  Belt,  connecting  a  pair  of  pollejB 


whose  effective  radii  are  C|  Tj  =  rt,  C,  T,  ^  r,,  with  parallel  axes 

whose  distance  apart  is  Ci  Cj  ^  c,  is  given  by  formuls  founded  on 
equation  1  of  Article  402,  viz., — L  =  s  • «  +  2  •  r  i.  Each  of  the  two 
equal  straight  parts  of  the  belt  is  evidently  of  the  length 


s  =  J(f  -  (r,  +  r^Y  for  a  crossed  belt 


:l 


*sin  ■ '       *  I  : 
c     /' 


arc    sin 


(1.) 

8  =  ^c*  -  {ti  -  r,)'  for  an  open  belt 

7 1  being  the  greater  radius,  and  r,  the  less.  Let  f|  be  tlie  are  to 
radius  unity  of  the  greater  pulley,  and  t,  that  of  the  less  puUej, 
with  which  the  belt  is  in  contact ;  then  for  a  crossed  belt 

tj:=t,=  f  x  +  2  arc 

and  for  an  open  belt,  .  (2.) 

H=(x  +  2arc.sin!!Li:r«);  t,=  (»-2 

and  the  introduction  of  those  values  into  equation  1  of  Article  403 
gives  the  following  results  : — 
For  a  crossed  belt, 

L  =  2  7c^-(ri  +  rgy  +  (r|  +  r,)-  (x  +  2arc    sin  ^^— ^^  i 

and  for  an  open  belt,  >  (3.) 

L=2Vc'-(ri-r,)«  +  x(rx  +  r,)  +  2(r,-.rg) -arc-sin    ^i^Il!>. 

c 

As  the  last  of  these  equations  would  be  troublesome  to  employ  in 
a  practical  application  to  be  mentioned  in  the  next  Ajiide,  an 
approximation  to  it,  sufficiently  dose  for  practical  purpoaes,  is 
obtained  by  considering,  that  if  r  —  r«  is  small  compared  with  c^ 

n/c" - {ri-raY  =  0-^-^5 — ^  nearly,  and  arc  •  sin 

nearly ;  whence,  for  an  open  belt, 

L  nearly  =  2  c  +  »(ri  +  r,)  +  ^^^i^^. (3  jl) 
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(fig&  213,  214,  215,  216)  are  a  oontrivance  for 


Fig.  218. 


Fig.  214. 


Fig.  215.  Fig.  21«. 


▼arying  and  adjtutmg  the  velocity-ratio  oommunicated  between  a 
pair  of  parallel  shafts  by  means  of  a  belt,  and  may  be  either  oonti- 
ntious  oones  or  conoids,  as  in  figs.  213,  214,  whose  Telocity-ratio 
can  be  Taried  gradually  while  they  are  in  motion  by  shifting  the 
belt ;  or  sets  of  pulleys  whose  radii  vaiy  by  steps,  as  in  figs.  215, 
216,  in  which  case  the  Telocity-ratio  can  be  changed  by  shifting 
the  belt  fipom  one  pair  of  pulleys  to  another. 

In  order  that  the  belt  may  be  equally  tight  in  eveiy  possible 
position  on  a  pair  of  speed-cones,  the  quantity  L  in  the  equations 
of  Article  482  must  be  constant 

For  a  cro99ed  belt,  as  in  figs.  213  and  215,  L  depends  solely  on 
e  and  on  r,  +  r.  Now  c  is  constant,  because  the  axes  are  parallel, 
therefore  tiie  mum  of  the  radii  of  the  pitch  circles  connected  in  every 
position  of  the  belt  is  to  be  constant  That  condition  is  fulfilled 
by  a  pair  of  continuous  cones  generated  by  the  revolution  of  two 
straight  lines  inclined  opposite  ways  to  their  respective  axes  at 
equal  angles,  and  by  a  set  of  pairs  of  pulleys  in  which  the  sum  of 
the  radii  is  the  same  for  each  pair. 

For  an  open  belt,  the  following  practical  rule  is  deduced  from  the 
approximate  equation  3  A  of  Article  482  : — 

L<et  the  speed-cones  be  equal  and  similar  conoids,  as  in  fig.  214, 
bat  with  their  large  and  small  ends  turned  opposite  ways.  Let  Ti 
be  the  radius  of  the  large  end  of  each,  r^  that  of  the  small  end,  r« 
that  of  the  middle ;  and  let  y  be  the  etigiUa,  measured  perpendi- 
cular to  the  axis,  of  the  arc  by  whose  revolution  each  of  the  conoids 
is  generated,  or,  in  other  words,  the  bulging  of  the  conoids  in  the 
middle  of  their  length ;  then 


r.  + 


y  =  n — 2—  = 


••«_(n -*•.)• 


(1.) 


2  -r  =  6-2832 ;  but  6  may  be  used  in  most  practical  cases  without 
sensible  error. 
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The  radii  at  the  middle  and  ends  being  thus  determined,  mab 
the  generating  curve  an  arc  either  of  a  circle  or  of  a  paxabola^ 

For  a  pair  of  stepped  cones,  as  in  £lg.  216,  let  a  series  of  d^^- 
ences  of  l^e  radii,  or  values  of  r^  —r^  be  assumed ;  then  for  eadi 
pair  of  pulleys,  the  sum  of  the  radii  is  to  be  computed  from  the 
difference  hj  the  formula 

r.  +  r,  =  2r,-^?if^'j (1) 

2  re  being  that  sum  when  the  radii  are  equal 

SEcnoN  4. — Linkwork, 

484.  i»eflBiti«as. — ^The  pieces  which  are  connected  by  linkworl^ 
if  they  rotate  or  oscillate,  are  usually  called  crcmks,  beams,  and 
levers.  The  Hnk  by  which  they  are  connected  is  a  rigid  bar,  which 
may  be  straight  or  of  any  other  figure ;  the  straight  figure  being 
the  most  favourable  to  strength,  is  used  when  there  is  no  spetasl 
reason  to  the  contrary.  The  link  is  known  by  various  names  under 
various  circumstances,  such  as  coupling  rod,  connecting  rod,  araii 
rod,  eccentric  rod,  &c.  It  is  attached  to  the  pieces  which  it  connects 
by  two  pins,  about  which  it  is  free  to  turn.  The  effect  of  the  link 
is  to  maintain  the  distance  between  the  centres  of  those  pins  in- 
variable ;  hence  the  line  joining  the  centres  of  the  pins  is  the  Hue 
of  connection;  and  those  centres  may  be  called  the  connected  pouUs. 
In  a  turning  piece,  the  perpendicular  let  fall  from  its  connected 
point  upon  its  axis  of  rotation  is  the  arm  or  crcmk  <srm, 

485.  Principles  of  connectioB. — The  whole  of  the  equations 
already  given  in  Article  479  for  bands,  are  applicable  to  linkwork 
The  axes  of  rotation  of  a  pair  of  turning  pieces  connected  by  a  link 
are  almost  always  parallel,  and  perpendicular  to  the  line  of  conneo- 
tion ;  in  which  case  the  angular  velocity-ratio  at  any  instant  is  the 
reciprocal  of  the  ratio  of  the  common  perpendiculars  let  fall  firom 
the  line  of  connection  upon  the  respective  axes  of  rotation  (Article 
479,  equation  3). 

486.  i^ead  Poiats. — If  at  any  instant  the  direction  of  one  of  the 
crank  arms  coincides  with  the  line  of  connection,  the  commoD 
perpendicular  of  the  line  of  connection  and  the  axis  of  that  crank 
arm  vanishes,  and  the  directional  relation  of  the  motions  becomes 
indeterminate.  The  position  of  the  connected  point  of  the  ciank 
arm  in  question  at  such  an  instant  is  called  a  dead  poinL  The 
velocity  of  the  other  connected  point  at  such  an  instant  is  null, 
unless  it  also  reaches  a  dead  point  at  the  same  instant^  so  that  the 
line  of  connection  is  in  the  plane  of  the  two  axes  of  rotation,  in 
'*"**ich  case  the  velocity-ratio  is  indeterminate. 
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487.  c«BFitaK  •#  PaniiM  Axm. — The  only  caae  in  wbioh  an  nni- 
form  angular  velocity-ratio  (being  that  of  equality)  is  communicated 
by  linkworky  is  that  in  which  two  or  more  parallel  shafts  (such  as 
tbofle  of  the  driving  wheels  of  a  locomotive  engine)  are  made  to 
rotate  with  constantly  equal  angular  velocities,  by  having  equal 
cranks,  which  are  maintained  parallel  by  a  coupling  rod  of  such  a 
length  that  the  line  of  connection  is  equal  to  the  distance  between 
the  aze&  The  cranks  pass  their  dead  points  simultaneously.  To 
obviate  the  unsteadiness  of  motion  which  this  tends  to  cause,  the 
shafts  are  provided  with  a  second  set  of  cranks  at  right  angles  to 
the  first,  connected  by  means  of  a  similar  coupling  rod,  so  that  one 
set  of  cranks  pass  their  dead  points  at  the  instant  when  the  other 
set  are  farthest  from  theirs. 

488.  Th«  C«BipanUlTe  jnmUmm  mf  tk«  Cmmmectied.  P«taits  in  a  piece 

of  linkwork  at  a  given  instant  is  capable  of  determination  by  the 
method  explained  in  Article  384 ;  that  ib,  by  finding  the  instanta- 
neous axis  of  the  link ;  for  the  two  connected  points  move  in  the 
same  manner  with  two  points  in  the  link,  considered  as  a  rigid  body. 
If  a  connected  point  belongs  to  a  turning  piece,  the  direction  of 
its  motion  at  a  given  instant  is  perpendicular  to  the  plane  contain- 
ing the  axis  and  crank  arm  of  the  piece.  If  a  connected  point 
belongs  to  a  shifting  piece,  the  direction  of  its  motion  at  any 
instant  is  given,  and  a  plane  can  be  drawn  perpendicular  to  that 
direction* 

The  line  of  intersection  of  the  planes  perpendicular  to  the  paths 
of  the  two  connected  points  at  a  given  instant,  is  the  insta/nianeous 
axis  of  the  link  at  that  instant;  and  the  velocities  of  ike  connected 
points  are  directly  as  their  distances /rom  that  axis. 

In  drawing  on  a  plane  sur&ce,  ike  two  planes  perpendicular  to 
the  paths  of  the  connected  points  are  represented  by  two  lines 
(being  their  sections  by  a  plane  normal  to  tiiem),  and  Uie  instanta- 
neous axis  by  a  point;  and  should  the  length  of  the  two  lines 
render  it  impracticable  to  produce  them  untU  they  actually  inter- 
sect, the  velocity-ratio  of  tie  connected  points  may  be  found  by 
the  pi-inciple,  that  it  is  equal  to  the  ratio  of  the  segments  which  a 
line  parallel  to  the  line  of  connection  cuts  off  from  any  two  lines 
drawn  from  a  given  point,  perpendicular  respectively  to  the  paths 
of  the  connected  points. 

Example  L  Ttoo  Rotating  Pieces  with  Pa/raUd  Axes  (fig.  217). — 
Let  Cj,  C^  be  the  parallel  axes  of  the  pieces ;  T„  T„  their  con- 
nected points;  CTf,,  Q/5^  their  crank  arms;  T,  T„  the  link.  At 
a  given  instant,  let  r,  be  the  velocity  of  T, ;  v,  that  of  T,. 

To  find  the  ratio  of  those  velocities,  produce  C|  Ti,  C.  Ta,  till 
they  intersect  in  K ;  K  is  the  instantaneous  axis  of  the  link  or 
coDnecting  rod,  and  the  velocity-ratio  is 
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ri  :  v,  : :  K  T,  :  K  T- 


(1.) 


Should  K  be  inconveniently  fax  off,  draw  any  triangle  with  its 
sides  respectively  parallel  to  C^  T„  C,  T„  and  T^  T, ;  the  ratio  of 
the  two  sides  first  mentioned  will  be  the  velocity-ratio  reqniretl 
For  example,  draw  C, A  parallel  to  Cj  Tj,  cutting  Tj T,  in  A;  then 


«i  :  t^  ::  CsA  :  CsTj.. 


,{±) 


Fig.  217. 


y^ 


■S3 


FSg.  218 


JSxample  II.  RotcUmg  Piece  and  Sliding  Piece  {^g,  218). — ^Let 
C«  be  the  axis  of  a  rotating  piece,  and  T|  R  the  straight  line  along 
which  a  sliding  piece  moves.     Let  Ti,  Ts,  be  the  connected  points, 

Cg  T,  the  crank  arm  of  the  rotating  piece,  and  T|  T.  the  link  or 
connecting  rod.  The  points  T^,  T„  and  the  line  T|  R,  are  supposed 
to  be  in  one  plane,  perpendicular  to  the  axis  C.  Draw  Tj  K  per- 
pendicular to  Ti  B,  intersecting  C,  Tg  in  K ;  K  is  the  instantaneous 
axis  of  the  link ;  and  the  rest  of  tiie  solution  is  the  same  as  id 
Example  L 

489.  An  Eccentric  ^.  219)  being  a  circular  disc  keyed  on  a 

shaft,  with  whose  axis  its  centre  does  not  co- 
incide, and  used  to  give  a  reciprocating  motioo 
to  a  rod,  is  eqidvalent  to  a  crank  whose  con- 
nected point  is  T,  the  centre  of  the  eccentric 

disc,  and  whose  crank  arm  is  C  T,  the  distance 
of  tiiat  point  from  the  axis  of  the  shaft,  called 
the  eccentricity. 

An  eccentric  may  be  made  capable  of  having  its  eccentricity 
altered  by  means  of  an  adjusting  screw,  so  as  to  vary  the  extent 
of  the  reciprocating  motion  which  it  communicates,  and  which  is 
called  the  ^row,  or  tra/vd,  or  length  of  stroke. 

490.  The  i«eHgtii  ef  Stroke  of  a  point  in  a  reciprocating  piece  is 
the  distance  between  the  two  ends  of  the  path  in  which  that  point 

wes.     When  it  is  connected  by  a  link  with  a  point  in  a  con- 


Fig.  219. 


IXSOTH  or  BTBOKZ — HOOE^B  JOniT. 
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111111011817  rotating  piece,  the  ends  of  the  stroke  of  the  i«ciprocatuig 
point  correspond  with  the  dead  poirdt  of  the  conUnaously  revolving 
piece  (Article  486). 

Let  8  be  the  length  of  stroke  of  the  reciprocating  piece,  L  the 
length  of  the  line  of  connection,  and  R  the  crank  arm  of  the  con- 
tdnuonal;  turaisg  piece.  Then  if  the  two  ends  of  the  stroke  be  in 
one  straight  line  with  the  axis  of  the  crank, 

S  =  2R; (1.) 

snd  if  their  ends  be  not  in  one  strught  line  with  that  axis,  then 
8,  L  —  B,  and  L  +  B,  are  the  three  ddee  of  a  triangle,  having  the 
ftngle  opposite  S  at  that  axis ;  so  that  if  '  be  the  supplement  «f  the 
arc  between  the  dead  pointe. 


S'=2(L'  +  R»)-2(L*-R')a 


'•■■\. 
) 


■  w 


2(L"-E') 

491.  H*As*B  DMtTSHi  Jaint  (fig.  230)  is  a  contrivanoe  for  coup- 
ling shafts  whoee  axes  intersect  each  other  in  a  point. 

Let  O  be  the  point  of  intersection 
of  the  axes  O  C„  0  C.,  and  i  their 
angle  of  inclination  to  each  other,  q 
The  pair  of  shafts  G,,  C«  terminate 
in  a  pair  of  forks  F„  F„  in  bearings 
at  the  extremities  of  which  tank  the 
gudgeons  at  the  ends  of  the  arms  of 
a  rectangular  cross  having  its  centre 
at  O.  This  cross  is  the  link;  the 
connected  pointe  are  the  centres  of 
tiie  bearings  F,,  F»  At  each  instant 
each  of  those  points  moves  at  right  angles  to  the  central  plane  of 
its  abaft  and  fork,  therefore  the  line  of  intersection  of  the  centra) 
planes  of  the  two  forks,  at  anj  instant,  is  the  instantaneous  axis  of 
the  cross,  and  the  vdoeUyra^  of  the  points  F„  F.  (which,  as  the 
forks  are  equal,  is  also  the  anguitxr  vetoeUy-ratio  of  the  shafts),  ia 
equal  to  the  ratio  of  the  distances  of  those  points  from  that  instan- 
taneous axis.  The  mean  value  of  that  velodty-ratao  is  that  of 
equality ;  for  each  successive  quartor  lum  is  made  by  both  shafts  in 
the  same  time ;  but  its  actual  value  fluctuates  between  the  limits, 

—  = ,  when  Fi  is  in  the  plane  of  the  axes ;  i 

•>      <»"•  I  ...(1.) 

-  =  cos  i  when  Fi  is  in  that  piano.  ' 


fig.  MO. 
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Its  value  at  intermediate  instants,  as  well  as  the  relation  betwrca 
the  positions  of  the  shafts,  are  given  hj  the  following  equations : — 
Let  01,  0^  be  the  angles  respectivelj  made  bj  the  centnd  planes  cf 
the  forks  and  shafts  with  the  plane  of  the  two  axes  at  a  givea 
instant;  then 

tan  01  *  tan  0,  =  oos  t ;  \ 

Oft  d0i      tan  ^1 4~  ootan  9,  V (2L) 

ai  d  01      tan  0,  +  ootan  0^  ) 

492.  The  D*«kie  H««ke'«  jr*iBt  (fig.  221)  is  used  to  obviate  the 
vibratoiy  and  unsteady  motion  caused  by  the  fluctuation  of  tJie 

,„  velocity-ratio  indicated  in  the  equa- 
/  tions  of  Article  491.  Between  the 
two  shafts  to  be  connected,  C^,  Ct, 
there  is  introduced  a  short  intenne- 
diate  shaft  C^,  making  equal  angles 
with  Ci  and  Cg,  connected  with  each 
^-  **1-  of  them  by  a  Hookers  joint,  and 

having  both  its  own  forks  in  the  same  plane. 

Let  t  be  the  angle  of  inclination  of  0^  and  Cg,  and  also  that  of 
Oa  and  Cf,  Let  ^i,  09,  9,,  be  the  angles  made  at  a  given  instant  bj 
the  planes  of  the  forks  of  the  three  shafts  with  the  plane  of  theii 
axes,  and  let  Oi,  o^,  o^,  be  their  angular  velocities.     Then 

tan  0i  *  tan  0^  =r  cos  %  ^  tan  ^t  *  ^^<^  0ii 

whence  tan  ^  =  tan  ^i ;  and  Os  =  Oi; 

BO  that  the  angular  velocities  of  the  first  and  third  shafts  are  equal 
to  each  other  at  eveiy  instant. 

493.  A  Click*  being  a  reciprocating  bar,  acting  upon  a  ratchet 
wheel  or  rack,  which  it  pushes  or  pulls  through  a  certain  arc  at 
each  forward  stroke,  and  leaves  at  rest  at  each  backward  stroke,  is 
an  example  of  intermittent  linkwork.  During  the  forward  stroke^ 
the  action  of  the  click  is  governed  by  the  principles  of  linkwork; 
during  the  backward  stroke,  that  action  ceases.  A  catch  or  paU, 
turning  on  a  fixed  axis,  prevents  the  ratchet  wheel  or  rack  t^m 
reversing  its  motion. 

Section  5. — BeduplicaUon  o/Oords» 

494.  i>eiiBiti«nM. — The  combination  of  pieces  oonnected  by  the 
several  plies  of  a  cord  or  rope  consists  of  a  pair  of  cases  or  fnuuei 
^lled  blocka,  each  containing  one  or  more  pulleys  called  sficaret. 

of  the  blocks  called  the  /ail-block,  B,,  is  fixed;  the  other,  or 
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runninjf-iloei,  B„  is  moveable  to  or  feim  the  feU-block,  with  which 

it  is  connected  by  meaoB  of  it  rope  of  which  one  end  is  Mtached 

either  to  the  ftdl-block  or  to 

the  numing-block,  while  the 

other  end,  T„  called  the  fait, 

or  latJcUJall,  ia  &ee;  while    < 

the   intermediate  portion  of 

the   rope    pamea    altern&tely 

roand  the  pulleyB  in  the  fall- 

Uock  and  ninning-block.  The 

irhole  combinatioD  is  called  a 

tadda  or  fmnhate. 

495.  TheTctoaiiTHbMtochief- 
IjconsideTed  in  a  tackle  is  that 
between  the  velocities  of  the 
numing-block,  w,  and  of  the 
tKckle-fall,  V.  That  imtio  is 
given  by  eqnaticm  6  of  Article 
402  (which  see),  viz.  :— 


where  n  ifl  the  mmOter  of  jUia  of  rope  ly  which  the  running-block 
is  connected  with  the  &ll-block.  Thus,  in  fis.  222,  n  =  7  :  and  in 
fig.  223,  n  =  6.  — >       -s-        . 

496.  The  TdKUr  •#  abt  rvt  of  the  rope  is  fonnd  in  the  follow- 
ing manner  :— 

L  For  a  ply  on  the  side  of  the  &ll-block  next  the  tackle-fell, 
such  as  2,  4,  6,  fig.  222,  and  3,  5,  fig.  223,  it  is  to  be  considewd 
what  would  be  the  velocity  of  that  ply  if  it  were  itself  the  tockle- 
&1I  Let  that  velocity  be  denoted  by  xi,  and  let  n'  be  the  number 
of  plies  6eCu7Mn  the  ply  in  question  and  the  point  of  attachment  by 
which  the  first  ply  (marked  I  in  the  fiimne)  is  fixed  to  one  or  other 
Wock.    Then 

«'  =  «'« 0) 

n.  For  a  ply  on  the  side  of  the  fall-block  forthest  from  the 

tackle-fall,  the  velocity  is  equal  and  contrary  to  that  of  the  next 

sacceeding  ply,  with  which  it  b  directly  connected  over  one  of  the 

sheaves  of  IJie  fall-block. 

in.  If  the  first  ply,  as  in  fig.'  223,  is  attached  to  the  fall-block, 

its  velocity  is  nothing ;  if  to  the  running-block,  its  velocity  is  equal 

to  that  of  the  block. 

497.  wuia'a  Tacki*^ — The  sheavss  in  a  block  are  usually  made 
all  of  the  same  diameter,  and  turn  on  a  fixed  pin;  and  they  hav^ 
conseqaently,  different  angular  velocities.     But  by  mplting  the 
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diameter  of  each  sheave  proportional  to  the  velocity,  rdaUrdy  & 
the  block,  of  the  ply  of  rope  which  it  is  to  carry,  the  angular  velo- 
cities of  the  sheaves  in  one  block  may  be  rendered  equal,  so  thai 
the  sheaves  may  be  made  all  in  one  piece,  and  mav  have  jonmals 
turning  in  fixed  bearings.  This  is  called  WhU^a  TctckU,  from  tht 
inventor,  and  is  represented  in  figs.  222  and  223. 

Section  6. — Hydravlic  Connection. 

498.  The  ctcnemi  Principle  of  the  communication  of  motioB 
between  two  pistons  by  means  of  an  intervening  fluid  of  oonstaat 
density  has  already  been  stated  in  Article  411,  viz.,  that  the  velo- 
cities of  the  pistons  are  inversely  as  their  areas,  measured  on  plaaes 
normal  to  their  directions  of  motion. 

Should  the  density  of  the  fluid  vary,  the  problem  is  no  longer  one 
of  pure  mechanism ;  because  in  that  case,  b^des  the  communicatioa 
of  motion  from  one  piston  to  the  other,  there  is  an  additional  motioa 
of  one  or  other,  or  both  pistons,  due  to  the  change  of  volume  of  the 
fluid. 

499.  Taires  are  used  to  regulate  the  communication  of  modom 
through  a  fluid,  by  opening  and  shutting  passages  through  whidi 
the  fluid  flows;  for  example,  a  cylinder  may  be  provided  with  valTW 
which  shall  cause  the  fluid  to  flow  in  through  one  passage,  and 
out  through  another.  Of  this  use  of  valves,  two  cases  may  be 
distinguished. 

I.  Wlien  ike  piston  moves  the  fiuHy  the  valves  may  be  what  is 
called  edf -acting ;  that  is,  moved  by  the  fluid.  If  tiiere  be  two 
passages  into  the  cylinder,  one  provided  with  a  valve  opening 
inwards,  and  the  other  with  a  valve  opening  outwards;  then 
during  the  outward  stroke  of  the  piston  the  former  valve  is  opened 
and  the  latter  shut  by  the  inwaixi  pressure  of  the  fluid,  which  flom 
in  through  the  former  passage;  and  during  the  inward  stroke  of 
the  piston,  the  former  valve  is  shut  and  the  latter  opened  by  the 
outward  pressure  of  the  fluid,  which  flows  out  through  the  latter 
passage.  This  combination  of  cylinder,  piston,  and  valves,  oonsti- 
tutes  a  pump. 

II.  Wlien  the  fluid  Tnovee  Hie  piston,  the  valves  must  be  opened 
and  shut  by  mechanism,  or  by  hand.  In  this  case  the  cylinder  is 
a  working  cylinder. 

500.  In  the  Hrdmniic  Prew,  the  rapid  motion  of  a  small  pistoo 
in  a  pump  causes  the  slow  motion  of  a  large  piston  in  a  working 
cylinder.  The  pump  draws  water  from  a  reservoir,  and  forces  it 
into  the  working  cylinder;  during  the  outward  stroke  of  the  pump 
piston,  the  piston  of  the  working  cylinder  stands  still ;  during  the 
inward  stroke  of  the  pump  piston,  the  piston  of  tJie  working 
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^linder  moyes  outward  with  a  velocitj  as  mucli  less  than  that  of 
the  pamp  piston  as  its  area  is  greater.  When  the  piston  of  the 
-working  cylinder  has  finished  its  outward  stroke,  which  may  be  of 
any  length,  it  is  permitted  to  be  moved  inwards  again  by  opening 
a  valve  by  hand  and  allowing  the  water  to  escape. 

501.  In  the  MjdrmmUe  H^iat,  the  slow  inward  motion  of  a  large 
piifton  drives  water  from  a  large  cylinder  into  a  smaller  cylinder, 
and  <aiuse8  a  more  rapid  outward  motion  of  the  piston  of  the  smaller 
cylinder.  When  the  latter  piston  is  to  be  moved  inward,  a  valve 
between  the  two  cylinders  is  closed,  and  the  valve  of  an  outlet  from 
iha  smaller  cylinder  opened,  by  hand,  so  as  to  allow  the  water  to 
escape  from  the  smaller  cylinder.  The  laiger  cylinder  is  filled  and 
its  piston  moved  outward,  when  required,  by  means  of  a  pump,  in 
a  manner  resembling  tho  action  of  a  hydraulic  press.  (See  aJso 
p.  642.) 

SEcnoK  7. — Trains  o/Medumiim. 

502.  TnUas  mf  KUammnuurj  c^mMmiUobs  have  been  defined  in 
Article  435,  and  illustrated  in  the  case  of  wheelwork,  in  Article 
449,  and  in  the  case  of  a  double  Hooke's  joints  in  Article  492.  The 
general  principle  of  their  action  is  that  the  comparative  motion  of 
the  first  driver  and  last  follower  is  expressed  by  a  ratio,  which  is 
found  by  multiplying  together  the  several  velocity-ratios  of  the 
series  of  elementary  combinations  of  which  the  train  oonsiBtsi,  each 
with  the  sign  denoting  the  directional  relation. 

Two  or  more  trains  of  mechanism  may  converffe  into  one ;  as  when 
the  two  pistons  of  a  pair  of  steam  engines,  each  through  its  own 
connecting  rod,  act  upon  one  crank  shait  One  train  of  meehaniam 
may  diverge  into  two  or  mora;  as  when  a  single  shaft,  driven  by  a 
prime  mover,  carries  several  piUleys,  each  of  which  drives  a  different 
machine.  The  principles  of  comparative  motion  in  such  converging 
and  diverging  trains  are  the  same  as  in  simple  trains. 


SH 
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CHAPTER  III. 


ON  AGOBEGATB  OOHBINATIOK3. 


503.  The  OeMnl  PdacipiM  of  aggregate  oombinatioiis  hsn 
already  been  given  in  Part  ILL,  Chapter  II.,  Section  3.  The 
problems  to  which  those  principles  ai-e  to  be  applied  may  be  divided 
into  two  classes. 

L  Where  a  secondary  moving  piece  is  connected  at  thiee,  or  afe 
two  points,  as  the  case  may  be,  with  three  or  with  two  other  pieces 
whose  motions  are  given ;  so  that  the  problem  is^Jronh  the  moUom 
of  three  or  ofttoo  poirUa  in  the  secondary  piece,  to  find  its  motion  as  a 
wJwle,  and  tlie  motion  of  any  point  in  it.  The  solution  of  this  pro- 
blem is  given  in  Articles  383  and  384. 

11.  Where  a  secondary  piece,  C,  is  carried  by  another  piece,  B ; 
and  denoting  the  frame  of  the  machine  by  A,  there  axe  given  two 
ont  of  the  three  motions  of  A,  B,  and  C,  relatively  to  eadi  other, 
and  the  third  is  required.  The  motion  of  C  relatively  to  A  is  the 
resultant  of  the  motion  of  C  relatively  to  B,  and  of  B  relatively  to 
A ;  and  the  problem  is  solved  by  the  methods  already  explained  i^ 
Articles  385  to  395,  inclusive. 

Mr.  Willis  distinguishes  the  elBTects  of  aggregate  oombinatiofDS 
into  figgregate  velocities,  whether  linear  or  angular,  produced  in 
secondary  pieces  by  the  combined  action  of  different  drivers,  and 

aggregate  patlis,  being  the  curves,  sndi 
as  cycloids  and  trochoids,  ^icydoids 
and  epitrochoids,  described  by  given 
points  in  such  secondary  pieces. 

The  following  Articles  give  examples 
of  the  more  ordinary  and  useful  aggre- 
gate combinations. 

504.    HUrereailal  VTiaMmm.  —  In    Gg, 

224,  the  axis  A|  carries  two  barrels  of 
different  radii,  ri  being  the  greater,  and 
Ta  the  less.  A  running  block  oontainiDg 
asingle  pulley  is  hung  byaiope  whidi 
passes  below  the  pulley,  and  has  one 
end  wound  round  the  larger  barrel,  and 
the  other  wound  the  contrary  way  round 
the  smaller  barreL    When  the  two  barrels  rotate  together  with  the 


Fig.  224. 
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ocnmnon.  angular  ydocitj  a,  the  division  of  the  rope  vhich  hangs 
from  the  larger  barrel  moves  with  the  velooitj  a  r,,  and  the  divi^ 
tdoQ  which  hangs  irom  the  smaller  barrel  moves  in  the  oontrary 
direction  with  the  velocity  —ar^  (whose  direction  is  denoted  by 
the  negative  sign).  These  are  also  the  velocities  of  the  two  points 
at  opposite  extremities  of  a  diameter  of  the  pulley,  where  it  ib 
touched  by  the  two  vertical  divisions  of  the  rope,  llie  velocity  of 
the  centre  of  the  pulley  is  a  mean  between  those  two  velocities ; 
that  is,  their  half-difference^  because  their  signs  are  opposite ;  or 
denoting  it  by  v, 

«'=^^ (1.) 

The  instcufUaneoua  aacis  of  the  pulley  may  be  found  by  the  method 
of  Article  384,  as  follows  : — ^In  ^.  184  c,  let  A  and  B  be  the  two 
ends  of  the  horizontal  diameter  of  the  pulley,  and  let  A  Y«  =  a  ri, 

and  B  Vj  =  a  rg  represent  their  velocities ;  join  V.  V^  cutting  A  B 
in  O;  this  is  the  instantaneous  axis^  and  its  distance  from  the 
eentre  or  moving  axis  of  the  pulley  is  obviously 


AB 


r, -n 


(2.) 


The  motion  of  the  centre  of  the  pulley  is  the  same  with  that  of  a 


point  in  a  rope  woimd  on  a  barrel  of  the  radius 


n-r. 


The  use  of 


the  contrivance  is  to  obtain  a  slow  motion  of  the  pulley  without 
using  a  small,  and  therefore  a  weak,  barrel 

505.   c«aip««B4  Bcrewa. — (Fig.  225.)     On  the  same  axis  let 
there  be  two  screws  Si  Sj,  and  Ss  S^^  of  the  respective  pitches 


F!g.22A. 


Pi  and/?t,  pi  being  the  greateri  and  let  the  sci^ws  in  the  first  in- 
stance be  both  right-handed  or  both  left-handed.  Let  Ni  and  Nt 
be  two  nuts,  fitted  on  the  two  screws  respectively.  When  the 
compound  screw  rotates  with  the  angular  velocity  a,  the  nuts  ap- 
proach towards  or  recede  from  each  other  with  the  relative  velocity^ 


_a{pt''P,), 
-~2V— ' 


.(L) 


^ 
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being  that  due  to  a  screw  whose  pitch  is  the  difference  of  the  two 
pitches  of  the  compound  screw.  (See  Article  382,  equation  1.) 
The  object  of  this  contrivance  is  to  obtain  the  slow  advance  due 
to  a  fine  pitch,  together  with  the  strength  of  large  threads. 

Fig.  226  represents  a  compound  screw  in  which  the  two  sciews 
are  contrary-handed,  and  the  relative  velocity  of  the  nuts  ^i,  N« 
is  that  due  to  the  9wm,  of  the  two  pitches ;  or,  as  these  are  usual] j 
equal,  to  double  the  pitch  of  each  screw.  This  combination  in  used 
in  coupling  railway  carriages. 

506.  i^ivk  ]ti«u«ii. — Let  C  be  the  axis  of  the  shaft  of  a  atemi 
engine,  CT  the  crank, /the  connected  point  (see  Article  489)  of  the 

forvoard  eccenirie  (which  is 
suited  to  move  the  slide 
valve  when  the  engine  moves 
forwards),  b  the  connected 
point  of  the  backward  eccenr 
trie  (which  is  suited  to  move 
the  slide  valve  when  the 
engine  is  reversed),  /F  the 
Fig.  227.  forward  and  b  B  the  back- 

ward eccentric  rods,  FB  a 
piece  called  the  link,  jointed  to  those  two  rods  at  F  and  B,  S  a 
slider,  which  is  capable  of  being  slid  to  and  fixed  at  different 
positions  in  the  link,  and  to  which  the  slide  valve  rod  is  jointed. 
Let  the  arrow  represent  the  direction  of  forward  rotation  of  the 
shaft,  and  at  the  instant  represented  in  the  figure,  let  the  piston 
be  at  one  end  of  its  stroke.  Let  L  L  be  a  line  showing  the  position 
in  which  the  crank  arm  of  an  eccentric  should  stand,  in  order  that 
the  middle  of  the  stroke  of  the  slide  valve  should  be  at  the  same 
instant  with  the  extremity  of  the  stroke  of  the  piston.  The  angle 
^  L  Cy*  is  the  angular  lead  or  advance  of  the  forward  eccen^c, 
and  the  angle  .^  L  0  6  (usually  equal  to  the  former)  the  angular 
lead  or  advance  of  the  backward  eccentric. 

When  S  is  at  F,  the  engine  is  in.  full  forward  gear,  the  motion 
of  the  slide  valve  being  governed  by  the  forward  eccentric  alona 

The  stroke  or  throw  of  the  slide  valve  is  2  Gf  and  its  lead  corre- 
sponds to  the  angle  ^^  L  Cf 

When  S  is  at  B,  the  engine  is  in  fdl  backward  gear,  the  motion 
of  the  slide  valve  being  governed  by  the  backward  eccentric  alone. 

The  stroke  or  throw  of  the  slide  valve  Is  2  0b  (usually  =  2 Cf), 

and  its  lead  corresponds  to  the  angle  .^i:  JjQb  (usually  ^ .^i:L  C/).. 

When  S  is  at  A,  the  engine  is  in  mid  gear,  the  velocity  of  tJie 

valve  rod  at  each  instant  being  a  mean  between  those  which  it 

^ould  receive  from  either  eccentric  separately. 
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The  lead  corresponds  to  90*^,  or  a  quarter  of  a  revolution.     The 

throw  is  nearly,  though  not  exactly,  =  2  C  a,  a  being  the  middle 
of  the  straight  line  fh. 

To  find  exactly  the  motions  of  the  slide  valve  for  different  posi- 
tions of  the  slider  S,  it  is  best  to  draw  a  diagram  to  a  scale,  repre- 
senting the  positions  of  the  eccentrics,  rods,  and  link,  for  a  series 
of  angular  positions  of  the  crank  (usually  dividing  a  revolution  into 
24  equal  angles) ;  and  the  corresponding  series  of  positions  of  B 
when  fixed  at  various  points  in  the  link.  Several  examples  of 
this  process  are  given  in  Mr.  D.  EL  Clark's  treatise  on  Eailway 
Machinery. 

A  useful  ctpproximatum  to  the  motions  of  the  valve,  when  the 
rods  are  long  compared  with  the  link,  is  got  by  dividing  the  line 
/'b  at  «  in  the  same  proportion  in  which  S  divides  F  B,  and  con- 
sidering the  motion  of  the  valve  as  produced  by  the  crank  Cs; 

so  that  the  throw  is  approximately  2  0 «,  and  the  lead  approxi- 
mately .^  L  C  «. 

507.  Paniici  Bf otiAMa  are  jointed  combinations  of  linkwork, 
designed  to  guide  the  motion  of  a  reciprocating  piece,  such  as  the 
piston  rod  of  a  steam  engine,  either  exactly  or  approximately  in  a 
straight  line,  in  order  to  avoid  the  friction  which  attends  the  iLse 
of  straight  guidea  Four  kinds  of  pai-allel  motion  will  now  be 
described : — 

L  An  Bxact  PanOiei  VMmOmm^  believed  to  have  been  first  proposed 
by  Mr.  Scott  Russell,  is  represented  in  fig.  228.  The  same  parts 
of  the  mechanism  are  marked  with  the  ^ 

same  letters,  and  different  successive 
positions  are  indicated  by  numerals 
affixed.     The  lever  CT  turns  about 
the  fixed  centre  0,  and  carries,  jointed  :^vc(^ 
to  its  other  end,  the  barer  link  P  T  Q, 

inwhichPT  =  TQ  =  CT.    The  point 
<i  is  jointed  to  a  slider  which  slides  in 
i;uides  along  the  straight  line  C  Q.       ^'^ 
From  Q  draw  Q  D  X  C Q,  cutting  CT  ^'  ^^*' 

produced  in  D;  then  by  Article  488,  D  is  the  instantaneous  axis 
of  the  link ;  and  because  D  P  ||  C  Q,  the  motion  of  P,  which  is 
JL.  D  P,  is  always  JL  0  Q;  that  is  to  say,  the  point  P  moves  in  the 
straight  line  P,  C  P„  -l.  C  Q.  In  a  steam  engine,  a  pair  of  the 
combinations  here  shown  are  used,  one  at  each  side  of  the  cylinder ; 
and  the  pair  of  bars  P  Q  are  jointed  at  their  extremities  P  to  the 
head  of  the  piston  rod.     The  distance  through  which  Q  slides  at 

each  single  stroke  of  the  piston,  of  the  length  P|  P^  =  S,  is  given 
by  the  equation 
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2Q,Q,=:2{pQ-y'p^-J} 


(1) 


and  is  fionall  oompared  with  the  length  of  stroke  of  the  piston. 

XL  An  Apvr«ziHuaa  Parallel  HeciMi,  Bomevhat  resembling  the 
preceding,  is  obtained  by  gaiding  the  link  P  Q  entirel  j  hy  means 
of  oscillating  levers,  instead  of  by  a  lever  and  a  slide.  To  find  the 
length  and  &e  position  of  the  axis  of  one  of  those  levexs,  c  t,  select 
any  convenient  point,  t,  in  the  link  P  Q,  and  lay  down  on  a  drawing 
the  extreme  and  middle  positions,  ^,  ^  dy  of  that  point,  corre- 
sponding to  the  extreme  and  middle  positions  of  the  link  P  Q.  The 
centre  c  of  a  circle  traversing  those  three  points  will  be  the  required 
axis  of  the  lever,  and  c  t  will  be  its  length;  and  if  the  link  P  Q  is 
guided  by  two  snch  levers,  the  extreme  and  middle  positions  of  F 
will  be  in  one  straight  line,  and  the  other  positions  of  that  point 
very  nearly  in  one  straight  line. 

nL    Watt*«  ApprazlMase  Panllel  MotlM. — ^In  fig.  229,  let  O  T, 

«  ^  be  a  pair  of  levera^  eonnected  by  a  link  T  i,  and  oscillating  about 


Rg.  229. 

the  axes  C,  e,  between  the  positions  marked  1  and  3.     Let  the 

middle  positions  of  the  levers,  C  T^,  c  ^  be  parallel  to  each  other. 

""^t  is  required  to  find  a  point  P  in  the  link  T  t,  such,  that  its  midcQo 

ution  Pj,  and  its  extreme  positions  Pi,  Pf,  shall  be  in  the  same 


WATT  8  TARkLLEL  MOTIONS. 


471 


iftrai^fat  line  perpendicular  to  C  T.,  c^  and  so  to  place  the  axes  0,0, 
on  the  lines  C  Tj,  c  ^  that  the  path  of  P,  between  the  positions 
Pi,  P,,  P„  shall  be  as  near  as  possible  to  a  straight  lina 

The  axes  C,  e,  are  to  be  so  placed,  that  the  middle  M  of  the 
versed  sine  Y  T^,  and  the  middle  m  of  the  versed  sine  v  ^  of  the 

respective  arcs  whose  equal  chords  Ti  T,  =  ^  ^  represent  the  stroke, 
may  each  be  in  the  line  of  stroke  M  m.  Then  T^  and  T^  will  be  as 
&r  to  one  side  of  that  line  as  T|  is  to  the  other,  and  ti  and  ^  will 
be  as  far  to  the  latter  side  of  the  same  line  SLat^iato  the  former; 
consequently,  the  two  extreme  positions  of  the  link,  Tt  ^  T^  ^  are 
parallel  to  each  other,  and  inclined  to  M  m  at  the  same  angle  in 
one  direction  that  the  middle  position  of  the  link  T,  ^  is  inclined 
to  that  line  in  the  other  direction;  and  the  three  intersections 
Pi  Pa  P3,  are  at  the  same  point  on  the  link« 

The  position  of  the  point  P  on  the  link  is  found  by  the  following 
proportional  equation : — 


T$:  FT:  Tt 


:  iTY-^tv  :TV  :iv 
:  :CM  +  cm  :  cm  :  CM 


•■••••••••• 


....(2.) 


The  positions  of  the  point  P  in  the  link,  intermediate  between  its 
middle  and  extreme  positions,  are  near  enough  to  a  straight  line 
for  practical  purposes.  When  there  are  given,  the  axes  C,  c,  the 
line  of  stroke  P^  P^  P3,  the  length  of  stroke  Jf^Pj^  S,  and  the  per- 
pendicular distance  M  m  between  the  middle  positions  of  the  two 
levers,  the  following  equations  serve  to  compute  the  lengths  of  the 
levers  and  link : — 

Versed  sines,  T  V  =  r-^:T=-^ :  fv  = 


8CM' 


Scm 


Leren^ 


TV     tv 


(3-) 


rV.  Watt*s  ParmUei  siotiMi  91  •dUtod  by  having  the  guided  point 
P  in  the  prolongation  of  the  link  T  t  beyond  its  connected  points, 
instead  of  between  those  points,  is  represented  by  fig.  230.  In  this 
case,  the  centres  of  the  two  levers  are  at  the  same  side  of  the  link, 
instead  of  at  opposite  sides,  the  shorter  lever  being  the  farther  from 
the  gnided  point  P;  and  the  equations  2  and  3  are  modified  as 
follows : — 
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Segmentoofthelink,  YtiTTiTt 

I  :Tv  —  fY  :TV  :tv 


•  ••••••  ••*•••!»■  I 


y eraed  sineB, 


Levera, 


:  :  C M  —  cm  : em  :  CM.  , 


8CM 


8cm 


CT=CM+ 


TV    — 


tv 


40 


link. 


T7=>^{M^+iLl=TVi:| 


(&) 


This  parallel  motion  is  used  in  some  marine  engines,  in  a  podtioB 
inverted  with  respect  to  that  in  the  figure,  P  being  the  upper^  and 
t  the  lower  end  of  the  link. 


Fig.  281. 

^^     When  Watt's  parallel  motion  (HI) 

is  applied  to  steam  engines  with  beams^ 

it  is  more  usual  to  guide  the  air  pump 

rod  than  the  piston  rod  directly  bj 

means  of  the  point  P.     The  head  of 

the  piston  rod  is  guided  by  being  cod- 

nected  with  that  point  by  means  of  a 

paraUdogram  of  bafs,  shown  in  fig.  231. 

e  is  the  axis  of  motion  of  the  bttm  of 

the  engine,  ctA  one  ann  of  that  beam, 

C  T  a  lever  called  the  radku  bar  or 

bridle  rody  T  t  a  link  called  the  ia6b 

Unls.     0  T,  e  t,  and  T  i,  form  the  com- 

~'       bination  already  described  (IIL),ind 

shown  in  ^g.  229;  and  the  point  P,  found  as  already  shown,  is 

guided  in  a  vertical  line,  almost  exactly  straight    The  total  lengtii 

—       of  the  beam  arm,  c  A,  is  fixed  by  the  proportion 


Bg.  880. 
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Ft:Tt::Ct  :  C  A; (6.) 

^at  IB,  <  A  is  verj  nearly  a  third  proportional  to  O  T  and  e  t   Draw 
JL  6  II  T  t,  and  c  P  B  intersecting  it;  then  from  the  proportion  G  it 

follo-wrs  that  AB  =  Tt.     ABis  the  main  link,  by  the  lower  end 

of  which,  B,  the  head  of  the  piston  rod  is  guided    B  T  =  and  ||  ^  A 
is  the  paraUd  bar,  by  which  the  main  and  back  links  are  connected 

cB      c A  . 
V  moves  sensibly  in  a  straight  line;  -==■  =  •:=:-  is  a  constant  ratio: 

cP       et 

therefore  B  moves  sensibly  in  a  straight  line  parallel  to  that  in 

which  P  moyes. 

A.  paralldogram  analogous  to  A  B  T  <  may  also  be  combined  with 

the  parallel  motion  lY. 

508.   iBpUjeUe  Trainik — ^The  term  epioydic  train  is  used  by  Mr. 

Willis  to  denote  a  train  of  wheels  carried  by  an  arm,  and  having 

certain  rotations  relatively  to  that  arm,  wliich  itsslf  rotate&     The 

arm  may  either  be  driven  by  the  wheels,  or  assist  in  driving  them. 

The  comparative  motions  of  the  wheels  and  of  the  arm  relatively  to 

each  other  and  to  the  frame,  and  the  aggregate  pcUJis  traced  by 

points  in  the  wheels,  are  determined  by  the  principles  of  the  com* 

poaition  of  rotations,  abc^dy  explained  in  Articles  385  to  39d. 


PART  V. 


PKmCIPLES  OF  DYNAMICS. 


509.    DiriaiMi  of  Hkm  Brnhjeeu — The  Science  of  Dynamics,  which 
treats  of  the  lelatioiis  between  the  motions  of  bodies  and  the  forces 
acting  amongst  them,  may  be  divided  into  two  primary  divisions, 
according  as  it  has  reference  to  balanced  forces  and  uniform  motions, 
or  to  nnbalanoed  forces  and  varying  motions.     A  secondary  mode 
of  dividing  the  subject  is  founded  on  the  distinction  between  ques- 
tions respecting  the  motions  of  masses  which  are  either  insensibly 
small,  or  which,  being  of  sensible  magnitude,  have  motions  of  trans- 
lation only,^-questk>ns  respecting  the  motions  of  rigid  bodies  and 
rigidly  connected  systems  which  rotate, — ^and  questions  respecting 
the  motions  of  pliable  bodies  and  of  fluids.     The  dynamics  of  fluids 
has  received  the  special  name  of  hydrodynamics.     It  is  a  branch  of 
mechaziics  so  extensive  in  its  applications,  and  depending  so  much 
in  its  details  upon  special  experiments,  as  to  require  a  separate 
work  for  its  full  exposition ;  nevertheless^  in  the  present  ti*eatise 
its  fundamental   principles   will   be   set   forth  in  their  proper 
place. 

The  dynamical  principles  of  the  motions  of  rotating  rigid  bodies, 
of  pliable  bodies,  and  of  fluids,  are  deduced  ftom  those  of  the  motions 
of  rigid  bodies  having  motions  of  simple  translation,  by  conceiving 
the  bodies  under  consideration  to  be  divided  into  indefinitely  small 
molecules  or  particles,  so  that  the  laws  of  the  motion  of  each  mole- 
cule shall  difler  £rom  those  of  a  body  having  a  motion  of  simple 
translation  to  an  extent  less  than  any  given  diflerence.  It  is  to 
such  indefinitely  small  molecules  that  the  teim  physical  point, 
already  mentioned  in  Article  7,  is  applied. 

Hence  it  appears  that  the  laws  of  the  relations  between  the 
motions  of  a  so-called  physical  point,  and  the  forces  acting  on  it^ 
are  the  foundation  of  the  science  of  dynamics ;  and  the  same  laws 
are  applicable  to  a  rigid  body  in  which  every  point  moves  in  the 
same  manner  at  the  same  instant;  that  is  to  say,  which  has  a 
motion  of  translation,  as  defined  in  Article  369. 
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The  subjects  to  which  the  principles  of  dynamics  relate  inH 
therefore  he  classed  in  the  following  manner: — 

L  Uniform  Motion. 
II.  Varied  Translation -of  Points  and  Bigid  Bodiea 

III.  Rotations  of  Bigid  Bodies. 

IV,  Motions  of  Pliable  Bodies. 
Y.  Motions  of  Fluids. 


CHAPTER  L 

ON  UNIFORM  MOTION  UNDER  BALANCED  FOBGBL 

510.  First  Iaw  •f  n«ttoa. — A  body  under  the  adian  of  no  jfv^ 
w  of  halomced  forces,  is  either  ai  reet^  or  moves  uniformly  (Unifora 
motion  has  been  defined  in  Article  3o4.) 

Such  is  the  first  law  of  motion  as  usTiall j  stated ;  but  in  thst 
statement  is  implied  something  more  than  the  literal  meaniAg  or 
the  words  ;  for  it  is  understood,  that  the  rest  or  motion  of  the  bodff 
to  which  the  law  refers,  is  its  rest  or  motion  relativdy  to  emMff 
body  which  is  also  under  tJie  action  of  no  foroe^  or  of  balanced  fifnet^ 
Unless  this  implied  condition  be  fulfilled,  the  law  is  not  tnie. 
Therefore  the  complete  and  explicit  statement  of  the  first  law  cf 
motion  is  as  follows : — 

If  a  pair  of  bodies  be  each  under  the  action  of  no  fores,  or  <^ 
balanced  forces,  the  motion  of  eadi  of  those  bodies  rdaticdjf  to  ^ 
otlf^  is  either  none  or  uniform. 

The  first  law  of  motion  has  been  learned  by  ezperience  and 
observation  :  not  directly,  for  the  circumstances  supposed  in  it 
never  occur ;  but  indirectly,  from  the  &ct  that  its  conaequenees, 
when  it  is  taken  in  conjunction  with  other  laws,  are  in  aoooidanos 
with  all  the  phenomena  of  the  motions  of  bodies. 

The  first  law  of  motion  may  be  r^arded  as  a  consequence  of  tbe 
definitions  offeree  and  of  balance  (Articles  12,  13) :  at  the  same 
time  it  is  to  be  observed,  that  the  framing  of  those  definitions  hu 
been  guided  by  experimental  knowledge. 

511.  JBirertj  Bcatol«MC«}  Ijaccral  F^ree. — Let  F  denote  a  foTCe 

applied  to  a  moving  point,  and  S  the  angle  made  by  the  directioD 
of  that  force  with  the  direction  of  the  motion  of  the  point  TbeOi 
by  the  principles  of  Article  57,  the  force  F  may  be  resolved  into 
two  rectangular  components,  one  along,  and  the  other  acrosa^  thi 
direction  of  motion  of  the  point,  vii  :— 
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The  direct  force,  F  cos  /. 
The  lateral  force,  F  siu  ^« 

Ji.  direct  force  is  farther  distinguished,  according  as  it  acts  icUh  or 
offainst  the  motion  of  the  ix>int  (that  is,  according  as  ^  is  acute  or 
obtuae),  by  the  name  of  effbi't,  or  of  resistance,  as  the  case  may  be. 
Hence  each  force  aj^plied  to  a  moving  point  may  be  thus  decom- 
posed :^- 

Efforly  P  =  Pco8^,  if^isacute; 

Hesistance,  R  =  F  cos  (»  —  tf)  if  ^  is  obtuse ;  ^ (1.) 

Lateral/orce,  Q  =  F  sin  tf. 


j  >  •.«..  (1.^ 


512.  The  c^Miitioa*  •f  iJair«rm  ineti«ii  of  a  pair  of  points  are, 
that  the  forces  applied  to  each  of  them  shall  balance  each  other ; 
that  18  to  say,  that  the  lateral  forces  applied  to  eadh  point  shall 
balance  eadh  other,  and  thai  the  efforts  applied  to  eadh  point  shall 
halanoe  tiie  resistances. 

The  direction  of  a  force  being,  as  stated  in  Article  20,  that  of 
the  motion  which  it  tends  to  produce,  it  is  evident  that  the  balance 
of  lateral  forces  is  the  condition  of  uniformity  of  direction  of  motion, 
that  is,  of  motion  in  a  straight  line ;  and  that  the  balance  of  efforts 
and  resistances  is  the  condition  of  uniformity  of  velocity, 

513.  ir«rk  consists  in  moving  against  resistance.  The  work  is 
said  to  be  performedy  and  the  resistance  overcome.  Work  is  mea- 
sured by  the  product  of  the  resistance  into  the  distance  through 
which  its  point  of  application  is  moved.  The  unit  qf  work  com- 
monly used  in  Britain  is  a  resistance  of  one  pound  overcome  through 
a  distance  of  one  foot,  and  is  called  Skfoot-povauL 

514.  KawsT  means  capacity  for  performing  work.  The  energy  oj 
un  ^orty  or  potential  energy^  is  measur^  by  the  product  of  the 
effort  into  the  distance  through  which  its  point  of  application  is 
capMe  of  being  moved.  The  unit  of  eneigy  is  the  same  with  the 
unit  of  work. 

When  the  point  of  application  of  an  effort  has  been  moved  through 
a  given  distance,  energy  is  said  to  have  been  exerted  to  an  amount 
expressed  by  the  product  of  the  ^ort  into  the  distance  through 
which  its  point  of  application  has  been  moved 

515.  Bnersr  •md  w«rk  •f  Tarjiiig  Fmtccs. — ^If  an  effort  has  dif- 
ferent magnitudes  during  different  portions  of  the  motion  of  its 
point  of  application  through  a  given  distance,  let  each  different 
magnitude  of  the  effort  F  be  midtiplied  by  the  length  as  of  the 
corresponding  portion  of  the  path  of  the  point  of  application ;  tha 
torn 

2'Tas (1.) 

is  the  whole  energir  exerted.     If  the  effort  varies  by  insensible 
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degrees,  the  energy  exerted  is  the  integral  or  limit  towards  whidi 
that  sum  approaches  ccntinualljy  as  the  divisions  of  the  path  an 
made  smaller  and  more  numerous,  and  is  expressed  bj 


/ 


Tds (2.) 


Similar  processes  are  applicable  to  the  finding  of  the  work  per- 
formed in  overcoming  a  varying  resistance.  As  to  inte^rniidoii  ia 
general,  see  Article  81. 

£^16.  A  i^TBam^meter  •r  Indicator  is  an  instrument  which  mes- 
sures  and  records  the  energy  exerted  by  an  effort  It  usually  con- 
sists essentially,  Jirat,  of  a  piece  of  paper  moving  with  a  y^oatv 
proportional  to  that  of  the  point  of  application  of  the  efibrt^  and 
having  a  straight  line  marked  on  it  parallel  to  its  direction  of 
motion,  called  the  zero  line ;  and  seooncUy,  of  a  spring,  acted  upon 
and  bent  by  the  effort,  and  carrying  a  pencil  whose  perpendicohr 
distance  from  the  zero  line,  as  regulated  by  the  bending  <^  the 
spring,  is  proportional  to  the  effort  The  pencil  traces  on  tiie  piece 
of  paper  a  line  like  that  in  fig.  24  of  Article  81,  such  that  its  crdi- 

TuUe  EF,  perpendicular  to  the  zero  line  OX  at  a  given  point, 
represents  the  effort  P  for  the  corresponding  point  in  the  path  of 
the  point  of  application  of  the  effort ;  and  tiie  area  between  twy 

ordincUea,  such  as  A  C  D  B,  represents  the  energy  exerted,  I  ^ds^ 

for  the  corresponding  portion,  AB,  of  the  path  of  the  point  of 
application  of  the  effort 

517.  The  BaevBT  umd  ir«rk  •£  Fiaid  PrcMnra  may  be  expressed 

as  follows  : — ^Let  A  denote  the  projection  on  a  plane  perpendieuiar 
to  the  direction  of  motion  of  the  moving  body,  of  that  portion  of  the 
body's  surface  to  which  the  pressure  is  applied,  p  the  intenaty  of 
the  pressure  in  units  of  force  per  unit  of  area  (Article  86),  and  ss 
the  distance  through  which  the  body  is  moved  in  a  given  interval 
of  time;  then  during  that  interval,  the  energy  exerted  by,  or  work 
performed  against,  the  fluid  pressure,  according  as  it  acts  with  or 
against  the  motion,  is  given  by  the  formula 

P  •  A*(or  R*  A8)=zpA  •  A#=|>- aV; (I.) 

where  aV  is  the  volume  of  the  space  swept  through  by  the  pordoa 
of  the  body's  surface  which  is  pressed  upon,  during  the  given 
interval  of  time. 

518.  The  c^BMiTatiMi  ef  Baergr*  in  the  case  of  unifonn  motion, 
means  the  fact,  that  tJie  energy  exertedis  equal  to  the  work  peffarmed; 
and  is  a  consequence  of  the  first  law  of  motion,  as  is  shown  by  the 
consideration  of  the  following  cases  : — 

Cass  1.  For  the  forces  acting  on  a  single  painty  the  principle  is 
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self-evident;  for  as  the  effort  applied  to  the  point  balances  tlie 
resistance,  the  products  of  these  forces  into  the  distance  traversed 
by  the  point  in  any  interval  must  be  equal;  that  is, 

P-A^  =  R-A* (1.) 

Case  2.  For  the  forces  acting  on  any  system  of  balanced  points, 
the  principle  must  be  true,  because  it  is  true  for  those  acting  on 
eac^i  single  point  of  the  system*     This  is  expressed  as  follows  : — 

2  •  P  A,  =  2  •  Has (2.) 

Case  3.  When  a  system  of  points  are  rigidly  connected,  so  that 
their  relative  positions  do  not  ^ter^  there  is  neither  energy  exerted 
nor  work  performed  by  the  forces  which  act  a/mongst  the  points  of 
the  system  themsdves;  and  therefore,  from  case  2  it  follows,  that  the 
principle  of  the  conservation  of  energy  is  true  o/^  forces  acting 
between  the  points  of  the  system  and  external  bodies. 

Symbolically,  let  the  efforts  acting  amongst  the  points  of  the 
system  be  denoted  by  P„  the  resistances  by  R, ;  the  efforts  acting 
between  the  points  of  the  system  and  external  bodies  by  P^,  and 
the  resistances  by  B^     Then  by  case  2, 

2(P,  +  P^/i,=  2.(R.  +  Ej)A#; 

but  by  the  condition  of  rigidity, 

2-P,  A*  =  0;  ^-RiA^rrO; 
therefore, 

3  •  P,  A*=  3  •  Rs  AS (3.) 

Case  4.  The  same  principle  ia  demonstrable  in  the  same  maimer, 
for  the  forces  acting  between  external  bodies  and  the  points  of  a 
system  so  connected,  that  though  not  absolutely  rigid,  they  do  not 
vary  their  relative  positions  in  the  directions  in  which  the  irUemal 
forces  of  the  system  act  Such  is  the  ideal  condition  in  which  a 
train  of  mecluuiism  would  be,  if  no  resistance  arose  from  the  mode 
of  connection  of  the  piecea 

519.  The  PviMcipie  •r  vinma  Vd^dtiM  is  the  name  given  to  the 
application  of  the  principle  of  the  conservation  of  energy  to  the 
determination  of  the  conditions  of  equilibrium  amongst  the  forces 
externally  applied  to  any  connected  system  of  points.  That  appli- 
cation is  effected  in  the  following  maimer  : — Let  F  be  any  one  of 
the  externally  applied  forces  in  question.  The  conditions  of  equili- 
biimn  are  those  of  uniform  motion.  Conceive  the  points  of  the 
system  to  be  moving  with  uniform  velocities  in  any  manner  which 
is  consistent  with  the  absence  of  all  exertion  of  energy  and  perfor- 
mance of  work  by  their  mutual  or  internal  foro6&     Let  v  be  the 
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velocity,  or  any  niimber  proportional  to  the  velocity,  of  the  pcuut 
to  which  the  external  force  F  is  ap})Iied,  and  i  the  angle  betven 
the  direction  of  that  force  and  the  direction  of  motion  of  its  poini 
of  application.  Then  fix>m  cases  3  and  4  of  the  principle  of  ibe 
conservation  of  energy,  it  follows  that  the  condition  of  eqailibrinm 
amongst  the  forces  F  is 

3Fvcos^  =  0; (1.) 

attention  being  paid  to  the  principle,  that  cos  ^  is-j  ^^^jjygf 

when  ^  is  <  i  ^  >  .  The  same  principle  may  be  otherwise  ex- 
pressed thus :  let  17  be  the  virtual  velocity  of  any  point  to  which  an 
effort  P  is  applied,  u  thq  virtual  velocity  of  any  point  to  which  « 
resistance  B  is  applied;  then 

3  •  P  v  =  3  •  R« {t) 

l^e  principle  thus  expressed  is  called  that  of  virtual  vdodUOf 
because  the  velocities  denoted  by  v  are  merely  velocities  which  ibe 
points  of  the  system  might  have. 

As  the  prjj}ortix>7is  of  the  several  velocities  v  are  all  that  are 
required  in  using  this  principle,  it  enables  the  conditions  of  equili- 
brium of  the  forces  applied  to  any  body  or  machine  to  be  found,  to 
soon  as  the  comparative  vdocUies  of  the  points  of  application  oT 
those  forces  have  been  determined  by  means  of  the  principles  ^ 
cinematics,  and  of  the  theory  of  mechanism;  and  every  propoeitioD 
which  has  been  proved  in  Parts  III.  and  TV.  of  this  treat»e, 
respecting  the  comparative  velocities  of  points  in  a  body  or  in  * 
ti:ain  of  mechanism,  can  at  once  be  converted  into  a  propositioD 
respecting  the  equilibrium  of  forces  applied  to  those  points  in  given 
dii-ections. 

d20.  Bnergy  •€  Cem;>onent  Ferees  aad  SI^tieBa. — Let  the  mob'on 

^  «  of  a  point  in  a  given  inten^al  of  time  make  angles,  «,  ^,  y,  with 
three  rectangular  axes;  then 

il  •  -  cos  «,  A  «  -  cos  /3,  A  #  *  cos  y, 

are  the  three  components  of  that  motion.  To  that  point  let  that 
be  applied  a  force  F,  making  with  the  same  axes  the  angles  •',  ^V  / » 
so  that  its  rectangular  components  are 

F  •  cos  «',  F  •  cos  /S*,  F  •  cos  y . 

Then  multiplying  each  component  of  the  motion  by  the  component 
of  the  force  in  its  own  direction,  there  are  found  the  three  qoantitiei 
of  eneigy  exerted, 
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"F  '  AS  '  COS  «  COS  «f'; 
F  '  AS  *  COS  fi  COS  /3'; 
F  *  ^  «  *  008  y  COS  y ; 


(1.) 


and  ihe  sam  of  those  three  quantities  of  energy  is  the  whole  energy 
exertecL    Now  it  is  well  known,  that 

oo0«eos«' +  000/3  008/3'+ cos  yoosy  =  cos^^ 

#  being  the  angle  between  the  directions  of  the  force  and  of  the 
motion;  so  that  the  addition  of  the  three  quantities  of  energy  in 
the  formnlte  1  gives  for  the  whole  energy  exerted,  simply 

F-  Atf-008^, 

as  in  former  examples;  and  similar  remarks  apply  to  work  pep- 
fanned. 
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SEcnoK  1. — D^niHons. 


521.  The  Biaiii*  er  iBeMta»  of  a  body,  is  a  quantity  propoitioiuJ  to 

the  unbalanced  force  which  is  required  in  order  to  produce  a  given 
definite  change  in  the  motion  of  the  body  in  a  given  interval  of  tlm& 

It  is  known  that  the  weight  of  a  body,  that  isi,  the  attzactioa 
between  it  and  the  earth,  at  a  fixed  locality  on  the  earth's  sorfiic^ 
acting  unbalanced  on  the  body  for  a  fixed  interval  of  time  {e.  g^ 
for  a  second),  produces  a  change  in  the  body's  motion,  which  is  Uie 
same  for  all  bodies  whatsoever.  Hence  it  follows,  that  the  matta 
ofaU  bodies  are  proportigwd  to  ihevr  vxu/hts  at  a  given  locality  oa 
^  ea/rtKa  mirface. 

This  fact  has  been  learned  by  experiment ;  but  it  can  also  be 
shown  that  it  is  necessary  to  the  permanent  existence  of  the  uni- 
verse ;  for  if  the  gravity  of  all  bodies  whatsoever  were  not  propor- 
tional to  their  respective  masses,  it  would  not  produce  similar  and 
equal  changes  of  motion  in  all  bodies  which  arrive  at  similar  posi- 
tions with  respect  to  other  bodies,  and  the  different  parts  which 
make  up  stars  and  systems  would  not  accompany  each  other  in  their 
motions,  never  departing  beyond  certain  limits,  but  would  be  dis- 
persed and  reduced  to  diaos.  Neither  an  imponderable  body,  nor 
a  body  whose  gravity,  as  compared  with  its  mass,  differs  in  the 
slightest  conceivable  degree  from  that  of  other  bodies^  can  belong 
to  the  system  of  the  universe.* 

522.  Tk«  Centra  ef  iHaaa  of  a  body  is  its  centre  of  gravity,  found 
in  the  manner  explained  in  Part  I.,  Chapter  Y.,  Section  1. 

523.  Tke  MeiMentnBi  of  a  body  means,  the  product  of  its  mass 
into  its  velocity  relatively  to  some  point  assumed  as  fixed.  The 
momentum  of  a  body,  like  its  velocity,  can  be  resolved  into  com- 
ponents, rectangular  or  otherwise,  in  tibie  manner  already  explained 
for  motions  in  Part  IIL,  Chapter  L 

524.  The  Beraiiant  Mementam  of  a  system  of  bodies  is  the  re- 
sultant of  their  separate  momenta,  compounded  as  if  they  wero 
motions  or  statical  couples. 

*  See  the  Rev.  Dr.  Whewell^s  demonstration  **  that  all  matter  gtavitat»* 
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Theobex.  The  moTnentum  o/a  system  of  bodies  is  the  same  as  if 
ail  their  masses  were  concerUrated  at  the  centre  qf  gravity  of  the  sys- 
tem. Conoeive  the  Telocity  of  each  of  the  bodies  to  be  resolved 
into  three  rectangular  components.  Consider  all  the  component 
velocities  parallel  to  one  of  the  rectangular  directions.  These  are 
the  rates  of  variation  of  the  perpendicular  distances  of  the  bodies 
from  a  certain  plane.  If  the  mass  of  each  of  the  bodies  be  multi- 
plied by  its  distance  from  a  certain  plane,  the  products  added,  and 
the  sum  divided  by  the  sum  of  the  masses,  the  result  is  the  distance 
of  the  centre  of  gravity  of  the  whole  system  fi:t>m  that  plane ;  there- 
fore, if  the  component  velocity  of  each  of  the  bodies  in  a  direction 
perpendicular  to  that  plane  be  multiplied  by  the  mass  of  the  body, 
the  sum  of  such  products  for  all  the  bodies  of  the  Gystem  will  be 
the  product  of  the  entire  mass  of  the  system  into  the  velocity  of  its 
cen^  of  gravity  in  a  direction  perpendicular  to  the  plane  in  ques- 
tion; 80  that  this  product  is  one  of  the  three  rectangular  com- 
ponents of  the  resultant  momentum  of  the  system  of  bodies ;  and 
the  same  may  be  proved  for  the  other  rectangular  components. 
Expressed  83rmbolically,  let  u,  v,  w,  be  the  three  rectangular  ccan- 
ponents  of  the  velocity  of  any  mass,  m,  belonging  to  a  system  of 
bodies,  and  u^  v^  w^  the  rectangular  components  of  the  velocity 
of  the  centre  of  gravity  of  that  system  of  bodies ;  then 

Uq*  2m  =  2'  mu;  "^ 

to^'  2m  =  2'mw, 

OoBOiLABT.  The  resuUofU  momentum  of  a  system  of  bodies  rda* 
Urvely  to  their  eomman  centre  of  gravity  is  nothing  ;  that  is  to  say, 

2«i(t*-tio)  =  0;  am(t?-t;o)  =  0;  )      /gv 

2«»  (to— f«)b)  =  0.  / ^   '' 

525.    TariiUtou  wmA  l^eTiaUena  •€  Bf^meatHm   are   the   products 

of  the  mass  of  a  body  into  the  rates  of  variation  of  its  veloeity  and 
deviation  of  its  direction,  found  as  explained  in  Part  IIL,  Chapter 
L^  Section  3. 

526.  mmi^mlb^  is  the  product  of  an  unbalanced  force  into  the  time 
during  which  it  acts  unbalanced,  and  can  be  resolved  and  com- 
pounded exactly  like  force.  If  F  be  a  force,  and  dt  an  interval  of 
time  during  which  it  acts  unbalanced,  F  c^^  is  the  impulse  exerted 
by  the  force  during  ihat  tima  The  impulse  of  an  unbahmoed 
force  in  an  unit  of  time  is  the  magnitude  of  the  force  itsell 

527.  iMpviM,  Aecelcnltas»  KMwilM«»  l^eflccitec. — GorrSBpond* 

ing  to  the  resolution  of  a  force  applied  to  a  moving  body  into  effort 
or  resistance,  as  the  case  may  be,  and  lateral  stress,  as  explained  in 


(1.) 


;|(il 
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Article  511,  there  is  a  resolution  of  impulse  into  accelerating  or 
retarding  impulse,  which  acts  with  or  against  the  body's  motion, 
and  deflecting  impulse,  which  acts  across  the  direction  of  the  body's 
motion.  Thus  if  /,  as  before,  be  the  angle  which  the  unbalanced 
force  F  makes  with  the  body*s  path  during  an  indefinitely  shorfc 
interval,  dt, 

T dt  =  ¥  ooB  f  '  dtls  accelerating  impulse  if  4  is  acute ; 

ItJ^  =Fco8(x-.^  'dt  is  retarding  impulse  if  ^  is  obtuse;  }^(1.) 

Qdt==¥mL^dtis  deflecting  impulse. 

528.  IMatloBS  between  Impalee,  Kmergjf  aad  Werlc — ^If  V  be  the 

mean  velocity  of  a  moving  body  during  the  interval  dtoi  the  action 
of  the  unbalanced  force  F,  then  d8  =  vdtia  the  distance  described 
by  that  body ',  and  according  as  ^  is  acute  or  obtuse,  there  is  either 
energy  exerted  on  tJ^e  body  by  the  accderaling  imjndee  to  the  amount 

Pcf5  =  Ft7  cos  $  •  dti (1.) 

or  iDork  performed  by  the  body  against  the  retarding  impuUe  to  the 
amount 

Rcf«  =Fv  cos  (x--^  •  dt (2.) 

Section  2. — Law  of  Varied  Tran^atum, 

529.  Secendi  Tmvr  ef  nietien. — CJuinge  of  moTnenium  ia  profor* 
tional  to  tfie  impulee  producmg  it.  In  this  statement,  as  in  that  of 
the  first  law  of  motion,  Article  510,  it  is  implied  that  the  motion 
of  the  moving  body  under  consideration  is  referred  to  a  fixed  point 
or  body  whose  motion  is  uniform.  In  questions  of  applied  rae^ 
clianics,  the  motion  of  any  part  of  the  earth's  surface  may  be  treated 
as  itniform  without  sensible  error  in  practice.  The  units  of  mass 
and  of  force  may  be  so  adapted  to  each  other  as  to  make  change  of 
momentum  equal  to  t/ie  impulse  producing  iL  (See  Articles  531. 
532.^ 

530.  Oeaeml  B^natleMs  ef  1>jrM«Milca.— To   ezpreSS   the   SeOOnd 

law  of  motion  algebraically,  two  methods  may  be  followed :  the 
first  method  being  to  resolve  the  change  of  momentum  into  direct 
variation  and  deviation,  and  the  impulse  into  direct  and  deflecting 
impulse ;  and  the  second  method  being  to  resolve  both  the  change 
of  momentum  and  the  impulse  into  components  parallel  to  three 
rectangular  axes. 

First  Tnethod,  m  being  the  mass  ot  the  body,  i;  its  velocity,  and 
r  the  radius  of  curvature  of  its  path,  it  follows  fix>m  Articles  361 
and  362  that  the  rate  of  direct  variation  of  its  momentum  ia 

dv  d*s 

"»d7  =  '"d?' 
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and  from  Articles  363  and  364,  that  the  rate  of  deviation  of  its 
momentum  is 

r 

equating  these  respectively  to  the  direct  and  lateral  impulse  per 
unit  of  time,  exerted  by  an  unbalanced  force  F,  making  an  angle  / 
-with  the  direction  of  the  body's  motion,  we  find  the  two  following 
equations : — 

For  — R  =  Poos/  =  m--7-  =  «*  j-5; (1-) 

at  dr  ^   ' 

Q  =  F  sin  /  =  ^ (2.) 

The  radius  of  curvature  r  is  in  the  direction  of  the  deviating  force  Q. 

Second  metJuxL     As  in  Article  366,  let  the  velocity  of  the  body 

don  d %t  dz 
be  resolved  into  three  rectangular  components,  -^,  ;>>;>-;  so  that 

the  three  component  rates  of  variation  of  its  momentum  are 

d^x       d^y       d*z 
dt"       df        d^ 

Also  let  the  unbalanced  foi-ce  F,  making  the  angles  «,  /3,  y,  with 
the  axes  of  co-ordinates,  and  its  impulse  per  unit  of  time,  bo 
resolved  into  three  components,  F^  F^,  F^     Then  we  obtain 


F,  =  Foos»  =  wi*  -5-=- : 

dr  ' 

F,  =  Fcos  i8  =  m^; 


F,  s=  F  cos  y  =  m 


d'z 


di 


a  > 


(3) 


three  equations,  which  are  substantially  identical  with  the  equa- 
tions 1  and  2. 

531.  mnm  to  Tcrata  mf  iTeiglit. — A  body's  own  weight,  acting 
tinbalanced  on  the  body,  produces  velocity  towards  the  earth, 
increasing  at  a  rate  per  second  denoted  by  the  symbol  g,  whose 
numcriad  value  is  as  follows : — Let  x  denote  the  latitude  of  the 
place,  h  its  elevation  above  the  mean  level  of  the  sea, 

g^ r=  32*1695  feet^  or  98051  mdtres,  per  second; 
being  the  value  of  ^  for  a  =  45'  and  h  =  0,  and 

It  =  20000000  feet,  or  6370000  metres,  nearly, 
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bemg  tlM  birth's  meaai  imdins;  then 

^  =  ^i-(l-0O0284co8  2x)- A-^'^ (L) 

For  latitudes  exceeding  45°',  it  is  to  be  borne  in  mind  that  cos  S  x 
IS  n^gatiTs^  and  the  terms  containing  it  as  a  &ctor  have  their  agos 
rerersed 

For  practical  purposes  connected  with  ordinary  ma  chines,  it  it 
sufficiency  accurate  to  assume 

g  z=  Si2'2  feet,  or  9 '81  metres,  per  second  nearly... ••.(2.) 

If,  then,  a  body  of  the  weight  W  be  acted  upon  by  an  unbalanced 
foice  F,  the  change  of  velocity  in  the  direction  of  F  produoed  in  a 
second  will  be 

F_F^, 

whence 

m  =  — ...•»• .••...•.••..(3.) 

9 

is  the  expression  for  the  masa  of  a  body  in  terms  of  its  weighty 
suited  to  make  a  change  of  momentum  equal  to  the  impulse  pro- 
ducing it.  m  being  absolutely  constant  for  the  same  body,  g  and 
W  Ysry  in  the  same  proportion  at  different  elevations  and  in 
different  latitudes. 

532.  An  Abaofatta  rait  •f  F«rc«  is  the  force  which,  actii^  during 
an  unit  of  time  on  an  arbitrary  unit  of  mass,  produces  an  unit  of 
velocity.  In  Britain,  the  unit  of  time  being  a  second  (as  it  is  else- 
where), and  the  unit  of  velocity  one  foot  per  second,  the  unit  of 
mass  employed  is  the  mass  whose  weight  in  vacuo  at  London  and 
at  the  level  of  the  sea  is  a  standard  avoirdupois  pound. 

The  weight  of  an  unit  of  mass,  in  any  given  locality,  has  for  its 
value,  in  absolute  units  of  force,  the  co-eificient  g.  When  the  unii 
of  weight  is  employed  as  the  unit  of  force,  instead  of  the  aftso^ttto 
uniti  the  corresponding  unit  of  mass  becomes  g  times  the  unit  just 
mentioned :  that  is  to  say,  in  British  measures,  the  mass  of  32*2 
Iba ;  or  in  French  measures,  the  mass  of  9-81  kilogrammes. 

533.  The  iii«ciaB  •r  a  Failing  Badjf  under  the  unbalanced  action 
of  its  own  weight,  a  sensibly  uniform  force,  is  a  case  of  the  uni- 
foimly  varied  velocity  described  in  Article  361.  In  the  equations 
of  that  Article,  for  the  rate  of  variation  of  velocity  a,  is  to  be  sub- 
stituted the  co-efiicient  g,  mentioned  in  the  last  Article.  Then  'd 
Vo  be  the  velocity  of  the  body  at  the  beginning  of  an  interval  of 
time  ty  its  velocity  at  the  end  of  that  time  is 
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V«fP^  +  ^«, (1.) 

the  meui  velodty  during  that  time  is 

— 2~  *=  ^0+  Y> W 

aaad  the  Tertieal  height  fidleii  through  is 

h  =  v,t  +  ^-^ (3.) 

The  preceding  equations  give  the  final  velocity  of  the  body,  and  the 
height  fallen  through,  each  in  terms  of  the  initial  veloci^  and  the 
time.  To  obtain  the  height  in  terms  of  the  initial  and  final  yelo- 
cities,  or  vice  versa,  equation  2  is  to  be  midtiplied  hj  v  —  Vo  =  gt, 
the  acoelerationy  and  compared  with  equation  3;  giving  the  follow- 
ing results  :— 


(4.) 


^         2g    • 

When  the  body  falls  from  a  state  of  rest,  Vq  is  to  be  made  =  0;  so 
that  the  following  equations  are  obtained  : — 

•  =  ,.;A  =  ^  =  ^ _(5.) 

The  height  %  in  the  last  equation  is  called  the  hdght  or  fall  dv/e  to 
the  vdoGity  v;  and  that  velocity  is  called  the  vdocUy  due  to  the  height 
arfaUK 

Should  the  body  be  at  first  projected  vertically  upwards,  the 
initial  velocity  Vq  is  to  be  made  negative.  To  find  the  height  to 
whidi  it  will  rise  before  reversing  its  motion  and  beginning  to  fJEdl, 
«  is  to  be  made  =  0  in  the  last  of  the  equations  4;  then 

*=-^^ - («•) 

being  a  rise  equal  to  the  fall  due  to  the  initial  velocity  % 

534.  An  iTMrcatoted  ProjecUie»  or  a  projectile  to  whose  motion 
there  is  no  sensible  resistance,  has  a  motion  compounded  of  the 
veitioal  motion  of  a  falling  body,  and  of  the  horizontal  motion  due 
to  the  horizontal  component  of  its  velocity  of  projection.  In  fig. 
232,  let  O  represent  the  point  from  which  the  projectile  is  originally 
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projected  in  the  direction  O  A,  making  the  angle  X  O  A  =  #  in^ 
a  horizontal  line  0  X  in  the  same  vertical  plane  vith  O  A.     Let 

horizontal  distances  psTnllel  to 
O  X  be  denoted  by  x^  and  verti- 
cal ordinates  parallel  to  O  Z  bv  z, 
^  positive  upwards,  and  negative 
downwards.  In  the  equations  of 
vertical  motion,  the  eymbol  k  of 
the  equations  of  Article  533  is  to 
be  replaced  by  — «,  becanae  of  k 
^'  and  z  being  measured  in  ojqposite 

directions. 

Let  Vq  be  the  velocity  of  projection.     Then  at  the  instant  of  pro- 
jection, the  components  of  that  velocity  are, 

horizontal,  -r--  =  t?o  cos  ^:  vertical  -r—  =  Vq  wn  ^: 
at  at 

arid  after  the  lapoe  of  a  given  time  <,  those  components  have  become 


d  X 

•j-r  =  Vo  COS  ^  =  constant; 

d  z 


a.) 


Hence  the  co-ordinates  of  the  body  at  the  end  of  the  time  t  axe 

horizontal,  a;  =  Vo  cos  /  *  t;       \ 

vertical,  «  =  t\>sin  /  •  <  — ^;  f -..^....(2.) 

X 


and  because  t  = 


-^  those  co-ordinates  are  thus  relatedp 

9 


VoOOS 

z  ^  X*  tan^  — 


21^006*4 


•sc";. 


-...(S.) 


an  equation  which  shows  the  path  O  B  0  of  the  projectile  to  be  a 
poi-abola  with  a  vertical  axis,  touching  O  A  in  O. 

The  total  velocity  of  the  projectile  at  a  given  instant^  being  the 
resultant  of  the  components  given  by  equation  1,  has  for  the  valutt 
of  its  square 

do?      d  St 
from  Uie  last  fotm  of  which  is  obtained  the  equation 
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'^-JT' ^'^ 

which,  being  compared  with  equation  4  of  Article  533,  shows  that 
the  reUUion  bettoeen  the  variation  of  vertical  devotion,  and  the  varia- 
iion  of  the  square  of  the  reetdtant  velocity,  is  tJie  eamey  whether  the 
T^ociiy  ie  in  a  vertical,  inclined,  or  horizontal  direction.  This  is  a 
particular  case  of  a  more  general  principle,  to  be  explained  in  the 
seqneL 

The  resistance  of  the  air  prevents  any  actual  projectile  near  the 
earth*a  sur&ce  from  moving  exactly  as  an  unresisted  projectile. 
The  approximation  of  the  motion  of  an  actual  projectile  to  that  of 
an  unresisted  projectUe  is  the  closer,  the  slower  is  the  motion,  and 
the  heavier  the  body,  because  of  the  resistance  of  the  air  increasing 
iwith  the  velocity,  and  because  of  its  proportion  to  the  body's  weight 
being  d^ndent  upon  that  of  the  body's  surface  to  its  weight. 

635.  The  H«ctoii  •r  a  B«dr  Atoag  mm  iBcitoed  Path*  under  the 
force  of  gravity  alone,  is  regulated  by  the  principle,  that  the  varia- 
tion of  momentum  in  each  interval  of  time  is  equal  to  the  impidse 
exerted  in  that  interval,  by  that  component  of  the  body's  weight 
which  acts  along  the  direction  of  motion.  If  the  path  is  straight, 
the  other  rectangular  component  of  the  body's  weight  is  balanced 
hy  the  Tesistance  of  the  sui&ce  or  other  guiding  body  which  causes 
the  inclined  path  to  be  described;  if  the  path  is  curved,  the  difference 
between  those  two  forces  which  act  across  it  is  employed  in  deviat- 
ing the  direction  of  motion  of  the  body. 

d  V 
Jjet  V  be  the  velocity  of  the  body  at  any  instant,  -=-,  as  before^ 

Irn  t 

the  rate  of  variation  of  that  velocity,  ^  the  inclination  of  the  body's 
path  to  the  horizon,  positive  upwards,  and  negative  downwards. 
Then  the  body  is  acted  upon  in  a  direction  along  its  path  by  a  force 
equal  to  its  weight  multiplied  by  sin  /,  which  is  a  resistance  if  4  is 
positive,  and  an  ^ort  if  ^  is  n^ative;  therefore 

Tt  =  -^«^^ 0) 

When  the  inclination  of  the  path  is  uniform,  this  rate  of  varia- 
tion of  velocity  is  constant,  and  the  body  moves  in  the  same  manner 
with  an  unresisted  body  moving  vertically,  except  that  each  change 
of  velocity  occupies  an  interval  of  time  longer  in  the  ratio  of  1 :  sin  I 
for  the  inclined  path  than  for  the  vertical  patL 

The  motion  of  a  body  in  any  path  on  an  inclined  plane  being 
resolved  into  two  rectangular  components,  one  horizontal,  and  the 
other  in  the  direction  of  steepest  declivity, — the  horizontal  com- 
ponent (in  the  absence  of  friction)  is  uniform,  and  the  inclined 
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component  takes  place  according  to  the  law  expressed  hy  eqmliA 
1  of  this  Article.  Conseqaentlj,  the  resultant  motion  of  the  bodj 
is  that  of  an  unresisted  projectile^  as  described  in  Article  554, 
except  that  ^  *  sin  4  is  to  be  substituted  for  g. 

The  motions  of  bodies  on  inclined  planes  being  dower,  and  ^bee^ 
fore  moro  easily  observed  than  their  vertical  motLonSy  were  need  hf 
Ckdileo  to  asc^tain  the  laws  of  djnamics,  which  he  disoovored. 

For  a  body  sliding  on  an  inclined  plane  without  frictioo,  ^fto 
equation  connecting  the  velocity  directly  with  the  position  of  tii& 
body  ia  the  following : — 

<^  —  f^=2^sin^'a'; 

where  f^  is  the  velocity  at  the  origin  of  the  motion,  and  *  As 
velocity  which  the  body  has  when  it  reaches  a  position  whon 
indifud  co-ordinate  relatively  to  the  origin  of  the  motion  ii  a^, 
positive  npwaida  But  s^  sm  ^  »  «,  the  £ffmnoe  ^fvertiad  dmor 
tion  of  the  two  positions  of  the  body;  so  that  the  vanatkui  of  d» 
square  of  the  velocity  bears  the  same  relation  to  the  diffaraiee  of 
vertical  elevation  in  tiie  present  case  as  in  the  case  of  an  nniesiBtod 
projectile,  or  a  free  body  moving  vertically. 

536.  An  iraiftrm  Batot  me  wtrtUimmrm,  unbalsnoedy  cttons  tie 
vdodty  of  a  body  to  vaxy  according  to  Ihe  law  expressed  by  iUs 
equationa 

where  /is  the  constant  ratio  which  the  unbalanced  force  beats  to 
the  weight  of  the  moving  body,  positive  or  negative  aooordiBg  is 
the  dir^tion  of  the  force;  so  that  by  substituting  /g  for  ^  in  liis 
equations  of  Article  533,  those  equations  are  transformed  into  dto 
equations  of  motion  of  the  body  in  question,  h  being  taken  is 
represent  the  distance  traversed  by  it  in  a  positive  direction. 

In  the  apparatus  known  by  the  name  of  its  inventor,  Atwooi^ 
for  illustrating  the  effect  of  uniform  moving  forces,  this  princ^ 
is  applied  in  order  to  produce  motions  following  the  same  law  with 
those  of  falling  bodies,  but  slower,  by  a  method  less  liable  to  enoo 
caused  by  friction  than  that  of  Galilea  Two  weights,  P  and  B,  of 
which  P  is  the  greater,  are  hung  to  the  opposite  ends  of  a  cord 
passing  over  a  finely  constructed  pulley.  Considering  the  masnt 
of  the  cord  and  pulley  to  be  insensible,  the  wei^t  of  the  mass  is 
be  moved  is  P  +  It^  vad  the  moving  force  P  —  xt^  being  leas  tiiaa 
the  weight  in  the  ratio, 
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>nn»qaenily  the  two  weights  move  accocding  to  the  same  law  with 
k  f&lling  body,  bat  slower  in  the  ratio  of /to  1. 

637.  A  9cvteitaic  Wmr€9t  which  acts  uubalanced  in  a  direction 
)erpcndicolar  to  that  of  a  body's  motion,  and  cfaaDges  that  direc* 
aon  "withoat  changing  the  velocity  of  the  body,  is  equal  to  the  rate 
vf  clcrviation  of  the  body's  momentum  per  unit  of  tune,  as  the  fol- 
orwing  equation  expresses : — 

Q  =  ^; (1.) 

^  being  the  deviating  force,  W  the  weight  of  the  body,  W-i-g  its 
masSy  tf  its  velocity,  and  r  the  radius  of  curvature  of  its  path. 

In  the  case  of  an  unresisted  projectile,  already  mentioned  in 
ALrtide  534,  the  deviating  force  at  any  instant  is  that  component 
of  the  body's  weight  which  acts  perpendictdar  to  its  direction  of 
oiotion;  that  is  to  say 

The  "well  known  expression  for  the  radius  of  curvature  of  any  curve 
'whose  co-ordinates  are  x  and  z  is 

"^       V*dof)     daf-  \   coat)  g      ^*> 

Conseqaently  Q  r  =  ,  which  agrees  iriih  equation  1. 

In.  the  case  of  projectiles,  just  described,  and  of  the  heavenly 
bodies,  deviating  force  is  supplied  by  that  component  of  the  mutual 
attraction  of  two  masses  which  acts  perpendicular  to  the  direction 
of  their  relative  motion.  In  machines,  deviating  force  is  supplied 
by  the  strength  or  rigidity  of  some  body,  which  guides  the  deviating 
masBy  malring  it  move  in  a  curvei 

A.  pair  of  free  bodies  attracting  each  other  have  both  deviated 
motiona,  the  attraction  of  each  guiding  the  other;  and  their  devia- 
tioDS  of  momentum  are  equal  in  equal  times;  that  is,  their  devisr 
tions  of  motion  are  inversely  as  their  masses. 

In  a  machine,  each  revolving  body  tends  to  press  or  draw  the 
body  which  guides  it  away  from  its  position,  in  a  direction  from 
the  centre  of  curvature  of  the  path  of  the  revolving  body;  and  that 
tendency  is  resisted  by  the  strength  and  stiffiiess  of  tiie  guiding 
body,  and  of  the  frame  with  which  it  is  connected. 

538.  €3aitriAigiii  F«rc«  IB  the  force  with  which  a  revolving  body 
reacts  on  the  body  that  guides  it,  and  is  equal  and  opposite  to  the 
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deviating  force  with  which  the  guiding  body  acts  on  the  i«nji«iB| 
body. 

In  fact,  as  has  been  stated  in  Article  12,  eveiy  force  is  an  actioa 
between  two  bodies;  and  deviaUng  force  and  eentnfwgol  fam  ne 
but  two  different  names  for  the  same  force,  applied  to  it  aooordii^ 
as  its  action  on  the  revolving  body  or  on  the  guiding  body  is  vods 
consideration  at  the  time. 

«539.  A  ii«T*iTi«ff  8taiFi«'  PfJMiwM  ooosiA 
of  a  small  mass  A,  suspended  from  a  point  C  lif 
a  rod  or  cord  C  A  of  insensibly  small  weig^  h 
compared  with  the  mass  A,  and  revohring  in  s 
circle  about  a  vertical  axis  C  B.  The  tensian  d 
the  rod  is  the  resultant  of  the  wdght  of  tbft 
mass  A,  acting  vertically,  and  of  its  oentrifi^ 
force,  acting  horizontally;  and  therefore  the  m 
Fig.  288.  will  assume  such  an  inclination  that 

height  B  C  _  weight ^r  -. 

radius  AB  ~  centrifugal  force  *"   «* ^  '' 

^here  r  =  A  B.     Let  n  bo  the  nwmhw  of  turns  per  second  of  the 

pendulum;  then 

V  ■=  2  V  nr; 
and  therefore,  making  B  C  ^  /», 

A  =  ^  =  — ?— 

/•    *u   I  *•*  J     ^T     J     .0-8154 foot      9-7848  inches      ,., 
=  (m  the  latitude  of  London) 5 = (i) 

When  the  speed  of  revolution  varies,  the  inclination,  of  tlie  pendu- 
lum varies,  so  as  to  adjust  the  height  to  the  varying  speed. 

540.  l>«TJaUB«  F«rce  !■  Ttanmm  of  AHsabur  TeUdly— If  the  rsdini 

of  curvature  of  the  path  of  a  revolving  body  be  regarded  as  a  fioit 
of  arm  of  constant  or  variable  length  at  the  end  of  which  the  bodr 
is  carried,  the  angular  velocity  of  that  ami  is  given  by  the  expfc^- 
sioii, 

«  =  r 0) 

Let  ar  be  substituted  for  «  in  the  value  of  deviating  force  d 
Article  537,  and  that  value  becomes 

^       Wa*r 

Q  =  — — ^ (i) 
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n  the  case  of  a  body  revolving  with  uniform  velocity  in  a  circle, 
ike  the  bob  A  of  the  revolving  pendulum  of  Article  539,  a  ^  2  %  n, 
rliere  n  is  the  number  of  revolutions  per  second,  so  that 

4  ,2  W  n^  r 

Q  =        ^       : (3.) 

roxn  'which  equation  the  height  of  a  revolving  pendidum  might  be 
leduced  with  the  same  result  as  in  the  last  Article. 

541.  BectMBgHlar  €oMp«B«ats  •£  l^erlallac  Force. — FvTSC  Demon' 

tfireUion,  Let  O  in  fig.  234  be  the  centre 
>f  the  circular  path  E  F  G  H  of  a  body 
revolTing  in  a  circle  with  an  uniform 
velocity,  through  which  centre  draw 
rectangular  axes,  O  X  and  O  Y,  in  the 
plane  of  revolution.  Let  the  angle 
^^^  XOA,  which  at  any  instant  tiie 
radios  vector  of  the  revolving  body 
makes  with  the  axis  of  x,  be  denoted 
by  i.    Let 

A  D  =  0?  =  r  •  cos  ^,  and  )   /i  \ 
AB  =  y  =  r  •  sin  ^,  J   ^  *' 


Fig.  284. 


be  the  rectangular  co-ordinates  of  the  revolving  body  at  any  in- 
fltantb  Let  Q„  Q^  be  the  components  of  the  deviating  force, 
parallel  to  0  X  and  O  Y  respectively.  Then  from  the  obvious 
proportion  between  the  magnitudes  of  those  components, 

combined  with  the  equation  2  of  Article  «>40,  follow  the  values  of 
those  components, 


.(3.) 


Those  two  components  have  the  negative  sign  affixed,  because  they 
represent  forces  tending  to  diminish  the  co-ordinates  x  and  f/,  to 
which  they  are  proportional. 

Second  DemonstrcUion, — The  same  result  may  be  obtained,  though 
less  simply,  by  the  second  method  described  in  Article  530,  as  fol- 
lows : — Let  intervals  of  time,  t,  be  reckoned  from  an  instant  when 
the  revolving  body  is  at  E.  Then  ^  =  at,  and  tho  values  of  the 
co-ordinates  x  and  y,  in  terms  of  the  time,  are 

rcosa^;  y  »  rsina^ (4.) 


X 


The  components  of  the  velocity  of  the  body  are^ 
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_--  =  —arsma^:  -rr-  =  a r  cos  at, (o.) 

dt  '  dt  ^  ^  ' 

the  velocity  parallel  to  eacli  co-ordioate  being  proportioxial  to  tb 
other.     The  components  of  the  variation  of  motion  are 

=  — a"r  cos  a<=  — o^aj; 


df 
d^ 

de 


=  — o^rsinalsss  ^o^y; 


.(d) 


W 

which  being  multiplied  bj  the  mass  — ,  reproduce  tlie  oompoKBts 

of  the  deviating  force  as  before  given  in  equation  3. 

542.  Straight  o»ciiintUn  is  the  motion  performed  by  a  bodr 
which  moves  to  and  fro  in  a  straight  line,  alternately  to  one  side 
and  to  the  other  of  a  central  point;  and  in  order  that  this  motke 
may  take  place,  the  body  must  be  urged  at  each  instant  towanb 
the  central  point. 

In  most  cases,  the  force  so  acting  on  the  oscillating  body  is  eatiMr 
exactly  or  very  nearly  proportionsd  to  its  displacemeiU^  or  distance 
from  the  central  point  of  equilibrium ;  that  is  to  say,  that  force 
follows  the  law  of  one  of  the  rectangular  components  <^  the  derisi- 
ing  force  of  a  body  revolving  uniformly  in  a  circle  once  for  CMii 
double  oscillation  of  the  oscillating  body. 

In  fig.  234,  let  a  body  B,  equal  in  weight  to  the  body  A,  steit 
at  the  same  instant  from  E,  and  oscillate  to  and  fro  along  the  dia- 
meter E  G,  while  A  revolves  in  the  circle  E  F  G  H.  Then  if  B  is 
urged  towards  the  centre  O  with  a  force  at  each  instant  propor- 
tional to  its  distance  from  that  point,  and  given  by  the  equatioa 

Q.  -  -^, .0.) 

being  equal  to  the  parallel  component  of  the  deviating  force  of  A, 
B  will  (Accompany  A  in  its  motion  parallel  to  O  X ;  both  thoK 
bodies  being  at  each  instant  in  the  same  straight  line  B  A  ||  0  T 
at  the  distance 

a;  ss  r  cos  a<  s  r  oos^ (3L) 

from  O :  the  velocity  of  B  being  at  each  instant  equal  to  tiie  p^ 
allel  component  of  the  velocity  of  A ;  that  is  to  say, 

dm 

—  s=  — ar  sin  at  =  — ar  sin  ^; {3u) 

and  each  double  oscillation  of  B,  from  E  to  G  and  bttck  again  fa»  H 
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being  performed  in  the  same  time  with  a  xevolati<m  of  A ;  that  is 
"tiilie  time 

-■  X  -  ^'V^- (*•) 


n 


^^^Here  r  is  the  smni-ampUiude  of  the  oscLUatioii,  OE  s  O  G,  Q  is 
\ii.e  corresponding  greatest  magnitude  of  the  force  urging  the  body 
lo^waids  O^  being  the  same  'with  the  entire  deviating  £)rce  of  A, 
And.  n  is  the  number  of  double  oscillations  in  a  second.  (The 
jungle  ^  =  a  ^  is  called  the  phase  of  the  oscillation.) 

Xhe  greatest  ybIuo  Q  of  the  force  which  must  act  on  B  to  pro- 
duce n  double  oscillations  of  the  semi-amplitude  r  in  a  second^  is 
g^y^esn.  by  the  equation 

^ = "T" 9 — ' ^^-^ 

being  similar  to  equation  3  of  Article  d40. 

Hevolution  in  a  circle  may  be  regarded  as  compounded  of  two 
oscillations  of  equal  amplitude^  in  directions  at  right  angles  to  each 
oilier; 

^43.    KlUpclcal  OacfllHtl—  cr  Wtmrt^wMmtm  compounded    of  tWO 

straight  oscillations  of  equal  periods,  but  un- 
equal amplitudes,  may  be  performed  by  a  body 
urged  towards  a  central  point  by  a  force  pro- 
portional to  its  distance  from  that  point.  In 
fig.  SS5y  let  A  be  the  position  of  the  body  at 
Bjoy  instant ;  let  O  A  s=  ^  and  let  the  toioo 
mging  the  body  towards  0  be 

F-5?z., :..(,.) 

h  being  a  constant.  Then  the  rectangular  oom- 
ponentB  of  tiiat  force  are 


P.=  - 


W6»a! 


F,= 


WJ'y 


;...(2.) 


Wig,  S85. 
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Che  former  force  being  suited  to  maintain  a  straight  oscillation 
parallel  to  OX,  and  the  latter,  a  straight  oscillation  parallel  to 
O  IT,  the  period  of  a  double  oscillation  in  either  case  being  the 
same!,  Tiz.: — 

i  =  T' - <*•) 

according  to  equation  4  of  Article  542.   Hence  let  o^  =  OE  =  CJT} 
the  8emi*amplitude  of  the  former  straight  oscillation^  and  yi  = 


496 


PBHsrciPLSs  of  dynamics. 


O  F  =  O  H  that  of  the  latter ;  then  at  any  instant  the  oo-oidiaitai 
of  tlie  body  will  be 

x  =  Xi  cosbt;  y  =  yi  sinft*; (*•) 

which  equations  being  respectively  divided  by  Xi  and  y^,  the  readto 
squared,  and  the  squares  added  together,  give 


^  +  ?'  =  1- 


.(5.) 


(6.) 


the  well  known  equation  of  an  ellipse  described  about  O  as  a  cento 
with  the  semi-axes  a?,,  y,.  The  components  of  the  velocity  of  tte 
body  at  any  instant  are 

dt  y. 

-^  =  61/.  cos6<  =  6  —  a:^ 
dt         ^^  X, 

544.  A  siMpie  OMiiiaUac  PcndiaiaM  consists  of  an  indeCiutoly 
q  small  weight  A,  fig.  236,  hung  by  a  cord  or  rod  <rf  in- 

sensible weight  A  C  from  a  point  C,  and  swii^is^  in  a 
vertical  plane  to  and  fro  on  either  side  of  a  centnJ  pwnt 
D  vertically  below  C.  The  path  of  the  weight  or  W 
is  a  circular  arc,  ADR 

The  weight  W  of  the  bob,  acting  verticaDy,  may  ha 
resolved  at  any  instant  into  two  componentSy  viiL: — 


W  •  cos -<:i:  D  C  A  =  W 


BO 
CA' 


acting  along  C  A,  and  balanced  by  the  tension  of  tts 
Rg.  286.      rod  or  cord,  and 


W  -sin-^DCArsW* 


AB 
CA* 


acting  in  the  direction  of  a  tangent  to  the  arc,  towards  D,  and  un- 
balanced.    The  motion  of  A  depends  on  the  latter  force. 

When  the  arc  A  D  E  is  small  compared  with  the  length  of  the 
pendtdum  A  0,  it  very  nearly  coincides  with  the  chord  A  B  £ ;  as^ 
the  horizontal  distance  A  B,  to  which  the  moving  force  is  pit^ 
tional,  is  very  nearly  equal  to  the  distance  of  the  bob  from  D,  tk 
central  point  of  its  oscillations.  Hence  the  bob  is  very  neariy  m 
the  condition  of  straight  oscillation  described  in  Article  542 ;  and 
the  time  which  it  occupies  in  miiTriTig  |^  double  owUlation  is  then* 
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fore  found  approximately  by  means  of  equation  4  of  tliat  Article, 
-viz.:—  

1  =  2. a/?^. 
n  V    gQ 

where  r  denotes  the  semi-amplitude,  and  Q  the  maximum  value  of 

-W  '  ^=^.    But  if  the  length  of  the  pendulum,  CA,  be  made  =s  f, 
C  A 

^re  have  

Q  AB      r         , 

—.  =:  max.  -:==■  =  ti  nearly ; 

wheaaoQ,  approximately,  for  small  arcs  of  oscillation, 

-  =  2xV/-;  and 
n  V    or 


1  = 


4^n«' 


.(1.) 


which  being  compared  with  equation  2  of  Article  539,  shows,  ifuU 
the  lenffth  of  a  simjile  oacUlcUing  pendvhmnj  making  a  given  nurnher 
qfsmaU  (huhle  osciUationa  in  a  second,  is  sensibly  equcU  to  Ute  heiglU 
of  a  revolving  penduLwn,  making  Uie  same  number  of  revolutions  in 
a  second. 

When  the  amplitude  of  oscillation  becomes  of  considerable  mag- 
nitude,  the  period  of  oscillation  is  no  longer  sensibly  independent 
of  the  length  of  the  arc,  but  becomes  longer  for  greater  amplitudes, 
according  to  a  law  which  can  be  expressed  by  an  elliptic  function, 
but  which  it  is  unnecessaiy  to  explain  in  this  treatise.  (See  Le- 
gendre,  Traiti  des  Fonctions  eUiptigues,  voL  L,  chap,  yiii) 

545.  CTyctoMfti  Pendaiank — ^In  order  that  the  oscillations  of  a 
simple  pendulum  may  be  exactly  isochronous  (or  of  equal  duration) 
for  all  amplitudes,  the  bob  must  oscillate  in  a  curre,  the  lengths  of 
whose  arcs,  measured  finom  its  lowest  point,  are  proportional  to  the 
sines  of  their  angles  of  declivity  at  their  upper  ends,  to  which  sines 
the  moving  forces  at  those  upper  ends  are  proportional  That  this 
may  be  the  case,  the  radius  of  curvature  at  each  point  of  the  curve 
must  be  proportional  to  the  cosine  of  the  declivity :  the  greatest 
radius  of  curvature,  at  the  lowest  point  of  the  curve,  being  equal  to 
/,  as  given  by  equation  1  of  Ai-ticle  544 ;  and  from  Article  390, 
case  3,  equation  6,  it  appears  that  such  a  curve  is  a  cycloid,  traced 
by  a  rolling  circle  whose  radius  is 

'-.'i a) 


2  k 
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It  18  weH  known  that  a  cycloid  is  the  involute  of  an  eqoad  and 
similar  cycloid.     Hence,  in  fig.  237,  let  C  F,  C  G,  be  a  pair  erf 

cycloids!  cheeks,  described  by  rolling  a 
*^  circle  of  the  radius  r^  on  a  hoiizont£ 

line  traversing  C ;  let  C  A  be  a  flex- 
ible line,  fixed  at  C,  and  having  a  M 

at  A,  its  length  being  I  ^  4r^  ^  C  D 
==  the  length  of  each  of  the  semi- 
cycloids  C  F,  C  G.  Then  aa  the 
pendulum  C  A  swings  between  the 
Fi  "237  cydoidal    cheeks,  the  bob  oscillates 

^'      '  in  an  arc  of  the  cycloid  F  D  G ;  its 

double  oscillations,  for  all  amplitudes,  have  exactly  tlie  pedodie 
time  given  by  equation  1  of  Article  544,  being  that  of  a  revo- 
lution of  a  revolving  pendulum  of  the  height  CD;  and  the 
motion  of  the  bob  in  its  cycloidal  path  follows  the  law  of  straight 
oscillations  described  in  Article  542. 

546.  Bc^dma  FarvM.^ — If  two  bodies  be  acted  upon  at  eretj 
instant  by  unbalanced  forces  which  are  parallel  in  direction,  and 
proportional  to  the  masses  of  the  bodies  in  magnitude,  the  vamr 
tions  of  the  motions  of  those  two  bodies,  relatively  to  a  fixed  body, 
whether  by  change  of  velocity  or  by  deviation,  are  simultaneoos 
and  equal ;  so  that  their  motion,  relatively  to  each  other,  is  the 
same  with  that  of  a  pair  of  bodies  acted  upon  by  no  force  or  br 
balanced  forces ;  that  is,  according  to  the  first  law  of  motion,  Articfe 
510,  that  motion  is  none  or  uniform. 

If  two  bodies,  A  and  B,  be  acted  upon  by  any  xmbalanced  forces 
whatsoever,  and  if  from  the  force  acting  on  B  there  be  taken  away  % 
force  parallel  to  that  acting  on  A,  and  proportional  to  the  mass  of 
B  (in  other  words,  if  with  the  actual  force  acting  on  B  there  be 
combined  a  force  equal  and  opposite  to  that  which  would  make  the 
motion  of  B  change  in  the  same  manner  with  that  of  A),  then  the 
resultant  or  residual  unbalanced  force  acting  on  B  is  that  ooire" 
spending  to  ^  variations  of  the  motion  qf^  relatively  to  A 

This  is  the  exact  statement  of  the  case  of  a  body  near  the  earth's 
surface.  From  the  total  attraction  between  the  body  and  tlie  eartli 
is  to  be  taken  away  the  deviaHng  force  necessary  to  make  the  bodf 
accompany  the  earth's  surfiuse  in  its  motion,  by  revolving  in  a  circle 
round  the  earth's  axis  once  in  a  sidereal  day  (Article  352).  The 
residual  force  is  the  weight  of  the  body,  W  =  g  m,  which  r^fulates 
its  motions  rdativelt/  to  the  earth*s  sttrface,  Thaa  the  variations  of 
the  co-efficient  g  in  iiffercnt  localities  of  the  earth's  surface,  at 
different  elevations,  expressed  by  the  formulss  of  Article  531,  are 
due  partly  to  variations  of  attraction,  and  partly  to  variations  of 
deviating  forca 
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r  "Wlien  bodies  are  carried  in  a  ship  or  vehicle,  and  are  free  to 
more  with  respect  to  it,  then  when  the  ship  or  vehicle  varies  its 
motion,  the  bodies  in  question  perform  motions  relatively  to  the 
iiiip  or  vehicle,  sneh  as  would,  in  the  case  of  the  uniform  motion  of 
the  ship  or  vehicle,  be  produced  bj  the  application  to  the  bodies  of 
Ibrces  equal  and  oontraiy  to  those  which  would  make  them  acoomr 
pany  the  ship  or  vehicle  in  the  variations  of  its  motion* 

SscnoK  3. —  TrtmrfcrmaJbioni  ofErtergy, 

547.  The  Actwa  SBcrgr  of  a  moving  body  relatively  to  a  fixed 
point  is  the  product  of  the  mass  of  the  body  into  (m&-Judf  of  the 
square  of  Us  vdocity,  or,  as  Article  533  shows,  the  product  of  the 
vxighi  of  the  body  into  the  height  due  to  its  velocity;  that  is  to  say, 
it  is  represented  by 

m^ "W  ^  ,- » 

T"""'27 ^'^ 

The  product  m  t^,  the  double  of  the  actual  energy  of  a  body,  was 
formerly  called  its  vis-viva.  Actual  energy,  being  the  product  of 
a  iffsigM  into  a  height,  is  expressed,  like  potential  energy  and  work, 
in/oU^paunds  (Article  513,  514). 

548.  c— if  Bf  •r  Aeuud  Encasy. — ^The  actual  energy  of  a  body 
(unlike  its  momentum^  is  essentially  positive,  and  irrespective  of 
direction.     Let  the  velocity  v  be  resolved  into  three  components, 

ax  dv  </ z 

11^  7^'  Ti*  P''^''^^  ^  three  rectangular  axes;  then  the  quantities 

of  actual  energy  due  to  those  three  components  respectively  are 

W^    da?     W^    d^     W     d^ 

2g'  dl''  2g''d7'  2g'  dt*' 

But  the  square  of  the  resultant  velocity  is  the  sum  of  the  squares  of 
its  three  components,  or 

di^^  dt'^  df 

therefore  the  actual  energy  of  the  body  is  simply  the  sum  of  the 
actual  eneigies  due  to  the  rectangular  components  of  its  velocity. 

549.  BMMPfT  mf  Tartod  Bi«ciMk — Theobem  L  A  dmnoUng  force 
produces  no  dumge  in  a  body's  adual  energy,  because  such  force 
produces  chaoge  of  direction  only,  and  not  cf  velodly ;  and  actual 
energy  is  irr^pective  of  direction,  and  depends  on  velocity  only. 

Theoreu  II.  The  increase  of  actual  energy  produced  by  an  tin- 
balanced  effort  is  equal  to  the  potential  energy  exerted  This  theorem 
is  a  consequence  of  the  second  law  of  motion,  deduced  as  follows  »^- 
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Let  m  =  W  -f-  ^,  be  the  mass  of  a  moving  body  acted  upon  by  an 
effort  P,  and  a  resistance  R,  the  effort  being  the  greater,  ao  thai 
there  is  an  unbalanced  effort  P  -  R;  and  in  the  first  place  let  that 
unbalanced  effort  be  constant.  Then  the  body  is  uniformly  aooe- 
lerated;  and  if  its  velocity  at  the  b^inning  of  a  given  intcarsl  of 
time  A  <  is  «i,  and  its  velocity  at  the  end  of  that  interval  «„  tka 
increase  of  the  body's  momentum  is 

-  {v»  -  V,)  =  (P  -  R)  A  t (L) 

9 

Because  of  the  uniformity  of  the  acceleration  of  the  body,  its  mesB 
velocity  is  -^—5 — *,  and  the  distance  travei-sed  by  it  is 

Let  both  sides  of  equation  1  be  multiplied  by  that  mean  velocity; 
the  following  equation  is  obtained  : — 

now  the  first  side  of  this  equation  is  the  increaae  of  the  hody^s  actual 
energy,  and  the  second  is  the  potential  energy  exerted  by  the  un- 
balanced effort;  and  those  two  quantities  are  equal — Q.  R  D. 

When  the  xmbalanced  effort  varies,  let  d  «  be  taken  to  denote  t 
distance  in  which  it  varies  less  than  in  any  given  proportion,  azid 
d  '  v*  the  change  in  the  square  of  the  velocity  in  that  distance;  then 

^  =  ^^  =  (P-R)<».; W 

or  if  «i,  «s,  denote  the  two  extremities  of  a  finite  portion  of  tbs 
body's  path, 

Y'(^*  —  '^  =  p(P^  B)ds. ...(3  A.) 

Theobem  IIL  The  diminution  of  actual  energy  produced  hy  a% 
unbalanced  resistance  is  eqtud  to  the  work  performed  in  movingayaind 
the  resistance.  This  is  a  consequence  of  the  second  law  of  motioo, 
demonstrated  by  considering  R  to  be  greater  than  P  in  the  equa* 
tions  of  the  preceding  theorem;  so  that  equation  1  becomes 

^(•.-rO  =  (R-P)^<; i^) 

equation  2  becomes 


i 
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^f^^fK-r)..: _.....« 

and  equation  3  and  3  A  become 

-^-'^=(^-^)<^' • w 

:?^f=^  =  /;;(R-P)d. ..(6..) 

550.  muantJ  stored  aad  Bcatored. — ^A  body  alternately  accelerated 
and  retarded,  so  as  to  be  brought  back  to  its  original  speed,  per- 
forms work  by  means  of  its  retardation  exactly  equal  in  amount  to 
the  potential  energy  exerted  in  producing  its  acceleration;  and  that 
amount  of  energy  may  be  considered  as  stored  during  the  accelera- 
tion, and  restored  during  the  retardation. 

551.  The  Twumafmrmtafm  •f  Energr  is  a  term  applied  to  such 
processes  as  the  expenditure  of  potential  energy  in  the  production 
of  an  equal  amount  of  actual  energy,  and  vice  versa. 

552.  The  €*uciT«UMi  of  Eacrgr  In  WawML  iiiwUaM  is  a  fact  or 
principle  expressed  by  combining  the  Theorems  II.  and  III.  of 
Artide  549  with  the  definition  of  stored  and  .restored  energy  of 
Article  550,  and  may  be  stated  as  follows  : — in  amy  irUersal  of  time 
during  a  body's  motion,  the  potential  energy  exerted,  added  to  the 
energy  restored,  is  er/ual  to  (he  energy  stored  added  to  the  work  per- 
/ormed  This  principle,  expressed  in  the  form  of  a  differential 
equation,  is  as  follows : — 

Tds^^^^^-Uds^O; (1.) 

9 

which  includes  equations  3  and  6  of  Article  549 ;  and  in  the  fona 
of  an  integral  equation, 

/p<i,-^^^-^-/RJ«==0 (2.) 

553.  PcH«dic«l  Kf  •cioB. — If  a  body  moves  in  such  a  manner  that 
it  periodically  returns  to  its  original  velocity,  then  at  the  end  of 
each  period,  the  entire  variation  of  its  actual  energy  is  nothing; 
and  in  each  such  period  the  whole  potential  energy  exerted  is  equal 
to  the  whole  work  performed,  exactly  as  in  the  case  of  a  body 
moving  uniformly  (Article  518). 

554.  ncuarctf  •f  rBbiOaMed  Vorcc — From  Articles  530  and  531, 
and  from  Article  549,  it  appears  that  the  magnitude  of  an  un- 
balanced force  may  be  computed  in  two  ways,— either  from  tho 
change  of  momentum  which  it  produces  by  acting  for  a  given  time, 
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or  by  the  change  of  energy  whicli  it  producefl  by  acting  along  a 
given  distance.  Both  those  ways  of  computing  are  expre^ed  in  tiie 
following  equation : — 

p_W^_W  vdv 
""^  'c?^""  g  '  ds* 

and  each  is  a  necessary  consequence  of  the  other ;  yet  in  former 
times  a  &llacy  prevailed  that  they  were  inconsistent  and  contra* 
dictory,  and  a  bitter  controversy  long  raged  between  their  respec- 
tive partizans. 

555.  JEBMTgy  diae  t*  OMi^ae  Force. — It  has  already  been,  stated 
in  Chapter  I.  of  this  Fart,  and  especially  in  Article  520,  that  if  aa 
iinbaJanced  force  F  acts  on  a  body  while  it  moves  through  the  d»- 
tance  d  8,  making  the  angle  ^  with  the  direction  of  the  force,  the 
product 

"F  coaS'ds 

represents  the  energy  exerted,  if  ^  is  acute,  or  the  work  perfonnedy 
if  ^  is  obtuse,  during  that  motion.  Now  that  product  may  be 
treated  mathematically  in  two  ways :  either  as  the  product  of  F 
cos  ^  ^  P  (or,  as  the  case  may  be,  F  cos  («-  —  ^)  =  R),  the  oomponent 
of  the  force  along  the  direction  of  motion,  into  ds,  the  motion;  or 
as  the  product  of  F,  the  entire  force,  into  cos  ^  *  ds,  the  component 
of  the  motion  in  the  direction  of  the  force.  The  former  method  is 
that  pursued  in  the  preceding  Articles ;  but  occasionally  the  latter 
may  be  the  more  convenient.  For  example,  when  the  force  F  i» 
either  directed  towards  or  from  a  central  point,  or  is  always  per- 
pendicular to  a  given  surface ;  let  z  denote  the  distance  of  the  body 
at  any  instant  from  the  central  pointy  or  its  normal  distance  frcm 
the  given  surface,  as  the  case  may  be ;  then 

dz^cos^'ds (1.) 

is  the  componenv  of  the  motion  of  the  body  in  the  direction  of  2. 

The  force  F  is  to  be  treated  as  positive  or  negative  according  as 
it  tends  to  increase  or  diminish  z.  Then  if  v^,  v^,  be  the  velocities 
of  the  body,  and  Zi,  z^  its  distances  from  the  given  point  or  surface 
at  the  beginning  ana  end  of  a  given  interval,  the  change  of  its 
actual  energy  in  that  interval  is 

^?^  =  />c».-..=  />..; W 

and  if  F  is  either  constant,  or  a  function  of  z  only,  the  velocity  of 
V  varies  with  z  alone. 

This  principle,  as  applied  to  the  force  of  gravity  near  the  earth's 
surface,  has  already  been  illustrated  in  Articles  533,  534,  and  J35; 
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for  in  that  case^  z  denotes  the  elevation  of  the  body  above  a  given 
level,  F»  —  W  (because  it  tends  to  diminiBh  z)^  and  therefore 

as  was  formerly  proved  by  another  process. 

b^^,  A  ]i«cipt«caiiiiC  Porce  is  a  force  which  acts  alternately  as 
an  effort  and  as  an  equal  and  opposite  resistance,  according  to  the 
direction  of  motion  of  the  body.  Such  a  force  is  the  weight  of  a 
body  which  alternately  rises  and  &lls ;  or  the  attraction  of  a  body 
towards  a  point  from  which  its  distance  periodically  changes.  Such 
a  force  is  the  force  F  in  the  last  Article,  when  it  is  constant,  or  a 
function  of  z  only ;  and  such  is  the  elasticity  of  a  perfectly  elastic 
body.  The  work  which  a  body  performs  in  moving  against  a  reci« 
procating  force  is  employed  in  increasing  its  own  potential  energy, 
and  is  not  lost  by  the  body. 

557.  The  Tocai  Energy  of  a  body  is  the  sum  of  its  potential  and 
actual  energies.  It  is  evident,  that  if  at  each  point  of  the  course 
of  a  moving  body  its  total  energy,  or  capacity  for  performing  work, 
be  added  to  the  work  which  it  has  already  performed,  the  sum 
must  be  a  constant  quantity,  and  equal  to  the  initlUi  energy  which 
the  body  possessed  before  beginning  to  perform  work.  If  a  body 
performs  no  work,  its  total  energy  is  constant ;  and  the  same  is  the 
case  if  its  work  consists  only  in  Tnoving  itddf  to  a  place  where  its 
potential  energy  is  greater,  that  is,  moving  against  a  reciprocating 
force ;  and  the  increase  of  potential  energy  so  obtained  being  taken 
into  account,  balances  the  work  performed  in  obtaining  it 

Example  1.  If  a  body  whose  weight  is  W  be  at  a  height  z^  above 
the  ground,  and  be  moving  with  the  velocity  Vi  in  any  din^ction, 
its  initial  total  energy  relatively  to  the  ground  is 

^ 

of  which  Wzi  is  potential  and  W  ^  actual     Supposing  the  body 

if 

to  have  moved  without  any  resistance  except  such  as  may  arise 
from  a  component  of  its  own  weight,  which  is  a  reciprocating  foroe, 
to  a  different  height  Zg  aboYO  the  ground,  its  total  energy  relatively 
to  the  ground  is  now 

^('•+^)' w 

being  the  same  in  amount  as  before,  but  differently  divided  between 
the  actual  and  potential  forms. 
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Example  H.  Should  the  motion  of  the  body  be  opposed  br  a 
resistance  such  as  friction,  which  is  not  a  reciprocating  foToe,  then 
the  total  energy  in  the  second  position  of  the  body  is  diminished  to 

Example  III.  Let  a  body  oscillate  (as  in  Article  542)  in  a  straigat 
line  traversing  a  central  point  towards  which  the  body  is  urged  by 
a  force  varying  as  the  distance  from  the  point ;  let  Xi  be  the  semi- 
amplitude  of  oscillation,  x  tlie  displacement  at  any  instant,   —  Qi 

—  Q  X 

the  greatest  value  of  the  moving  force,  so  that ■^—  is  the  value 

for  the  displacement  x.  Then  when  the  body  is  at  its  extrciDa 
displacement,  its  aotual  energy  is  nothing ;  and  its  total  energy, 
which  is  all  potential,  is 


ti:-"'^ « 


When  the  body  is  in  the  act  of  passing  the  central  point,  its  poten- 
tial energy  is  nothing,  and  its  total  energy,  which  is  now  all  actoal, 
is  in  amoimt  the  same  as  before,  viz. : — 

T^  -  ^2"' ^''•' 

Vo  being  the  maximum  velocity.  At  any  intermediate  point,  the 
total  energy,  partly  actual  and  pai-tly  potential,  is  still  the  same^ 
being 

wv    Q^^W^.^^.^^Qp^,^^^  (6.) 

:ig      2iCi       2g  2  2    *         ^    ' 


where,  as  before,  as  2  s-n ;  n  being  the  numl)er  of  double 
tious  in  a  second.  For  the  elliptic  oscillations  of  Article  543,  the 
total  energy  of  the  body  is  at  each  instant  the  sum  of  the  quanti- 
ties of  energy  due  to  the  two  straight  oscillations  of  which  the 
elliptic  oscillation  is  compounded ;  and  for  a  body  revolving  in  a 
circle,  and  urged  towards  the  centre  by  a  deviating  force  propor- 
tional to  the  radius  vector,  the  total  cneigy  relatively  to  the  centre 
is  one-half  actual  and  one-half  potential,  viz. : — 

^"+^'=«' o) 
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Section  i.— Varied  TranslaUon  of  a  Sy»Uin  of  Bodiei. 

558.  CMi««mUMi  •m«iH«rBHh — Theobeu.  T/ie-muiualactimta 
nf  a  system  ofbodieg  cannot  cliMnge  llieir  remltant  momentum.  (B«- 
Boltant  momentum  haa  been  defined  in  AiticlB  1^24.)  Every  fonce 
is  a  pair  of  equ&l  and  opposite  actions  between  a  pair  of  bodies ;  in 
any  given  interial  of  time  it  constitutes  a  pair  of  equal  and  oppo- 
eite  impulfiea  on  thoee  bodies,  and  produces  equal  and  opposite 
momenta.  Therefora  the  momenta  produced  in  a  aystem  of  bodies 
by  tlieir  mutual  actions  neutralize  each  other,  and  have  no  resnlt- 
ant,  and  cannot  change  the  reeultant  momentum  of  the  system. 

55B.  n«ti«i  arccHtnafomrifr.— Corollary.  TJie  variations 
ofUie  motion  of  the  centre  of  yracity  of  a  system  ofbodian  arewlwUy 
produced  by  forces  exerted  hy  bodies  external  to  liie  system  ;  for  the 
motion  of  the  centre  of  gravity  is  tliat  whicli,  being  multiplied  by 
the  total  mass  of  the  system,  gives  tlie  resultant  momentum,  and 
this  can  bo  varied  by  external  forces  only. 

It  follows  that  in  all  dynamical  questions  in  which  the  mutual 
actions  of  a  cei-tain  system  of  bodies  are  alone  considered,  the  centre 
of  gravity  of  that  system  of  bodies  may  be  correctly  treated  as  a 
point  whose  motion  is  none  or  uniform  ;  because  its  motion  cannot 
be  chau^d  by  the  forces  under  consideration. 

SGO.  Tlie  AasBiBr  nisMeHiBM.  relatively  to  a  fiiced  point,  of  a 
^XHly  having  a  motion  of  translation,  is  the  product  of  tiie  monien- 
tnm  of  the  body  into  the  perpendicular  distance  of  the  fixed  point 
&Qm  the  line  of  direction  of  the  motion  of  the  body's  centre  of 
gravity  at  the  instant  in  question  ;  and  is  obviously  equal  to  tho 
product  of  the  mass  of  the  body  into  double  the  area  swept  liy  tin; 
radios  vector  drawn  from  the  given  point  to  its  centre  of  gravity 
in  an  unit  of  time.  Let  m  be  the  mass  of  the  body,  e  its  velocity, 
I  tho  length  of  the  before-mentioned  perpendicular ;  tiien 

„..(=?^' 

9 
is  the  angular  momentum  relatively  to  the  given  jwint 

Angular  momenta  are  compounded  and  resolved  like  foii'rs, 
each  angular  momentum  being  i-epreaented  by  a  line  whose  length 
is  proportional  to  the  magnitude  of  the  angular  momentum,  and 
whose  direction  is  perpendicular  to  the  plane  of  the  motion  of  tho 
body  and  of  the  fixed  point,  and  such,  that  when  the  motion  of  the 
body  is  viewed  from  the  extremity  of  the  line,  the  radius  vector  of 
the  body  seems  to  have  rightr^hauded  rotation.  The  direction  of 
such  a  line  is  called  the  ruria  of  tiie  angular  momentum  which  it 
representa  The  resultant  angxdar  momentum  of  a  system  of  bodies 
is  the  resultant  of  all  their  angular  momenta  relatively  to  thtstt 
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common  centre  of  gravity;  and  the  axis  of  that  resultant  angnbf 
momentum  is  called  the  axis  qfanguUar  momentum  of  the  sj^xeoL 
The  term  angular  momentum  was  introduced  by  Mr.  Haywaid. 

561.  Aiisalw  ifliptdM  is  the  product  of  the  moment  of  a  couple 
of  forces  (Article  29)  into  the  time  during  which  it  acts.  X^et  F  be 
the  force  of  a  couple,  I  its  leverage,  and  dt  the  time  during  whidi 

it  acts,  then 

l^ldt 

IB  angular  impulse.  Angular  impulses  are  compounded  and  reeol?vi 
like  the  moments  of  couples. 

562.  BclallMia  •€  ABB«>ar  iMpalae  and  Aiqpilar  mLmm^cmmmm, — 

Theorem.  The  vcMriatioriy  in  a  given  time,  of  the  angidar  tnomefUtan 
of  a  body,  ie  eqtial  to  the  angular  impulse  producing  that  vtMriatiomy 
and  has  the  same  axis.  This  is  a  consequence  which  is  deduced 
from  the  second  law  of  motion  in  the  following  manner : — Conceive 
an  unbalanced  force  F  to  be  applied  to  a  body  m,  and  an  equal, 
opposite,  and  parallel  force,  to  a  iixed  point,  during  the  interval  dt; 
and  let  i  be  the  perpendicular  distance  from  the  fixed  point  to  the 
line  of  action  of  the  first  force.  Then  the  couple  in  question  exerts 
the  angular  impulse 

Tldt. 

At  the  same  time,  the  body  m  acquires  a  variation  of  momentum 
in  the  direction  of  the  force  applied  to  it,  of  the  amount 

mdvssF  dt; 

so  that  relatively  to  the  fixed  pointy  the  variation  of  the  body's 
angular  momentum  is 

mldv  =  Fldt; (1.) 

being  equal  to  the  angular  impulse,  and  having  the  same  axis. — 
Q.E.  D. 

563.  CMiMvratien  ^r  Angalar  IHmBeatMM. — ^ThEOREIL    7^  rendi- 

ant  angula/r  momentum  of  a  system  of  bodies  cannot  be  changed  in 
magnitudey  nor  in  the  direction  of  its  axis,  by  the  mutual  ctetions  of 
the  bodies. 

Considering  the  common  centre  of  gravity  of  the  system  of  bodies 
as  a  fixed  point,  conceive  that  for  each  force  with  which  one  of  the 
bodies  of  the  system  is  urged  in  virtue  of  the  combined  action  of  all 
the  other  bodies  upon  it,  there  is  an  equal,  opposite,  and  parallel 
force  appHed  to  the  common  centre  of  gravity,  so  as  to  fonn  a 
couple.  The  forces  with  which  the  bodies  act  on  each  other  are 
equal  and  opposite  in  pairs,  and  their  resultant  is  nothing;  thoie- 
fore,  the  resultant  of  the  ideal  forces  conceived  to  act  at  the  common 
centre  of  gravity  is  nothing,  and  the  supposition  of  these  forces  does 
not  effect  the  equilibrium  or  motion  of  the  system.  Also,  the 
^sultant  of  all  the  couples  thus  formed  is  nothing;  therefore,  the 
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restiltant  of  their  angular  impulses  is  nothing;  therefore,  the  result* 
ant  of  the  several  variations  of  angular  momentum  prodaoed  bj 
those  angular  impulses  is  nothing;  therefore,  the  resultant  angular 
momentum  of  the  aystem  is  invariable  in  amount  and  in  the  direo- 
tion  of  its  axis. — Q.  E.  D. 

This  theorem  is  sometimes  called  the  principle  of  the  canaervaHon 
of  areas.  When  applied  to  a  system  condsting  of  two  bodies  only, 
it  forms  one  of  the  laws  discovered  by  Kepler,  by  observation  of 
the  motions  of  the  planets. 

In  considering  the  relative  motions  of  a  Efystem  of  bodies  as 
depending  on  their  mutual  actions  only,  the  axis  of  angular  momen- 
tain  may  be  treated  as  $^  fixed  direction,  as  already  stated  in  Article 
348.  A  plane  perpendicular  to  the  axis  of  angular  momentum  is 
called  by  some  writers  the  invariahle  plane.  The  nearest  approach 
to  an  absolutely  fixed  direction  yet  known  is  the  invariable  axis  of 
the  discovered  bodies  of  the  sohur  system. 

564.  Adwil  BBflrsT  •<*  a  Sfstem  vf  Bodies. — ^ThEOKEK.   TheOChuU 

energy  of  a  system  of  bodies  relativeiy  to  a  point  external  to  the  system, 
is  the  swm  of  the  ctctual  energies  of  the  bodies  relatively  to  their  common 
centre  qfgramty,  added  to  the  actual  energy  dtte  to  the  motion  of  the 
mass  of  die  whole  system  toith  a  velocity  equal  to  that  which  its  centre 
of  gravity  has  rdalivdy  to  the  external  point. 

Let  the  motion  of  each  of  the  bodies,  and  of  their  common  centre 
of  gravity,  relatively  to  the  external  point,  be  resolved  into  three 
rectangular  components.  Let  m  be  any  one  of  the  masses,  and  tt, 
Vy  to,  ti^e  components  of  its  velocity  relatively  to  the  external  point;, 
let  2  •  m  be  the  mass  of  the  whole  system,  and  Uq,  v^  Wq,  the  com- 
ponents of  the  velocity  of  its  centre  of  gravity  relatively  to  the 
external  point 

Conceive  the  motion  of  each  of  the  bodies  to  be  resolved  into  two 
parts;  that  which  it  has  in  common  with  the  centre  of  gravity  rela- 
tively to  the  external  point,  and  that  which  it  has  reUUively  to  tlie 
centre  of  gravity.    The  component  velocities  of  the  first  part  are 

and  those  of  the  second  part 

u  —  Ufi=su'i  V  —  Vq  =  t;*;  w  —  lej^  =  vf', 

so  that  the  components  of  the  whole  motion  of  the  body  may  be 
represented  by 

If  =  t<Q  +  «';  r  =  «o  +  ^ j  M7  =  w^  +  «/. 

Then  the  actual  energy  of  the  system  relatively  to  the  external 
point  18 

i  2  •  m[{u,  +  uy+  (ro+  0'+  (tt'o  +  wO*}; 
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which  being  developed,  and  common  £Eu;tors  removed  outside  tho 
sign  of  summatiou,  gives 

^{^i  +  vi  +  u^'im 
+  tip  •  2  •  m  tt'  +  ro  •  2  •  TO  tj'  +  tOo  •  2  •  i»  ta' 
+  i  2  • »»  (w**  +  v'»  +  «?'«). 

But  in  Article  524  it  has  been  shown,  that  the  resultant  momentum 
of  a  system  of  bodies  relatively  to  their  common  centre  of  gravity 
is  nothing;  that  is  to  say, 

so  that  the  above  expression  for  the  actual  energy  of  the  system 
becomes  simply 

^  (mJ  +  t^  +  t(?o)  •  2  w»  +  ^  2  •  f»  (w*  +  t/*  +  u/*); (1.) 

of  which  the  first  term  is  tJie  actual  energy  of  the  wkole  nuus  qftk$ 
system  due  to  tfee  motion  of  tits  centre  of  gravity  rdativdy  to  ike 
external  pointy  and  the  second  term  is  the  ewm  of  the  actual  energies 
ofOvs  bodies  rdalivdy  to  Hieir  common  centre  ofgracity. — Q.  R  D. 

Those  two  parts  of  the  actual  energy  of  a  system  may  be  distin- 
guished as  the  external  and  internal  actual  energy. 

CoROLLAKY.  TJie  mvlual  actions  of  a  system  of  bodies  dumge  their 
internal  actual  energy  alone, 

565.  CwnnrwMmn  mi  Intfomal  Enersr. — LaW.    The  ioUd  wUmd 

energy  J  actual  and  potentialy  of  a  sy^em  qf  bodies,  cannot  be  changed 
by  ^iJeir  Tnutual  actions.  This  is  a  proposition  made  known  partij 
by  reasoning  and  partly  by  experiment  The  total  internal  enei^gr 
of  a  system  is  the  sum  of  the  total  energies  of  the  bodies  of  which 
it  consists  relatively  to  their  common  centre  of  gravity.  It  has 
been  sliown  in  Articles  549  to  557,  that  the  total  energy  of  a  single 
body  can  be  diminished  only  by  performing  work  against  a  resist- 
ance which  is  not  a  reciprocating  force ;  in  other  words,  against  an 
irreversible  or  passive  resistance. 

Now  it  has  been  proved  by  experiment,  that  all  work  peifonned 
against  passive  resistances  is  accompanied  by  the  production  of  an 
equal  amount  of  energy  in  a  different  form  (as  when  friction  pro- 
duces heat) ;  therefore  the  total  internal  energy  of  a  system  of  bodiesf 
cannot  be  changed  by  their  mutual  actions. — Q.  R  D. 

Although  this  law  has  become  known  in  the  first  instance  hj 
experiment  and  observation,  it  can  be  shown  to  be  necessaiy  to  the 
permanent  existence  of  the  universe  as  actually  constituted. 

566,  c^iiMoa  is  a  pressure  of.  inappreciably  short  duration  be- 
tween two  bodies.  The  most  usual  problem  in  cases  of  collision  is, 
when  two  bodies  whose  masses  are  given  move  before  the  collisiou 
in  one  straight  line  with  given  velocities,  and  it  is  required  to  find 


coLLiaiOH.  SOS 

their  Telodtiea  after  tlie  collision.  The  two  bodies  form  a  system 
whose  resultant  momentum  and  interoal  energy  are  euch  analtennl 
bj  the  collision;  but  a  certain  ^'action  of  the  internal  energy 
disappeaTS  as  visible  motion,  and  appears  as  vibration  and  heat. 
If  the  bodies  are  equal,  similar,  and  perfectly  elastic,  that  fraction 
in  nothing. 

Let  m,,  m*,  be  the  masses  of  the  two  bodies,  and  u,,  u„  their 
▼elocitiea  before  the  collimon,  whose  directions  should  be  indicated 
by  their  signs.  Then  the  veloci^  of  their  common  centre  of  gi»- 
-vityis 

"'-"Z*'^"'' <'■* 

and  this  is  not  altered  by  the  colli^on ;  neither  is  the  external 
energy,  whose  amount  is 

("•.♦•"j^ m 

The  hUvmat  mvryy  of  the  system  of  two  bodies  is 

Ml  {mi  ~  ««)'  _i.  *»!  (m,  -  «g)'  ,„. 

2  '  2  ^*^ 

When  the  bodies  strike  together,  this  actual  internal  energy  is 
expended  in  altering  the  figures  of  the  bodies  at  and  near  their 
surface  of  contact,  in  opposition  to  their  elastic  force.  So  soon  na 
the  relative  notion  of  the  bodies  has  been  thus  stopped,  the  t'lastic 
force  begins  to  restore  their  fignres,  and  drive  them  asundfr;  and 
if  tliey  were  equal,  similar,  and  perfectly  elastic,  it  would  rejirodiice 
all  the  enersy  of  relulive  motion  given  by  the  formula  3,  bo 
that  the  bodies  wonid  separate  with  velocities  relatively  to  their 
common  centre  of  gravity,  equal  and  opposite  to  their  original 
velodtiea  relatively  to  that  point ;  that  is  to  say,  with  the  velocities 

relatively  to  the  common  centre  of  gravity,  and  the  velocities 

»,  =  2  «,-«,,  t>,=  2M,-MB (i.) 

relatively  to  the  earth.  But  as  a  certain  proportion,  which  may  lv» 
denoted  by  1  -  ^,  of  the  internal  actnai  energy  takes  the  tormx 
of  intemaj  vibration  and  of  heat,  the  internal  actnai  energy  'liio  tn 
visible  motion  after  the  collision  is 

2^2  ' '■'■* 

the  velocities  of  the  bodies,  relatively  to  their  common  centra  «f 
gravity,  after  the  collision,  are 
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and  their  velocities  relatively  to  tlie  eartli  are 

Should  the  bodies  he  perfectly  8o/ty  or  indasUc,  k^  0;  in  wiiidL 

t7j  =  r,=«o; - (7.) 

that  is,  the  bodies  do  not  fly  asunder,  but  proceed  together  vith  tbe 
velocity  of  their  common  centre  of  gravity.    (See  Addendum,  p.  51  &) 


567.  The  Actt^n  ^r  VMbaiBMced  Eztcraai  fm«m  on  a  system  o£ 

bodies,  considered  as  a  whole,  is  to  vaiy  the  resultant  momentom 
and  the  resultant  angular  momentum.  It  has  been  shown  in 
Article  60,  that  every  system  of  forces  can  be  reduced  to  a  single 
force  and  a  couple.  The  system  of  forces  applied  to  a  system  of 
bodies  is  to  be  reduced  to  a  single  force  acting  through  the  coitn) 
of  gravity  of  the  system,  and  a  couple,  as  shown  in  equations  5,  6, 
7,  8,  of  Article  60 ;  then  in  a  given  interval  of  time,  the  variatkHi 
of  resultant  momentum  of  the  system  is  equal  to  and  in  the  direc- 
tion of  the  impulse  of  the  single  resultant  force,  and  the  variatioii 
of  angular  momentum  is  equal  to  the  angular  impulse,  and  about 
the  axis,  of  the  resultant  couple. 

To  express  this  by  general  equations,  let  the  components  of  the 
momentum  of  any  mass  m  belonging  to  the  system,  whose  rectan- 
gular co-ordinates  are  a?,  y,  «,  be  m  -rr,  m  -v~,  f»  -tt.  Then  the 
rates  of  variation  of  these  components  are 

d^x       d'y       d*z  „ . 

"*dF'  '^je''^d? ^' 

Also,  the  rectangular  components  of  the  angular  momentum  of  that 
mass  are 


about  *,  m  (y|f -«  Jf)  ; W 


whoee  rates  of  Tariatioii  are 


m 
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Ijet  F«,  F^  F,,  be  the  components  of  the  force  externally  applied 
to  a  point  whose  co-ordinates  are  x,  y,  z.  Then  by  the  equality  of 
tihe  resultant  impulse  to  the  variation  of  resultant  momentum. 


.{^.-»^-}=«,.{F.-.j4»}  =  0; 


2 


{--"PA-"' 


...(4.) 


and  by  the  equality  of  the  resultant  angular  impulse  to  the  Tariar 
tion  of  the  r^ultant  angular  momentum, 


a 


-y(F.- 


—  « 


-  X 


d 

a*x> 


=  0; 

=  0j 
=  0j 


•  •••••I  v»  1 


The  use  of  those  equations  is  to  determine  the  effect  of  a  fpyen 
system  of  external  forces  on  a  system  of  bodies  when  the  relations 
amongst  the  motions  of  those  bodies  are  known,  without  taking  into 
consideration  the  internal  forces  acting  between  the  bodies,  which 
latter  forces  it  is  sometimes  difficult  or  impossible  to  determine  until 
the  effects  of  the  external  forces  have  first  been  found 

568.  PucrmtmitioM  of  the  Inlcrmil  Forces. — ^When  the  relations 

-which  exist  between  the  motion  of  the  system  as  a  whole, — that  is, 
its  resultant  momentum  and  angular  momentum, — and  the  motions 
of  the  seyeral  bodies  of  which  it  consists,  are  fixed  by  dnematical 
principles,  then  the  motion  of  each  body  can  be  determined  when 
the  externally  applied  forces  are  known.  Then  if,  from  the  force 
externally  applied  to  each  body  at  each  inttanty  there  ia  taken  aiway 
the  force  required  to  produce  the  cJiange  of  motion  of  the  body  iMch 
takes  place  at  that  inetant,  the  remainder  mtut  be  balanced  by,  and 
equal  and  opposite  to,  the  irUemal  force  acting  on  the  body  in  quee- 
tion;  and  this,  which  is  the  principle  of  D'Alembebt,  senres  to 
determine  the  internal  forces.  Using  the  notation  of  the  last 
Article,  the  components  of  the  internal  force  applied  to  a  given 
body  of  the  fiystem  are 


9> 


d*z      - 


569.  BcsMvai  Extermd  Forces. — If  the  resultant  external  force 
acting  through  the  centre  of  gravity  of  a  eystem  of  bodies  be  sup* 
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posed  to  be  divided  into  |)arallel  components,  each  applied  to  one 
of  the  bodies  and  proportional  to  the  mass  of  the  body  to  which  it 
is  applied,  such  will  be  the  system  of  external  forces  required  to 
make  all  the  bodies  of  the  system  have  equal  and  ]>arallel  motions 
at  each  instant  in  common  with  their  centre  of  gravity.  Then  if 
the  forces  so  determined  be  taken  away  from  the  forces  actually 
applied  to  the  several  bodies,  the  residual  external  forces,  bein^ 
combined  with  the  internal  forces,  will  constitute  those  forces 
which  regulate  the  motions  of  the  bodies  relatively  to  their  com- 
mon centre  of  gravity  considered  as  a  fixed  point. 

Addendum  to  Article  5G6,  page  dIO. 

€'oIIIhI«b. — It  WMs  formerly  supposed  that  the  disappearance  of 
cuergy  after  collision  was  wholly  due  to  imperfect  elasticity,  and 
that  any  two  perfectly  elastic  bodies  would  fly  asunder  after  col- 
lision with  a  relative  velocity  equal  to  their  relative  velocity  of 
approach  before  collision.  But  M.  de  St.  Yenant  showed  that, 
excejit  when  the  bodies  ai'e  similar  and  equal,  a  certaiu  quantity  of 
energy  disappears,  even  in  perfectly  elastic  bodies,  in  i>rodnciiig 
internal  vibrations  of  each  body.  The  value  of  the  co-efficient  k, 
being  the  ratio  of  the  relative  velocity  of  the  recoil  to  that  of  the 
approach,  in  the  case  of  a  pair  of  \)ev£ect\y  elastic  prismatic  bars, 
striking  each  other  endwise,  is  given  as  follows :  let  a^  and  02  be 
the  lengths  of  the  bars;  p^  and  p^  their  weights  per  unit  of  length; 
81  and  8^  the  velocities  of  the  transmission  of  sound  (that  is;, 

of  longitudinal  vibrations)  along  them;  let  -  ^  .^  — •;  and  also  let 
*xPi  -^^  hP^y  ^^  other  words,  let  -?  .^^  -5  and  Z^    -^;  then 

A  =  2-^^L±i!2Z2. &I2 I (8.) 

<hP2  Pih  -^  Pzh 

As  to  the  velocity  of  sound,  see  Article  615,  page  563.  The 
paper  of  M.  de  St.  Yenant  is  published  in  full  in  the  Journal  dea 
MiUltenuUiquea  puree  et  appliqu^,  1 867 ;  and  an  abstract  in  English 
of  the  more  simple  of  i:;s  results  in  The  Engineer  for  the  15th  Feb- 
ruarv.  18G7. 
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CHAPTER  IIL 


BOTATIONB  OF  BIOID  BODIBBi 


570.  Tke  n^timi  •€  a  BisM  B«di7»  Or  of  a  bodj  which  sensibly 
piresenres  the  same  figure,  has  already  been  shown  in  Part  IIL, 
Chapter  II.,  to  be  always  capable  of  being  resolved  at  each  instant 
into  a  translation  and  a  rotation;  and  by  the  aid  of  the  prindplea 
explained  in  Section  3  of  that  chapter,  the  component  rotation  can 
always  be  eonoeiyed  to  take  plaoe  about  an  axis  traversing  the 
centre  of  gravity  of  the  body,  and  to  be  oombined,  if  necessary^ 
writh  a  translation  of  the  whole  body  in  a  curved  or  stiaight  path 
along  with  its  centre  of  gravity.  The  variations  of  the  mcmen- 
twn  of  the  translation,  whether  in  amount  or  in  direction,  are 
due  to  the  resultant  force  acting  through  the  centre  of  gravity 
of  the  body,  and  are  exactly  the  same  with  those  of  the  momen- 
tum of  the  entire  mass  if  it  were  concentrated  at  that  centre; 
the  variations  of  the  angular  momentfum  of  the  rotation  are 
due  to  the  resultant  couple  which  is  combined  with  that  re- 
sultant force.     The  variations  of  acUud  energy  are  due  to  both 


When  the  translation  of  the  centre  of  graviiy  of  a  rotating  body, 
and  its  rotation  about  an  axis  traversing  that  centre,  are  known, 
the  motion  of  every  point  in  the  body  is  determined  by  cinematical 
principles,  which  have  been  explained  in  Part  IIL,  Chapter  II., 
Section  3 ;  so  that  by  the  aid  of  D'Alembert's  principle  (Article 
568)  the  internal  forces  acting  amongst  the  parts  of  the  body  can 
be  completely  determined. 

In  tiie  investigations  of  questions  respecting  the  motions  of 
rigid  bodies^  there  are  certain  quantities,  lines,  and  points,  de- 
pending on  the  figures  of  the  bodies,  the  mode  of  custribution 
of  their  masses,  and  the  way  in  which  their  motions  are  guided, 
whose  use  facilitates  the  imderstanding  of  the  subject  and 
the  compatation  of  results,  and  which  axe  related  to  each  other 
by  geometrical  principles.  These  are,  momenie  of  inertia^  radU 
q/*  gyraUon,  momenta  of  demationy  and  eerUree  of  pereueeion. 
Their  geometrical  relations  are  considered  in  the  mllowing  seo- 
tion. 
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SEcnoK  1. — On  Moments  o/Inertiay  Radii  o/GyraUon,  MomenU  cf 

Deviation,  and  Centres  of  Percussion, 

571.  The  mmmmmg  •€  iMttte  of  an  indefinitelj  small  bodj,  or 
''physical  point,*'  relativelj  to  a  given  axis,  is  the  prodact  of  the 
mass  of  the  body,  or  of  some  quantity  proportional  to  ih^  mas% 
such  as  the  weight,  into  the  square  of  its  perpendicular  distance 
from  the  axis :  Uius  in  the  following  equation : — 

I  Wr* 

t^mf»  =  -^, (L) 

9  9 

r  is  the  perpendicular  distance  of  the  mass  m,  whose  weight  is  W, 
from  a  given  axis;  and  the  moment  of  inertia^  aooording  to  the 
unit  employed,  is  either  I,  or  I  -^  ^;  the  former,  when  the  unit  is 
the  moment  of  inertia  of  an  unit  of  weight  at  the  end  of  an  arm 
whose  length  is  unity ;  and  the  latter,  when  the  unit  is  the  moment 
of  inertia  of  an  unit  of  mass  at  the  end  of  the  same  arm.  For  the 
purposes  of  applied  mechanics,  the  former  is  the  more  convenient 
imit,  and  will  be  employed  in  this  treatise. 

By  an  extension  of  the  term  "  moment  of  inertia,"  it  is  applied 
to  the  product  of  any  quantity,  such  as  a  volume,  or  an  area,  into 
the  square  of  the  distance  of  the  point  to  which  that  quantitj 
relates  from  a  given  axis,  as  has  already  been  exemplified  in  Article 
95,  and  in  the  theoiy  of  resistance  to  bending ;  but  in  the  remainder 
of  this  treatise  the  term  will  be  used  in  its  strict  sense,  and  aooord- 
ing to  the  unit  of  measure  already  specified;  that  is,  in  British 
measures,  moment  of  inertia  will  be  expressed  by  the  product  of  a 
certain  number  of  pounds  avoirdupois  into  the  square  of  a  certain 
number  oifeeL 

The  geometrical  relations  amongst  moments  of  inertia,  to  which 
the  present  section  refers,  are  independent  of  the  unit  of  measure. 

572.  The  iiiMieMC  •r  iMttte  •r  a  SraiMi  •€  Phyaicai  riiMii,  res- 
tively to  a  given  axis,  is  the  sum  of  the  moments  of  inertia  <tf  the 
several  points ;  that  is, 

I  =  3  •  W  r» (1.) 

573.  The  HraMirt  ^r  beMia  ma  8  RisM  BWiy  is  the  sum  of  tiie 
moments  of  inertia  of  all  its  parta^  imd  is  found  by  int^ration ;  that 
is,  by  conceiving  the  body  to  be  divided  into  small  parts  of  regular 
figure,  multiplying  the  mass  of  each  of  those  parts  into  the  square 
of  the  distance  of  its  centre  of  gravity  from  the  axis,  •Aliwg  the 
products  together,  and  finding  the  value  towards  which  their  sqib 
converges  when  the  size  of  the  small  parts  is  indefinitely  dimuudied. 
Por  example^  let  the  body  be  conceived  to  be  built  up  of  lectangular 
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molecules,  whose  dimenaions  are  dx,  dy,  and  d  z,  the  volume  of 
each  dxdydzy  and  the  mass  of  unity  of  volume  t^.     Then. 


1=  j  j  j  ^w'dxdydz (1.) 


Hence  follows  the  general  principle  which  will  afterwards  be 
iUustrated  in  special  cases,  that  propositions  relative  to  the  geome- 
trical relations  amongst  the  moments  of  inertia  of  systems  of  points 
are  made  applicable  to  continuous  bodies  by  substituting  integration 

for  ordinary  summation;  that  is,  for  example,  by  putting  /  /  / 

for  %  and  w  dxdy  dz  for  W, 

574.  The  ]!•«■•  mf  ciyvati*B  of  a  body  about  a  given  axis  is  that 
length  whose  square  is  the  mean  qfcUl  the  squares  of  the  distances 
of  the  indefinitely  small  equal  particles  of  the  body  firom  the  axis, 
and  is  found  by  dividing  the  moment  of  inertia  by  the  mass,  thus, 


(L) 


When  symbols  of  integration  are  used,  this  becomes 

I  I  I  ^^  '  ^^  dy  dz 
J  J  J   ^ *dxdydz 


(2) 


575.  CTMap^BOita  •T  Hmmcms  •€  laevtia. — Let  the  positions  of  the 
particles  of  a  body  be  referred  to  three  rectangular  axes,  one  of 
which,  O  X,  is  that  about  which  the  moment  of  inertia  is  to  ba 
taken.     Then  the  square  of  the  radius  vector  of  any  particle  is 

r»  =  |/»  +  ««; 

flo  that  the  moment  of  inertia  round  the  axis  of  « ia 

I,  =  3Wy»+2-W  «•; (1.) 

that  is  to  say,  the  momenJt  of  inertia  of  a  body  round  a  given  axis 
may  he  found  by  adding  together  the  ewm  qfthe  products  of  the  masses 
of  One  pa/rtides,  each  myitiplied  by  the  square  of  each  of  its  distances 
from  a  pair  of  planes  cutting  each  other  alt  right  angles  in  the  given 


In  the  same  manner  it  may  be  shown  that  the  moments  of 
inertia  of  the  same  body  roxmd  tiie  other  two  axes  are  given  by  tha 
equations 
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576.    IVIoaMBta    mf  iBcrtIa    Roand    Pamllcl 

Theoreil  Tlie  moTnent  of  inertia  of  a  body  about  any  given  ojom 
ia  eqtud  to  its  moment  of  inertia  about  an  axis  traversing  iis  eentrt 
of  gravity  paralld  to  tlie  given  aosisy  added  to  tJie  moment  ofinerliA 
about  Uie  given  aads  due  to  tits  whole  mass  ofUie  body  conctniraied  <i 
its  centre  of  gravity. 

Take  the  given  axis  for  the  axis  of  x,  and  any  tw^o  planes  in- 
versing  it  at  right  angles  to  each  other  as  the  planes  of  x  y  and 
«  x;  then^  as  in  the  preceding  Article, 

^^  ^09  ^  t>e  the  perpendicular  distances  of  the  centre  of  gravity  of 
the  body  from  the  two  co-ordinate  planes  before  mentioned ;  con- 
ceive a  new  axis  to  traverse  that  centre  of  gravity,  parallel  to  the 
given  axis;  let  two  co-ordinate  planes  parallel  to  the  original 
co-ordinate  planes  traverse  that  new  axis;  and  let  y,  z\  be  the 
perpendicular  distances  of  ^  given  particle  from  those  new  co- 
ordinate planes.     Then 

t/  =  Vo  +  V^'>  »  =  s^  +  ^; 

and  introducing  those  values  of  the  original  co-ordinates  into  tba 
value  of  I,,  we  find 

but  because  y  and  s!  are  the  distances  of  a  particle  from  planai 
traversing  the  centre  of  gravity  of  the  body, 

2  •  Wy'  =  0;  3  -Wi^rrrO; 

and  the  preceding  equation  is  reduced  to  the  following  :— 

I.  =  (3«  +  ^0  2W  +  2-W(y*  +  ^ (1.) 

which  expresses  the  theorem  to  be  proved 

This  theorem  may  be  more  briefly  expressed  as  follows: — ^Let 
Iq  be  the  moment  of  inertia  of  a  body  about  an  axis  traversiog  its 
centre  of  gravity  in  any  given  direction,  and  I  the  moment  of 
inertia  of  the  same  body  about  an  axis  parallel  to  the  former  at  the 
perpendicular  distance  r^;  then 

I  =  rj  •  2  W  +  I, (2.) 

An  analogous  proposition  for  surfaces  has  been  demonstrated  ia 
Article  95,  Theorem  V. 

CoKOLLABY  L   The  radius  of  gyration  (e)  of  a  body  about  any 
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is  equal  to  the  hypotenuse  of  a  right-angled  triangle,  of  which 
the  two  legs  are  respectively  equal  to  the  radius  of  gyration  of  the 
body  about  an  axis  traversing  the  centre  of  gravity  parallel  to  the 
given  axis  M,  and  to  the  perpendicular  distance  between  these  two 
axes  (r  J.     That  is  to  say, 

«'=»■?+«; (3.) 

GoROLLAiiT  II.  The  moment  of  inertia  of  a  bodv  about  an  axis 
traversing  its  centre  of  gravity  in  a  given  direction,  is  less  than  the 
moment  of  inertia  of  the  same  body  about  any  other  axis  parallel 
to  the  first 

Ck)BOLLABY  IIL  The  moments  of  inertia  of  a  body  about  all 
axes  parallel  to  eacli  other,  which  lie  at  equal  distances  from  its 
centre  of  gravity,  are  equal 

577.  c^mbiBcd  iHoBMato  mf  iMertin. — Theobeil  The  combined 
moment  of  inertia  of  a  rigidly  connected  system  of  bodies  abotU  a 
given  ctxis,  is  equal  to  the  combined  moment  of  inertia  which  the  sys- 
tem toould  luwe  about  the  given  axis,  if  each  body  were  concentrated 
at  its  own  centre  of  gravity,  added  to  the  sum  of  the  several  moments 
of  inertia  of  the  bodies,  aboiu  axes  tra/versing  tlieir  respective  centres 
of  gravity,  pardUd  tQ  tlie  given  axis. 

Let  W  now  denote  the  mass  of  one  of  the  bodies,  1q  its  moment 
of  inertia  about  an  axis  traversing  its  own  centre  of  gravity  parallel 
to  the  given  common  axis,  and  r^  the  distance  of  its  centre  of  gravity 
fix>m  that  common  axis.  Tlien  the  moment  of  inertia  of  that  body 
about  the  common  axis,  according  to  Article  576,  equation  2,  is 

Consequently,  the  combined  moment  of  inertia  of  the  system  of 
bodies  is 

Jl  =  2.WrJ  +  2l,; (1.) 

— Q.  R  D. 

578.    BxaaiplM  mf  Hmmcbis  •€  Inertia  aad  RadU  •€  Gfnitioa  of 

homogeneous  bodies  of  some  of  the  more  simple  and  ordinary 
figures,  are  given  in  the  following  tables.  In  each  case,  tbe  axis  is 
supposed  to  traverse  the  centre  of  gravity  of  the  body;  for  the 
principles  of  Article  576  enable  any  other  case  to  be  easily  solved. 
The  axes  are  also  supposed,  in  each  case,  to  be  axes  of  symmetry  of 
the  figure  of  the  body.  In  subsequent  Articles,  it  will  be  shown 
what  relations  exist  between  the  moments  of  inertia  of  the  same 
body  about  axes  traversing  it  in  different  directions. 

G^ie  column  headed  W  gives  the  mass  of  the  body;  that 
headed  I^  gives  the  moment  of  inertia;  that  headed  e^  the  square 
of  the  radius  of  gyration.  The  ma^s  of  an  unit  of  volume  is  in 
each  case  denoted  by  w» 


BODT, 

L  Sphere  of  ndins  r,^« 

IL  Spheroid  of  levolntion — 
polar  eemi-axis  a,  equa- 
torial radios  r, 

IXL  EUipfloid — semi-axefl,  a, 
*f «» 

lY.  Spherical  shell — external 
radios  r,  internal  r',.... 

y.  Spherical  shell,  insensibly 
thin  —  radios  r,  thick- 
ness dr^ 

VI.  Circular  cylinder — ^length 
2a,  radius  r, 

VII.  Elliptic  cylinder— length 
2a,  transverae  semi- axes 

*.ci 

VTIL  Hollow  circular  cylinder- 
length  2a,  external  ra> 
dins  r,  internal  r^, 

IX.  Hollow  drcnlar  cylinder, 
insensibly  thin —  length 
2a,  radius  r,  tJiickneas  dr, 

X.  Circular  cylinder — ^length 
2a,  radius  r, 

XI.  Elliptic  cylinder—length 
2a,  transverse  semi-axes 

h  c, 

XIL  Hollow  circular  <^linder— 
length  2a,  external  ra- 
dius r,  internal  r^, 

XnL  Hollow  circular  cylinder, 
insensibly  thin  — radius 
r,  thickness  €&*, 

XIV.  Rectangular  prism — di- 
mensions 2a,  26,  2c, 

XV.  Rhombic  prism  —  length 
2a,  diagonals  25,  2o^.... 

XVI.  Rhombic  prism,  as  above, 


AXXSk 
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Polar  axis 
Axis,  2a 
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^79.    Mmmmmtm  •€  Inertia  f*«Md   by  I^ItIsIom   a«d  9«bti«ctl*B.-~ 

£ach  of  the  solids  mentioned  in  the  table  of  the  preceding  Article 
can  be  divided  into  two  equal  and  symmetrical  halves  by  a  plane 
perpendicular  to  the  axis.  The  radius  of  gyration  of  each  of  those 
halves  is  the  same  with  that  of  the  original  solid  Each  of  the 
solids  can  also  be  divided  into  four  equal  and  symmetrical  wedges 
or  sectors  by  planes  traversing  the  axis;  and  those  which  are  soHds 
of  revolution  can  be  divided  into  an  unlimited  number  of  such 
iredges  or  sectors.  The  radius  of  gyratioil  of  each  such  sector  about 
the  original  axis,  which  forms  its  edge^  is  the  same  with  tliat  of 
the  original  solid. 

To  find  the  radius  of  gyration  of  any  such  sector  about  an  axis 
parallel  to  its  edge,  the  original  axis,  and  traversing  the  centre  of 
gravity  of  the  sector,  let  r^  be  the  distance  of  that  centre  of  gravity 
from  l^e  original  axis,  eo  the  radius  of  gyration  of  the  original  solid, 
and  /o  the  radius  of  gyration  of  the  sector  about  the  new  axis  in 
question ;  then  from  Article  576,  equation  3,  it  follows  that 

eo  =  eo—*'o (!•) 

Example,  In  case  15  of  Article  578,  the  square  of  the  radius  of 
gyration  of  a  rhombic  prism  about  its 

longitudinal  axis  is  found  to  be  — p- , 

h  and  e  being  the  two  semi-diagonals. 
Let  Gg.  238  represent  such  a  prism,  ^* 
and  let  A  be  one  end  of  its  longitu- 
dinal axis,  and  BAB  =  2  6,  CAC  =  Fig.  288. 
2  c,  its  two  diagonals.     Divide  the  prism  into  four  equal  right- 
angled  triangular  prisms  by  two  planes  traversing  the  diagonals 
and  the  longitudinal  axis ;  the  radius  of  gyi-ation  of  each  of  those 
prisms  about  that  axis  is  the  same  with  that  of  the  original  prisiu. 

Bisect  BC  in  D,  and  join  AD,  in  which  take  ro= AE  =  ^  A  D  = 

^  B  0  =  ^L—T —  ;  then  E  is  the  extremity  of  a  longitudinal  axis 
o 

traversing  the  centre  of  gravity  of  the  triangular  prism  ABC,  and 

the  radius  of  gyration  of  that  prism  about  that  new  axis  is  given 

by  the  equation 


580.  MaiBMti  9f  iBCHia  foand  ¥f  TraaaTarBiBcloa*— The  moment 

of  inertia  and  radius  of  gyi'ation  of  a  body  about  a  given  axis  are 
not  changed  by  any  transformation  of  its  figure  which  can  be 
effected  by  shifting  its  particles  parallel  to  the  given  axis ;  and  the 
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radius  of  gyration  is  not  altered  by  altering  the  dimensioins  of  tbe 
body  parallel  to  the  axis  in  a  constant  ratio ;  for  example^  in  easei 
1  and  2  of  Article  578,  the  radius  of  gyration  of  a  spheroid  abovl 
its  polar  axis  is  the  same  with  that  of  a  sphere  of  the  same  eqi» 
tonal  radius. 

If  the  dimensions  of  a  body  in  all  directions  transrerse  to  & 
axis  are  altered  in  a  constant  ratio,  the  radius  of  gyration  is  altered 
in  the  same  ratio. 

If  the  dimensions  of  a  body  transverse  to  its  axis,  in  two  direc- 
tions perpendicular  to  each  other,  are  altered  in  different  ratios; 
for  example,  if  the  dimensions  denoted  by  y  are  altered  in  the  nl^ 
m,  and  the  dimensions  denoted  by  «  in  the  ratio  fi^  then  the  radios 
of  gyration  e  of  the  original  body  is  to  be  conceived  as  the  hypo- 
tenuse of  a  right-angled  triangle  whose  sides  are,  v  parallel  to  y, 
and  ^  parallel  to  z,  and  are  given  by  the  equations 


^'•^y*.  «„ 


sW 


Ws? 


iW 


.(1.) 


and  the  radius  of  gyration  ^'  of  the  transformed  body  will  be  the 
hypotenuse  of  a  new  right-angled  tiiangle  whose  sides  tare  m  «  and 
n  ^ ;  that  is  to  say. 


e'«  =  m«ii«  +  n«^ 


(2.) 


This  method  may  be  exemplified  by  deducing  the  radius  of  gyration 
of  an  ellipsoid  about  any  one  of  its  axes  (Article  578,  caae  3)  frcm 
that  of  a  sphere  ({&.,  case  1). 

581.  The  Ontre  mt  PercBasiMi  of  a  body,  for  a  given  axis,  is  a 
point  so  situated,  that  if  part  of  the  mass  of  the  body  were  oonoen- 
trated  at  that  point,  and  the  remainder  at  the  point  directly  oppo- 
site in  the  given  axis,  the  statical  moment  of  the  weight  so  distri- 
buted (Article  42),  and  its  moment  of 
inertia  about  the  given  axis,  would  he 
the  same  as  those  of  the  actual  body 
in  every  position  of  the  body. 

In  fig.  239  let  XX  be  the  given 
axis,  and  G  the  centre  of  gravity  of 
the  body.  It  is  evident,  in  the  fint 
place,  that  the  centre  of  percuasion 
must  be  somewhere  in  the  perpenih- 
cular  C  G  B  let  fall  from  the  centre  of 
gravity  on  the  given  axis.  Secondlr, 
in  order  that  the  statical  moment  of 
the  whole  mass,  concentrated  partly  at 
0,  and  partly  at  the  centre  of  perms- 


Fig.  289. 


sion  B  (still  unknown),  may  be  the  same  with  that  of  the  actual 
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body,  the  centre  of  gravity  must  be  unaltered  hj  that  concen- 
tration of  mass ;  that  is  to  say,  the  masses  concentrated  at  B  and 
C  must  be  inversely  as  the  distances  of  those  points  from  G. 
Senoe  denoting  the  weights  of  those  masses  by  the  letters  B  and 
C  respectively,  and  the  weight  of  the  whole  body  by  W,  we  have 
the  proportion 

W  :  C  :  B  :  :  BO  :  GB  :  GO (1.) 

Lastly,  in  order  that  the  moment  of  inertia  of  the  mass  as  supposed 
to  be  concentrated  at  B  and  C,  about  the  axis  X  X,  may  be  the 
same  with  that  of  the  actual  body,  we  must  have 

B-BC»  =  Wt«  =  W(e!  +  f5) (2.) 

where  ro=  G  0,  and  ^o  is  the  radius  of  g3rration  of  the  body  about 
an  axis  parallel  to  X  X  and  traversing  G ;  and  substituting  for  B 

its  value  from  equation  1,  viz.,  B  =  Wro  h-  B  C,  we  find,  for  the  dis- 
tance of  the  centre  of  percussion  from  the  axis, 

BC  =  -?^  =  -^'+ro; (3.) 

and  for  its  distance  from  the  centre  of  gravity, 

GB  =  BC  -  r,  =  ^ (4.) 

The  last  equation  may  also  be  expressed  in  the  form 

GB  •  GO  =  eJ ; (5.) 

which  preserves  the  same  value  when  GB  and  GO  ard  inter- 
changed ',  thus  showing,  that  if  a  new  axis  parallel  to  the  original 
axis  XX  be  made  to  traverse  the  original  centre  of  percussion,  the 
new  centre  of  percussion  is  the  point  C  in  the  originisd  axia. 

The  proportion  in  which  the  mass  of  the  body  is  to  be  considered 
as  distributed  between  B  and  C  takes  the  following  form,  when 
each  of  the  last  three  terms  of  the  pix)portion  1  is  multiplied  by 

n  =  GC:— 

W  :  0  :  B  :  :  cj  +  rj  :  e!  :  ^ (6.) 

The  preceding  solution  is  represented  by  the  following  geometrical 
construction : — Draw  GD  ±  C  G  and  =  eo  I  i^^  C  D,  perpendicu- 
lar to  which  draw  D  B  cutting  C  G  produced  in  B ;  this  point  is 
the  centre  of  percussion. 

Also,  C  D  =  ey  the  radius  of  gyration  about  X  X  ;  and  I)  B  ui  the 
ndius  of  gyration  about  an  axis  traversing  B  parallel  to  XX 


/  V-    an 

S«^  foi 
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If  G  E  be  taken  =  0  D,  E  is  sometimes  called  the  CEirrBZ  or 
GTRATioir  of  the  body  for  the  axis  XX.* 

582.  «•  Ccam  •£  PercustoB  exists  when  the  axis  traYerses  the 

centre  of  gravity  of  the  body.     In  that  cast, 

^^^^"^^^      5   the  statical  moment  of  the  body  is  nothing; 

/  y^     and  an  equal  mass,  concentrated  and  nm- 

formly  distributed  round  the  circle  BBBy 

whose  radius  is  ^,  the  radius  of  gyration,  or 

a  set  of  symmetrically  arranged  points  in. 

Yist  240."  ^^^  circle,  has  the  same  moment  of  inertia. 

with  the  actual  body. 

583.  HomeBU  of  Inertia  abont  lacliaed  Axes. — ^The  object  of  the 

present  Article  and  the  remaining  Articles  of  this  section  is  to 
show  the  relations  which  exist  amongst  the  moments  of  inertia  of 
a  body  about  axes  traversing  a  fixed  point  in  it  in  different  diie^ 
tions.  The  mathematical  processes  which  it  is  necessary  to  employ 
for  that  purpose,  though  not  very  abstruse,  are  somewhat  complex; 
and  the  reader  who  wishes  to  study  the  more  simple  parts  of  the 
subject  only,  may  take  the  conclusions  for  granted. 

It  has  already  been  shown  in  Article  575  that  the  moment  of 
inertia  of  a  body  about  a  given  axis  denoted  by  «,  is  given  by  the 
equation 

I,  =  Sy*  +  S;5«; (1.) 

in  which,  for  the  sake  of  brevity,  2  *  W  has  been  replaced  by  the 
single  symbol  S.  The  fixed  point  being  the  origin  of  co-ordinates, 
let  S  B'  be  the  sum  of  the  products  of  the  weight  of  each  partide 
into  the  square  of  its  distance  from  that  point ;  a  sum  which  i» 
independent  of  the  directions  of  the  axis.  Then  because  R'  =s  x*  + 
^-^  ^y  the  moments  of  inei'tia  of  the  body  relatively  to  three  rec- 
tangular axes  may  be  expressed  as  follows : — 

I.  =  SR«-Sa;';  I,  =  SR«-Sy«;  I^=SR«-Sa«. (2.) 

Further,  let  the  three  sums  of  the  weights  of  the  particles  of  the 
body,  each  multiplied  by  the  product  of  a  pair  of  its  co-ordinate^ 
be  thus  expressed : — 

^yz\  ^zx\  Sxy (3.) 

These  will  be  called  moments  0/ deviation, 

Now,  let  three  new  rectangular  axes  of  co-ordinates^  denoted 
by  a/,  f/,  a/,  traverse  the  same  fixed  point  in  the  body;  let  the 
angles  which  they  make  with  the  original  axes  be  denoted  by 

*  As  to  the  centres  of  percussion  and  gyration,  and  other  remarkabte  poiota  »  * 
rigid  body,  see  a  memoir  by  M.  Poinaot  In  LiouvUles  Journal  for  1857. 
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XOiyXj/yX^y 
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(4.) 


Then  for  any  given  particle,  the  new  co-ordinates  are  thus  expressed 
in  terma  of  the  original  co-ordinates  : — 

A  A  A  ^  ^«  » 

fd  =«*cos  xiji  +  y  •cosya/  +  z  'co&zx\ {o,} 

and  analogous  equations  for  2/  and  £;  and  the  original  co-ordinates 
are  thus  expressed  in  terms  of  the  new  co-ordinates  : — 

«  =  a^'cosa;a/  +  y'cosa;y  +  «''cosa«';  &c. (6.) 

The  nine  angles  of  equation  4  are  connected  by  the  relations  :---that 
the  sum  of  the  squares  of  the  cosines  of  any  three  angles  in  one 
line,  or  in  one  column,  is  unity ;  for  example, 

cos'  a;ar  +  cos*  xi/  +  cos*  xsf  =  1; (7.) 

and  that  the  sum  of  the  three  products  of  the  pairs  of  cosines  of 
the  angles  in  a  pair  of  lines,  or  a  pair  of  columns,  is  nothing;  for 
example, 

A.  A..  A,  A  A,  ^A/Q\ 

cosy  a/ 'COS  zs^  +  cosyy'coazy+coByz  '  cos  zz  =:U.. ..(».) 

A  relation  deduced  from  the  preceding  is  this,  that  the  cosine  of 
each  angle  is  equal  to  the  difference  l^tween  ike  binary  products 
of  the  cosines  of  the  four  angles,  which  are  neither  in  the  same  line 
nor  in  the  same  column  with  the  first,  these  binary  products  being; 
taken  diagonaUy ;  for  example, 

A               A            A              A           A  . 

oosxaf  =  coayy'  'coszz  —  00a  yz  'coszyl (9.) 

and  similarly  for  the  other  cosines. 

Now,  if  for  the  new  co-ordinates  of,  y,  sf,  in  the  six  integrals, 

Sa^,  Sj/»,  S;»^,  Sy«^,  Bz^af,  Safj/, 

there  are  substituted  their  values  in  terms  of  the  original  co-ordi- 
nates, as  given  by  equation  5  for  x^,  and  analogous  equations  for 
y  and  s^,  there  are  obtained  the  six  expressions  for  those  integrals 
relatively  to  the  new  axes,  in  terms  of  the  integrals  relatively  to  the 
original  axes,  and  of  the  cosines  of  the  nine  angles  between  the* 
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new  and  the  original  axes ;  but  it  is  unnecessary  here  to  write  thos 
equations  at  length,  for  they  are  precisely  aimilar  to  iJie  egwUiom  ^ 
trcmaformaiion  in  Article  106  (pa^es  92,  93),  substituting  only 

Sfic',  Sy*,  S«*,  Sy«,  ^zx,  Sa;y, 

for     PMMy  Pw  P»n  P,n  Pbm,  Psp 


and  making  the  like  substitutions  in  the  symbols  referring  to  tiis 
new  co-ordinates. 

584.  PriHcipai  AxM  •€  inerciiu— Theoreil  At  each  point  in  a 
body  there  is  a  syetem  of  Utree  reetangtdar  axes,  for  toAtcA  the  momeaU 
of  deviation  are  each  equal  to  nothing. 

Supposing  such  a  set  of  axes  to  exist,  let  co-ordinates  parallel  to 
them  be  denoted  by  tCj,  yj,  z^.  Then  the  property  which  they  are 
required  to  have  is  expressed  by  the  equations 

Syi-er,  =  0;  S;&,a?i  =  0;  Sa5jyi  =  0 (L) 

Ck>-ordinates  parallel  to  a  set  of  axes,  for  which  the  integnls 
S  a?f  (Sec.,  have  been  determined,  being  denoted  ^J  x^y^z^  we  haTO 

for  each  particle, 

A     ,  A     ,  A 

x^:^a^  cos  xxi  +  yj  cos  xy^  +  «i  cos  ajar,; 

XiXz^x^coB  xxi  +  XiyiCoaxyi  +  XiZ^  cos  ««»; 
and  consequently, 

S  a;^  a?  :s=  COS  »  «!  •  S  iKj  +  cos  ajyi  •  S  0?!  yi  +  cos  05 «,  •  S  «,  OB^; 

but  because  of  the  conditions  expressed  by  the  equations  1,  this  is 
reduced  to 

Bx^x  =  cos  xxi  'Bai; • (2.) 

and  by  similar  reasoning  it  is  shown  that 

Sajiyr=oo8ya:,-SaJ;  ) 

A  } (2^) 

BxiZ  =  ooszxi'8a^,    J 

Now,  from  the  equation 

A  A  A 

XiZ=xcosxxi+ycoayXi+  zcoszxu 
are  deduced  the  following  values  of  the  integrals  in  the  equations 


/ 
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B«iX  =  C08ajX|.Sar  +  cos y x^ ' S x y  +  cob z x^ ' o z x} 
S«iy=:co8a;a?i'S«y  +  co8ya;i'Sy'  +  cos«aj|*Sy«; 

&XiZ=:  cos  aja5i*8«a5  +  cosy«i*Sy«  +  cos«a5i'S«'. 

SabtiactiDg  the  equations  2  and  2  A  from  these,  we  find  the  fol« 
lowing  equations : — 

cos « 05^  (S ar  —  Saf)  +  cosya5i*Sxy  +  cos«afi'S««  =  0; 
coB«X]  'Sa;y  +  cosyaJi'(Sy'  — SaJ)  +  co8ifcaji  'Sy^sO;  }-(3.) 

cos  a?  Xi  •  S  «  «  +  cos  y  «!  •  S  y  «  +  cos  «  «i  (S  «?  —  S  acj)  =s  0. 

The  elimination  of  the  three  cosines  from  these  three  equations 
leads  to  the  following  cubic  equation  : — 

(SiBf)»-A(S«0'  +  B-Sa?-C==O> (4.) 

in  which  the  co-efficients  have  the  following  values : — 

A  =  Sa:»+Sy»+S««  =  SR'; 
B  =  Sy«-S««+S*"-Sx"+S«»-Sy* 

_(Sy«)«_(S«x)«  — (Sxy)';  j- (5.) 

C  =  Saj«-Sy>-S«^  +  2Sy«-S«a:-S«y 
—  S  »•  •  (S  y  «y  —  S  y>  •  (S  2  xy  —  S  «»  (S  X  y)l 

It  is  evident  that  A  is  always  positive.   By  considering  the  terms 
of  which  B  is  composed,  it  can  be  shown  that  it  is  equivalent  to 

^9  9*  *i  ^9  ^i  ^9  being  the  co-ordinates  of  a  pair  ofdiffereni  particles^ 
and  the  particles  being  taken  in  pairs  in  every  possible  way;  and 
by  considering  the  terms  of  which  C  is  made  up,  it  can  be  ehown 
to  be  equivalent  to 

B{x^sr^aft/'z  +  aryz'  —  xf/'ff— ofj^z  —  afysry; 

in  which  the  letters  without  accents,  with  one  accent,  and  with 
two  accents,  denote  the  co-ordinates  of  a  set  of  three  different 
particles,  and  the  particles  are  taken  in  triplets  in  every  possible 
way.  Hence  B  and  C,  being  both  sums  of  squares,  are  positive,  as 
well  as  A ;  and  the  cubic  equation  4  has  three  real  positive  roots, 
corresponding  to  the  three  rectangular  axes  which  satisfy  the  con- 
ditions of  equation  1.   These  roots  are  the  values  of  S  x]!,  S  y{,  S  4; 
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and  their  existence  proves  the  existence  of  the  three  rectangokr 

PRINCIPAL  AXES  OF  INERTIA. — Q.  K  D. 

The  angles  which  any  one  of  the  principal  axes  makes  -with  the 
three  original  axes  are  given  by  the  following  equations,  which  an 
deduced  from  the  equations  3  : — 


AAA 

cos  X  Xi :  cos  y  Xi :  cos  z  Xi 


a  • 


1 


(«•) 


•(S  a?  —  S  ;&«)  S  a  y  +  Sy « •  S«a5 

Similar  equations,  substituting  yi  and  z^  successively  for  x^j  give  IJm 
ratios  of  i^e  other  two  sets  of  cosines. 

From  the  properties  of  the  roots  of  equations,  it  followsy  that  the 
co-efficients  of  the  cubic  equation  4  have  the  following  values  in 
terms  of  the  integrals  S  af^,  &c  : — 

A  =  Sa:;  +  Syf  +  S«J  =  SR*  as  before;  ^ 

B  =  SyJ-S«I+S«; -Sa^  +  Sa^-Sy;;    ^  (7.) 

0  =  Sai-Syf-SaJ; 

and  hence  it  appears,  that  the  functions  of  the  six  integrals  S  jc*,  4c^ 
denoted  by  A,  B,  and  0,  in  the  equations  5,  are  isotropic;  that  vi, 
are  the  same  in  magnitude  for  all  directions  of  the  rectangular  axes 
of  Xy  y,  and  z. 

5S5.  EiUpMM  •£  Inertia. — ^Let  the  principal  axes  of  a  body,  tn- 
versing  a  given  point,  be  now  taken  for  axes  of  co-ordinates;  and 
the  moments  of  inertia  about  them,  called  the  principal  momenii  of 
inertia,  being  given,  and  denoted  by  Ii,  Ii,  I,,  let  it  be  required  to 
determine  the  moment  of  inertia,  I,  about  any  axis  traversing  Ihe 
same  point,  and  making  with  the  principal  axes  the  angle  «)  ^>  7* 
Let  co-ordinates  along  this  new  axis  be  denoted  by  x,  and  al<Hig 
the  principal  axes  by  a;,,  yi,  Zi,  as  before. 

It  has  already  been  shown  that 

So*  =  co8»»  •  SajJ  +  cos'/S  •  SyJ  +  cos'y  •  S«J,...(1.) 

and  that 

I  =  SR»-Sa^;  Ti  =  SR'-Saj?;  I,  =  SR«-Sy?; 

I,  =  SR«-S«!; (2.) 

and  from  these  equations  the  following  is  easily  deduced : — 

I  =  Ii  •  cos*  «  +  I,  •  cos*  iS  +  I,  •  oc»=  y (3L) 
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Zjet  a,  b,  e,  be  the  thiee  semi-axes  of  an  ellipsoid,  and  8  its  semi^ 
diameter  in  any  direction  which  makes  the  angles  »,  fi,  y,  with 
those  semi-axes.     Then  it  is  well  known  that 

1 COS*  «    ,    cos*  fi    .    cos'  y  ... 

«»""~^  "^  ^6^  "^  ■"?"' '' ^  '^ 

and  by  comparing  this  with  equation  3  it  is  made  evident,  that  if 
an  ellipsoid  be  constructed  whose  semi-axes  are  in  direction  the 
principal  axes  of  the  body  at  a  given  point,  and  represent  in  magni- 
tude tne  redprocab  of  the  square  roots  of  the  moments  of  inertia 
about  those  axes  respectively^  as  shown  by  the  equations 

«=JT/'=J%^^=^T3'' ^'•> 

then  will  the  reciprocal  of  the  square  of  the  semidiameter  of  that 
ellipsoid  in  any  direction  represent  the  moment  of  inertia  about  an 
axis  traversing  the  origin  in  that  direction^  as  expressed  by  the 
equation 

i=? («•) 

8uch  an  ellipeoid,  when  described  about  the  centre  of  gravity  of  the 
body  as  a  centre,  is  called  by  M.  Poinsot  the  central  dlipsoid. 

If  I],  If,  Is,  be  ranged  in  their  order  of  magnitude,  it  is  evident 
that  the  greatest  of  them,  I,,  is  the  greatest  moment  of  inertia  of 
the  body  about  any  axis  traversing  the  fixed  point ;  that  the  leasts 
I^  is  the  least  moment  of  inertia  about  any  such  axis;  and  that  the 
intermediate  principal  moment  of  inertia,  I^  is  the  least  moment 
of  inertia  about  any  axis  traversing  the  fixed  point  perpendicular 
to  the  axis  of  I3,  and  the  greatest  moment  of  inertia  about  any  axis 
traversing  the  fixed  point  perpendicular  to  the  axis  of  Ii. 

Should  two  of  the  principal  moments  of  inertia  be  equal,  as 
I,  x=  I|,  the  ellipsoid  becomes  a  spheroid  of  revolution :  all  the  mo- 
ments of  inertia  about  axes  traversing  the  fixed  point  in  the  plane 
of  the  axes  of  !«  and  Ig  are  equal;  and  the  moments  of  inertia  about 
all  axes  traversing  the  fixed  point  and  equally  inclined  to  the  axis 
of  I|  are  equal     In  this  case  equation  3  becomes 

I  =  Ii  cos*  »  -f  L  sin*  « (7.) 

If  all  three  prindi^al  moments  of  inertia  are  equal,  the  ellipsoid 
becomes  a  sphere,  and  the  moments  of  inertia  are  equal  about  all 
axes  traversing  the  fixed  point. 

Suppose  the  fixed  point  in  the  first  place  to  be  the  centre  of 
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gravity  of  the  body,  whose  weight  is  W,  and  that  I^i,,  I^  I^  are 
the  principal  moments  of  inertia  about  rectangular  axes  traTeisi^ 
it  Let  a  new  fixed  point  be  taken  whose  distance  from,  the  coitre 
of  gravity  is  r^,  in  a  direction  making  the  angles  «,  fi,  y,  with  the 
principal  axes  at  the  centre  of  gravity.  Then  with  respect  to  i 
set  of  rectangular  axes  traversing  the  new  point  parallel  to  the 
original  axes^  the  new  moments  of  inertia  are 

I,=  Toi+WrJsin«-r 

I,  =  Io2  +  W  rj  sin  2^';    .  (&) 

I.  =  Io3+WrJsinV;J 
and  there  are  at  the  same  time  moments  of  deviation  represented  bj 

Sy«  =  W  7^  •  cos  fi  cosy;  Szx  =  W  rJ  •  cos  y  cos  «; ) /ov 

Sfl;^=  ^7  rS  *  cos  »  cos /8;  J 

so  that  the  principal  axes  at  the  new  point  are  not  parallel  to  those 
at  the  centre  of  gi^vity^  unless  two  at  least  of  the  direction  ooeanes 
of  Tq  are  null;  that  is  to  say,  unless  the  new  point  is  in  one  of  the 
original  principal  axes,  when  all  the  moments  of  deviation  vanish, 
and  the  new  axes  are  parallel  to  the  original  axes. 

586.  The  Besaitant  iii«iii«Bt  mf  i^eriation  about  a  given  axis  is 
represented  by  the  diagonal  of  a  rectangular  parallelogram  of  whidi 
the  sides  represent  the  moments  of  deviation  relatively  to  two 
rectangular  co-ordinate  planes  traversing  the  given  axi& 

liOt  the  principal  axes  and  moments  of  inertia  at  a  given  point 
be  known,  and  let  three  new  axes  of  moments,  denoted  by  a,  y,  a^ 
be  taken  in  any  three  rectangular  directions  making  angles  with 
the  oidginal  axes  denoted  as  in  the  equations  of  Article  583.  Then 
the  moments  of  deviation  in  the  new  co-ordinate  planes  are 

af/z=^coByXi  'cos«a5|Sa5  +  cosyy,  '  cossstfiS^fi 

+  coBy«i  'coszziSs^i, (L) 

and  similar  equations  for  Bzx,  and  S  xy,  miUatis  mutandis.  Sub- 
stituting for  S  a^i,  <&c.,  their  values,  S  H'  —  I;,  <kc.,  and  observing  tliat 

A  A       ,  A  AAA 

cos  y  a?!  •  cos  «  0?!  +  cos  y  yi  '  cos  «  yj  +  cos  y  «i  cos  zzi^zO^ 

those  equations  become 

a  T  '^  ^       T  ^  ^ 

»y «  =  —  I,  •  cos  y  a?!  •  cos  «ir,  —  Ij  •  cos  f/i/i  •  cos  cy, 

_  A  A 

—  Ij  'COS  y«j  'COS  zzi, (2.) 


[  or  &KVU.TI01I — UKIFOIIII  ROTATIOIT. 


and  Bmilar  equationB,  nmiatu  mukmdit,  for  Szx,  8xy;  from 
which,  hy  the  aid  of  relatiotui  amongst  the  diredaoQ  ooaiiiae 
ftli«Adj  Bbted  in  Article  S&3,  the  following  value  is  found  for  the 
leaultant  moment  of  deTiation  about  one  of  the  new  axes,  such 


K,=  ^{lJ  cos'iEX, +  ^oo■'cy|  +  Iioo■'a9Sl 

—  (I,  cot' X  »i  +  Jf  cm' as j/ft-  IjOOb'x^'I; 

=  ^{iJcos'iBfl;, +  IJ  -ooi'iBft  +  JJooa'**,— I;J 


..(3.) 


Thifl  equation,  exprened  in  temu  of  the  axes  of  the  ellipeoid  of 
inertia,  becomea  as  follows  >- 

K,=  a/  { «*'"''■  +  ^*f  y?  +  °°'''"'  -  i  I  ...(4.) 

but  the  poflHivs  part  of  this  expression  is  well  known  to  be  the 

value  of  ^— ^  where  n  repreeente  the  normal  let  &U  from  the  centra 

of  the  ellipaoid  of  inertia  upon  a  plane  which  toachea  the  ellipsoid 
at  the  point  where  it  is  out  by  tits  new  axis  x.     H^ioe 


.-(5) 


in  which  it  is  to  be  obeerred,  that  J?—n'  represents  the  lenffth  of 
Ou  langmt  to  the  ellipeold,  &om  the  point  of  contact  to  Ae  foot  of 
the  normal.  Also,  let  f  be  the  angle  between  tiie  normal  n  and 
the  lemidiameter  J j  then  j^**— t^  m^tan',  and 

E,-=I.tan«. (C) 

SiOTioiT  S. — On  Uniform  HotaHon. 

087.  The  liMMMioB  of  a  body  rotating  about  its  centre  <>l\T.>vitjr 
is  nothing,  according  to  the  principle  of  Article  634.  As  uvi-ry 
motion  of  a  rigid  body  can  be  resolved  into  a  trans]a{i>in,  and  n 
rotation  about  its  centre  of  gravi^,  the  rotation  will  \x:  supjiosed 
to  take  place  about  the  centre  of  grovi^  of  the  body  throughout 
thissectioa 

088.  The  AkbbIb  inaiiMM  is  found  in  the  fbllowing  manner : — 
Let  X  denote  the  axis  of  rotation,  and  j/  and  »  any  two  axes  fixed 
in  the  body,  perpendicular  to  it  and  to  cMih  othor.     IJet  a  be  the 

3m 
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angular  velocity  of  rotation.  Then  the  velocity  of  any  particle  W, 
whose  radius  vector  is  r  =  ^y*  +  2^,  is 

ar=:a  J^  +  «*, 

and  the  angular  momentum  of  that  particle,  relaUvdy  to  ike  oaetM  ^ 

rotation^  is 

War*       Wa,  ,  ,     . 
-^  =_(.•+ SO; 

being  the  product  of  Us  momeni  of  inertia  into  its  angtdar  velodi^ 
divided  b j  g,  because  of  the  weights  of  the  particles  having  ben 
used  in  computing  the  moment  of  inertia.  Now  let  a  line^  panJM 
to  the  radius  vector  of  the  particle,  be  drawn  in  the  plane  of  y  and 
c;  the  distance  of  that  line  from  the  particle  is  x,  and  the  angular 
momentum  of  the  particle  rdalivdif  to  that  line  is 

W  W 

—  arx=     -a»  Jy*  +  aP; 

9  9 

and  this  may  be  resolved  into  two  components;  one  relM9dyioAi 
axis  of  y, 

W  azx 

and  the  other  relatively  to  the  axis  of  z, 

W  a  xy  ^ 

~~9~' 

and  these  are  equal  respectively  to  the  angular  velocity  divided  lij 
the  acceleration  produced  by  gravity  in  a  second,  multiplied  by  the 
moments  ofdeoiaiion  of  the  particle  in  the  co-ordinate  planes  of  xs 
and  xy. 

Hence  it  appears  that  the  resultant  angular  momentum  of  the 
whole  body  consists  of  three  components,  viz. : — 

Relatively  to  the  axis  of  rotation, 

^•(Sy*  +  SsP)  =  ?I.; 
9  9 

and  relatively  to  the  transverse  axes, 

-  •  S««:  -  •  S«y: 
9  9 

and  if  lines  proportional  to  those  three  components  be  set  off  iqMB 
the  three  axes,  the  diagonal  of  the  rectangle  described  upon  thoa 
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irill  represent  in  direction  the  axis,  and  in  length  the  magnitude^ 
»£  tlie  resultant  angular  momentum. 

X^  follows  that  the  aaeia  ofcmgvla/r  mofMTUfmn,  of  a  rotating  body 
ioes  not  coincide  with  the  axis  o/rotaHonf  imlese  thai  aade  is  an  ctxis 
>f  infherina;  in  which  case  the  moments  of  deviation  are  each  equal  to 
ao'tliing,  and  the  resultant  angular  momentum  is  simply  the  prodtixt 
}f  the  moTnerU  of  inertia  about  the  axis  of  rotation  into  the  angtUaar 
ceUfcityy  divided  b j  g, 

Now  let  the  axes  of  inertia  be  taken  for  axes  of  co-ordinates,  and 
let  tihe  axis  of  rotation  make  with  them  the  angles  «,  /S,  y.  Resolve 
ihe  angular  velocity  a  about  that  axis  into  three  components  about 
the  axes  of  inertia 


a  cos  ff ;  a  cos  /8 ;  a  cos  y; 


then  the  anirnlar 


a-  a  -  a  ^ 

-I,  coe»:-IsCos/8;-I|C06y; 

9  9  9 

tibe  resultant  angular  momentum  is 

A  =  -  •  J{1\  cos'«  +  i;oo8«/8  +  IJcofl«y] ; (2.) 

if 

and  the  axis  of  angular  momentum  makes  with  the  axes  of  inertia 
tbe  angles  whose  cosines  are 


a  Ii  008  «    a  I|  cos  ^    a  !«  cos  y  .«  v 

^nr  •       a  A      ''       a  A.      ^"^'^ 


g  A.  9  ^  9 

Now,  as  already  shown  in  Article  586,  the  quantity  whose  square 
root  is  extracted  in  equation  2  is  the  reciprocal  of  the  product  of 
the  squares  of  the  semidiameter  and  normal  of  t&e  ellipsoid  of 
inertia:  and  by  inspecting  the  equations  of  Article  586,  it  is 
evident^  that  the  square  root  itself,  in  equation  2  of  this  Article,  is 
the  resuUanJt  of  the  moment  of  inertia  and  moment  of  deviaUon 
proper  to  the  axis  of  rotation;  so  that  equation  2  may  be  expressed 
is  the  foUowing  form  : — 

A  =  -^     =  "^  V  (I"  +  K'); (4.) 

gns      g^ 

%  being,  as  before,  the  normal,  and  e  the  semidiameter  of  the 
ellipsoid  of  inertia  at  the  point  cut  by  the  axis  of  rotation  >  for 
which  the  moments  of  inertia  and  of  deviation  are  I  and  K. 

Further,  the  direction  cosines  of  the  axis  of  angular  momentum, 
in  the  formula  3,  which  may  otherwise  be  expressed  as  follows : — 
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(5.) 


Il  COS  «  IgCOB/9  I3COS  y         _ 

are  the  direction  cosines  of  the  normal  of  the  ellipsoid  of  h 
Hence  the  axis  qfcmgvlar  momentum  at  cmy  indcent  is  in  ihs  <fir»- 
Hon  of  the  normal  let  fall  from  the  centre  qjfthe  ellipsaid  qfineHm 
upon  a  pUme  touchifig  that  ellipsoid  cU  the  endqfthai  diamaier  ukkk 
is  the  aods  0/ rotation;  and  the  angular  momentum  Hsdf  is  dirsdlff 
as  the  angidar  velocity  of  rotation,  and  inversely  as  the  produei  of  tks 
normal  and  semidiameter. 

The  angle  between  the  axes  of  rotation  and  of  angalar  momeDtom 
is  the  angle  already  denoted  by  #  in  Article  686,  whose  Talue  is 
giyen  by  the  equation 


OOS  '=s-  = 

s 


JT+^ 


oc 


By  the  following  geometrietl 
constraction,  the  preceding  poB- 
dples  are  represented  to  tlw 
eye : — 

In  fig.  241,  let  O  be  the  poiiit 
about  which  the  body  rotates,  and 
A  B  0  A  B  C  its  eUipsoid  of 
inertia^  whose  semi-axes  have  the 
proportions 


Let  O  R  be  the  axis  of  rotation,  whether  permanent  or  instsnti- 
neouB,  OB  being  the  semidiameter  of  the  ellipsoid  of  inertia.  Let 
BT  be  part  of  a  plane  touching  the  ellipsoid  at  B,  and  O N  « 
normal  upon  that  plane  from  O.  Then  the  moment  of  inertia^  the 
moment  of  deviation,  and  their  resultant,  the  total  mamsHi^  havs 
the  following  proportions : — 


BN  1 


(a) 


OB'    O^ON    OBON 


the  direction  of  the  axis  of  angular  momentum  is  O  N ;  and  iti 
amount  is  proportional  to  — == — =«* 

589.  Tb«  ActauU  Baoru  •f  BMatton  of  a  body  rotating  about  its 
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eentre  of  gravity^  being  the  sum  of  the  manses  of  its  particles,  each 
mtiltiplied  into  one-half  of  the  square  of  its  velocity,  is  found  as 
follows : — a  being  the  angular  yelocily  of  rotation,  the  linear  velo- 
citj  of  any  partide  whose  distance  from  the  axis  of  rotation  is  r,  is 

V  =  ar; 


(1) 


*nd  the  actual  energy  of  that  partdde,  its  weight  being  W,  is 

W^       WaV 
2g    "     2g    ' 

being  the  moment  qfinerUa  of  the  particle  multiplied  by  — .    Hence 
for  the  whole  body  the  actual  energy  of  rotation  is 

«  =  1j' (^) 

tliat  18  to  say,  actual  tnargy  hmiir%  the  Mmerdaiian  to  angular  vdo- 
eftl|y  aind  mommut  ofmartia  that  U  does  to  linear  vdocify  and  weight 

Beferring  again  to  fig.  241,  it  appears  that  the  actual  energy  of 
rotation  is  proportional  to 


.(3.) 


2^    OR* 

Ckmoeiye,  as  in  the  last  Article,  the  angular  velocity  a  to  be  re- 
•olyed  into  three  components  about  tiie  three  axes  of  inertia 
Tespectively,  viz.: — 

acos«,acos/8.  acosy; 

then  the  quantities  of  actual  energy  due  to  those  three  ocmponent 
rotations  are 

<i^I,cot8f »    tf Igcoe^/S    g* Ij coif y  -,^ 

2g       '        27~'  ~Ti       ' ^^' 

which  being  added  together,  reproduce  the  amount  of  actual  energy 
given  in  formula  2;  showing  that  the  actual  energy  of  rotation  about 
a  given  aaie  ie  the  sum  oftKe  actucd  energiee  due  to  the  eomponente  of 
that  rotation  about  the  three  axes  of  inertia^ 

590.  Ww99  nrntmUmm  is  that  of  a  body  turning  about  its  centre  of 
gravity  under  no  force.  The  principles  of  the  conservation  of 
angular  momentum  (Article  563),  and  of  the  conservation  of  in- 
ternal energy  (Article  565),  oeing  applied  to  free  rotation,  show 
that  it  IB  governed  by  the  following  laws; — 
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L  The  direction  of  the  oasis  ofcmgular  momeniwn  isfootd. 
IL  The  cmgvlar  momentvffn  is  constanL 
HL  The  adacd  wiBrgy  is  constanU. 

The  fiisfc  law  shows,  that  the  direction  of  the  normal  O  K,  % 
241  y  is  fixed;  and  consequently,  that  unless  that  normal  0011116^0 

with  the  axis  of  rotation  O  R,  which  takes  place  for  axes  of  inerta 

only,  the  axis  of  rotation  is  not  a  fixed  direction,  and  is  tiierete 

an  in^amJtcmeous  cms  only  (Articles  385  to  393).     Hence  the  am 

of  inertia  are  sometimes  called  "permanent  aaoes  qfroioHon,^ 

The  second  and  third  laws  are  expressed  by  the  following  eqvtr 

tions: — 

a     . -. 

A  :x  -  ^(P  +  K")  =  constant ; 

a*l 

E  =  rr-~   s:  coustant 
2g 

To  find  how  these  lawp  regulate  the  changes  of  cUrection  of  tks 
instantaneous  axis,  eliminate  the  angular  velocity  as  follows: — 

^A'  _  r  -i-  K'  _  i;cos'«  -i-  gco^/8  +  i;co8'y 
2E    "         I        "  I,  cos* «  +  I,  cos'  j8  +  I,  COS*  y 

=  constant. {%) 

Now,  referring  to  fig.  241,  and  to  equation  8  of  Article  588,  h 

appears  that  P  +  K*  oc  1  -^  OR*  •  OlT,  and  that  I  oc  1  --  Ol?; 
whence 

—  J —  oc  ■==;  «  constant; (3.) 


(L) 


That  is  to  say,  the  normal  ON  is  constant  in  length  as  well  asfiad 
in  direction;  and  therefore  a  body  rotating  fredy  moves  m  siA  s 
manner^  tJuU  its  ellipsoid  0/ inertia  ahoays  touches  aJisDedplane  (m, 
the  plane  T  N  R),  the  instantaneous  axis  traversing  the  pomt  fj 
contact. 

The  second  of  the  equations  (1.)  further  shows,  that  the  angahr 
velocity,  being  given  by  the  equation 


=v 


"^. -...w 


is  at  each  instant  proportional  to  the  semidiameter  O  R. 

If  the  instantaneous  axis  0  R  and  the  position  of  the  bodf  «!• 
known  at  any  instant  of  the  rotation,  the  invariable  plane  T  N  B| 
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i^nd  the  length  and  direction  of  the  fixed  nonnal  0  N^  are  also 


Conceiye  a  cnnre  to  be  drawn  on  the  ellipsoid  of  inertia  through 
aJl  the  points  whose  tangent  planes  are  at  the  same  perpendicular 

distance  (TN  from  the  centre  *  then  the  instantaneous  axis  O  R 
yfriH  always  traverse  that  curve,  and  will  always  be  found  in  the 
mwr&ioe  of  a  cone  of  the  second  order  Jiased  rdabwdy  to  the  aaes  of 
whose  equation  is 


Ijet  this  be  called  ik^  roUing  oont.     Then  the  motion  of  the  body 
-will  be  such  as  would  be  produced  by  the  rolling  of  the  rolling 

oone  upon  a  fixed  cone  generated  by  the  motion  of  O  B  relatively 

to  ON. 

As  firee  rotation  is  of  tmusual  occurrence  in  practical  mechanics, 
I  shall  refruin  from  applying  its  principles  to  special  examples  here, 
and  shall  refer  the  reader  to  the  work  of  M.  Poinsot  on  Kotation, 
and  to  a  paper  by  Professor  Clerk  Maxwell  in  The  TranMctiona  oj 
ihe  Royal  Society  o/ Edinburgh,  voL  xxL 

591.  Vnii^nM  iioibU«b  mhmn  a  Fixed  Axis. — When  a  body  ro- 
tates about  a  fixed  axis  traversing  its  centre  of  gravity,  with  an 
uniform  angular  velocity,  its  actual  energy  is  still  represented,  as 
in  the  case  of  free  rotation,  by 

B=  27—  =  constant: (1.)  ' 

2g  '  ^   ' 

and  its  angular  momentum  by 

A=r-^(r+K')=oonstant; (2.) 

y 

but  unle88  the  aodi  of  rotation  is  an  axis  qf  inertia,  the  axis  of  angu- 
lar momentum  0  N  is  no  longer  fixed,  but  revolves  about  the  fixed 
axis  of  rotation  OR  with  the  angular  velocity  a.  In  order  to 
produce  that  continual  change  in  the  direction  of  the  axis  of  angu- 
lar momentum,  a  continual  angukr  impulse,  or  continuously  acting 
oouple,  must  be  applied  to  the  body ;  and  unless  that  couple  be 
applied,  the  axis  of  rotation  will  not  remain  fixed. 

592.  The  DcTteUmg  CMipie*  as  the  couple  required  for  the  above 
purpose  is  called,  must  have  its  axis  always  peqpendicular  to  the 
axis  of  angular  momentum,  otherwise  it  would  alter  the  amount  of 
the  angular  momentum,  contrary  to  the  condition  of  uniform  rota- 
tion.    The  axis  of  the  deviating  couple  must  alsd  be  always  per- 
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pendicnlar  to  the  axis  of  xotation,  becaoae,  in  otdor  tibmt  it  majnoi 
alter  the  actual  energy  of  the  body  (oontraiy  to  the  condition  of 
uniform  rotation),  the  pair  of  equal  and  opposite  forces  oompoGiiig 
it  mnflt  act  through  points  haTing  no  motion;  that  ia^  thimi^ 
points  in  the  axis  of  rotation.  (In  Tnachinea,  the  forces  oonstitiit- 
ing  the  deviating  conples  are  supplied  by  the  pressures  of  the  beai^ 
ings  against  the  axles.)  It  appears,  th^^ore,  that  the  axis  of  the 
doTiating  couple  must  always  be  perpendicular  to  liie  plane  O  BK, 
which  contains  the  axes  of  rotation  and  of  angular  momentam ;  and 
that  the  pair  of  forces  constituting  it  must  always  act  in  thai  plaae^ 
changing  their  direction  as  the  body  rotates,  with  an  angular  Telo- 
city equal  to  that  of  the  body.  The  direction  of  the  deriating 
couple  must  be  such  as  would  of  itself  tend  to  turn  O  N  towartU  OB. 
To  determine  the  amount  of  the  deviating  couple,  let  #,  as  before, 
denote  the  angle  BON.  Then  in  the  indefinitely  short  interval 
of  time  d  t,  the  direction  of  the  axis  of  angular  momentum  is  shifted 
through  the  indefinitely  small  angle 

adt  '  sin  #, 

and  the  result  differs  to  an  indefinitely  small  extent  from  thst 
which  would  be  produced  by  combining  with  the  actual  angular 
momentum  A,  an  angular  momentum  about  the  axis  of  the  deviat- 
ing couple  represented  by 

a* 


Aa-sin  0*dt:=^  -  'P  +  K*  -  sin  /  *  c^^ : 

9 
and  this  is  the  angular  impulse  to  be  supplied  in  the  interval  di 
by  the  deviating  couple  ;  therefore  the  deviating  couple  ia 


a* 


M»  A  a-ain  #:=^  JP+K' •  sin  ^: 

9 


but  sin  ^as  __  ;  therefore 


^'^f: 0, 


and  if  Q  be  the  magnitude  of  each  of  the  forces  constitutiiig  this 
couple,  and  I  the  length  of  the  arm  on  which  they  act  (being  the 
distance  between  their  points  of  application  to  the  azuV,  ao  tbat 
M  =  Q^then  ^ 

^=7=7^' <^> 

which  being  compared  with  the  expression  for  dwiaOmg  force  in 
Article  637,  shows  that  the  force  of  a  deviating  couple  bears  the 
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Mune  relation  to  the  angnlar  yelocily  a,  the  momerU  qfdevicUion  K, 
and  the  arm  I,  which  a  simple  deviating  force  bears  to  the  linear 
v^ocitj  V,  the  weight  W,  and  the  radius  vector  r. 

To  represent  these  principles  graphically,  it  is  to  be  observed 
that  in  fig.  241,  the  ratio  of  moment  of  deviation  to  the  moment  of 
inertia  is 

K  :  I  : :  RN  :  ON ; (3.) 

and  that  this  also  expresses  the  ratio  of  the  deviating  couple  to 
ekmbU  the  actual  energy  ^  viz. : — 

Ti!  =  f=*^' <*•) 

The  reaction  of  the  aads  of  the  rotating  body  on  its  bearings^  equal 
and  opposite  to  the  deviating  couple, — that  is,  tending  to  turn  the 
axis  of  those  bearings  towards  the  axis  of  angular  momentum  O  N, 
— ^18  called  the  gentrifuoal  ooufle.  It  is  balanced,  in  machines, 
by  the  strength  and  rigidity  of  the  framework. 

The  amount  and  direction  of  the  deviating  couple  misht  have 
been  determined  by  finding  the  resultant  couple  of  the  deviating 
fbroes  required  to  make  each  particle  of  the  body  revolve  in  a  circle 
about  O  It  with  the  common  angular  velocity  j  and  the  result  would 
haTO  been  exactly  the  sama 

593.  Bacrgj  mUI  WMrk  •■  c««plM. — The  energy  exerted  by  a 
conple  is  the  product  of  the  common  magnitude  of  its  pair  of  forces 
into  the  sum  of  the  distances  through  which  their  points  of  appli- 
cation move  in  the  interval  of  time  under  consideration;  and  as 
that  sum  is  the  product  of  the  length  of  the  arm  of  the  couple  into 
the  angle  through  which  it  rotates  about  its  axis  in  that  tune,  the 
energy  exerted  may  be  expressed  by 

7;ji=:M</»=:MaJ<, (1.) 

d  %  being  the  angle  of  rotation  about  the  axis  of  the  couple  in  the 
interval  dt^  with  the  angular  velocity  €L  When  the  couple  acts 
againet  the  direction  of  rotation,  the  above  expreeeion  becomes 
negative,  and  represents  work  performed. 

If  a  cou[de  be  applied  to  a  rotating  body  whose  axis  ci  rotation 
makes  an  angle  9  with  the  axis  of  the  couple,  then  the  eneigy 
exerted  may  be  found  either  by  resolving  the  couple  into  two  com- 
ponents, one  about  the  axis  of  rotation,  which  is  either  an  accele- 
rating or  a  resisting  couple,  gives  rise  to  enei^nr  exerted  or  work 
performed,  as  the  case  may  be,  and  may  be  called  the  direct  couple, 
and  the  other  about  an  axis  perpendicular  to  the  axis  of  rotation, 
may  be  called  the  lateral  couple,— or  by  resolving  the  rota- 
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tion  into  components  abont  the  axis  of  the  couple  and  about  aa 
axis  perpendicular  to  it,  and  multiplTing  the  former  component  hj 
the  couple. 

The  result  obtained  by  either  method  is  expressed  bj 

Macos^    di, (1) 

which  represents  enei^  exerted  or  work  performed,  according  as 
the  couple  acts  with  or  against  the  rotation. 

When  the  direct  couples  applied  to  a  rotating  body  are  balanced, 
the  actual  eneigy  of  the  body  remains  constant,  the  potential  energy 
exerted  in  any  interval  of  time  is  equal  to  the  work  pei£amied; 
that  is 

2  •  M  cos  a>  =  0; (3.) 

aud  the  same  law  holds  for  the  eneigy  exerted  and  work  petConmed 
during  each  period  in  the  motions  of  a  body  or  syston,  whose 
motions  vary  periodically ;  but  it  is  unnecessaiy  to  enter  in  detaO 
into  the  consequences  of  these  propositions,  which  are  only  a  pai^ 
ticular  form  of  expressing  a  part  of  the  general  principles  aheady 
explained  in  Articles  518,  519,  520,  and  553,  further  than,  to  state 
tliat  the  principle  of  virtual  vdociiie8  (Article  520),  when  applied 
to  a  system  of  bodies  in  equilibrio,  capable  of  rotating  with  •^gnW 
velocities  bearing  given  ratios  to  each  other^  takes  the  fonn, 

2    Ma  008 ^  =  0, (4) 

where  a  is  either  the  uniform  angnlar  velocity  of  which  the  bod^ 
acted  on  by  the  couple  M  is  capable  about  an  axia  T«<fc^fc^ng  the 
angle  9  with  the  axis  of  M,  or  any  nxmiber  proportional  to  thai 
angular  velocity. 

Section  3. — On  Varied  Rotation. 

594.  The  Iaw  of  Yaricdi  B«teti«a  is  the  Theorem  already  stated  io 

Article  562,  of  the  equality  of  each  variation  of  angular  momentum 
to  the  angular  impulse  producing  it;  a  principle  which  has  already 
been  applied  to  the  finding  of  the  deviating  force  required  to  pro- 
duce uniform  rotation  about  a  fixed  axis. 

To  express  this  mathematically,  let  »,  y,  s,  denote  three  fixe<i 
rectangular  axes,  with  which  the  axis  of  angular  momentom  makn 
the  angles  \  t*,  »j  and  let  the  angular  momentum  be  resolved  into 
three  components  about  those  three  axes, 

A,  =  A  cos  X  j  A,  =  A  cos  A«;  A,  =:  A  oos  »; 

also,  let  the  unbalanced  couple  which  acts  on  the  body  be  reeolTed 
into  three  rectangular  components  denoted  by 
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M.;  M,;  M.; 
then 

dt       ""   dt       ^'  dt  ' ^^'' 

Those  three  equations  express  the  relations  between  the  imbalanoed 
couple  and  the  rate  of  change  of  the  angular  momentum.  Those 
relations  may  otherwise  be  expressed  as  follows : — ^let  ^  be  the 
angle  made  by  the  axis  of  the  unbalanced  couple  with  the  axis  of 
angular  momentum;  then  the  couple  may  be  resolyed  into  two 
oomponentSy 

M  cos  yp  and  M  sin  ^, 

of  which  the  former  produces  varuUion  in  the  amount  of  angular 
momentum,  and  the  latter^  deviation  of  the  aaeie  of  angular  momen- 
toniy  according  to  the  following  laws  : — 

^=Mcos^;A^  =  M8in  ^; (2.) 

at  at 

in  the  latter  of  which  equations,  d  %  denotes  the  angle  through 
which  the  axis  of  angular  momentum  deviates  in  the  indefinitely 
small  interval  dtyin.  the  plane  which  contains  that  axis  and  the 
axis  of  the  couple  M,  and  in  a  direction  towards  the  latter  axis. 
This  equation  of  deviation  of  angular  momentum  has  in  fjEict  been 
already  employed  in  Article  592,  to  find  the  deviating  couple 
requiied  in  order  to  fix  the  axis  of  rotation,  when  that  differs  fix>m 
the  axis  of  angular  momentum. 

The  equations  1,  or  their  equivalents  2,  are  not  of  themselves 
sufficient  to  determine  the  variations  of  motion  of  a  body  rotating 
without  a  fixed  axis;  for  in  such  a  body,  the  angular  momentum 
may  change  by  a  change  of  the  direction  of  its  axis  relaUvety  to  the 
body,  as  well  as  by  a  variation  of  amoimt,  or  a  deviation  of  its  axis 
in  absolute  direction.  This  is  expressed  by  putting  for  the  angular 
momentum  its  value  in  terms  of  the  moments  of  inertia  and  devia- 

tion  relatively  to  the  instantaneous  axis,  via.,  A  =  —^ — -; ; 

when  the  equations  1  take  the  following  form  : — 

g  IVI^s  —  <  a  COS  X  •  ^P  +  K*  >  ;  and  analogous  equations  for 

^M,and^M«; (3.) 

while  the  equations  2  become 


.(4.) 
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It  is  therefore  neceBsary  to  have  an  additional  equation  to  complete 
the  data  for  the  solution  of  the  problem ;  and  tiiis  is  afforded  hf 
the  law  of  the  ecmaervation  of  energy,  in  virtne  of  which  the  actaal 
energy  stored  or  restored  by  the  rotating  body  is  eqnal  to  the  eneigf 
exerted  or  consumed  by  the  unbalanced  couple,  according  as  it  ads 
with  or  against  the  rotation,  as  the  following  equation  ^qpresBo; 
where  9  is  the  angle  between  the  axis  of  the  unbalanced  couple  and 
the  instantaneous  axis  of  rotation. 

Ma  cos  ^^ — •- ^5  \ 

2g       dt    ^    ' 


The  equations  3  or  4,  together  with  5,  and  with  the 
between  the  positions  of  tiie  axes  of  rotation  and  of  •jyl"' 
momentum  demonstrated  in  the  two  preceding  sections^  serve  to 
solve  the  problem  of  varied  rotation  in  its  utmost  generality,  and 
give  rise  to  some  exceeding  complex  mathematical  investigatiana 
In  the  present  treatise,  however,  it  will  be  sufficient  to  ahow  the 
solution  of  some  of  the  more  simple  cases. 

595.  Yaricd  R«taitoB  «b««t  a  FUed  Jucte. — ^When  a  bodj  rotates 
about  a  fixed  axis  traversing  its  centre  of  gravity,  and  is  acted  upoA 
by  a  couple  M,  whose  axis  makes  an  angle  9  with  the  axis  of  rota- 
tion, that  couple  is  to  be  resolved  into  a  dvrmi  couple,  M  coe  9,  aboat 
the  axis  of  rotation,  which  will  be  an  accelerating  or  leUuding 
couple  according  as  it  acts  with  or  against  the  motion,  and  a  laierwi 
couple,  M  sin  9,  which  tends  to  deviate  the  axis  of  rotation,  but  is 
balanced  by  the  resistance  of  the  beaiinga  The  entire  amount  of 
the  couple  to  be  resisted  by  the  bearings  at  any  instant  is  the 
resultant  of  this  lateral  couple  and  of  the  centrifugpaJ  couple  (Artide 
592),  due  to  the  deviation  (if  any)  of  the  axis  of  angular  momentum. 

The  effect  of  the  direct  couple  in  varying  the  angular  velocity  is 
found  by  means  of  the  law  of  the  conservation  of  eneigy,  obsernng 
that  I  in  this  case  is  constant  j  that  is  to  say, 

acos9  = _-  ; (i) 

gdt    '  ^*' 

and  by  dividing  this  equation  by  a,  and  observing  that  adi^d\ 
where  of  t  is  any  indefinitely  small  angle  of  rotation,  it  is  made  to 
assume  the  following  forms  :^ 
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^r  Ida     1    d*i     lada 

■ko^vring  that  the  direct  couple  is  equal  at  once  to  tlie  vofriaiion  of 
cungula/r  fnomerUum  abatU  the  fixed  aads  divided  by  the  Hme,  and  to 
the  varioHon  o/actiud  energy  divided  by  the  angiUar  motion, 

596.  AmmMm^T  •f  y^mried  R«uuiMi  aiUI  Yaried  TrmMlaitoa. — When 

the  equation  of  Article  554  ib  compared  with  equation  2  of  Article 
595,  it  appears  that  those  equations  are  exactly  analogous  to  each 
other,  and  that  the  former  is  transformed  into  the  lattor,  when  for 

P,    W,    $,    V, 
there  are  respectively  substituted 

M  cos ^,     I,     t,     a; 

that  is  to  say,  a  direct  couple  for  a  direct  force,  moment  of  inertia 
for  weighty  angular  motion  for  linear  motion,  and  angular  velocity 
for  linear  velocity. 

Consequently,  by  making  those  substitutions,  any  equation  relat- 
ing to  the  varied  translation  produced  by  a  direct  force,  may  be 
transformed  into  a  correspondmg  equation  respecting  the  varied 
rotation  of  a  body  about  a  fixed  axis  traversing  its  centre  of  gravity 
produced  by  a  direct  couple.  Examples  of  this  principle  are  given 
in  the  two  following  Articles. 

597.  i7Bir«ni  ¥«riaii«B  of  angular  velocity  is  produced  by  a  con- 
stant couple,  and  is  analogous  to  the  vertical  motion  of  a  heavy 
body,  as  given  in  Article  533.  In  that  Article,  g  is  the  proportion 
of  the  moving  force  to  the  mass  of  the  body.  Let  M  be  the  couple, 
and  let  ^  =  0 ;  that  is,  let  the  couple  be  altogether  about  the  axis  of 
notation*     Then  for  ^  is  to  be  substituted 

~L    ' 

which  is  to  be  considered  positive  when  in  the  direction  of  the 
initial  angular  velocity  Oq  ;  and  for  A  is  to  be  substituted  i.  Then 
equations  1  and  3  of  Article  533,  being  transformed,  give  for  the 
angular  velocity  and  total  angular  motion  at  the  end  of  a  given 
time  <,  the  expressionB 


I 


Equation  4  gives 


.(1.) 


M»=(^r^^ (2.) 

Zg 
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which  is  alao  the  resolt  of  applying  to  the  preeent  case  the  hsw  «f 
the  ooDflervation  of  energy;  the  right  hand  side  of  ihe  eqxotMB 
being  the  potential  energy  exerted,  and  the  left  hand  side  the  Mtoil 
eneigy  stored. 

To  find  through  what  angle  a  body  will  torn  before  stoppmg 
against  a  constant  resistance,  its  initial  angolar  velocity  being  t^ 
it  is  to  be  considered  that  if  R  is  the  resistance,  and  I  its  parpendh 
colar  distance  front  the  fixed  axis,  the  resisting  couple  is 

and  that  a  is  to  be  made  s  0 ;  whence  equation  2  gives 

»"=1J (^) 


598.  OynittoM  about  a  fixed  axis,  or  ABcafaur  OacfliauimB,  is  alter- 
nate rotation  to  one  side  and  to  the  other  of  a  middle  poeition. 
Let  a  straight  line  be  conceived  to  be  drawn  perpendicular  to  ^ 
axis  of  the  gyrating  body,  to  serve  as  an  index ;  let  its  middle  posi- 
tion be  denoted  by  0,  and  its  angular  displacement  &om  that  posi- 
tion by  t,  positive  or  negative  according  as  it  is  to  one  side  or  to 
the  other ;  and  let  tj  be  the  seTni-ampUtude  of  gyration,  or  extreme 
displacement.  To  produce  gyration,  the  body  must  be  acted  npoo 
by  a  couple  directed  towards  the  middle  position ;  that  is,  contruy 
to  the  displacement  i.  In  most  cases  which  occur,  the  couple  is 
either  exactly  or  nearly  proportional  to  the  displacements  Suppos- 
ing it  to  be  exactly  proportional,  let  M|  be  its  extreme  mo^iMteds 
irreapective  of  sign;  then 

M=-?^; (1.) 


the  negative  sign  showing  that  the  couple  is  contraiy  to  the 

placement,  tending  to  restore  the  body  to  its  middle  position. 

It  is  obvious  from  this  equation,  that  gyration  is  analogous  to 

stradglU  oscillation,  explained  in  Article  542 ;  and  that  the  equsr 

tions  of  that  Article  are  to  be  transformed  by  substituting  nepo 

tively  for 

^      Wo^      ^       dx 
r,     X,     Q,     — ,     Q,,     ^,     a«, 

h>    h    Mj,     ^,       M,     a,    Vy. 
Foi  brevity's  sake,  let  the  substitute  for  a*  be  thus  expressed  >— 

^^t=*'; (i) 
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then  by  transforming  equation  4  of  Article  542,  it  appears  tliat  the 
ffttimier  of  double  gyraiiona  per  second  is 

k 


n  = 


2x'' 


(3.) 


which  18  independent  of  the  semi-amplitude  y  so  long  as  Mi  is  pro- 
portional to  ti,  and  I  is  constant.  This  constitutes  iiochronism,  and 
is  the  property  aimed  at  in  the  balance  wheels  of  watches,  where  I 
\b  the  moment  of  inertia  of  the  wheel,  and  the  couple  is  derived 
from  the  elasticity  of  the  balance  spring. 

The  equations  2  and  3  being  transformed,  give  for  the  angle  and 
angular  velocity  of  displacement  at  any  instant, 


fit 


(4-) 


and  the  maximum  couple  Mj,  in  terms  of  the  number  of  double 
owsillationB  per  second  n,  is  given  by  the  equation 

M,  =  ^iLi=i^!^i 

9  9 

099.  A  8iii«ie  F«we  applied  to  a  body  with  a  fixed  axis  causes 
the  bearings  of  the  axis  to  exert  a  pressure  equal,  opposite,  and 
parallel ;  so  that  if  the  line  of  action  of  the  force  traverses  the  fixed 
axis,  it  is  balanced ;  and  if  not,  a  couple  is  formed  whose  moment 
ifl  the  product  of  the  force  into  its  perpendictilar  distance  from  the 
axis,  and  whose  effects  are  such  as  have  been  already  described. 

Section  4. — Varied  Rotation  and  Tranalaiion  ConUnned. 

600.  Geacnil  Priaeiplea. — All  rotation  of  a  body  about  an  axis, 
fixed  or  instantaneous,  which  does  not  traverse  the  centre  of  gravity 
of  the  body,  is  to  be  considered  as  compounded  of  rotation  about  a 
parallel  axis  traversing  the  centre  of  gravity,  and  translation  of  the 
centre  of  gravily  with  a  velocity  equal  to  the  product  of  the  angu- 
lar velocity  into  the  distance  of  the  centre  of  gravity  fix>m  the 
actual  axis  of  rotation. 

Consequently,  eveiy  variation  of  the  motion  of  a  body,  which 
oonsiBts  in  a  variation  of  the  angular  velocity  about  an  axis,  fixed 
or  instantaneous,  and  not  traversing  the  centre  of  gravity,  is  to  be 
considered  as  producing  a  change  of  the  momentum,  which  is  the 
product  of  the  mass  of  the  entire  body  into  the  velocity  of  its  centre 
of  gravity,  and  a  simultaneous  change  of  the  angular  momentum 
due  to  iike  rotation  of  the  body  with  the  given  angular  velocity 
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about  an  axis  trayersing  its  centre  of  grayity  parallel  to  the  actial 
axis  of  rotation ;  and  the  force  required  to  produce  the  given  Tamr 
tion  of  motion  will  be  the  resultant  of  the  force  required  to  prodnee 
the  change  of  momentum,  applied  at  the  centre  of  graTity,  and  t^M 
couple  required  to  produce  tiie  change  of  angular  momentum. 

601.   Properties  •£  the  Cevav  •£  PercMvtMi. — ^In  fig.  239,  Altide 

581,  page  520,  let  G  be  the  centre  of  gravily  of  a  rigid  body  wbo« 
weight  is  W,  XX  the  axis  about  whicm,  in  the  interval  dt,  a  ^lange 

of  angular  velocity  denoted  hj  da  takes  place,  and  G C  =  r«  the 
perpendicular  distance  of  the  centre  of  gravity  from  tbai  axia 
Then  the  force,  in  a  direction  perpendicular  to  the  plane  of  X  X 
and  G  C,  required  at  G  to  produce  the  change  of  momentum,  is 

'  gdt     ' ^' 


and  the  couple  required  to  produce  the  change  of  angular 
tum  due  to  the  change  of  angular  velocily  da  about 
GD||XX  is 

""^^ w 

and  the  resultant  of  that  force  and  couple  ^aooonHng  to  Aiikle 
41)  is  a  force  acting  in  the  same  plane  witn  them,  pazmUel  and 
equal  to  F,  and  in  the  same  direction,  but  acting  thiou^  a  poini 
whose  distance  from  G,  in  a  direction  opposite  to  GO,  ia 

that  is,  the  resultant  of  the  force  and  couple  is  a  single  JoroB  F 
ing  ihr(mgh  the  ceofUre  ofpercusdon  B  corresponding  to  the  g' 
(See  Article  581,  equation  4.) 

Now  suppose,  as  in  Article  581,  that  the  weight  of  the  bo^  it 
distributed  in  two  rigidly  connected  masses,  one  concentrated  at  C 
and  the  other  at  B,  and  having  their  common  centre  of  gravitj 
still  at  G.  Then  in  producing  the  same  change  of  angnlar  volo- 
city  d  a  about  the  axis  X  C  X,  the  momentum  of  0  ia  nnfthanga^ 
while  that  of  B  undergoes  the  change 

-^     —     da      «,»     da 
BBC    —  =  Wv     , 

9  9 

being  the  exact  change  of  momentum  already  given  in  equatioB  1 ; 
a  consequence,  indeed^  of  the  &ct,  that  the  centre  of  gravity  is  ao* 
changed  by  the  concentration  of  the  masses  at  B  and  C;  and  to 


CEKTRB  OP  PERCUSSIOlfr — FIXED  AXIS — ^DBVIATINa  FORCE.      5i5 

produce  this  change  of  momentum  in  the  interval  dt^  there  is  re- 

Smred  the  same  force  F  applied  at  B,  which  has  already  been 
»uiid;  which  proves  the  following 

Thbobem  L  I/the  mass  of  a  Iwfy  be  conceived  to  be  coneerUrated 
ai  two  rigidly  connected  poivUy  one  at  a  given  aasie,  and  the  other  <U 
ike  corr^ponding  centre  o/percuesiony  eo  cu  not  to  alter  the  poeiUon  oj 
ike  otmJbrt  ofgra^  of  the  body,  the  fierce  required  to  produce  a  given 
iJkange  of  angular  vdocity  in  the  body  abotU  the  given  cuds  i$  tfye 
saeney  in  magnitude,  direction,  a/nd  line  ofadion,  with  that  required 
to  produce  Ae  corresponding  change  of  motion  in  that  part  of  the 
enaee  tMch  is  conceived  to  be  conceniraied  at  the  centre  of  percussion. 

This  proposition  micht  also  have  been  arrived  at  by  considering 

Theorem  11.  If  a  body  rotates  about  a  given  axis  not  traversing 
iis  centre  of  gravity,  and  &e  mass  of  that  body  be  conceived  to  be  con- 
ceniraied ai  the  axis  of  rotation  arid  centre  of  percussion  so  as  not  to 
alter  the  centre  of  gravity,  the  momentum,  the  angular  momentum, 
and  the  actual  energy  of  the  body  are  not  changed  by  that  concentra- 
tion of  mass. 

For  the  centre  of  grayity  being  unchanged,  the  momentum  is 
unchanged;  and  because  (by  the  definition  of  the  centre  of  percus- 
sion) the  moment  of  inertia  about  the  axis  of  rotation  is  unchanged, 
the  angular  momentum  and  actual  energy  are  unchanged — Q.  R  D. 

Corollary.  From  Theorem  L,  and  from  equation  5  of  Article 
581  y  it  follows,  that  the  action  of  an  impulse  upon  a  free  body  at 
cither  of  the  points  B  or  0,  produces  a  rotation  about  an  axis  tra- 
Tersing  the  otiier  point. 

602.  Fixed  Axis. — ^When  the  axis  of  rotation  X  X  is  fixed,  an 
impulse  applied  to  the  centre  of  percussion  B,  in  a  direction  per- 
pendicular to  the  plane  B  X  X,  simply  alters  the  angular  velocity 
according  to  the  principles  explained  in  the  last  Article,  without 
causing  any  additional  pressure  between  the  axis  and  its  bearings. 
But  should  the  force  giving  the  impulse  not  traverse  the  centre  of 
percussion,  or  traverse  it  in  a  different  direction,  it  is  to  be  resolved 
by  the  principles  of  statics  into  two  componenti^  one  traversing  the 
centre  of  percussion  in  the  required  direction,  and  the  other  tra- 
▼ersing  the  axis  of  rotation ;  when  the  former  will  produce  change 
of  motion,  and  the  latter  will  be  balanced  by  the  resistance  of  the 
bearii^  cl  the  axis. 

603.  The  iierfauiac  Wmmtm  of  a  body  rotating  about  a  fixed  axis 
not  traversing  its  centre  of  gravily  is  the  resultant  of  the  deviating 
force  due  to  tihe  revolution  of  the  whole  mass  conceived  as  concen- 
trated at  its  centre  of  gravity,  found  as  in  Article  540,  combined 
with  the  deviating  couple  due  to  the  rotation  of  the  body  with  the 
nine  angular  velocity  about  a  parallel  axis  traversing  the  centre  of 
gvavitjy  found  as  in  Article  592.     This  resultant  deviating  force  is 

2v 
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supplied  by  the  redstanoe  of  the  bearings  of  the  axis,  and  an  eqaal 
and  opposite  oentrifugal  fobce  is  exerted  hj  the  axis  Agair^nfc  the 
bearings. 

604.  A  c«iiipMiMd  o•eUUuti^;  PeBdatam  is  a  bodj  supported  by 
a  horizontal  fixed  axis,  about  which  it  is  free  to  swing  under  the 
action  of  its  own  weight,  its  centre  of  gravity  not  being  in  the 
axis. 

Now,  by  Article  601,  Theorem  IL,  the  momentom  and  angular 
momentum  of  the  body  are  at  every  instant  the  same  as  if  its  mas 
were  concentrated  at  tiie  axis  and  at  the  centre  of  oscillation  in  the 
proportions  given  by  Article  581,  equations  1  and  6 ;  and  by  the 
definition  of  the  centre  of  oscillation,  the  statical  moment  of  tlie 
weight  of  the  body  with  respect  to  the  axis,  being  the  couple  whidi 
causes  the  motion,  is  in  every  position  the  same  as  if  the  masB 
were  concentrated  in  these  proportions ;  therefore,  the  motion  of 
the  body  is  exactly  the  same  as  if  it  were  so  concentriited ;  that  u 
to  say,  it  oscillates  in  the  same  time  and  according  to  the  sams 
laws,  with  a  simple  oscillating  pendulum  as  defined  in  Artide  544, 
whose  length  is  the  distance  from  the  axis  X  C  X  to  the  centre  of 
oscillation  B,  as  given  by  equation  3  of  Article  581,  viz. : — 


BC=^»  +  r. (1.) 


Such  a  simple  pendulum  is  called  the  equivalent  simple  pendulum. 

It  is  obvious  that,  for  a  given  body  swinging  about  all  possihle 
axes  parallel  to  a  given  direction  in  tiie  body,  the  shortest  equiva- 
lent simple  pendulum  is  that  whose  length  is  the  inimnmtn  value 

of  BO  as  given  by  the  above  equation.  That  minimnm  looigth 
corresponds  to  the  condition, 

whence,  > {%) 

min.FC  =  2(^j 

that  is  to  say,  the  least  period  of  oscillation  of  a  pendulous  body 
takes  place  when  the  distance  of  its  centre  of  gravity  from  its  axis 
is  equal  to  the  radius  of  gyration  about  a  parallel  axis  traveramg 
the  centre  of  gravity ;  and  the  length  of  the  equivalent  simple  pen- 
dulum is  double  of  that  radius  of  gyration. 

If  for  a  given  direction  of  axis,  a  pair  of  points  be  so  related  Hiaft 
each  is  the  centre  of  percussion  for  an  axis  in  the  given  directian 
traversing  the  other  (as  shown  by  Article  581,  equation  5)^  tlifln 
the  period  of  oscillation  about  either  axis  is  the  same. 

Brom  the  properties  of  the  centre  of  percussion  explained  in  ttii 
Article,  it  is  sometimes  called  the  cbmtbb  of  osdLLATiOK. 
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605.  €MB|pMUid  BeT«iTia9  PeMdviam. — To  avoid  minecessaiy 
complexity  in  the  theory  of  a  compound  reyolving  pendulum,  let 
the  IxMiy  of  whicli  it  consists  be  of  such  a  figure  and  so  suspended, 
that  the  straight  line  C  G  B  (fig.  239),  traversing  the  point  of  sus- 
pension C  and  the  centre  of  gravity  G,  shall  be  one  of  the  axes  of 
inertia,  and  that  the  moments  of  inertia  about  the  other  two  axes 
ahall  be  equal  Then  for  every  axis  traversing  the  centre  of  gravily 
at  right  angles  to  C  G  B,  the  radius  of  gyration  is  the  same ;  and 
oonsequently,  for  every  axis  traversing  the  point  of  suspension  C  at 
right  angles  to  C  G  B,  the  centre  of  percussion  B  is  the  same ;  and 
the  body  moves  exactly  like  a  simple  revolving  pendulum  of  the 

length  C B,  and  height  OB  *  cos  ^,  if  ^  is  the  angle  which  it  makev 
^th  the  vertical 

It  is  to  be  borne  in  mind,  that  in  order  that  a  pendolum  may 
revolve  according  to  the  above  law,  it  must  have 
fto  njUxUMm  about  its  longitudinal  axis  B  G  C, 
but  must  swing  as  if  hung  by  a  double  universal 
joint  at  0  (Article  492). 

606.  A  B«MuiB«  PMdtaiam  (fig.  242)  is  a  body  -^ 
C  G  suspended  by  a  point  C  not  in  the  centre  of  '< 
gravily  G,  and  rotating  about  a  vertical  axis 
C  X  traversing  the  point  of  suspension.  To 
«void  needless  complexity,  as  before,  let  C  G, 
and  £  G  perpendicular  to  it  in  the  vertical 
plane  of  C  G  and  C  X,  be  two  of  the  axes  of 
isiertia  of  the  pendulum.  Let  I)  be  its  moment  «•  o^t  ^ 
of  inertia  about  G  E,  and  I.  its  moment  of  ^' 
inertia  about  G  0,  and  e^  en  ^^  corresponding  radii  of  gyration. 
Let  the  angle  X  0  G  =  «;  let  0  G  =  r^;  and  let  the  wei^t  of  the 
pendulunbe  W.  Then,  a  being  the  angular  velocity  of  rotation 
about  the  vertical  axis,  it  appears  from  Articles  592  and  586  that 
the  deviating  couple  due  to  rotation  about  a  vertical  axis  traverring 
Ois 

—  (I,  —  I,)  COS  «  Sin  «  = {fx  —  SitaA^zai.m\ 

g  9 

to  which  has  to  be  added,  the  couple  due  to  the  deviating  force  of 
W  revolving  along  with  ike  centre  of  mvitj  G,  and  to  the  leverage 
Tq  COS  «,  being  the  height  of  0  above  G;  that  is  to  say, 

-rSco6«8m  «: 

9 

making  for  the  entire  deviating  couple 

(^f  — d  +  *^cosiiiin«; 
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and  tlua  ooaple  has  to  be  sapplied  by  meana  of  the  weight  of  tlie 
pendulum  acting  with  the  leyerage  r^  sin  »,  that  ia,  it  inuat  be 
equal  to 

Wr^ain*. 

Dividing  by  this  quantity,  we  find 

^(^Vr.)co..  =  l; (L) 

and  putting  for  tf  its  value,  4  «*  T",  where  T  is  the  number  of  toma 
per  seoondy  this  leads  to  the  equation 

h  being  the  height  of  the  equivcdeni  simple  revolving  pendulum,  aa 
given  in  Article  539,  equation  2. 

When  fn,  the  radius  of  gyration  about  C  G,  is  insensibLy  smaQ 
oompared  with  «!,  the  radius  of  gjrration  about  G  £»  4  beoomei 
equal  to  the  height  of  the  simple  pendulum  equivalent  to  the  pen- 
dulum in  the  figure,  when  made  to  revolve  without  rotation  about 
C  G,  as  in  the  last  Article.  When  c^  =  fj,  the  height  beoomes 
simply  Vq  cos  «,. being  the  same  as  if  the  whole  mass  were  oonom- 
trated  at  the  centre  of  gravity.  This  is  veiy  nearly  the  caae  in  the 
rotating  pendulums  used  as  oovebnobs  for  prime  movera^  whidi 
are  in  general  large  heavy  spheres  hung  by  slender  rods. 

607.  The  Baiiiitie  PeMdaiaoi  is  used  to  measure  the  momentum 
of  projectiles,  and  the  impulse  of  the  explosion  of  gunpowder.  To 
measure  the  momentum  of  a  projectile,  such  as  a  iifle  ball,  the 
pendulum  must  consist  of  a  mass  of  material  in  which  the  ball  can 
lodge,  such  as  a  block  of  wood,  or  a  box  full  of  moist  day,  hong  b^ 
rods  from  a  horizontal  axi&  Suppose  the  ball  to  be  of  the  weight 
h,  and  to  move  with  the  velocity  v  in  a  line  of  flight  whose  perpen- 
dicular distance  from  the  axis  of  suspension  is  r^.  Then  the  ^^ngiiUr 
momentum  of  the  ball  relatively  to  the  axis  of  suspension  is 

hvf* 

-T' <^-> 

and  because  the  ball  lodges  in  the  pendulum,  this  angular  moineii- 
tum  is  wholly  communicated  to  the  joint  mass  consisting  of  ilia 
ball  and  the  pendulum,  which  swings  forward,  carrying  with  it  an 
index  that  remains,  and  points  out  on  a  scale  the  extreme  angular 
displacement.  Let  this  be  denoted  by  i  Let  I  denote  the  length 
of  the  simple  pendulum  equivalent  to  that  mass,  which  can  be 
found  by  means  of  Article  544,  equation  1,  from  the  number  of 
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oscillatioiiB  in  a  given  time;  let  W  be  the  joint  weight  of  the  pen- 
dulum and  ball;  and  r^  the  distance  of  tbeir  common  centre  of 
graTity  from  the  axis;  then 

B  =  ^, (2.) 

18  the  portion  of  the  joint  weight  to  be  treated  as  if  concentrated 
at  the  centre  of  oscillation. 

Let  Y  be  the  velocity  of  the  centre  of  oscillation  at  the  lowest 
pcdnt  of  its  are  of  motion;  this  is  the  yelocitj  due  to  the  height, 
I "  TerBini;  that  is  to  say^ 

• 

Y=:J{2gl'  versin  t)  =  2  sin  g  '  Jgl; (3.) 

and  the  corresponding  angnlar  momentum  of  the  combined  mass  is 

;  which,  being  equated  to  the  angular  momentum  of  the  ball 

before  the  collision  (1),  gives  the  equation 

bvr'  =  BYl; ; (4.) 

giving  for  the  velocity,  momentum,  and  actual  energy  of  the  baU, 
respectively^ 


V  = 

BYl 

■   bt'  ' 

1 

bv 
9 

=: 

BYl 
9f" 

2p- 

B«VJ» 
igbf"-  . 

(«•) 


BV 

The  energy  of  the  combined  mass  after  the  collision  being  -x — 9 

2g 

and  less  than  that  of  the  ball  before  the  collision  in  the  proportion 

cf  6  /" :  B  r,  showB^  that  an  amount  of  eneigy  denoted  by 


i;o-lS (^> 


disappears  in  producing  heat  and  molecular  changes  in  the  ball  and 
in  the  eofb  mass  in  which  it  is  lodged. 

To  measure  the  impulse  produced  by  the  explosion  of  gunpowder, 
the  gun  to  be  experimented  on  is  to  be  fixed  to  and  form  part  of 
the  pendulum,  and  a  ball  is  to  be  fired  from  it.  The  gas  produced  by 
the  explosion  exerts  equal  pressures  during  the  same  time, — ^that  is, 
equal  impulses, — ^forwards  against  the  baU,  and  backwards  against 
the  gun,  and  the  pendulum  swings  back  through  a  certain  angle, 
whidi  is  r^isterc^  by  an  index  as  before,  and  from  which  the 


• 
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TnayiTnnm  velocity  of  the  centre  of  percussion  of  the  pendulum 
be  calculated  as  before  by  equation  3.  Let  ¥  now  denote  Uie 
distance  from  the  axis  of  suspension  to  the  axis  of  the  gun,  and  P 
the  presBore  exerted  by  the  explosive  gas  at  any  instant;  the  totil 

impulse  exerted  by  the  gas  is  /  Y  d%\  and  the  anguliir  impiolse 

r^  *  /  Y  di'y  which  being  equated  to  the  angnlar  momentum  pro- 
duced in  the  pendulum^  gives 

^/p</.  =  »r'. (7.) 

in  which  it  is  to  be  observed,  that  B  does  not  now  include  tfe 
weight  of  the  ball    The  impulse  exerted  by  the  powder  is  there&n 

^^'="77  ' ^^^ 

and  the  velocity  of  the  ball  h  on  leaving  the  gun  is  oonsequeutly 

• 6       -  -J?" ^'^ 

The  murgy  exerted  hj  tite  eroding  powder  is 


/ 


/ 


of  which  the  portions  commiudcated  to  the  ball  and  to  the  pendulm 
are  indicated  by  the  two  terms,  being  in  the  ratio 

6t^:BV«::BP:6f^ (11.) 

In  the  preceding  calculations,  the  momentum  and  energy  pro- 
duced in  the  explosive  gases  themselves  are  not  considered;  bat  it 
is  veiy  doubtful  whether  any  attempt  to  take  them  into  aoooimt, 
hypothetical  as  it  must  be,  adds  to  the  practical  oorrectneas  of  Ik 
result  As  a  probable  approximation,  the  following  may  be  em- 
ployed : — ^Let  w  be  the  weight  of  powder  used.  Divide  this  into 
two  parts  proportional  to  h  and  B,  viz. : — 

hw         .    Bto 

consider  the  smaUer  part  to  move  with  half  the  velocity  of  B,  v^ 
the  larger  with  half  the  velocity  of  h]  that  is  to  say,  in  equatioai 
7,  8,  and  9,  put, 
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instead  of  B, 


kod  instead  of  6, 


B  + 


b  + 


bw 
2T6  +  B)' 

Big 


(12.) 


The  equation  10,  in  its  original  form,  will  still  show  the  actual 
energies  of  the  pendulum  and  of  the  ball,  and  their  sum ;  but  that 
sufD  will  be  exdutive  of  the  eneigy  exerted  in  giving  motion  to  the 
explosive  gases  themselvesL 

The  baUistio  pendulum  was  invented  by  Robins,  oelebrated  for 
luB  investigations  on  gunnerj. 
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OHAPTEB  IV. 

MOTIONS  OF  PLIABLE   BODIES. 


608.  ifaimw  mi  Ike  8«it|«ct}  TikMitoa.— The  motioii  of  t»A  par- 
ticle of  a  pliable  body  may  always  be  resolved  into  three  compoiMnte: 
that  which  it  has  in  common  with  the  centre  of  gravity  of  die  body, 
being  the  motion  due  to  ti^anslation  of  the  whole  body;  that  which 
it  has  about  the  centre  of  gravity  of  the  body,  being  the  motioa  doe 
to  rotation  of  the  whole  body;  and  a  third  component^  being  tlie 
motion  due  to  alterations  of  the  volume  and  figure  of  the  body  and 
of  iia  parts.  This  third  component  is  alone  to  be  considered  in  the 
present  chapter. 

The  cinemcUiccU  branch  of  the  present  subject^ — that  is  to  say, 
the  branch  which  comprehends  the  relations  amongst  the  diqdaoe- 
ments  of  the  particles  in  a  strained  solid  from  their  free  positiansy 
and  the  strains  or  disfigurements  of  its  parts  accompanying  such 
displacements, — has  already  been  treated  of  generally  in  Articles 
248,  249,  250,  260,  and  261 ;  with  reference  to  bending,  in  put  d 
293,  part  of  300,  301,  part  of  303,  part  of  304,  part  of  307,  put  of 
309,  part  of  312,  and  part  of  319;  with  reference  to  twistii^  in 
part  of  321  and  part  of  322; — and  again  with  reference  to  benSn^ 
in  part  of  Article  340. 

The  dynamical  branch  of  the  subject  has  been,  to  a  certain  extent 
anticipated  in  Article  244,  where  resilience  is  defined ;  in  Article 
252,  where  potential  energy  o/elaetioity  is  defined  ;*  in  Articles  2M 
and  269,  which  relate  to  the  reeilienoe  of  a  str^ched  bar  aad  the 
efiect  of  a  afidden  ptUl;  in  Article  305,  wMch  relates  to  the  regiliemn 
of  a  beam;  in  Article  306,  which  relates  to  the  efifect  of  a  suddmdy 
applied  trangverse  load;  and  in  Article  323,  which  relates  to  the 
resilience  o/an  aade. 

The  motions  due  to  strains  amongst  the  particles  of  pliable  bodies 
being  all  of  limited  extent,  and  consisting  in  changes  of  the  dis- 
placement of  each  particle  fix>m  the  position  which  it  would  ooeopy 
in  a  state  of  equilibrium,  which  displacement  is  limited  and  gene- 
rally small,  are  of  the  kind  called  vibrations,  and  are  more  or  less 

*  In  Article  262,  the  first  employment  of  this  ftmction  is  oocrectly  ascribed  to  Mi; 
Green;  bat  it  is  rigbt  also  to  mention,  that  its  use  was  indepoidantly  diaoowwsd  \ff 
M.  Clapejron. 
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analogous  to  the  oBcillations  already  treated  of  in  Articles  542  and 
543. 

The  complete  theory  of  vibration  embraces  all  the  phenomena  of 
the  production  and  transmission  of  sound,  and  all  those  of  the  pro- 
pagation of  light,  as  well  as  those  of  the  visible  and  tangible  vibra- 
tions of  bodies.  Many  of  its  branches  are  foreign  to  the  objects  of 
tliis  treatise ;  and  therefore  in  the  present  chapter  there  will  be 
given  only  an  outline  of  the  general  principles  of  the  theoiy  of 
vibration,  and  an  explanation  of  such  of  its  applications  as  are  of 
importance  in  practioEd  mechanica 

609.  laockronens  FibratiMM  of  an  elastic  body  are  those  in  which 
each  particle  of  the  body  performs  a  complete  oscillation  in  the 
same  period  of  time,  so  that  all  the  particles  return  to  the  same 
relative  situations  at  the  end  of  each  equal  period  of  time,  and  that 
-whether  the  oscillations  are  of  greater  or  of  less  amplitude.  Iso- 
chronous  vibrations  being  communicated  to  the  ear  produce  the 
sensation  of  a  sound  of  uniform  pitch,  or  musical  tone.  In  order 
that  oooillations  of  different  amplitudes  may  be  performed  by  equal 
masses  in  the  same  time,  it  is  evidently  necessary  that  the  forces 
nnder  which  they  are  performed  should  be  praporiumal,  and  dvncdy 
opposed^  to  ihe  digpUicements  at  each  inriamL  This  is  the  condition 
OF  isocHBONiSM,  and  has  already  been  illustrated  in  Artides  6^2, 
543,  544,  545,  and  557,  Example  III.,  for  the  case  of  a  single  par- 
ticle acted  on  by  a  single  force,  and  in  Article  598  for  the  analogous 
case  of  a  gyrating  rigid  body,  where  angular  is  substituted  for  linear 
displacement,  and  a  couple  for  a  foroe.  To  express  that  condition 
by  an  equation  suited  to  the  present  dass  of  questions,  let  W-r-^ 
be  the  mass  of  a  particle,  )  its  displacement  firom  its  position  dT 
equilibriimi  at  any  given  instant,  F  an  imbalanced  force  by  which 
it  is  urged  directly  towards  that  position,  and  a'  a  numerical  con- 
stant, expressed  as  a  square  for  reasons  which  wUl  presently  appear; 
then  the  condition  of  isochronism  is  expressed  as  follows : — 

^=-^T"' ^^'^ 

an  equation  identical  with  equation  1  of  Article  542 ;  while  from 
equation  4  of  the  same  Article  it  appears  that  the  number  of  double 
oscillations  per  second  is  expressed  by 


a 

2? 
and  the  period  of  a  double  oscillation  by 

li  _2t 


)»•#• 


•••••.  \2.) 
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All  the  equations  of  Article  542  and  Article  557,  Example  HI., 
are  made  applicable  to  the  present  case,  by  substitatizig  respecdvel j 
for 

QorQ,,     Q,,    rora?i,    x, 

F„         F,        J|,         )y  respectivelj, 

where  Fi  represents  the  maximum  force,  corresponding  to  ^  the 
maximum  displacement^  or  semi-amplitude;  conaequentlj,  if  k 
order  to  make  the  foimul»  more  general  we  represent  bj^anj 
instant  of  time  at  which  the  partide  reaches  the  extremity  of  aa 
oscillation,  we  have 

^=-a5,  sin  a  (*-(;,).    [ ^^^ 

When  the  restoring  force  corresponding  to  a  given  displacement 
is  known,  the  constant  a'  is  computed  by  the  formula 

WJ  ' '^  ' 

in  which  the  negative  sign  denotes,  that  although  F  being  contnij 
to  2  in  direction,  their  quotient  is  implicitly  negative,  it  is  to  have 
that  n^ativity  reversed  and  to  be  treated  as  positive. 

The  equations  2  and  4  show,  that  the  square  of  the  mumber  ef 
oaciUcUions  made  by  a  particle  in  a  seeondf  is  irvoeredy  as  the  mau  if 
the  parUde,  amd  directly  as  the  raXio  of  Uis  restoring /oree  to  As  di- 
pUbcemeWL 

610.   VlbratlMia  ef  a  Mom  hcM  %y  a  Ught  8priBC.->The  defleofcior 

of  a  straight  spring  or  elastic  beam  und^  any  load  is  given  by  the 
equations  of  Ajrticle  303  for  those  cases  in  which  it  is  sensibly  pro- 
portional to  the  load. 

The  position  of  equilibrium  of  the  spring,  if  not  afieoted  by  a 
lateral  transverse  load  (for  example,  if  it  is  placed  vertically),  mw 
be  straight ;  or  if  there  be  a  permanent  transverse  load,  that  poa- 
tion  may  be  more  or  less  deflected  In  either  case,  the  production 
of  an  independent  deflection,  ),  of  the  point  for  which  defiectioBs 
are  computed  by  the  foimulse,  to  one  side  or  to  the  other  of  tbr 
position  of  equilibrium,  provided  the  limits  of  perfect  elastici^  sir 
not  exceeded,  causes  the  spring  to  exert  a  restoring  force  F,  whose 
value  is  found  by  applying  to  this  case  equation  4  of  Article  303; 
that  is  to  say. 


=  —  yi  for  brevity's  sake ;  j 

in  which /may  be  called  the  tUffnsss  of  the  spring. 


•a-) 
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l^ow  suppose  that  there  is  attached  to  the  point  of  the  spring  for 
'which  )  is  calctilated,  a  mass  W  -i-  ^,  In  comparison  with  which  the 
mass  of  the  spring  is  inappreciably  small.  Then  if  that  mass  be 
drawn  to  one  side  or  to  the  other  of  the  position  of  equilibrium,  and 
left  fi:ee  to  yibrate,  the  spring  will  make  it  vibrate  according  to  the 
law  already  explained  in  Article  609 ,  putting  for  the  constant  a 
tlie  value 

'^ (2) 

If  the  mass  gyrates  about  a  fixed  axis  traversing  its  centre  of 
gmvitjy  let  /  denote  the  distance  from  that  axis  to  die  point  upon 
^which  the  spring  acts ;  then  in  the  equations  of  motion,  substitu- 
tions are  to  be  made  according  to  the  principles  of  Article  598, 
w^hen  the  above  equation  becomes 

^^^  (8.) 


=  ^: 


=V^ 


If  the  mass  oscillates  about  a  fixed  axis  not  traversing  its  centre 
of  gravity,  the  above  equation  is  still  applicable,  when  the  pi^oper 
▼alue  is  put  for  the  moment  of  inertia  1. 

The  restoring  couple  F  ^  for  a  gyrating  body  may  be  supplied  by 
the  resistance  of  a  rod  or  wire  to  torsion ;  in  which  case/ /is  to  be 
taken  to  represent  the  ratio  of  the  moment  of  tondon  to  the  angle 
of  torsion,  which,  for  a  cylindrical  rod  or  wire,  is  given  in  Article 
322,  case  2,  equation  4,  viz. : — 

•(^=r  =  -32^' (^> 

m  being  the  length,  and  A  the  diameter  of  the  rod  or  wire,  and  0 
the  co-efficient  of  transverse  elasticity  of  the  material 

By  the  aid  of  the  principles  here  explained,  experiments  on  the 
numbers  of  vibrations  per  second  made  by  springs  and  wires  loaded 
vrith  masses  great  in  proportion  to  the  masses  of  the  springs  and 
wires,  may  be  used  to  determine  the  co-efficients  of  elasticity  E 
and  C. 

611.  awnjgp Milled  ef  SnuUi  ]fi«cieas. — If  the  restoring  force  of 
a  particle  for  vibrations  in  a  given  direction  be  opposite  and  pro- 
portional to  the  displacement,  and  if  the  same  be  the  case  for  one 
or  more  other  directions  of  vibration,  then  for  a  displacement 
which  is  the  resultant  of  two  or  more  displacements  in  the  given 
directions,  the  force  acting  on  the  particle  will  evidently  be  the 
resultant  of  the  separate  forces  corresponding  to  the  component 
displacements,  and  the  velocity  the  lesultant  of  the  component 
velocities* 
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This  is  called  the  principle  of  the  suPERPOsmoir   of  ouu 

XOTIONS. 

If  the  co-efficient  a  of  Article  609  is  the  same  for  the  diffbes 
directions  of  the  component  displacements,  the  component  ynkn^ 
tions  will  not  only  be  isochronous  in  themselves,  bat  iaodiroim 
with  each  other,  or  simultanaouSf  and  so  also  will  be  the  resoltui 
vibration.  This  has  already  been  sufficiently  illustrated  in  Aitkfa 
542  and  543,  where  circular  and  elliptic  oscillations  are  treated  m 
compounded  of  a  pair  of  straight  oscnllations  in  directions  perpo- 
dicular  to  each  other.  Such,  for  example,  is  the  oscillatioii  of  t 
mass  placed  at  the  end  of  a  spring  whose  stiffiiess  is  the  same  kr 
all  directions  of  deflection. 

If  the  co-efficient  a  has  different  values  for  the  different  dirw> 
tions  of  the  component  vibrations,  they  will  no  longer  be  iaoduT»oa 
with  each  other;  the  resultant  restoring  force  will  not  at  ewr 
instant  act  directly  towards  the  position  of  equilibrium,  and  ikt 
resultant  vibration  will  take  place  in  a  complex  curve  which  mj 
have  a  great  variety  of  figures.  For  example,  let  a  mass  W  -t-  ^  be 
fixed  at  the  end  of  a  spring  whose  cross  section  is  a  rectan^  ci 
unequal  dimensions,  so  that  its  stiffness  is  different  for  di^aoe- 
ments  in  the  directions  of  two  rectangular  axes,  denoted  by  x  aad 
y.  Let  ftnffj^  the  two  values  of  ^e  stiffness  of  the  sprii^  ftr 
those  two  dilutions  of  displacement ;  and  let  £  and  n  denote  oqb- 
ponent  displacements  in  those  two  directions  respectively,  and  %i 
and  Hi  their  maximum  values  or  semi-amplitudes.  Then  the  eq»* 
tions  of  motion  of  the  mass  are  the  following : — 


where 


6=5.cosa.(«-Un 


and  i^  and  t^  are  two  arbitrary  constants.     Thus  the  numbeit 
a  second  of  the  two  series  of  component  vibrations, 


^'  =  ^»  «>  =  ^ (3) 


2x'  ^        2cr^ 


are  proportional  to  the  square  roots  of  the  stiffnesses  of  the  spraf 
in  iJie  directions  of  the  two  rectangular  axes;  that  is^  thef  sve 
proportional  to  its  thicknesses  in  these  two  directions  respectiv^. 
If  n,  and  n,  are  commensurable,  the  path  of  the  vibomtii^  na* 
is  a  closed  curve ;  for  example,  to  take  the  simplest  case,  if  «,  = 
2n^  that  path  is  such  a  curve  as  is  represented  in  fig.  24k     If  V 
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liiid  n^  are  incommensurable,  the  path  is  of  indefinite  length ;  but 
in  every  case  it  is  wholly  inscribed  within  the  rectangle  whose 
sides  are  the  amplitudes  2  li,  2  Di,  of  the  component  vibrations. 

612.  TlbraUMis  not  IsoclirmiMis  can  only 

be  expressed  mathematically  by  conceiving 

them  to  be  compounded  of  a  number  of 

superposed  vibrations,  eaa|i  isochronous  in 

itself,  but  not  isochronouA  with  each  other, 

as  in  the  last  example  of  the  preceding 

Article;  and  the  forces  under  which  such 

vibrations  take  place  are  in  like  manner  to 

be  conceived  to  be  resolved  into  component  p.    ^43 

forces,  each  proportional  to  a  parallel  com- 

ponent  of  the  displacement.     The  art  of  resolving  displacements  of 

any  kind  whatsoever  into  components,  each  of  which  separately 

satisfies  the  conditions  of  isochronism,  is  a  mathematical  process 

which  it  will  not  be  necessary  to  exemplify  in  this  treatise. 

613.    TilbnUieBS  of  mi   Elastic   Body  1m  Ctonend. — The  general 

equations  of  the  vibration  of  an  elastic  body  are  found  by  the  aid 
of  D*Alembert*s  principle  (Article  568),  by  conceiving  the  body  to 
be  divided  into  indefinitely  small  rectangular  or  other  regularly 
shaped  molecules,  and  equating  the  components  of  the  rate  of  varia- 
tion of  momentum  of  each  molecule  to  the  corresponding  com* 
poaents  of  the  restoring  force  caused  by  the  internal  stresses, 
which  restoring  force,  /or  each  molecule,  is  cU  ecicli  instant  equal  and 
opposUe  to  the  ahoure  belonging  to  thcU  molecule,  of  a  diatrihuied  ex- 
ternal load  that  would,  in  a  state  of  eguUibrivan,  produce  the  actual 
state  of  disfigurement  of  the  body  cU  Ohe  instant.  The  condition  of 
isochronism  is  expressed  by  making  each  restoring  force  propor- 
tional and  opposite  to  the  displacement  of  the  molecule  to  which  it 
is  applied ;  and  the  displacements,  velocities,  and  forces  for  vibra- 
tions not  isochronous  are  expressed  by  sums  of  series  of  corre- 
sponding quantities  for  isochronous  vibrations. 

By  the  application  of  D'Alembert's  principle  as  stated  above, 
every  equation  concerning  the  equilibrium  of  an  elastic  body  under 
external  forces  distributed  amongst  its  molecules  can  be  converted 
into  a  corresponding  equation  concerning  its  vibration. 

Example  I.  General  DifferenJticd  Equations, — In  Article  116, 
illustrated  by  fig.  58,  are  given  the  equations  of  internal  equili- 
brium (2.)  of  an  elastic  solid  for  a  rectangular  molecule  dxdydz, 
expressing  the  three  components  of  the  external  force  per  unit  of 
volume  of  that  molecule,  in  terms  of  the  equal  and  opposite  com- 
ponents of  the  internal  forces  arising  from  the  variations  of  the 
nix  elementaiy  stresses,  pulls  being  considered  as  positive,  and 
thrusts  as  negative.     Those  equations  are  converted  into  general 
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eqoatioas  ^  vibration  of  the  aaine  molecule  by  sabstitutijig,  at  tbt 
rig^t-hand  sides  of  the  three  equ&tions  respectively, 


g     de'  g     df  g     de' 


..(1.) 


where  -  is  the  maat  j>«r  untC  o/volums,  and  G,  i,  ^,  are  the  Hmt 

oomponenta  of  the  displacement  of  the  molecule ,^vm  iUpogMoit  tf 
equUibrivtn. 

To  make  use  of  the  three  equationii  thus  obtained,  each  of  Am 
six  elementary  stresses  is  to  be  ezpreaaed  in  terms  of  the  six  efe- 
mentaty  strains  mnltiplied  by  the  proper  co-efficients  of  elaatdaty  of 
the  substance  (Article  253) ;  then  each  of  the  six  elementary  stnias 
is  to  be  expressed  as  in  Axticle  2S0,  by  means  of  the  differential 
oo-efficients  of  the  three  component  displacements  £,  «,  f ,  and  thnt 
the  three  original  equations  are  converted  into  t&rm  liiuae  di^ra^ 
tial  aquatUma  of  the  second  order  in  £,  s,  and  i,  by  the  integntka 
of  wluch,  with  dne  regard  to  the  circumstances  of  each  partioilar 
problem,  all  questions  respecting  vibration  are  solved.  It  is  on- 
necessary  here  to  enter  into  details  reepecting  those  integratioDa. 
The  most  complete  compendium  of  the  processes  which  they  in- 
volve and  the  results  to  which  they  lead,  ia  contained  in  H-  umfs 
Le^one  «ur  CElaeiidii  des  Gorpa  at^idee. 

ExampteTL  CaM^an^aM^rOratum.— In  figs.  314and»ft, 


l»t  S  8  ard  the  lines  parallel  to  it  represent  a  aeriea  of  p 
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parallel  to  each  other,  and  let  the  mode  of  vibration  of  the  particles 
of  the  body  be  such,  that  all  the  particles  in  any  one  of  those  planes 
lukve  equal  diq)lacements  in  parallel  directions  at  the  same  instant. 
^  straight  line  O  X,  perpendicular  to  all  those  surfaces,  may  be 
called  an  axis  qfvibrcUion,  Let  the  displacement  of  each  particle^ 
denoted  at  any  instant  by  2,  take  place  in  a  direction  maJcing  an 
angle  i  with  O  X,  in  the  plane  of  x  y;  so  that  its  component  dis- 
lilaoements  are 

g  =  5  cos  #, )  .„  V 

,  =  3idn^./ ^^'^ 

In  the  condition  of  eqtulibrium,  conceive  a  square  prism  to  extend 
along  the  axis  0  X,  as  in  fig.  244,  and  to  be  divided  into  cubical 

molecules,  each  of  the  volume  dxdydZy  and  mass  ~  dxdydz. 

9 
At  a  given  instant  in  the  state  of  vibration,  let  those  molecules  be 

displaced  in  the  manner  shown  in  fig.  2^5,  the  displacement  of  each 
point  in  each  molecule  depending,  according  to  some  law  yet  to  be 
detennined,  upon  the  lapse  of  time  and  upon  the  distance,  when  in 
a  state  of  equilibrium,  of  the  plane  of  equid  displacement  containing 
it  from  O,  which  distance  is  denoted  by  «;  that  is,  let 

)  =  function  of  (<,  a?) (3.) 

Then  it  is  evident,  that  each  molecule,  originally  cubical,  becomes 
directly  strained  and  distorted;  the  direct  strain  along  x  (an  elonga- 
tion if  positive)  being  represented  at  any  instant  by 

-  =  d^  =  rfi«*'' <*•> 

and  the  distortion,  in  the  plane  of  x  y,  by 

dn       dl 
»  =  T-  =  J-  sin  $ (5.) 

dx      dx  ^   ' 

The  vibrating  substance  will  be  supposed  to  be  isatfoptic  as  to 
elasticity,  according  to  the  definition  given  in  Article  256,  A  being 
its  direct  and  C  its  transverse  elasticity.  Then  at  a  given  plane  of 
equal  displacement^  and  at  a  given  instant^  there  is  a  direct  streat 
(teniion  being  posi^ve)  of  the  intensity 

.       ^di  A^^  A,  iet\ 

im  X  ax 

and  a  tangential  stress  of  the  intensity 

'»'-  =  <^'  =  C^=0|i«in*; (7.) 


(8.1 
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and  appljriog  to  these  data  the  reasoning  of  the  preceding  exampk, 
we  find  that  the  components  of  the  moving  force,  per  unit  of  yulamc, 
acting  on  a  given  molecule,  at  a  given  instant,  are  as  follows : — 

Longitudinal,  Q,  =  A -7-3  =  A^-,  cos  #; 

transverse,  Q;  ==  C  -p^  =  C  -^  -  sin  0; 

so  that  if  we  make 

y^  =  «.;?_C_^    

to  '    w  *  ^    ' 

we  find  for  the  equations  of  vibration, 

longitudinal,  ^~**rf"J' " ^^^'^ 

^'^^^^^  di^'^ii ^^^'^ 

The  general  integral  of  those  two  equations  is  given  by  the  pair  of 
equations, 


where  0,  ^,  x,  «*,  represent  cmyjkmctioru  whaUoever,  Bat  to  obtain 
definite  results,  wluch  can  be  used  in  calculation,  the  conditions  of 
isochronism  are  to  be  applied ;  and  they  lead  to  the  following  ooa- 
sequences : — 

Fin^,  in  order  that  vibrations  may  be  isochronous,  the  restoring 
force  must  act  along  the  direction  of  vibration ;  that  is,  we  most 
have 

Q. :  Q, : :  cos  ^  :  sin  4; (15.) 

and  because  for  every  known  substance,  A  and  C  are  unequal,  this 
condition  can  only  be  fulfilled  when  eitiier  cos  t  or  sin  0  is  nothing; 
that  is  to  say,  in  cm  isotropic  substance,  isochronous  vibraiions  ars 
either  wlioUy  longiiudincU,  or  wholly  transverse. 

Secondly,  the  moving  force  acting  on  a  particle  must  be  propor* 
tional  and  opposite  to  iia  displacement;  a  condition  ezpreaaed  ftr 
longitudinal  and  transverse  vibrations  respectively,  by 

d?  =  "  5^  =  -  *  ^' •("•> 

-<r?  =  '^d^=-*- <**> 


Ml 


"wliere  V  and  &'*  wn  two  arbitmj  pusiiiwe  ooi»ta]it&     Tlie 
convenient  way  of  expressing  those  oonstanto^  ibr  leasons  whick 
-will  afterwards  appear,  is  the  foflowing : — 

6  =  — -y  =  — - 

X   '  X'  * 

X  and  X'  being  oMirary  lengths.  Then  it  is  easfljr  seen,  that  to 
satisfy  the  equations  14  and  15,  the  diqJaoenDents  most  be  expressed 
as  follows : — 

g  =  {,-co8^(a;  — a^)oos^(<— i;); (16.) 

s  =  Hi  •  COS  -^  («  —  xV)  •  cos  -^  (I — r^y. — ..(17.) 

Su  9i,  \  ^',  Xo,  x'o,  tg,  and  ^«  being  arbitraiy  constantsy  having  values 
depending  on  the  circamstances  of  each  particular  probkm.  These 
constants  have  the  following  meanings : — 

ii  and  Hj  are  the  tncunmum  MmiramplUudei  of  vibration. 

XX' 

-; and  -^ — -,  are  the  periodic  tima  of  a  complete  oscillation. 

X  and  x'  are  the  distances  (for  the  longitudinal  and  transversa 
-vibrations  respectively)  between  a  pair  of  planes  in  which  the 
particles  are  in  the  same  jikoM  of  vibration  at  the  same  instant; 
Boch  as  the  planes  A  and  £  in  figs.  244,  245. 

Nodal  planes  are  planes  in  which  the  particles  have  no  displace- 

X       x' 
ment,  x  —  os^  or  :e  —  x^  being  an  odd  multiple  of  j  or  --.    Their 

X       x' 
distance  apart  is  ^  or  -  (A,  C,  and  E,  in  the  figures). 

Ventral  planea  are  those  of  maximum  displacement,  x  —  ^or 

X       x' 
X  —  :^Qy  being  a  multiple  of  ^  or  ^  (Band  Din  the  figures).   They 

lie  midway  between  the  nodal  plane& 

The  following  quantities  for  isochronous  vibnitions  are  deduced 
from  equations  16  and  17  : — For  longitudinal  vibrations, 


velodtyof)  JC         2»a,         2*-,      «\.^«2xa,       . 
apartide,)di  =  --I-^*''~— ^'""^^  "^~^*"^^' 

directstzain,  ^==— 5^{,sin-^.(a:-4^)  •cob-^(<-<d> 

For  transvoxse  vibrations. 

2o 


(la) 
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Distortion,  ^  =  ---T»»i'sin—  («-Xo)*co8— r-(*  —  »o> 


(19.) 


Yibrations  may  exist  in  which  the  displacements,  strains^  Telodtkii 
and  forces,  are  the  resultants  of  combinationA  of  isocbianous  TihEa- 
tions,  having  any  number  of  different  sets  of  arbitrary  oonBtants,  aud 
having  only  in  common  the  co-efficients  a  and  e. 

The  resiiLts  of  the  preceding  investigation,  so  &r  as  they  relate  to 
longitudinal  vibrations,  are  applicable  to  fluids  as  well  as  to  solida 
Trsmsverse  vibrations  are  impossible  in  fluids,  because  in  them  then 
is  no  transverse  elasticity. 

614.  VTmrem  of  TlbratioM  consist  in  the  transmission  of  a  vibra- 
tory state  &om  particle  to  particle  through  a  body.  Let  O  X  doiote 
the  direction  in  which  the  vibratory  state  is  transmitted,  being;  as 
in  the  last  Artide  and  its  figures,  an  axis  of  vibraUofiy  or  line  pa>- 
pendicular  to  a  series  of  sur£Eices  of  simultaneous  and  equal  dis^ac^ 
ment,  which  sui&oes  do  not  now  remain  stationary,  but  advance 
from  particle  to  particle  with  a  velocity  called  the  vdocify  of  troM- 
fnission  or  of  propagation.  With  respect  to  wave  motion  in  general, 
it  has  already  been  explained  in  Article  416,  that  the  condition  of 
motion  of  any  particle,  whose  distance  from  the  origin  is  x^  is 
expressed  by  a  ^inction  of  a<— a;,  where  i  is  the  time  elapsed  £rofB 
a  given  instant,  and  a  the  vdocUy  of  tramnUssiofL  Applying  this 
to  the  displacements  in  longitudinal  and  transverse  yibiatiaDS  re- 
spectively, we  find  the  equations 

where  a  and  e  are  the  velodties  of  transmission  of  longitadinal  and 
transverse  vibrations  respectively.  Now  the  equations  1  have 
already  been  shown  in  Artide  613  to  be  forms  of  the  integrals  g£ 
the  general  equations  of  vibratoiy  motion,  a  and  e  having  the  values 
there  given,  viz. : — 


=V«^=  '^V'S - « 


W  V       to 

which  accordingly  are  the  respective  vdocities  of  transmisBion  of 
waves  of  longitudinal  and  transverse  vibration  in  a  medium  i^osa 
weight  per  unit  of  volume  is  to,  and  its  direct  and  transverse  elas- 
ticities A  and  0.  In  a  fluid,  for  which  C  =s  0,  the  transmission  of 
waves  of  transverse  vibration  is  impossible. 

It  may  here  be  observed,  that  it  is  essential  to  the  exactness  of 
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the  Tallies  giyen  above  for  the  velocities  of  the  transmisskm  of 
'waves,  that  the  warfacea  of  dnvuUomeouB  dispUuxmenb  (called  some- 
times %i)owe-avafaoe8)  shoidd  also  be  surfaces  of  eqwd  amplituds  of 
vibration.  If  the  amplitude  varies  at  different  points  of  the  same 
'wave-snzfsu^,  the  velocity  of  transmission  becomes  less  than  that 
^ven  by  the  equations  2,  according  to  a  law  which  it  is  unnecessary 
liere  to  explain  in  detail 

615.  Tctodtf  of  BMiMdi. — Longitudinal  vibrations,  being  those 
w^hich  can  be  transmitted  through  all  substances,  solid  and  fluid, 
are  the  ordinary  means  of  transmitting  sound ;  so  that  the  velocity 
of  sound  in  a  given  medium  is  the  co-efficient  a  in  the  equations  2 
of  Article  614 ;  being  the  velocity  which  a  bodv  would  acquire  in 
fidling  from  the  height  A  -i-  2  to;  that  is,  a  hei^t  equal  to  half  the 
length  of  a  prism  of  the  substance  of  the  base  unity,  whose  weight 
is  equal  to  the  co-efQcient  of  longitudinal  elasticity. 

llie  velocity  of  sound,  as  determined  by  experiment,  is, 

In  water,  at  61**  Fahr.....  4,708  feet  per  second ; 
In  dry  air,  at  32^  Fahr.-.  1,092 


•  •  • 


In  air  and  other  gases,  the  velocity  of  sound  depends  on  the  pres- 
sure, density,  and  temperature  in  the  following  manner: — ^When  a 
nearly  perfect  gas  has  its  density  changed,  and  is  kept  at  a  constant 
temperature,  the  pressure  varies  nearly  in  proportion  to  the  density 
flimply.  But  with  eveiy  change  of  density  which  takes  place  under 
circumstanoes  such  that  the  gas  cannot  gain  or  lose  heat  by  con- 
duction, a  variation  of  temperature  occurs  depending  on  the  change 
of  density  in  such  a  manner,  that  the  pressure,  instead  of  varying 
flimply  as  the  density,  varies  as  a  power  of  the  densiiy  higher  than 
the  first  Let  y  denote  the  index  of  that  power,  p  the  pressure^ 
and  w  the  density  of  the  gas ;  then 

poz  toy; (1.) 

80  that  the  co-efficient  of  elasticity  A  has  the  following  value : — 

A  =-^  =  2:^ (2.) 

dw       to  ^  ^ 

The  value  of  the  index  y  for  air  is 

y  =  1-408; (3.) 

it  is  nearly  the  same  for  oxygen,  hydrogen,  carbonic  oxide,  and 
other  nearly  perfect  gases;  but  has  smaller  values  for  carbonic  add, 
sulphurous  add,  and  other  gases  which  deviate  considerably  firom 
the  perfectly  gaseous  condition. 

Kow,  if  ^  be  taken  in  pounds  on  the  square  iac^  and  to  ai 
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pounds  per  cubic  foot,  and  if  T  be  the  temperature  of  the  air  ia 
degrees  of  Fahrenheit  (see  Article  122), 

«9      ^^^^^         493°-2       ' V*-; 

and  for  gases  nearly  perfect  in  general,  if  p^  represent  one  atmo- 
sphere— ^that  is,  2116*4  lbs.  per  square  foot, — ^and  w^  the  weight  of  a 
cubic  foot  of  the  gas  at  32^  Fahrenheit,  and  under  that  pressure^ 


p       p^    T  +  46r-2  , 

whence  the  yelocitj  of  sound  in  a  nearly  perfect  gas  is 


a 

and  in  air 


'^W(ri^) c) 


616.    lancet  audi  Pre— re  |  Pile  I^rtriaK. — ^The  impact  or  blov 

of  a  body  which  has  acquired  momentum  by  the  action  of  a  cettsia 
force  during  a  greater  time,  is  used  to  oyercome  a  greater  foros 
during  a  less  time;  as  when  the  ram  of  a  pile  engine,  hainng 
acquired  momentum  by  the  action  of  its  weight  during  a  short  hot 
sensible  interval  of  time,  overcomes  the  resistance  of  a  pile  to  being 
driven,  many  times  greater  than  the  weight  of  the  ram,  and  during 
an  interval  too  short  to  be  measured. 

If  the  ratio  of  the  times  could  be  ascertained,  the  ratio  of  the 
forces  could  be  inferred  firom  it ;  but  as  one  of  the  times  is  alwajs 
insensibly  short,  the  ratio  of  the  forces  has  to  be  computed  firam 
the  spaces  through  which  they  act,  by  considering  how  the  energy 
of  the  blow  is  distributed. 

Let  W  be  the  weight  of  the  ram ;  h,  the  height  from  whii ^  it 
falk.    Then 

WA 

is  the  eneigy  of  the  blow. 
That  eneigy  is  employed — 
1.  In  compressing  the  ram  ; 
3.  In  compressing  the  pile ; 

3.  In  giving  actual  energy  of  motion  to  the  lam  and  pile; 

4.  In  driving  the  pile  against  the  resistance  of  the  ground. 
The  compression  of  the  ram  is  inappreciable  in  practice  ;  and  so 

also  are  the  velocities  of  the  ram  and  pile  after  the  collision.     The 
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aeoond  and  fourth  ways  of  expending  the  eneigy  liave  therefore 
alone  to  be  considered. 

liet  R  be  the  effective  resistance  of  the  ground ;  that  is,  its  total 
resistance  less  the  weights  of  the  pile  and  ram.  Let  S  be  the  area  of 
the  head  of  the  pile^  and  P  the  pressure  exerted  at  any  instant 
between  it  and  the  ranL  At  first,  P  is  nothing;  it  increases  as  the 
pile  becomes  compressed,  until  at  length  it  becomes  equal  to  It ; 
then  the  compression  of  the  pile  ceases ;  it  begins  to  penetrate  into 
the  ground,  and  continues  to  do  so  until  the  energy  of  the  blow  is 

R 

fdl  expended.     The  mean  value  of  P  is  -7..     The  distance  through 

which  it  is  overcome  in  compressing  the  pile  is  the  compression  due 

to  its  maximum  value,  viz.,  ^^rs,  where  E  is  the  modulus  of  elasti- 

city  of  the  pile,  and  L  the  length  of  a  post,  which,  if  unifonply 
compressed  throughout  its  length,  would  be  as  much  shortened  as 
the  pile.  Considering  that  the  pile  is  held  in  a  great  measui^  by 
friction  against  its  sides,  L  may  be  made  equal  to  half\\&  lengtL 

T>  1  T 

Then  the  work  performed  in  compressing  the  pile  is  -jj^pq )  «ui<J 

the  work  performed  in  driving  it  deeper  is  K  a;,  where  x  is  the 
depth  through  which  it  is  driven  by  a  blow ;  and  equating  these  to 
the  energy  of  the  blow,  we  find 

^*  =  2^^S  +  ^* ^'^ 

When  X  has  been  ascertained  by  observation,  K  is  found  by  solving 
a  quadratic  equation^  vis., 

-,       ^/r2ESWA       E'S'x')      ESa? 

^  -  V    I  — L—  -^  -L-  }  -TT (2-) 

J*ilcs  are  in  general  driven  till  K  amounts  to  between  2,000  and 
3,000  lbs.  per  square  inch  of  the  area  of  head  S,  and  are  loaded 
with  from  200  to  1,000  lbs.  per  square  inch  ;  so  that  the  &ctor  of 
safety  is  from  10  to  3. 

The  overcoming  of  any  resistance  by  blows  is  analogous  to  the 
example  here  given,  which  is  extracted,  and  somewhat  modified, 
from  4  section  by  Mr.  Aiiy  in  Dr.  WhewelFs  treatise  on  MechanicsL 
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CHAPTER  V. 

MOTIONS  OF  FLUID& 

617.  l>iTial*a  •fiiie  Sabject. — The  principles  of  dynamics^  ss 
applied  to  fluids,  so  far  as  small  and  rapid  changes  of  density  aze 
concerned,  have  already  been  discussed  under  Hie  head  of  yihratory 
motions.  Kow  the  only  changes  of  density  which  occur  during 
the  motions  of  liquids  are  small  and  rapid  j  so  that  in  the  present 
chapter  those  motions  of  liquids  are  alone  to  be  considered  in  whidi 
the  density  is  constant,  and  whose  cinematical  principles  have  bees 
treated  of  in  Part  III.,  Chapter  UL,  Section  2.  In  the  motions  of 
gasea,  great  and  continuous  changes  of  density  occur,  such  as  those 
whose  cinematical  principles  have  been  treated  of  in  section  3  of 
the  chapter  already  referred  to;  and  the  dynamical  laws  of  motions 
affected  by  such  changes  have  still  to  be  considered.  One  mode  of 
division,  therefore,  of  hydrodynamics,  is  founded  on  the  distmctaosi 
between  the  motions  of  liquids,  regarded  as  of  oonstant  denuiij,  smd 
those  of  gases. 

Another  mode  of  division  is  founded  on  the  distinction  betwiMn 
motions  not  sensibly  affected  by  friction,  and  those  which  are  so 
affected.  The  motions  of  fluids  not  sensibly  affected  by  frictioD, 
and  therefore  governed  by  pressure  and  weight  only,  ^ike  plaod 
according  to  laws  which  are  exactly  known;  so  that  any  difficult 
which  exists  in  tracing  their  consequences,  in  particular  cases,  arises 
from  mathematical  intricacy  alone.  The  laws  of  the  friction  of 
fluids,  on  the  other  hand,  are  only  known  approximately  azui 
empirically;  and  the  mode  of  operation  of  that  force  amongst  the 
particles  of  a  fluid  is  not  yet  thoroughly  understood;  so  that  the 
solution  of  a  particular  problem  has  often  to  be  deduced,  not  fiom 
flrst  principles  representing  the  condensed  results  of  all  experience, 
but  from  experiments  of  a  special  class,  suited  to  the  problem  imder 
consideration. 

The  laws  of  the  mutual  impulses  exerted  between  masses  of  fluid 
and  solid  surfaces  require  to  be  considered  separately. 

The  following  is  the  division  of  the  subject  of  this  chapter  :— 

I.  Motions  of  Liquids  imder  Gravity  and  Pressure  alone. 
H.  Motions  of  Gases  under  Gravity  and  Pressure  alonot 

III.  Motions  of  Liquids  affected  by  Friction. 

IV.  Motions  of  Gases  affected  by  Friction. 

V.  Mutual  Impulses  of  Fluid  Masses  and  Solid  SurfaccsL 
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Secxioh  1. — Motiona  of  Liquids  tmthout  Friction, 


618.  OcBcni  XqmmUmna, — In  Articles  414  and  415  have  been 
given  the  three  general  equations,  hj  which  the  rates  of  variation 
of  the  components  of  the  velocity  of  an  individual  particle  of  liquid 
are  expressed  in  tenns  of  those  of  the  velocity  at  a  point  given  in 
position;  and  in  Article  412  has  heen  given  the  equation  ofcofnr 
iinidty  which  connects  the  components  of  the  latter  velocity  with 
each  other.  To  obtain  the  general  dynamical  equations  of  the 
motion  of  a  liquid,  the  first  three  equations  are  to  be  converted  into 
expressions  for  the  rates  of  variation  of  the  components  of  the  rruh 
fnenium  of  a  particle,  and  the  results  equated  to  the  unbalanced 
forces  which  act  upon  it. 

Let  dxdydz  denote  the  volume  of  a  rectangular  molecule,  and 
p  the  intensity  of  the  pressure  of  the  liquid  at  a  point  whose  co- 
ordinates are  x,  y,  z.  Let  z  be  vertical,  and  positive  downwards. 
w  being  used  to  denote  one  of  the  components  of  the  velocity  at  a 
point,  the  symbol  ^  will  now  be  employed  to  denote  the  toeigJU  of 
an  unit  ofvoLvme.  Then  the  forces  by  which  the  molecule  is  acted 
upon  are 


along  a^  —  ^,dxdydz;  along  y, — -^'dxdydz; 


along  z. 


.  (.-?j 


dxdydz. 


(1) 


Xiet  the  rates  of  variation  of  the  components  of  the  momentum  of 
the  molecule  be  found  by  multiplying  the  three  rates  of  variation 
of  the  components  of  the  velocity  in  Article  415,  equation  2,  each  by 

^ —  ;  then  equating  these  respectively  to  the  three  forces  in 

equation  1  above,  dividing  hj  d«dydz,  soasto  reduce  the  equa- 
tion to  the  unit  of  volume,  and  then  by  (,  so  as  to  reduce  them  to 
the  unit  of  weight,  the  following  results  are  obtained : — 


h 

^       dp      1    d^i     \  { dw  y     dto.     dw  .      dw\ 
tdz     g    df     g  {  dt         dx        dy         dz)     J 


dp  I  d^i  \idu,  du  .  du,  du 

tdx  g  df  g\dt  dx  dy  dz 

dp  \  d^M  \  { dv  .  dv  y  dv  .  dv 

tdy  g  df  g  \  dt  dx  dy  dz 


(2.) 


Combining  with  those  three  eqtiatioiis  of  motion  the  equation  of 
eontinnitf y  Ti&  >-^ 
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dM        ££         dw 


W 


we  have  the  data  for  solving  all  dynamical  questioDS 
"withont  friction.    These  equations  are  adapted  to  the 
moUonhj  making 

du     dv     dto    ^ 

=  0; 


dt      dt      di 


to  liquid 
of  jfaid|y 


(4) 


as  in  Article  413. 

619.  l»7wiMii«  Head. — ^The  quotient  —  is  what  is  called  the  Ao^U, 

cr  heady  dve  to  the  pressure;  that  is,  the  height  of  a  column  of  tlte 
liquid,  of  the  uniform  specific  gravity  f ,  whose  weight  per  unit  of 
hase  would  be  equal  to  the  pressure  p.  Now  as  the  vertiiSLL  ordinafee 
«  is  measured  positivdy  downwards  from  a  datum  horizontal  plane, 
^2  is  the  weight  of  a  column  of  liquid  per  unit  of  base  extending 
down  from  that  plane  to  a  particle  under  consideration ;  p  —  e  s  is 
the  difference  between  the  intensity  of  the  actual  pressure  at  that 
particle  and  the  pressure  due  to  its  depth  below  the  datum  hon- 
contal  plane;  and 


£-«  =  A. 


(1.) 


is  the  height  or  head  due  to  that  difference  qfintensityj  being  what 
will  be  termed  the  dynamic  Iiead.  When  z  is  measured  positicdy 
upwwrds  from  a  datum  horizontal  plane,  its  sign  is  to  be  changed; 
so  that  the  expression  for  the  dynamic  head  in  that  case  becomes 


(2^) 


^'^Z  =  h 

620.  «eHenil  DyiMmlc  B4H«M«a«  In  Tcma  •f 

If  instead  of  the  rates  of  variation  of  the  pressure  in  the  equations 
2  of  Article  618,  there  are  substituted  their  values  in  terma  of  the 
dynamic  head,  those  equations  take  the  following  forms  : — 


dh     1    <rS     \{du  ,      du  .     du  .  du 

dx     g    df     g  (  dt         dx        dy  dz 

dv  .  dv 

dy  dz 


dy" g    dt^     g\dt        dx 


dh     1    d^i     Ifdw.     dw  .     dw  _.      dw\ 
dz     g    dt*     g  \ 


dz  J     . 


(L) 


gar     g  { at   '     ax        dy 

621.    lAW   •r  njmmmkie   n««dl    Ur   fltcadT  H^ttoik — ^Fzom  tbess 

^nations  is  deduced  the  following  consequence,  in  the  case  of 
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steady  motion,  in  which  there  is  no  variation  of  the  dynamic  head 
At  a  partide,  except  that  arising  from  the  change  of  position  of  the 
particle. 

Let  V  be  the  velocity  of  a  given  particle.     Its  value^  in  terms  of 
Its  rectangular  components,  is  given  by  the  equation 

"d<«^d^^  dt^' ^^'> 

'which,  being  divided  by  2gf  gives  the  height  due  to  the  velocity; 
so  that  the  variation  of  that  height,  in  a  given  indefinitely  short 
interval  of  time,  is 


2g     g\dt     de^  di    de^  dt     df) 


\dx    dt      dy    dt      dz    di) 


(2.) 


This  principle  might  otherwise  be  stated  thus  : — In  steady  motion^ 
the  9um  of  the  hei^flU  due  to  tlie  velocity  of  a  partide  and  of  its 
dynamie  Itead  ia  constant,  or  symbolically 

-x — hA  =  constant (3.) 

This  equation  applies  to  the  particles  which  successively  occupy  the 
same  fixed  point,  as  well  as  to  each  individual  particle. 

622.  The  Ttml  Baovr  of  a  particle  of  a  moving  liquid  without 
friction  is  expressed  by  multiplying  the  expression  in  equation  3  of 
the  last  Article  by  the  weight  of  the  particle  W,  thus : — 

in  which  —^ —  is  the  acttuU  energy  of  the  particle,  and  W  A  is  its 

if 

potential  energy;  because,  from  the  last  Article  it  appears,  that  by 

the  diminution  of  W  h,  — —  may  be  increased  by  an  equal  amount, 

y 
and  vice  versa;  so  that  the  dynamic  head  of  a  partide  is  its  potential 

energy  per  unit  of  toeight.     In  the  case  of  steady  moUon,  the  total 

<^i^ergy  of  each  particle  is  constant;  and  the  total  eneigy  of  each  of 

the  equal  particles  which  successively  occupy  the  same  position  is 

the  same. 

In  the  case  of  unsteady  motion  of  a  liquid  mass,  the  total  internal 

energy  of  the  entire  mass  is  constant;  that  is,  if  the  centre  of 

gmvity  of  the  mass,  or  a  point  either  fixed  or  moving  uniformly, 
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"with  respect  to  that  centre  of  gravity,  is  taken  as  the  fixed  point  i» 
•wbich  the  motioBB  of  all  the  particles  are  refened,  the  foOovBf 
equation  is  fulfilled  : — 

2-W  L — h^jor  J /"r(^  +  A^^-d«dyd«===coiistaiit..Xl) 

623.  The  Ftm  Swrfluje  of  a  moving  liquid  mass,  being  that  -wiu/k 
is  in  contact  'with  the  air  only,  is  characterized  hy  the  ptessuia 
being  uniform  all  over  it,  and  equal  to  that  of  the  aiaoaoepheK. 
Let  pi  be  the  atmospheric  pressure,  Zi  the  vertical  ordinate^  mea.- 
sured  posUivdy  upwards  from  a  given  horizontal  plan^  of  any  poioi 
in  the  j&ee  surface  of  the  liquid,  and  hi  the  djmamic  head  at  tlid 
same  point ;  then  it  appears  from  Article  619,  equation  2,  that  lor 
that  surface, 

hi"Zi  =  —  =  constant (1.) 

e 

624.  A  8BHiM0  •€  B«vai  PreMvre  is  characterized  by  an  anah^ 
gous  equation, 

A-«  =  —  =  constant  j (L) 

and  all  surfaces  of  equal  pressure  fulfil  the  differential  equation, 

dh^dz', (2.) 

whidi,  for  steady  motion j  becomes 

_  v« 

(a) 


dzzsidh^z-d'  — :. 


ig' 

expressing  that  the  variations  of  actual  energy  are  those  due  to  tiis 
variations  of  level  simply. 

625.  niAitoa  la  Plane  ijayvrs  is  a  state  which  is  either  ezacdj 
or  approximately  realized  in  many  ordinaiy  cases  of  liquid  motioii; 


-A./ 

T 

j-i  \— 1 

} 

Rg.  246.  Fig.  247. 

and  the  assumption  of  which  is  often  used  as  a  first  approximatioo 
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A; 


to  the  solution  of  varions  questions  in  hydraulics.    It  consists  in 

the  motions  of  all  the  particles  in  one 

plane  being  parallel  to  each  other,  per-  ^^ 

pendicnlar  to  the  plane,  and  equal  in 

velocity.     It  is  illustrated  by  the  three 

figures  2i6,  247,  and  248,  each  of  which 

represents  a  reservoir  containing  liquid  ^0 

up  to  the  elevation  OZj  =  z^  above  a  given 
datum,  and  discharging  the  liquid  from 

an  orifice  Aq  at  the  smaller  elevation  6  Zq 
s=  stq.  The  Hquid  moves  exactly  or  nearly 
in  plane  layers  at  the  upper  surface  A^-  and  at  the  orifice  A^. 
Let  these  symbols  denote  the  areas  of  the  upper  surface  and  of  the 
issuing  stream  respectively. 

Let  Q  denote  the  rate  of  flow  per  second,  Vi  the  velocity  of  descent 
of  the  liouid  at  the  upper  surface^  v^  its  velocity  of  outflow  from  the 
orifice;  then,  according  to  Article  405,  the  equation  of  continuiiy  is 


Fig.  248. 


riAi  =  roAo=  Q; 

Q 


or  Vi  :=  — 


A|  JLq 


(1-) 


The  pressures  at  the  upper  surface  and  at  the  oriflce  respectively 
are  each  equal  to  the  atmospheric  pressure ;  hence  the  difierence  of 
dynamic  head  is  simply  the  diflerence  of  elevation ;  that  is  to  say, 

hl'-hQ  =   Zl^ZQl 

therefore,  according  to  Article  621,  equations  2  and  3, 


^9 


'.^,(>-^— 


(2.) 


This  gives  for  the  velocity  of  outflow. 


from  which  can  be  computed  the  rate  of  flow  or  discharge  by  means 
of  equation  1. 

The  general  equation  of  motion,  for  every  part  of  the  vessel  or 
channel  at  which  the  motion  takes  place  in  plane  layers,  is,  accord- 
ing to  Article  621,  equation  3, 


ig 


+  h  =  constant  =  ^  +  Aq  = 


29 


+  z,+  ^ (4.) 
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The  motion  may  be  considered  to  take  place  in  plane  lajezs  at  ai^ 
part  of  the  channel  whose  sides  are  nearly  straight  and  paiaBd, 
such  as  As  in  £g.  2i6,  whose  elevation  above  the  datum  is  Zg.  J9 
find  the  dynamic  head^  and  thence  the  pressure,  at  this  intermediiia 
section  of  the  channel,  the  velocity  through  it  is  to  be  compated  by 
the  formula 

''—A3-    A.  ^ ^^^ 

whence  the  dynamic  head  relatively  to  the  datum  O  is  obtained  bf 
tlio  equation 

A,  =  /i,  +  ^'; (&) 

and  thence  the  pressure  by  the  formula 

P«  =  tf(^-2«) (7.) 

When  a  large  vessel  discharges  liquid  through  a  small  orifio^  the 

AJ 
ratio  ^  is  often  so  small  a  fraction,  that  it  may  be  neglected  in 

JOLl 

equations  2  and  3. 

626.  The  Contracted  Tela  is  the  name  given  to  a  portion  of  a  jek 
of  fluid  at  a  short  distance  from  an  orifice  in  a  plate,  whidi  is 
smaller  in  diameter  and  in  area  than  the  orifice,  owing  to  a  spontft- 
neous  contraction  which  the  jet  undergoes  after  leaving  the  ozifioe. 

The  area  of  the  narrowed  part  of  the  contracted  vein  is  in  evor 
case  to  be  considered  as  the  virtual  or  effective  outlet^  and  used  for 
A^  in  the  equations  of  the  last  Article. 

The  ratio  of  the  area  of  the  contracted  vein,  or  effectiTe  orifice, 
to  that  of  the  actual  orifice,  is  called  the  co-ejfficient  of  conirxuiiotL 
For  sharp  edged  orifices  in  thin  plates,  it  has  different  values  for 
difierent  figures  and  proportions  of  the  orifice,  ranging  firom  about 
0*58  to  0*7,  and  being  on  an  average  about  §.  It  diminishes  some- 
what for  great  pressures,  and  for  dynamic  heads  of  six  feet  and 
upwards  may  be  taken  at  about  0*6.  The  most  elaborate  table  of 
those  co-efiicients  is  that  of  Poncelet  and  Lesbros. 

For  orifices  with  edges  that  are  not  sharp  and  thin,  the  dischai^ 
is  modified  sensibly  by  friction.    (See  p.  642.) 

627.  Vertical  OrUiccs  of  discharge,  whose  vertical  dimensions  sre 
not  small  in  comparison  with  their  depths  below  the  upper  soi&ce 
of  the  reservoir,  are  treated  as  having  a  mean  velocity  of  dischaige 
through  their  contracted  veins  due  to  the  mean  value  of  the  square 
root  of  the  dynamic  Jiead  for  the  sevei-al  parts  of  the  orifice.  For 
example,  let  y  be  the  horizontal  breadth  of  an  orifice  at  any  given 
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devation  z  above  the  datum,  ^  the  elevation  of  the  lower,  and  «* 
fcbat  of  the  upper  edge  of  the  orifice,  so  that 


dz (1.) 

is  its  effective  area,  c  being  the  co-efficient  of  contraction.  Then 
that  oiiiice  is  to  be  treated  as  if  its  depth  below  the  upper  suz^sure 
A^  'wero 

r.y^jELny, (2.) 


z^^Zo^Ul 


j.ydz 

mud  ike  formulie  of  Ai-tide  625  applied  accordingly.    For  a  rectan- 
gular orifice  for  which  y  is  constant,  this  gives 

V^^--^  =  3  ^^^  ' ^'^ 

and  if  it  is  a  nofoA,  or  a  rectangular  oiifice  extending  to  the  upper 
mirfaoe,  so  that  ^  =  z^^ 

JT~^=^  .  Jz,  —  aT (4.) 


628.  SaHhccs  •r  B^vai  Head,  which  for  steady  motion  are  also 
SUBFACES  OF  EQUAL  VELOCITY,  are  ideal  snr&ces  traversing  a  fluid 
mass,  at  each  of  which  the  dynamic  head  is  uniform.  Their  posi- 
tions are  related  to  the  direction,  velocity,  curvatiure,  and  variation 
of  velocity  of  the  fluid  motion  in  the  following  manner : — 

In  fig.  249,  let  Hi  H„  Hf  H„  represent  a  pair  of  such  surfaces, 
very  near  each  other;  their  normal  distance  _-— -h/ 

apart  being  dn,  measured  forwards  from  Hi   '^"*^><^' 
towards  H„  and  the  difference  of  dynamic    ^^^^^^^^^^><-- «• 
bead  at  them  being  dh.     Let  A  £  be  part  of  h/       ^x^^^''^^ 
the   moving   fluid,   forming    an    elementary  y"^ 

stream  whose  velocity  is  V,  its   radius  of       "»       2^^ 
curvature  r,  its  thickness  dr,  and  the  varia-  *' 

tion  of  its  velocity  dY;  velocities  from  A  towards  B  being  posi- 
tive, and  curvature  concave  towards  H,  being  positive.  Then  the 
equations  2  and  3  of  Article  621  give,  as  before, 

X^=-  — dA:    or ^  + A  =  constant; (1.) 

g  ^U 

and  in  order  that  the  variation  of  head  may  supply  the  deviating 
force  necessary  to  produce  the  curvature  of  the  stream  A  B,  the 
radius  of  curvature  must  be  in  a  plane  peTX)endicular  to  the  sui&oet 
of  equal  head,  and  the  following  equation  must  be  fulfilled : — 
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or     _  = 
gr 


'  a  r  cos  nr  j 

-  —  •  008  nr. 
dn 


,(1) 


629.  Id  a  KadHnrtwg  Cmt«ii,  floving 
towards  or  from  an  axis,  as  described  in 
Article  407,  the  sui^&oes  of  equal  djnft- 
mic  head  and  equal  velocity  are  cyiinden 
described  about  the  aoda.  The  eqoatkm 
of  continuity,  1  of  Article  407,  putting  h 
instead  of  ^  to  denote  the  depth,  ptaaM 
to  the  axis,  of  the  cyliiidrical  space  ift 
which  the  current  flows,  gives  for  tlie 
velocity  the  formula 


Fig.  260, 


V  = 


Q 


*%*• 


2vbr 


•0) 


I 

where  r^  is  the  radius  of  the  cylindrical  surface  B^  fig.  2o(/,  st 
which  the  radiating  part  of  the  current  begins  or  ends,  acoordifng 
as  it  flows  outwards  or  inwards.  The  radiating  ouzrent  iiuiy\ex- 
tend  indefinitely  in  all  directions  beyond  this  sorfiM^e,  the  velocitj 
being  at  any  point  inversely  as  the  distance  from  the  axis  0.  I^ 
\  be  the  dynamic  head  at  B^;  then  at  any  other  cyiindncil  80^ 

fiice  of  the  radius  O  K  =  r,  we  have  the  dynamic  head. 


^  =  A.  + 


vl 


2g      2g 


=  A,+ 


ft(>-a 


w 


Let  hi  be  the  limit  towards  which  the  dynamic  head  approxi- 
mates as  the  distance  from  the  axis  is  indefinitely  increased ;  thea 


A.  =  A.  +  ^  =  A  +  ^; 


-A.        *^   -  A.        ^^ 


(3-) 


630.  Free  circniar  Torccz. — ^In  the  cylindrical  space  of  ^.  250, 
lying  outside  of  the  surface  B«,  let  the  particles  of  the  fluid  revolvv 
in  a  circular  current  round  the  axis  O ;  and  let  the  velocity  of  eick 
circular  current  be  such,  that  if,  owing  to  a  slow  radial  moyementt 
particles  should  find  their  way  from  one  circular  cuirent  to  another, 
they  would  assume  freely  the  velocities  proper  to  the  severs!  cat 
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rentB  entaml  hy  tlwm,  ivithout  the  action  of  any  foroe  but  weight 
And  fluid  uroMurcL  This  last  oondition  is  what  constitutes  a  free 
Tortez^  MM  is  a  oondition  towards  which  eveiy  vortex  not  acted 
on  by  eKtevnal  foiees  tends,  because  of  the  tendency  to  the  inter- 
mix  Wof  the  pwticles  of  adjoining  dicdar  euireLta.  It  is  ex. 
preaeed  nuthannitinally  by 

h  +  rr-  ^  hi  =  constant (1.) 

Ai  will  be  called  the  maximum  head. 

OonoeiYe  a  portion  of  a  thin  circular  current  of  the  mean  radius 
r,  contained  between  two  cylindrical  surfaces  at  the  indefinitely 
small  distance  opert  dr,  and  of  the  area  unitt^j  the  current  having 
the  -velocity  v.  Then  the  centrifugal  force  of  that  portion  of  the 
current  is 

^•dr 

gr 

which  is  equal  and  opposite  to  the  deviating  foioe 

tdh] 
that  IB  to  say^ 

dh       ff 

y^  =  — (2.) 

dr       gr  ^  ' 

But  by  the  condition  of  freedom  in  equation  1,  we  have  -  a 
2  (A|  —A),  which  being  substituted  in  equation  2,  gives 

djh^      2(/*,>A) 

dr"        T      * 
whence 

1^       1 

or^  ihe  veiocUy  ia  mveredy  as  the  distance  from  tJie  axis,  exactly  as 
in  a  radiating  current.  Then  let  v«  be  the  velocity  of  revolution, 
and  h^  the  dynamic  head,  at  the  inner  boundary  ft«  of  the  vortex ; 
we  have  for  the  general  equations  amongst  the  dynamic  heads  and 
Telocities  at  all  points, 


»'-*--ft-**f,-»-r/?- 


V 


.s 


=  A.  -5-  =  Ai-^ 


t&  li 


0  .»o 


2g  2g  r 


(*.) 


576  PRIKCIPLBS  OF  DYNAMICS. 

631.  Fi«e  Spiral  ▼•■«»• — As  the  equations  of  the  motion  of  s 
free  circnlar  vortex  are  exactly  the  same  with  those  of  a  radiatiiig 
current,  it  follows  that  they  also  apply  to  a  vortex  in  whicb  the 
motion  is  compounded  of  those  two  motions  in  any  proportiaiB, 
90  long  €U  the  vdocUy  ia  inverady  as  the  dutanee  from  ike  axis.  To 
fulfil  this  condition,  the  currents  of  liquid  must  have  a  fonn  thai 
is  at  every  point  equally  inclined  to  the  radius  dra^vn  fit>m  the 
axis  ;  a  property  of  the  logarithmic  spiral.  Let  v  he  the  velocitT 
of  the  current  in  a  free  spiral  vortex  at  any  point,  and  ^  the  oon- 
stant  inclination  of  the  current  to  the  radius  vector ;  then  the  ocm- 
ponent  of  the  motion  whose  velocity  is  v  cos  i,  is  analogous  to  the 
motion  of  a  radiating  current,  and  that  whose  velocity  ia  v  ain  i  is 
analogous  to  the  motion  of  a  free  circular  vortex. 

632.  A  F«ffCMi  TMfex  is  one  in  which  the  velocity  of  reTcdntioii 
of  the  particles  follows  any  law  different  from  that  of  a  tree  vor- 
tex ;  but  the  kind  of  forced  vortex  which  it  is  most  useful  to  con- 
sider^ is  one  in  which  the  particles  revolve  with  equal  ^wignlm' 
velocities  of  revolution,  as  if  they  belonged  to  a  rotating  solid 
body ;  so  that  if  n  be  the  radius  of  the  outer  boundary  of  the  vor- 
tex, where  the  velocity  is  i?*, 

*'  =  — 0) 

The  equation  of  deviating  force,  2  of  Article  630^  is  applicable  to 
all  vortices,  forced  as  well  as  free  Introducing  into  it  the  value 
of  V  from  equation  1,  above,  we  find, 

dh^t^r 

dr-J?, W 

which  being  integrated,  with  the  understanding  that  the  dynamic 
head  is  to  be  reckoned  relatively  to  the  axis  of  the  vortex,  gives 

*  =  -2J?,  =  2^^  ^  =  V ^^^ 

from  which  it  appears,  tliat  in  a  rotating  vortex,  tJie  dynamic  head 
at  any  point  ia  die  fteight  due  to  the  velocity ^  and  the  energy  of  amy 
partide  ia  half  actual  and  half  potential. 

633.  A  Combined  VMt«x  consists  of  a  free  vortex  without  and  a 
forced  vortex  within  a  given  cylindrical  surface,  such  as  Bo  in  fig. 
250.  In  order  that  such  a  combined  vortex  may  exists  the  vekh 
city  v^  and  the  dynamic  head  /i«  at  the  surface  of  junction  must  be 
the  same  for  the  two  vortices ;  consequently,  as  the  dynamic  head 
of  the  forced  vortex  is  equal  to  the  height  due  to  its  velocity,  and 
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the  sum  of  those  heights  for  the  surface  of  junddon  is  equal  to  the 
9iaximum  Itead  A]  of  the  free  vortex,  we  have  this  principle : — In  a 
€ombined  vortex,  the  maximum  dynamic  head  ie  dmibls  of  the  dyna- 
mie  head  iU  ihs  ewrfoux  of  jwnetion,  each  being  measured  rdaUvely  to 
the  axis  of  the  vortex;  or  symbolicsLUj, 


V. 


A,  =  2Ao=y 


(l.) 


Z/ 


B 

y^     ^ 

^ 

^ 

k                 G 

»               ^k. 

Sig.  251. 


To  illustrate  this  geometricallj,  let  a  combined  vortex  revolve 
about  a  vertical  axis,  O  Zq  Z^,  fig. 
251,  the  upper  suiface  of  the 
liquid  being  iree,  and  represented 
in  section  by  DBOBD.  Let 
A  B,  A  B,  be  the  cylindrical  sur- 
face of  junction  between  the  free 
and  the  forced  vorticea  Let 
A  O  A  be   a  horizontal  plane, 

touching-  the  upper  surface  at  its  lowest  point,  which  is  at  the 
axis,  and  let  vertical  ordinates  be  measured  from  this  plane.  The 
pressure  of  the  atmosphere  being  equal  at  all  points,  may  be  left 
out  of  consideration ;  so  that  if  2;  be  the  height  of  any  point  in  the 
surface  of  the  vortex  above  A  O  A,  we  shall  have  simply 

«  =  A (2.) 

Then  for  the  forced  vortex. 


•  ss 


2gfi' 


(3.) 


so  that  B  O  B  is  a  paraboloid  of  revolution  with  its  vertex  at  O. 

Make  AC  =  2  AB  =:  2 z^;  this  will  represent  A,,  the  maximum 
djmamic  head ;  and  for  the  me  vortex. 


«=sA  - 


2gv^ 


=  ^- 


^fo 


(4.) 


and  D  B,  D  B,  is  a  hyperboloid  of  the  second  order,  described  by 
the  rotation  round  the  vertical  axis  of  a  hyperbola  of  the  second 
order,  whose  ordinate  Ai — iS,  measured  doumtoarcb  from  C  Z^  C,  ia 
invenely  as  the  square  of  the  distance  from  the  axia  The  two 
suifJEM^es  have  a  common  tangent  at  B  B,  where  they  join. 

The  velocity  of  any  particle  in  the  free  vortex  is  that  due  to  its 
depth  below  C  G ;  tluit  of  any  particle  in  the  forced  vortex  is  thai 
due  to  its  height  above  A  A ;  and  B,  where  those  velocities  are 
equal,  is  midway  between  C  C  and  A  A. 

2p 


W8 
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The  theorj  of  the  combined  vortex  was  made,  laj  Profesaor 
James  Thomson  of  Belfast,  the  principle  of  the  action  of  his  tD^ 
bine  or  vortex  water-wheeL 

634.  Terticai  WLtfrtHmOmu — ^When  a  mass  of  liquid  revolves  in  t 
vertical  plane  about  a  horizontal  axis  (like  the  water  in  a  ba<^etof 
an  overshot  wheel),  its  upper  sur&ce  is  not  horizontal,  but  assumes 
a  figure  depending  on  the  deviating  force  required  by  its  rero- 
lutioiL 

In  fig.  252,  let  C  represent  a  horizontal  axia^ 
and  B  a  bucket  of  liquid  revolving  round  it  in  4 

vertical  circle  of  the  radius  B  C,  with  the  angokr 
velocity  of  revolution  ck  Let  W  be  the  wei^t  of 
liquid  in  the  bucket. 

Then  the  deviating  force  required  is  given  bj 
the  formula 


BC. 


Rg.  262. 


Take  the  radius  B  C  itself  to  represent  the  devi* 
ating  force,  and  UA  vertically  upwards  from  the  axia  to  represeol 
the  weight ;  the  height  C  A  is  given  by  the  proportioii 


Wfl?     


that  is, 


CA=^  = 


9 


9 


4»««^ 


9^^ 


(1.) 


where  n  is  the  number  of  revolutions  per  second. 

Kow  A  C  representing  the  weight,  and  C  B  the  centrifogal  foroe^ 
equal  and  opposite  to  the  deviating  force,  the  internal  oondition  of  the 
liquid  in  the  bucket,  according  to  D*Alembert*s  principle,  is  tlM 

same  as  if  it  were  under  a  force  represented  by  A  B,  the  resultani 
of  these  two  forces ;  therefore  the  surface  of  the  liquid  is  perpendi- 
cular to  A  B. 

Now  it  appears  from  equation  1,  that  the  height  of  A  above  C 
is  independent  of  the  radius  of  the  wheel,  and  of  every  circumstanco 
except  the  time  of  revolution;  being,  in  fact,  the  height  of  a  revolt 
ing  pendulum  which  revolves  in  ike  same  time  with  the  wheel 
(See  Article  539.)  Therefore  the  point  A  is  the  same  for  all 
buckets  carried  by  the  same  wheel  with  the  same  angular  velodtj) 
and  for  all  points  in  the  surface  of  the  liquid  in  the  same  back^ 
whether  nearer  to  or  farther  firom  the  axis  C  ;  therefore  ibe  upper 
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aT&oe  of  the  liquid  in  each  bucket  is  part  of  a  cylinder  described 
kbont  a  horizontal  axis  passing  throngh  A  and  parallel  to  C. 

The  theory  of  rolling  waves  may  be  deduced  from  the  above 
iropomtion.     For  a  brief  sketch  of  that  theory,  see  p,  631. 

SEcmnr  2. — ifotiotu  o/Oatn  mthoul  FricHon. 

635.  i»TBBaic  Head  ■■  «■•«. — Tho  dynamical  equations  of 
snotion  of  a  gas  are  the  some  with  those  already  given  in  Article 
618,  equation  2;  and  in  their  int(^;ration,  it  has  to  be  observed 
that  f,  the  density,  is  no  longer  constant,  but  depends  on  the  pree- 
8ur«.  The  equatUma  of  continuity  havo  been  given  in  Articles  419 
to  423. 

In  find'Tig  tiie  dtkamic  head  for  a  particle  of  a  gas,  instead  of 

—  there  is  to  be  taken  /  — ,  as  is  evident  from  the  general  equa- 
t  J  '  t 

tions  of  fluid  motion  already  referred  to.  Consequently,  the  dyna- 
mic head  for  a  gaseous  particle,  at  a  given  elevation  z  above  a  fixed 
horizontal  plane,  is,  relatively  to  that  plane. 


..{!.) 


and  the  putting  of  this  value  for  A  in  all  the  dynamical  tquationt 
relating  to  liquids,  transforms  them  into  the  correspondiiig  equa- 
tions ibr  gases. 

In  most  practical  problems  respecting  the  flow  of  gaea^,  the  dif- 
ferences of  level  of  difierent  points  of  Uie  gaseous  mass  L.i^c  little 
or  no  sennble  effect  on  the  motion ;  bo  that  a  may  often  b<'  'unitted 
&om  the  preceding  formula. 

In  det^mining  the  value  of  the  integral  in  that  formula,  it  is  to 
be  otserved  that  almost  all  changes  of  velocity  of  gases  tiiku  jitace 
■0  rapidly,  that  the  particles  have  no  time  to  receive  or  t'>  emit 
heat  to  any  sensible  amount ;  and  therefore  the  pressure  :ui<l  dea- 
aity  of  «adi  particle  are  related  to  each  other  according  t<i  tin;  law 
I  alnady  explained  in  treating  of  the  velocity  of  sound  ;  that  ia 

P^t^; ^-1 

the  exponent  y  having  the  values  therein  stated,  of  which  '^^'^  "^^ 
important  is  1-408  for  air.     This  gives  for  the  value  of  tl'«  >»^t«^e:^** 

in  eqnation  1, 

A-.=  /'^  =  ^4.?j <^^-' 

Jot  '  —  1      t 

in  vHch,  for  air. 
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Let 

T  =  T  +  46r-2  Fahr. (5.) 

denote  the  absoltUd  temperature  of  the  gas,  T  beiiig  its  temperatmi 
on  the  ordinary  Fahrenheit's  scale ;  and  let 

T^=  493''-2  Fahr. (6.) 

be  the  absolute  temperature  of  melting  ice.  Then  for  gases  aeih 
sibly  perfect, 

^  =  ^; (7.) 

from  which  vre  have  the  following  value  of  the  integral  in  terms  of 
the  temperature : — 

,,.,=    r^  =  ^. £•._-; (8.) 

so  that  it  is  simply  proportional  to  the  absolute  temperature. 

It  is  known  by  the  science  of  thermodynamics,  that  the  above 
expression  is  equivalent  to 

J</t; (9.) 

where  c'  is  the  specific  heat  of  Hie  gas  at  constant  pressure^  and  J  is 
"JoMs  equivalent^*  or  the  height  from  which  a  given  weight  must 
fJEdl^  in  order  to  produce  by  fiiction  as  much  heat  as  will  raise  the 
temperature  of  an  equal  weight  of  water  by  one  degree.  Foe 
Fahi-enheit's  scale^ 

J  =  772  feet (10.) 

The  following  are  the  values  of  —  and  d  for  certain  gases  and 
vapours : — 

^  feet.  </. 

Pt 

Air, 26,214     0-338 

Oxygen, 23,710 

Hydrogen, 378,819 

Steam, 42,141*  0-480 

^thervapour, 10,110     0-481 

Bisulphuret  of  carbon  vapour,...       9,902     0-1575 

Carbonic  acid,  if  a  perfect  gas,. . .     1 7,264 

Do.,  actually, I7ii45     0-217 

■  This  U  an  ideal  result,  arrived  at  not  by  direct  experiment,  but  bjr  calculatiiB 
nom  the  chemical  composition  of  steaiiL 
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The  variations  of  pressure,  volume,  and  absolute  temperature  of 
a  gas  during  rapid  changes  of  motion^  are  connected  by  the  propor- 
tional equation 

t  «  ^       cc  p  y (11.) 

The  equations  in  this  Article  are  aU  adapted  to  perfect  gases. 
Actual  gases  deviate  from  the  perfectly  gaseous  condition  more  or 
less ;  but  in  most  practical  questions  of  hydrodynamics  the  equa- 
tions for  perfect  gases  may  be  applied  to  them  without  material 
error. 

636.  TiM  E^mUlMi  of  Cmmammlktf  for  a  8IMUI7  flMreaHt  of  Ctes  takes 

the  following  form,  when  the  laws  stated  in  the  last  Article  are 
taken  into  account.  The  original  equation^  as  g^ven  in  Article 
421,  being  equivalent  to 

Q^  =  A  t7^  =  constant, (1.) 

we  have  to  consider  that,  by  the  equations  of  the  last  Article,  we 
have 

^  oc  py  a  T»-»  oc  (A-«)^ (2.) 

the  exponents  having,  for  air,  the  values 

1=  OTl J  -^  =  2-451 (3.) 

y  y—  1 

Hence  the  equation  of  continuity,  in  terms  of  the  pressure,  of  the 
absolute  temperature,  and  of  the  dynamic  head  respectively,  takes 
the  following  fonns  : — 

Q|>'' =  A  t7|>^  =  constant; (4.) 

1                  I 
Q  T^-'  =  A  t7  T»^'  =  constant ; (5.) 

Q(A-«)»'-'  =  A  t7  (A -«)''-'=  constant; (6.) 

637.  Fi«w  mi  Gms  firoM  warn  Oriflce. — Let  the  pressure  of  a  gas 
-within  a  receiver  be  piy  and  without,  p^ ;  let  A  be  the  ^edwe  area 
of  an  orifice  with  thin  edges ;  that  is,  the  product  of  the  actual  area 
by  a  cfH^pcimd  of  conttucUon,  whose  value  is 

0'6,  nearly. 

Let  the  receiver  be  so  large  that  the  velocity  within  it  is  insensible. 
Let  the  absolute  temperature  and  density  of  the  gas  within  the 
receiver  be  Tj^  fi,  and  those  of  the  issuing  jet  r^,  e^.     The  latter  art 
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not  the  same  with  those  of  the  sHU  gas  outside,  for  reasons  to  be 
stated  afterwards.     Then 


t;=^') ';:-=©'> *> 


and  by  equation  8  of  Article  635,  and  equation  3  of  Article  631, 
we  have  &x  the  height  due  to  the  velocitj  of  outflow. 


'0 

y-1 


(2.) 


y 1      to       ^«    I  \Pl/  'i     - 

from  which  the  velocity  itself,  and  the  Jlow  of  volume  Q  =  «  A  at 
the  contracted  vein,  are  easily  computed.  To  find  the  ^cw  </ 
weight,  the  last  quantity  is  to  be  multiplied  by 

1  1 

^-^  W  ="^-7  W  ' ^^' 

giving  the  following  results  : — 

^Q=vA^  1 

For  small  differences  of  pressure^  such  that  ^  is  nearly  =  1,  the 

following  approximate  formula  may  be  used  where  great  accurate 
is  not  required  ? — 

'^g       ft     ^0         Pi 

When  the  motion  of  the  jet  is  finally  extinguished  by  friction, 
heat  is  reproduced  sufficient  to  raise  the  absolute  ten^ratore  neaiiy 
to  its  original  value,  ri.     (See  also  p.  642.) 

637  iu  naxinram  Flow  of  Ctau. — ^When  —  is  indefinitely  dimin- 

ished,  the  velocity  of  outflow  given  by  equation  2  of  Article  637 
increases  towards  the  limit 


V{^^} *) 
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\>emg  greatear  than  the  velocity  of  soTind  in  the  ratio  \/  =-  :  1, 

mrliose  yalne  for  air  is  2*21^  giTing  for  the  limiting  velocity  of  flow 
of  air 

2,413  feet  per  second  x  a/— (2.) 

The  Jkm  <^  foeHght^  however^  as  given  by  equation  4  of  Article 

637,  does  not  continuously  increase  as  —  is  indefinitely  diminished. 

Pi 
bat  xeaches  a  maadmum  for  the  value 


2    N''-* 


P^  -(    ^    \ 

Pi\y+y 

oonesponding  to 


1 
2    \»'-'      r, 2_ 

y  +  1/      '  Ti-y  +  r 


(3.) 


The  values  of  these  ratios  for  air  are 

?1  ==  0-527 ;  ^  =  0-6345 ;  -*  =  0-8306 (4.) 

Pi  ei  ^1 

and  the  oonesponding  velocity  of  flow  is 

being  less  than  the  velocity  of  sound  in  the  ratio  \/     ,  ,  :  1, 

whose  value  for  air  is  0*912 ;  giving  for  the  velocity  of  flow  of  air 
eonrei{Mmding  to  the  greatest  flow  of  weight  through  a  given  orifloe 
from  a  receiver  where  the  pressure  and  temperatui«  are  given, 

o  =  997  feet  per  second  x  A/    J (6.) 

It  is  often  convenient  to  express  the  flow  of  weight  in  the  following 
manner:— 

,.Q  =  ^-A,.; (7.) 

in  which  —^  is  what  is  called  the  reduced  vdoeUy,  being  the  velo« 

city  of  a  current  of  a  density  equal  to  that  of  the  gas  in  the  receiver, 
whose  flow  of  weight  would  be  e<jual  to  that  of  the  actual  cunent^ 
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The  Tnaximnm  reduced  velocity  corresponds  to  the  zaaximam  flow; 
and  its  value  is 

—^  =  velocity  of  sound  x  f      .  ^  )        (&) 

whose  value  for  air  ia 

velocity  of  sound  x  0-579  =  632  feet  per  sec.   x  a/  -...p. 

The  investigations  in  this  and  the  preceding  Article  are  snbsUiH 
tially  the  same  with  those  originally  communicated  to  the  Boyd 
Society  in  May,  1856^  by  Dr.  Joule  and  Br.  Thomson;  and  the 
results  differ  by  small  quantities  arising  mainly  from  those  gentle- 
men having  taken  y  =  1*41,  instead  of  1*408. 

Messrs.  Joule  and  Thomson  tested  the  theoretical  result  as  to 
the  maocimum  rediiced  velocity  given  in  equation  9,  by  cxperimentB 
on  the  flow  of  air  through  oi^ces  in  plates  of  copper  of  0-029, 
0*053,  and  0*084  of  an  inch  in  diameter,  at  the  tempemture  of  57* 

Fahrenheit,  for  which  —  =  .^^  q,  and  the  calculated  mfk-rimwin 

reduced  velocity  is  647  feet  per  second.    (See  {k  G42.) 

The  maximum  reduced  velocity  found  by  experiment  was  550 
feet  per  second,  or  0*84  of  that  found  by  theoiy ;  but  in  caloolaliiii^ 
the  velocity  from  the  e2q)eriments,  the  actual  area  of  the  orifice  wu 
employed;  so  that  the  difference  probably  arises  from  oontnctkML 
The  corresponding  value  of  the  ratio  p^ :  pi,  as  found  by  experiment 
was  0*375  instead  of  0*527;  a  difference  produced  by  friction. 

Sectiok  3. — Motions  o/Liquida  wUh  Friction, 

638.  oeaend  imw  •f  vinM  VricU^H. — It  is  known  bj  expen> 
ment,  that  between  a  fluid,  and  a  solid  sur&ce  over  which  it  §^ide^ 
there  is  exerted  a  resistance  to  their  relative  motion  which  is  pro- 
portional to  their  surfieuse  of  contact,  and  to  the  density  of  the  fluid, 
and  is  approximately  proportional  to  the  square  of  the  velodiy  of 
the  relative  motion;  that  is,  the  resistance  is  approximately  pn>- 
portional  to  the  weight  of  a  prism  of  the  fltdd,  tohose  base  m  tks 
twrfa^ce  ofcontacty  and  its  heiglU  the  height  due  to  the  relUUive  veiod^. 

Let  S  be  the  sur&ce  of  contact,  v  the  velocity,  ^  the  weight  of  an 
unit  of  volmne  of  the  fluid,  and  j^a  &ctor  called  the  eo-^ficient  qf 
friction;  then 

»=/eS^ (L) 

is  the  amount  of  the  friction  at  thesurfiM)e  & 
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The  co-efficient/ ia  not  abeolutely  constant  at  different  velodtiea. 
The  mode  of  calculation  employed  in  practice,  where  tlie  velocity  is 
one  of  the  unknown  quantities  to  be  determined,  is  to  find  an 
approximate  Talue  of  the  velocity  from  the  mmn  value  of/;  then 
to  compute  the  value  of  /  corresponding  to  that  approximate 
velocity,  and  nse  it  to  compute  the  velocity  more  exactly. 

The  following  are  some  of  the  values  of  the  co-eScients  of  friction, 
according  to  different  authorities,  for  streams  of  water,  gliding  over 
various  surfeces;  v  being  the  nuan  vdocityofthe  stream,  in  feet  pet 
second: — 

Iron  pipes  (Darcy).     Let  d  =  diameter  of  pipe  in  feet ;  then, 

or  for  velocities  that  are  not  very  small. 

Iron  pipes,  value  of/ for  first  approximation,  0*0064 
Beds  of  rivers  (Weisbach),../=  a  *  --,0  =  0-0074. 

b  =  0-00023  ^""^ 
Beds  of  rivets,  value  of  /  for  first  I         o-oot6 
approximation,. )  '  ' 

A  collection  of  numerous  formulse  for  fluid  friction,  proposed  by 
different  authors,  t<M;ether  with  tables  of  the  results  of  the  bmt 
formuUe,  is  contained  in  Mr.  Neville's  work  on  hydraulics.  The 
formulae  of  many  authors,  though  differing  in  appearance,  are 
founded  on  the  same,  or  nearly  the  same,  experimental  data,  being 
chiefly  those  of  Du  Bust,  with  additions  by  subsequent  inquirers; 
and  their  practical  results  do  not  materially  differ.  The  two 
formulte  given  above,  on  the  authority  of  Darcy,  for  iron  [>ip««, 
are  based  on  his  experiments  as  recorded  iu  his  treatise  du 
Jfouvement  de  VEau  dam  let  Tui/aux. 

639.  laMHMi  ViaM  VriettoB.— Although  the  iiarticlee  of  fluids 
have  no  transverae  elasticity — that  is,  no  tendency  to  recover  a 
certain  figure  after  having  been  distorted — it  is  certain  that  tlioy 
resist  being  made  to  slide  over  each  other,  and  that  there  is  a  latenil 
communication  of  motion  amongst  tbera;  that  is,  that  then?  is  a 
tendency  of  particles  which  move  side  by  side  In  puallel  lineg  to 
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assnme  the  same  velodly.  The  laws  of  this  lateral  commanica&i 
of  motion,  or  internal  Motion,  of  fluids,  are  not  known  ezacdj; 
but  its  effects  are  known  thus  fax : — that  the  anergy  due  to  diSbr  '* 
ences  of  velocity,  which  it  causes  to  disappear,  is  replaced  bj  heidt 
in  the  proportion  of  one  thermal  unit  of  Fahr^iheit's  scale  for  771 
foot  pounds  of  energy,  and  that  it  causes  the  friction  of  a  aircui 
against  its  channel  to  take  effect,  not  merely  in  retarding  the  fifan 
of  fluid  which  is  immediately  in  contact  with  the  sides  of  the  /*^j»ti#1^ 
but  in  retarding  the  whole  stream,  so  as  to  reduce  its  motion  to  <aid 
approximating  to  a  motion  in  plane  layers  perpendicular  to  tlie  am 
of  the  channel  (Article  625). 

640.   FrictfoB  la  mm  Vmifmrm  Strcuk — ^It  is  this  last  &ct  which 

renders  possible  the  existence  of  an  open  stream  of  uniform  sectiflo, 
velocity,  and  declivity.  In  hydraulic  calculations  respecting  the 
resistance  of  this,  or  any  other  stream,  the  value  given  to  the 
velocity  is  its  mean  value  throughout  a  given  oross-section  of  tfa» 
stream  A^ 

''  =  1 (!•) 

The  greatest  velocity  in  each  cross-section  of  a  stream  takes  place 
at  the  point  most  distant  from  the  rubbing  sur&ce  of  the  chaiind. 
Its  ratio  to  the  mean  velocity  is  given  by  the  following  empirical 
formula  of  Frony,  where  Y  is  &e  greatest  velocity  in  feet  per 
second: — 

^  ^  y-n  +  Y 

Y  ""  10-25  +  Y ^   ' 

In  an  uniform  stream,  the  dynamic  head  which  would  otherwiss 
have  been  expended  in  producing  increase  of  actual  energy,  is 
wholly  expended  in  overcoming  friction.  Consider  a  portion  of  the 
stream  whose  length  is  Z,  and  fall  z.  The  loss  of  head  is  equal  to 
the  &I1  of  the  sur&ce  of  the  stream,  according  to  Article  623  j  and 
the  expenditure  of  potential  energy  in  a  second  is  accordingly 

Equating  this  to  the  work  performed  in  a  second  in  overoomiif 
friction,  viz.,  v  R,  we  find 

or  dividing  by  common  factors,  and  by  the  area  of  sectkni  A^  «t 
find  for  the  value  of  the  &11  in  terms  of  the  velocily 

*=-^A-27- W 
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Liet  s  be  what  is  called  iheioeUed  perimeter  of  the  crosEhsection  of 
Uie  Btreaxn;  that  is,  the  eT08&-8ection  of  the  rubbing  Burface  of  the 
Btaream  and  channel;  then 

and  dividing  both  sides  of  equation  3  by  I,  we  find  for  the  relation 
l>etween  the  rate  of  declivity  and  the  velocity. 


9 

—  is  what  is  called  the  '' hydraulic  meak  depth"  of  Hhe  stream: 

s  ' 

and  as  the  friction  is  inversely  proportional  to  it,  it  is  evident  that 
the  figore  of  croas-section  of  chiuinel  which  gives  the  least  friction 
is  that  whose  hydraulic  mean  depth  is  greatest,  viz.,  a  semicircle. 
When  the  stability  of  the  material  limits  the  side-slope  of  the 
channel  to  a  certain  angle,  Mr.  Neville  has  shown  that  the  figure 
of  least  friction  consists  of  a  pair  of  straight  side-slopes  of  the  given 
inclination  connected  at  the  bottom  by  an  arc  of  a  circle  whose 
radius  is  the  depth  of  liquid  in  the  middle  of  the  channel;  or, 
if  a  flat  bottom  be  necessary,  by  a  horizontal  line  touching  that  arc. 
Por  such  a  channel,  the  hydraulic  mean  depth  is  half  of  the  depth 
of  liquid  in  the  middle  of  the  channel 

641.  Taiyteg  Stream. — In  a  stream  whose  area  of  cross-section 
varies,  and  in  which,  consequently,  the  mean  velocity  varies  at 
different  cross-sections,  the  loss  of  dynamic  head  is  the  sum  of  that 
expended  in  overcoming  friction,  and  of  that  expended  in  producing 
increased  velocity,  when  the  velocity  increases,  or  the  difference  of 
those  two  quantities  when  the  velocity  diminishes,  which  difference 
may  be  positive  or  negative,  and  may  represent  either  a  loss  or  a 
gain  of  head.     The  following  method  of  representing  this  pnnciplo 
symbolically  is  the  most  con- 
venient for  practical  purposes. 
In  fig.  253,  let  the  origin  of  co- 
ordinates be  taken  at  a  point  O 
eompUtdy  hdaw  the  part  of  the 
stream  to  be  considered;  let  ho- 
rizontal absdsssB  x  be  measured 
against  the  direction  of  flow, 
and  vertical  ordinates  to  the 
sorfaoe  of  the  stream,  z^  up-  ^  ^^^ 

wards.  Consider  any  indefinitely  short  portion  of  the  stream  whose 
horizontal  length  is  da;;  in  practice  this  may  almost  always  be  con- 
sidered aa  equal  to  the  actual  length.     The  fall  la  that  poi-tion  of 
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the  stream  is  dz^  and  the  acceleration  —  dv,  because  of  v  bon^ 
opposite  to  X.  Then  modifying  the  expression  for  the  loss  of  head 
due  to  friction  in  equation  3  of  Article  640  to  meet  the  pcesei& 
case^  and  adding  the  loss  of  head  due  to  acceleration,  we  find 

,             vdv  .  ^  sdx     v*  ... 

d,  = _+/.  --._ (L) 

In  applying  this  differential  equation  to  the  solution  of  any  puti- 

cular  problem,  for  t;  is  to  be  put  Q  -;-  A,  and  for  A  and  s  are  to  bi 

put  their  values  in  terms  of  x  and  z.    Thus  is  obtained  a  dififerentol 

equation  between  x  and  z,  and  the  constant  quantity  Q,  the  fiov 

per  second.     If  Q  is  known,  then  it  is  sufficient  to  know  Uie  Tabe 

of  z  for  one  paiiicular  value  of  x,  in  order  to  be  able  to  determiiie 

the  integral  equation  between  z  and  x.     If  Q  is  unknown,  the 

d  z 
values  of  z  for  two  particular  values  of  a:,  or  of  z  and  -^—  (ths 

declivity),  for  one  particular  value  of  x,  are  required  for  the  solu- 
tion, which  compi*ehends  the  determination  of  iJie  value  of  Q. 

642.    Tbe    Friction    la  a  Pipe  RvMatag  Fall    produces    lo8S   of 

dynamic  head  according  to  the  same  law  with  the  friction  in  a 
channel,  except  that  the  dynamic  head  is  now  the  sum  of  the  ele- 
vation of  the  pipe  above  a  given  level,  and  of  the  height  due  to  the 
pressure  within  it  The  differential  equation  which  expresses  this 
is  as  follows : — ^Let  dlhe  the  length  of  an  indefinitely  short  portkn 
of  a  pipe  measured  in  the  direction  of  flow,  8  its  intei-nal  circumfer- 
ence, A  its  area  of  section,  z  its  elevation  above  a  given  level,  p  the 
pressure  within  it,  h  the  dynamic  head     Then  the  loss  of  head  ii 

-tf  A  =  "dz  --^  »  +/'  -r-  --^ (1,) 

The  ratio  --rj  is  called  the  virtual  or  hydravlio  dedivUy^  being  the 

rate  of  declivity  of  an  open  channel  of  the  same  flow,  area,  and 

hydraulic  mean  depth.     This  may  difler  to  any  extent  from  iJis 

dz 
cbducd  dedivity  of  the  pipe,  -j-z. 

When  the  pipe  is  of  uniform  section,  dv  =  0,  and  the  first  term 
of  the  right-hand  side  of  equation  1  vanishes. 

When  the  section  of  the  pipe  varies,  8  and  A  are  given  fVincdoos 
of  L  If  Q  is  given,  v  =:  Q  -;-  A  is  also  a  given  function  of  ^ ;  and 
to  solve  the  equation  completely,  there  is  only  required  in  addiyaa 
the  value  of  h  for  one  particular  value  ofL     If  Q  is  unknown,  tite 

values  of  h  for  two  particular  values  of  ^  or  of  A  and  -jj  for  one 
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particular  value  of  l,  are  required  for  the  solution^  wliicli  compre- 
ikends  the  determiiiation  of  Q. 

643.  RMiaiMice  of  iHoatiipiecciu — ^A  mouthpiece  is  the  part  of  a 
cliannel  or  pipe  immediately  adjoining  a  reservoir.  The  internal 
fi-iction  of  the  fluid  on  entering  a  mouthpiece  causes  a  loss  of  head 
eqiial  to  the  height  due  to  the  velocity  multiplied  by  a  constant 
depending  on  the  figure  of  the  mouthpiece,  whose  values  for  certain 
figures  have  been  found  empirically ;  that  is  to  say,  let  —  A  A  be  the 
loss  of  head ;  then 

-aa=4?, (1.) 

y  being  a  constant 

For  the  mouthpiece  of  a  cylindrical  pipe,  issuing  from  the  fiat 
Bide  of  a  reservoir,  and  making  the  angle  i  with  a  normal  to  the 
side  of  the  reservoir,  according  to  Weisbach, 

/  =  0-505  +  0-303  sint  +  0-226sin*i. (2.) 

644.  TiM  RcsislaMCo  •f  Carres  aad  Knees  in  pipes  causes  a  loss 

of  head  equal  to  the  height  due  to  the  velocity  multiplied  by  a  co- 
efficient, whose  values,  according  to  Weisbach,  are  given  by  the 
following  formulae : — For  curves,  let  i  be  the  arc  to  radius  unity,  r 
the  radius  of  curvature  of  the  centre  line  of  the  pipe,  and  d  its 
diameter. 

Then  for  a  circular  pipe. 


/•  =  i  {01314.  1-847  (^J}; 

and  for  a  rectangular  pipe, 

/•  =  i  (  0124  +  3104  (A)   } . 


(1) 


"Far  knees,  or  sudden  bends,  let  i  be  the  angle  made  by  the  two  por- 
tions of  the  pipe  at  either  side  of  the  knee  with  each  other;  then 

/•  »  0-9437  ain'^  +  2-047  sin*  5 (2.) 

6^5,  A  Sadden  Eaiargeaieat  of  the  channel  in  wldch  a  stream 
of  liquid  flows,  causes  a  sudden  diminution  of  the  mean  velocity  in 
the  same  proportion  as  that  in  which  the  area  of  section  is  in- 
creased. Thus,  let  t7,  be  the  velocity  in  the  narrower  portion  of 
the  channel,  and  let  m  be  the  number  expressing  the  ratio  in  which 
the  channel  is  suddenly  enlarged:  the  velocity  in  the  enlai|;ed  part 


.^ 
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is  — \     Now  it  appears  from  experiment,  that  the  actual  en^f 

due  to  the  velodtj  of  the  narrow  stream  rdaiiveitf  to  the  wids 

stream,  that  is,  to  the  difference  Vy  (l \  is  expended  in  onrer 

coming  the  internal  fluid  friction  of  eddies,  and  so  prodncixig  beai: 
80  that  there  is  a  lass  of  total  head,  represented  by 


a('-i)" w 


2^ 
646.  TlM  Geaemi  Problem  of  the  flow  of  a  stream  with  fiicdoa 

is  thus  expressed : — Let  hi  +  ^  and  h,  +  ^  be  the  total  heads 

at  the  beginning  and  end  of  the  stream  req>ectiyel7 ;  then  the  ksi 
of  total  head  is  represented  by 

A..-A..^  =  .-F^ 0-) 

where  the  right-hand  side  of  the  equation  represents  the  sum  of 
all  the  losses  of  head  due  to  the  friction  in  various  parts  of  the 
channel     (See  p.  647.) 

Sectiok  4. — Flow  of  Gases  with  Friction. 


647.  TlM  General  Ijkw  of  the  friction  of  gases  is  the  same  with 
that  of  the  Mction  of  liquids  as  expressed  by  equation  1,  Ardde 
638,  the  value  of  the  oo-efficient/ being 

0-006,  nearly, 

for  Mction  against  the  sides  of  the  pipe  or  channeL  For  a  cylin- 
drical mouthpiece,  the  co-efficient  of  resistanoe  is  0*83 ;  for  a 
conical  mouthpiece  diminishing  from  the  reservoir,  0*38. 

When  the  pressures  at  the  b^;inning  and  end  of  a  streaia  of  gu 

do  not  differ  by  more  than  y^  of  their  mean  amount^  probloDi 

respecting  its  flow  may  be  solved  approximately  by  means  of  the 
above  data,  treating  it  as  if  it  were  a  liquid  of  the  density  due  to 
the  lesser  pressure,  as  in  the  approximate  equation  of  Article  637. 
In  seeking  the  exact  solution  of  the  flow  of  a  gas  with  frictum, 
it  is  necessary  to  take  into  account  the  eflect  of  the  friction  in  pio- 
ducing  heat,  and  so  raising  the  temperature  of  the  gas  above  what 
it  would  be  if  there  were  no  friction,  as  supposed  in  Section  2.  In 
the  flow  of  a  perfect  gas  with  friction,  if  the  heat  produced  by  the 
friction  is  not  lost  by  conduction,  the  friction  causes  no  loss  of  total 
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;  80  that  if  at  the  begimung  and  end  of  a  stream  the  velocities 
€>T  a  perfect  gas  are  the  same,  its  temperatures  must  also  be  the 
saxne.  In  an  imperfect  gas,  there  is  a  small  depression  of  tempera- 
-^ixre^  which  has  been  employed  by  Dr.  Joule  and  Dr.  Thomson  as 
a.  means  of  determining  or  verifying  the  laws  of  the  deviation  of 
dijSereiit  gases  from  the  condition  of  perfect  gas. 


SsonoN  5. — MiUtud  Impulse  ofFlmds  cmd  Sclida. 

648.  PrcMMiw  of  a  Jet  againat  a  Fixed  Smikee. — ^A  jet  of  fluid 

fig.  254,  striking  a  smooth  snr&ce,  is  deflected  so  as  to  glide 


FSg.  266. 


ng.  854. 


along  the  sui&ce  in  that  path  B  E  which  makes 
the  smallest  angle  with  its  original  direction 
of  motion  A  B,  and  at  length  glances  off  at  the 
edge  E  in  a  direction  tangent  to  the  surface. 
To  simplify  the  question,  the  surfiice  is  sup- 
posed to  be  curved  in  such  a  manner  as  to 
graide  the  jet  to  glance  off  it  in  one  definite  direction.  The  Mo- 
tion between  the  jet  and  the  surface  is  supposed  insensible.  This 
being  the  case,  as  the  particles  of  fluid  in  contact  with  the  sur- 
fiM»  move  along  it,  and  the  only  sensible  force  exerted  between 
them  and  the  surface  is  perpendicular  to  their  direction  of  motion, 
that  force  cannot  accelerate  or  retard  the  motion  of  the  particles, 
but  can  only  deviate  it  Let  v,  then,  be  the  velocily  of  the  par- 
ticles of  fluid,  Q  the  volume  discharged  per  second,  f  the  density, 
and  /S  the  angle  by  which  the  direction  of  motion  is  deflected;  then 


is  the  momentum  of  the  quantity  of  fluid  whose  motion  is  deflected 
per  second.    Also  conceive  an  isosceles  triangle  whose  legs  are  each 
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equal  to  the  Telocity  v,  and  make  witli  each  other  the  as^  fi; 
then  the  base  of  that  triangle,  whose  value  is 

2 1?  sin  g, 

represents  the  change  of  velocity  undergone  by  each  poitide  of 
fluid ;  so  that  the  change  of  momentum  per  second  is 

F=.-1^.8m^; (1.) 

and  this  also  is  the  amount  of  the  total  pressure  acting  between  tb 
fluid  and  the  surface,  in  the  direction  of  a  line  which  is  parallel  w 
the  base  of  the  isosceles  triangle  before  mentioned ;  that  is,  whidi 
makes  equal  angles  in  opposite  directions  with  the  original  and  nenr 
directions  of  motion  of  the  jet. 

The  force  represented  by  F  may  be  resolved  into  two  compo- 
nents, F,  and  F^  respectively  parallel  and  perpendicular  to  t2ie 
original  direction  of  the  jet.  The  values  of  the  resultant  and  its 
two  components  evidently  bear  to  each  other  the  proportions^ 

F  :F,  :F,  ::  3sin|  :  l-oos/8  rsin/S (2.) 

whence  the  components  have  the  values, 

F.  =  ?^(l-cos/3);  F,  =  ^^8in/3 (3.) 

If  the  surface  struck  by  the  jet  is  of  a  symmetrical  fig^ure  aboot 
the  original  direction  of  the  jet  as  an  axis,  the  quantity  of  fluid  Q 
which  strikes  the  surface  in  each  second  spreaois  and  glides  off  in 
various  directions  distributed  symmetrically  round  the  axis,  and 
making  equal  angles  fi  with  it ;  so  that  the  forces  exerted  perpen- 
dicular to  the  axis  by  the  different  parts  of  the  spread  and  diverted 
jet  balance  each  oiher,  and  nothing  remains  but  the  sum  of  the 
components  parallel  to  the  axis,  whose  value  is  F^  as  given  in  the 
first  of  the  equations  3. 

By  substituting  A  v  for  Q,  the  forces  may  be  expressed  in  terms 
of  the  sectional  area  of  the  jet. 

As  a  particular  case,  let  the  sur&ce  be  a  plane,  as  in  fig.  25& 
The  jet,  on  striking  the  surface,  spreads  and  glances  off  in  all  direc- 
tions at  right  angles  to  its  original  direction,  so  that  fi  «  90°, 
aya  /3  =  0,  and 

^'  =  -IT  =  "7"  ' (*•) 
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k>eiiig  equal  to  the  weight  of  a  oolunm  of  fluid  whose  base  is  the 
sectional  area  of  the  jet,  and  its  height  double  of  the  height  due  to 
tlie  velocity.     This  result  is  confirmed  by  experiment. 

AlA  another  case,  let  the  surface  be  a  hollow  hemisphere  (fig.  256), 
BO  that  the  jet  in  spreading  is  turned  directly  backwardk  Then 
^  —  180O,  -oos/8  »    +l,and 

=  ll3-  =  2^^. (5.) 

1>eing  equal  to  the  weight  of  a  coltunn  of  fluid  whose  base  is  the 
flectional  area  of  the  jet,  and  its  height  /our  timea  the  height  due 
to  tbe  yelociiy. 

649.  The  Piu— iii  •€  a  Jet  ugmimt»  m  JOLmrim^  Smrfiice  is  found  by 

substituting  in  the  equations  of  the  preceding  Article,  the  motion 
o£  the  jet  relatively/  to  the  surface  for  its  motion  relatively  to  the 
eurth.  In  this  case  there  is  energy  transmitted  from  the  jet  to  the 
solid  surface  or  from  the  solid  surfiEtoe  to  the  jet;  and  ^e  deter- 
mination of  the  amount  of  energy  so  transmitted  per  second  forms 
an  important  part  of  the  problem. 

Case  1.  When  the  sttr/ace  hoe  a  motion  qf  translation  parallel  to 
the  original  direction  qfikejetf  let  u  be  the  velocity  of  that  motion, 
positive  if  it  is  along  with  the  motion  of  the  jet,  and  negative  if 
against  it ;  let  i?i  be  the  original  velocity  of  the  jet ;  then  i?i  —  u  is 
the  velocity  of  the  jet  relatively  to  the  surface.  Consequently,  the 
component  force  acting  between  the  fluid  and  the  solid  surface,  in 
the  direction  of  motion  of  the  latter,  is 

F.  =  t^<^(l-c«.^); (1.) 

9 

xepresenting  also  the  equal  and  opposite  force  which  must  be  ap- 
plied to  the  solid  to  make  its  motion  uniform;  and  the  energy 
transmitted  per  second  is 

F.„  =  tQl^«->(l_c«,4^j (2.) 

which,  if  u  is  positive,  is  transmitted  from  the  fluid  to  the  solid, 
and  if  u  is  negative,  from  the  solid  to  the  fluid 

The  energy  thus  transmitted  per  second  is  equal  to  the  diflerence 
of  the  actual  energies  of  the  volume  Q  of  fluid  before  and  after 
actinff  on  the  solid  Let  v,  be  the  velocity  of  the  fluid  after  the 
collision  j  this  being  the  resultant  of  u,  and  of  Vi — u  in  the  devi- 
ated direction,  its  square  is  given  by  the  equation 

r  J  =  tt*  +  (t>i  -  tt/  +  2  «  (V|  -  «)  -  cos  /9 

=«J-2tt(V| -«)(l-coe  i8); (3.) 

2g 
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far  oomparing  which  with  equation  2  it  is  evident  tliat 

P.«=«-Q|^, (M 

M  has  been  stated. 

The  maximum  transmission  of  energy  from  the  fluid  to  tlie  aofi^ 
for  a  given  yelooity  of  jet,  is  obviously  given  by  the  velocity, 


\ 


•=3-' 


which  gives 


F-  =  'tt^^-^*^^'  ^'"^ '  '-^(i-«»'»>  J 


..(&) 


K  /3  =  90°,  as  in  fig.  255,  the  maximum  energy  transmitted  m 
tQvi  -f-  4  ^,  or  half  of  the  original  actual  energy  of  the  fluid.  If 
fi  =  180°,  as  in  fig.  256,  the  maximum  energy  transmitted  ii 
^Qvi  -i-  2g,  OTthe  whole  of  the  original  actual  energy  of  the  fluid. 
which,  after  the  collision,  is  left  at  resL 

Case  2.  Wh&n  the  surface  lias  a  motion  of  tranalaUon  m  oay 
directiion,  with  the  velocity  u,  let  BB,  fig.  254,  represent  thai 
direction  and  velocity,  and  B  C  the  direction  and  original  velodlj 
«!  of  the  jet.  Then  D  G  represents  the  direction  and  Telocity  elf 
the  original  motion  of  the  jet  relatively  to  the  surfiioe.  Dimv 
E  F  =  D  C  tangent  to  the  sur&oe  at  E,  where  the  jet  glances  off; 
this  represents  the  relative  velocity  and  direction  with  whi^ 
the  jet  leaves  the  surfisuse.  Draw  F  G  ||  and  =  B  D,  and  join  SG; 
this  last  line  represents  the  direction  and  velocity  relativdy  to  the 
earth,  with  which  the  jet  leaves  the  surfisu»,  being  the  resoltaat «/ 
E  F  and  F  G. 

The  total  force  exerted  between  the  fluid  and  the  sur&oe  mi^ 
be  determined  by  finding  the  change  of  the  momentum  of  the 
volume  of  fluid  Q,  due  either  to  the  change  of  direction  and  velo- 
city relatively  to  the  earth,  viz.,  from  BC  to  EG;  or  to  thai 
relatively  to  the  sur&oe,  viz.,  from  I)  0  to  E  F.  But  the  £one 
which  it  is  most  important  to  determine  is  that  to  which  the  tnms- 
mission  of  energy  is  due,  viz.,  the  force  parallel  to  B  D,  which  will 
be  denoted  by  F^  This  force  is  equal  to  the  change  in  one  seoond 
of  the  component  momentum  of  the  fluid  in  the  direction  BD. 
Let  m  r=  ,,^  DBG,  denote  the  angle  between  the  direction  of  tiie 
jet  and  that  of  the  body's  translation;  then  the  component^  in  the 
direction  B  D,  of  the  original  velocity  of  the  jet  is 

«»  cos  'le. 


i 
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to  =:  D  C  be  the  velocity  of  the  jet  relatively  to  the  surface ; 

ii^  =  «?  +  «f— 2tt«i  •  cosii (6.) 

L^eft  y  =  Bupplement  of  .^  E  F  G,  denote  the  angle  which  a  tan- 
pezKt  to  the  surface  at  the  edge  where  the  fluid  leaves  it  makes  with 
sli^  direction  of  translation.  Then  the  component,  in  the  direction 
B  Dy  of  the  new  velocity  of  the  jet  is 

1*  + w  cosy; 
And  the  change  of  momentum  in  that  direction  in  one  second  is 

F,  =  5 —  (v,  cos  •— tt  — M?  -OOSy) (7.) 

-wliich  gives  for  the  energy  Htansferred  per  second, 

F,f*  =  = —  tt(«i  006«— u— 10  -cosy) (8.) 

9 

IjBft  Vf  be  the  resultant  velocity  of  the  fluid  after  the  collision ;  then 

«{  =  «•  +  to^  +  2uu}  "coey (9.) 

and  it  is  easily  verified  that 

F.u  =  'Q-^ (10.) 


650.   Piwrc   •r  m  F«Ke«  TMrtez  Ik^imm  a  WheeL — ^In   a  free 

▼ortez  (Article  630,  631),  because  the  velocity  of  each  particle  is 
inversely  as  its  distence  from  the  axis,  the  angular  momentum  of 
every  particle  of  equal  weight  is  the  same;  and  a  particle  in  mov- 
ing nearer  to  or  farther  from  the  axis  of  the  vortex,  preserving  its 
angular  momentum,  requires  no  external  force  to  be  applied  to  it 
in  order  to  make  it  assume  the  motion  proper  to  each  part  of  the 
vortex  at  which  it  anivea 

If,  in  a  forced  vortex,  there  is  at  the  same  time  a  radiating 
current  by  which  the  fluid  moves  towards  or  from  the  axis,  then  by 
means  of  solid  surfaces,  such  as  those  of  the  vanes  of  a  wheel,  there 
must  be  applied  to  the  fluid  in  the  vortex  a  couple  sufficient  in  each 
second  to  produce  the  requisite  change  of  angular  momentum  in  the 
quantity  of  fluid  which  flows  rcuUaUy  through  the  vortex  in  a 
second,  and  the  fluid  will  react  upon  the  wheel  with  an  equal  and 
opposite  coupla 

Symbolically,  let  Tq,  r^  be  the  radii  of  the  cylindrical  surfietoes  at 
which  a  forced  vortex  begins  and  ends;  «^  Vi,  the  velocities  of  the 
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reYolving  motion  at  tbem  two  sur&ces;  Q,  the  flow  of  the 
ounent;  then  the  moment  of  the  couple  exerted  between  the  vorts 
and  the  wheel  is 

M  =  ^(f;oro-t^n) (1.) 

9 

A  Yoitez-wheel,  or  turbine,  when  working  in  the  most  fikvoimUi 
manner,  reoeives  the  fluid  at  ends  of  its  vanes  which  have  a  Tdodtf 
of  revolution  equal  to  that  of  the  particles  of  fluid  in  contact  vitk 
them ;  so  that  rdaJtivdy  to  the  fehod^  the  motion  of  the  fluid  is  at 
first  radial  The  fluid  glances  off  from  the  vanes  at  their  iAet 
ends,  which  are  of  such  a  figure  and  position  that  they  leave  IIm 
fluid  behind  them  with  only  a  radial  motion  relatively  to  the  eaztli; 
so  that  the  whole  of  the  energy  due  to  the  rwoUtiion  of  the  fluid  ii 
transmitted  to  the  wheeL  That  is  to  say,  let  a  be  tiie  angular 
velocity  of  the  wheel;  then  we  must  have 


m 


Vo  =  aro;  Vi  =  0; 

9      '  9  9 

The  last  quantity,  M  a,  is  the  energy  transmitted  in  each 
from  the  fluid  to  the  wheel,  which,  in  the  case  supposed,  is  tiw 
whole  eneigy  due  to  the  motion  of  revolution  and  craxtrifogsi 
pressure  of  tiie  weight  e  Q  of  fluid  in  a  rotating  forced  vortex,  as 
already  shown  in  Article  632. 

The  ends  of  the  vanes  which  receive  the  fluid  should  be  imdia], 
because  the  motion  of  the  fluid  relatively  to  them  is  ladiaL  The 
ends  of  the  vanes  where  the  fluid  glances  off  should  be  inclined 
backwards  so  as  to  make  with  the  radii  intersecting  them,  an  an^ 

Q 

^  given  by  the  following  equation : — Let  u  =  r r  be  the  veiocify 

of  the  radial  current  at  the  ends  of  the  vanes  now  in  question;  ^tea 

a  r  1      2  X  a  9^  6 


h  being  the  depth  of  the  wheel  in  a  direction  parallel  to  the 

Fig.  257  represents  part  of  Thomson's  vortex  water-wheel 
designed  on  these  principles.  The  water  is  supplied  to  the  wheel 
from  a  large  external  casing,  in  which  it  forms  a  free  spiral  vortex ; 
it  is  directed  by  guide  blades,  C,  against  the  outer  circumferenoe  d 
the  wheel,  where  the  vanes  are  radial,  and  is  discharged  at  tbe 
central  onfice  of  the  wheel,  the  inner  ends  of  the  vanes  bein^ 
directed  backwards  at  the  angle  9  above  desorlbed.     The  guide 
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are  moveable  about  pivots  at  A,  in  order  to  adjust  the  angle 
v£  obliquity  of  the  external  free  spiral  vortex  at  pleaGure,  and  so  to 
ad&pt  the  now  Q  of  the  radial  current  to  the  work  to  be  performed 


Fig.  267. 


Fig.  268. 


A  vortex-wheel  has  been  applied  to  steam  by  Mr.  William 
Cknrman  of  Glasgow. 

651.  A  CmmarUkgimi  Pmnp  consists  mainly  of  a  vortex-wheel 
wliich  communicates  motion  to  the  water,  so  as  to  make  it  form  a 

farced  vortex  of  the  radius  C  R  =  r^y  fig.  258.  The  water  is  supplied 
fay  a  radiating  current  proceeding  auHoarda  from  the  central  orifice 
towards  the  dicumferenoe.  The  inner  ends  of  the  vanes  should 
mAfce  with  the  radii  traversing  them  the  angle  already  denoted  by 
^y  Article  650,  equation  3,  that  they  may  deam  the  fiuid  as  it  mover 
radially  outwurds,  without  tirikmg  it,  which  would  cause  agitation, 
and  waste  of  energy  in  firiction.  The  outer  ends  of  the  vanes  should 
be  radial  Beyond  the  wheel,  the  water  forms  a  free  spiral  vortex 
in  a  casing,  from  which  it  is  discharged  at  A  through  a  pipe.  The 
soi&ce  velocity  a  ro  =  Vo  of  the  wheel  is  regulated  by  the  total  head 
required,  consisting  of  ^e  elevation  at  which  the  water  is  to  be 
delivered,  the  hei^t  due  to  its  velocity  of  delivery,  and  the  head 
lost  in  overcoming  friction ;  that  is  to  say,  according  to  the  prin- 
ciples of  Article  630  to  633, 


(1.) 


where  z  is  the  elevation  of  the  point  of  delivexy,  Y  the  velocity  in 
the  discharge  pipe,  and  2  */the  sum  of  the  various  quantities  by 
which  the  height  due  to  that  velocity  is  to  bA  multiplied  to  find  the 
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loss  of  bead  from  various  causes  of  frictioii.   The  ratio  of  0  A.  to  15 
=  To  is  regulated  by  tbe  law  that  in  a  firee  vortex  the 
inversely  as  the  radius;  that  is  to  say, 


CA  = 


TqVq 


w 


Guide  blades  in  the  free  vortex  are  here  unneoessBiy* 

A  blowing  &n  is  a  centrifugal  pump  applied  to  air.    (See  ]>.  641. 

652,  The  Pnmmm  •€  m  Cmrmc  upon  a  solid  body  floatmg  r 
immersed  in  it  would  be  equal  in  opposite  directions^  and  h» 
nothing  for  its  resultant^  if  fluids  moved  without  friction, 
because  of  the  energy  of  the  diverted  streams  which  glance  fi^om 
body  being  to  a  greater  or  less  extent  expended  in  fluid 
the  pressure  on  &e  back  of  the  solid  body  becomes  less  inl 
than  the  pressure  on  the  front;  and  to  the  resultant  pressure  in 
direction  of  the  current  thus  arising,  has  to  be  added  the 
of  the  direct  friction  of  the  fluid  agamst  the  suifsu^  of  the  solid 

Our  knowledge  of  the  laws  of  the  force  exerted  by  a 
against  a  solid  body  is  almost  wholly  empirical 

It  is  known  that  that  force  can  be  approximately  represented 
a  formula  of  this  kind : — 


F^k^A 


^9" 


(1.) 


being  the  product  of  the  height  due  to  the  velocity  of  the 
the  area  A,  of  the  greatest  cross-section  of  the  solid  body; 
weight  (  of  an  unit  of  volume  of  the  fluid,  and  a  oo-efliciaiit 
depending  on  the  figure  of  the  body.    The  values  of  this  co-effi< 
have  been  found  experimentally  for  a  few  figures.    The  foUoi 
according  to  Duchemin,  are  some  of  its  values  for  rectangular 
and  cylinders,  placed  with  their  axes  along  the  current : — 
Let  L  be  the  length  of  the  prism  or  cylinder,  A  its  transverse 
6  and  d  its  transverse  dimensions,  if  a  rectangular  prism,  or 
axes,  if  a  cylinder.     Then  for 


L^Jbd=     0,         1,         2,         & 
*=  1-864,  1-477, 1-847,  l-32a 

Hie  value  headed  0  is  applicable  to  very  thin  plates. 

653.  The  Beaistaace  •T  FiaUto  to  the  motion  of  bodies ^  „ 

immersed  in  them  is  subject  to  the  same  remarks  which  have  been 
made  respecting  the  pressure  of  currents  against  solid  bodies.  It  ii 
also  capable  in  many  cases  of  being  approximately  represented  bj 
the  formula 
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='*<'»-f, <•■> 

The  co-efficient  k  is  leas  for  «  solid  moving  in  a  fluid,  than  for  a 
Inid  moving  pa«t  the  aame  solid.  The  following  valuee  are  given 
siuefly  on  ue  an'Uiority  of  Dnchemin.  For  prisms  and  C)'ltadeirB, 
Ki.«>viiig  in  the  direction  of  their  axes,  the  ^mbols  having  tite  sama 
Doeamng  aa  in  the  last  Article  : — 

L  -i-  J~bd=      0,  1,         2,         3;  average  abova  & 

k  =  1  -Sii,  1  -282.  \  -306,  1  -330 ;  1  -4. 

Xtieae  results  are  also  given  b^  the  empirical  fonnnla, 
0-227  L 
'  9JT3  + 
£  for  a  (^linder,  moving  tddewaya,  abont  077 ; 

for  a  sphere,  „  „        -...     „     0'51; 

for  a  thin  hollow  hemi^hore  ntoving  witli 

the  lioUow  foremost, aboot  2*0; 

for  a  prism  with  wedge-formed  ends  ^  i  for 
same  prism  with  flat  ends,  x  (1  —  oca  i^ 
where  ^  =  ^  angle  of  wedge  (doobtfal). 
^le  following  are  results  deduced  from  Ur.  Bashforth's  experi- 
ments on  elongated  projectiles  at  velocities  of  from  1,300  to  1,500 
feet  per  second  (see  ProeaeeUngt  nflhe  Rot/at  Soeuty,  Fek,  1868): 

9 
;    where  A  is  in  square  feet,  and  v  in  feet  per  second ;  and  e  has  the 
'    following  valoee,  according  to  the  shape  of  the  head  of  the  projeotiU^ 
'   ~-4iemiBpherio^  0-0000246;  oval  and  pointed,  from  OOOOOISI  ta 
t    0-000U204. 

From  the  remits  of  observations  of  tlie  angine  powor  required  to 

propel  varioQB  steam  vessels  of  diflerent  sizes  and  figures  at  dilTerent 

velocities,  there  is  reason  to  think  it  probable,  that  when  shit«  are 

built  of  such  figures  that  the  water  glidce  round  tlkeir  Bui-faces 

without  forming  surge  or  large  eddies,  the  principal  part,  if  i  i.ot  tlie 

only  appreciable  part,  of  the  resistance,  is  due  to  the  direct  tnction 

,:  between  the  water  and  the  bottom  of  the  ship.     The  opinion  that 

f   the  resistance  to  the  motion  of  ships  which  are  not  very  blulT 

J    consists  almost  wholly  of  friction,  has  been  confirmed  by  eubbtvjucni, 

f  experimenta,     The  co-efficient  of  the  friction  between  wat^r  and 

the  bottom  of  an  iron  ship  is  nearly  the  same  with  that  of  wtit«r  in 

iron  pipea     The  friction  varies  nearly  ss  the  square  of  the  vt'l.ioity 
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of  rubbing  between  the  water  and  the  ship's  bottonL  That  Teloei^ 
is  different  at  different  points  of  the  ship  s  bottom,  and  bears  to  tiie 
speed  of  the  ship  a  ratio  at  each  point  depending  on  the  ship's 
figure  and  on  the  (>08ition  of  the  point  in  question.  The  aven^ 
velocity  of  rubbing  exceeds  the  speed  of  the  ship;  and  the  ezoeas 
is  the  greater  the  bluffer  her  shape.  Thus,  though  a  long  and 
shaip  vessel  presents  a  greater  rubbing  surface  than  a  short  and 
bluff  vessel  of  the  same  size,  the  average  velocity  of  rahbing  Is  las 
in  the  longer  vessel  at  the  same  speed;  so  that  there  is  a  oertaia 
d^pi-ee  of  sharpness  which  gives  the  least  resistance  for  a  given  mm 
and  speed.  "What  that  degree  of  sharpness  is  cannot  jet  be  fixed 
with  any  great  precision;  but  in  general  it  does  not  greatly  <lifier 
from  that  which  is  given  by  making  the  sum  of  the  lengths  of  the 
bow  and  stem  equal  to  about  seven  times  the  greatest  breadth. 

The  following  formula  has  been  found  to  agree  well  with  experi- 
ments on  the  resistance  of  ships : — Let  G  be  the  mean  immersed 
girth ;  L,  the  length  on  the  water  line ;  «^,  the  mean  of  the  aqnans 
of  the  sines  of  the  angles  of  obliquity  of  the  stream  UneSj  or  linei 
which  the  particles  of  water  follow  in  gliding  over  the  ships 
bottom ;  let  o  be  the  velocity  of  the  ship  in  feet  per  second,  and/ 
a  co-efficienty  whose  value  for  a  clean  painted  iron  bottom  is  aboat 
0*004 ;  then  the  resistance  ia  nearly 

R  =-^^  L  G  (1+  4  ^  +  ^) (3.) 

The  factor,  L  G  (1  +  4  «^  +  «4),  is  called  the  "augmented  surftoa" 
8ee  Civil  Engineer  and  ArdUtect^e  Jourwd^  October,  1861 ;  PkiL 
Trans,,  1862,  1863;  Trana.  of  the  InstitxUian  of  Naval  ArckUeds, 
1864;  also  Shipbuilding,  Theoretical  and  Practical,  by  Watts, 
Rankine,  Napier,  and  Barnes. 

Mr.  Scott  Russell  has  proved  that,  when  the  length  of  a  ship 
bears  less  than  a  certain  proportion  to  that  of  the  wave  which 
naturally  travels  with  the  same  speed,  there  is  a  rapidly  increasing 
additional  resistance.  The  least  proper  length  in  feet  suitable  for 
a  given  speed  is  about  fifteen-sixteenths  of  the  square  of  the  spet-d 
in  knots.    (See  also  pp.  631,  641,  and  647.) 

654.  f9iabiiii7  •€  FiMitiag  BodiM—Iu  Article  120  it  has  been 
shown,  that  in  order  that  a  body  floating  in  a  liquid  may  be  in 
equilibrio,  the  weight  of  liquid  displaced  must  hie  equal  to  the 
weight  of  the  floating  body,  and  the  centre  of  buoyancy  most  bo 
in  the  same  vertical  line  with  the  centre  of  gravity  of  the  floatiog 
body. 

In  order  that  the  equilibrium  of  a  floating  body  may  be  etabU, 
every  angular  displacement  of  the  body  from  the  position  of  equih 
fium  must  cause  a  deviation  of  the  centre  qf  buoyancy,  relatively  to  a 
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vertical  line  traversing  the  centre  of  gramJty,  in  the  direcHan  towards 
which  theflaUing  body  heds;  so  that  the  weight  of  the  body  acting 
through  its  centre  of  gravity,  and  the  equal  and  opposite  pressure 
of  the  liquid  acting  through  the  centre  of  buoyancy,  may  constitute 
&  reaioTing  or  righUng  couple,  tending  to  bring  the  body  back  to  the 
position  of  equilibrium.  Should  the  relative  deviation  "of  the  centre 
of  buoyancy  take  place  in  the  opposite  direction,  a  couple  is  pro- 
duced tending  to  upset  the  body,  which  is  acconlingly  unstable; 
should  the  centre  of  buoyancy  continue  to  be  in  the  same  vertical 
line  with  the  centre  of  gravity,  the  body  continues  to  be  in  equili- 
brio  in  its  new  position,  and  its  equilibrium  is  indifferent 

Ijet  fig.  259  represent  a  cross-section  of  a  ship,  G  her  centre  of 
gravity,  A  B  the  water  line, 
and  C  Uie  centre  of  buoyancy 
in  the  position  of  equilibrium. 
liet  the  ship  heel  through  an 
angle  #,  and  let  E  F  be  the 
new  water  line,  and  D  the 
new  centre  of  buoyancy ;  and 
let  the  ship  be  kept  in  this 
position  by  a  couple  whose 
moment  is  known.  Let  W 
be  the  weight  of  the  ship, 
and  S  the  volume  of  water 


Fig.  269. 


displaced  by  her,  so  that  W  :=  f  S  (f  being  the  weight  of  a  cubic 
foot  of  water).  Through  D  draw  a  vertical  line  D  M,  cutting  the 
line  C  G,  which  was  originally  vertical,  in  M.  The  force  of  the 
righting  couple  is  W,  and  its  arm  is  the  horizontal  distance  from 

G  to  the  line  DM;  that  is,  G  M  '  sin  i;  consequently,  the  moment 
qf  the  righting  cot^^le,  equal  and  opposite  to  the  moment  of  the 
heeling  couple,  is 

W  •  G  M  •  sin  # (1.) 

The  eomparoHve  etdbUity  of  a  ship  is  proportional  to  the  arm  of  the 
righting  couple  for  the  same  angle  of  heel;  and  that  arm  is  propor- 
tional to  G  M,  which  length  thus  becomes  a  measure  of  the  stability 
of  the  ship.  The  point  M,  when  determined  for  an  indefinitely 
small  angle  of  heel,  is  called  the  metacemtre;  it  may  be  the  same, 
or  it  may  be  different  for  finite  angles.  When  the  position  of  M 
is  variable,  the  angle  of  heel  to  be  adopted  in  finding  it  should 
be  the  greatest  which  under  ordinary  circumstances  is  likely  to 
occur;  for  different  ships  this  varies  from  &*  to  20^  See  p.  ^645.) 
If  the  metaoentre  is  above  the  centre  of  gravity,  the  equilioriuiu 
is  stable ;  if  it  coincides  with  the  centre  of  gravity,  the  equilibrium 
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18  indifferent;  if  it  is  below  the  centre  of  gravity,  the  equlibriua 
is  unstable. 

Let  H  be  the  line  of  intersection  of  the  planes  of  the  two  watai 
lines  A  B,  E  F.  The  deviation  O  D  of  the  centre  of  baojancf  is 
the  same  with  the  deviation  of  the  centre  of  gravity  of  the  maa 
of  water  displaced,  which  would  arise  from  removing  the  wedge 
A  H  £  into  the  position  F  H  R  Let  s  be  the  volame  of  thiii 
wedge,  f  its  density,  and  let  /  denote  the  distance  betw^een  the 
centres  of  gravity  of  its  two  positions,  A  H  E  and  F  H  B.  Diav 
0  D  parallel  to  the  line  joining  those  two  centres  of  gravity;  ai4 
according  to  Article  77^  make 

1^8      Is 


then  is  D  the  new  centre  of  buoyancy. 

The  angle  which  C  D  makes  with  the  horiason  is  in  geoenJ  eidier 

exactly  or  very  nearly  =  s;  so  that  CD=:MC'2sinai  appcoxi- 
mately.  Also,  the  volume  «  is  in  general  either  exactly  or  nearij 
proportional  to  2  sin  9 ;  so  that  if  c  be  a  constant  volume  depend- 
ing  on  the  figure  of  the  water  line,  «  =  c  -  2  sin  s,  approximately. 


Consequently,  to  find  the  height  M  C  ofiha  paint  M  ^Aove  the 

qf  hfuoyancy^  and  its  height  M  G  above  the  centre  o/gravit^f  we  have 
the  approximate  formuliB, — 


MC  =  CD  ^  2sinJ  =  ~; 


2-8 


U 


.(3.) 


M  G  =  V  =F=  <>  C. 

The  sign  :^  denotes  that  (TO  is  to  bo  subtracted  or  added  aoooiding 
as  G  is  above  or  below  0.  The  product  Z  e  is  found  approximately 
in  the  following  manner,  for  those  oases  in  which  the  water  linn 
A  B  and  E  F  are  sensibly  equal  and  similar  figures,  so  that  the 
line  H,  where  their  planes  intersect,  traverses  the  centre  of  gravity 
of  each  of  those  figures,  and  the  wedges  A  H  E,  F  H  B»  an 
similar  as  well  as  equal 

The  product  I  e  =  1  e  '  2  an  ^  is  the  double  of  the  statical 

moment  of  one  of  the  wedges  relatively  to  the  line  H,  supposing 
the  dendty  equal  to  unity.  Let  distances  measured  leng^ways 
on  the  line  H  be  denoted  by  x;  let  the  perpendicular  distance 
of  any  point  in  a  water  line  plane  bisecting  the  angle  A  H  £  torn 
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the  line  H  be  denoted  by  y,  and  let  the  thickness  of  the  wedge  at 

the  point  whose  co-ordinates  are  x  and  ybed  =  y-2sinA.     Then 
we  have 

»  =  2faj[i^'\jy'dydx',e=\\y'dydx\ 
2  »  =  4  sin  2  '  f  I  y^'dy  dx; 


ind  therefore 


2e  =  2  I  I  y^  '  d  y  d  x; 


-(*.) 


being  the  mommi  ofinerHa  of  the  vxUer  line  plane  about  the  axis 
S.  To  express  this  in  a  convenient  form,  let  b  be  the  breadth  of 
-the  ship  at  the  water  line,  at  a  given  distance  x,  measored  length- 
ways from  an  assumed  origin.     Then 

2jyidi,  =  ^itiudle=^^jbf'dx. (5.) 

As  to  the  moments  of  inertia  of  different  plane  figures^  see  Article 
95.     Thus,  equation  3  becomes 


MG=  J-_-_- 


__GC (6.) 

12  S     ^^  ^   ^ 

The  theory  of  the  stability  of  ships  was  first  investigated  by 
Boflsat,  and  was  further  developed  by  Atwood.  The  most  impor- 
tant contributions  to  that  theory,  of  later  date,  have  been,  the 
memoir  of  Dupin,  Sur  la  StahHiU  dee  Corpe  FloUane,  a  paper  by 
Canon  Moseley  in  the  Fhilaeophical  TraneacHone  for  1850,  and 
-various  papers  by  Bawson,  Froude,  Merrifield,  Barnes,  and  others^ 

655.  OMiiimttoBs  of  FiMitiiic  B«diM. — ^The  theory  of  the  oscilU- 
tions  of  ships  was  investigated  in  an  approximate  manner  by  Bossut 
and  other  mathematicians,  and  waa  first  brought  into  a  complete 
state  by  Moseley,  in  the  paper  already  referred  to.  Its  details 
are  of  much  complexity;  and  an  ontlins  of  its  leading  principles, 
and  of  their  results  in  the  most  simple  oases^  is  all  tiuEkt  needs  be 
given  in  this  treatise. 

The  oscillation  of  a  ship  may  be  resolved  into  rolling,  or  gyration 
about  a  longitudinal  axis,  pitching,  or  gyration  about  a  transverse 
axis,  and  vertical  oscillation,  consisting  in  an  alternate  rising  above 
and  sinking  below  the  position  of  equilibrium.  The  point  of  chief 
importance  in  practice  is  the  time  occupied  by  a  rolling  oecUlatum. 
If  that  time  is  too  long,  the  ship  is  deficient  in  stability;  if  too 
short,  her  movements  are  abrupt,  and  tend  to  overstrain  her. 

If  a  ship  is  of  such  a  figure  tnat,  when  she  rolls  into  a  new  posi- 
tion of  equilibrium  under  the  action  of  a  couple,  her  centre  of 
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gravity  does  not  alter  its  level,  then  her  rolliog  gyrations  sie  per- 
formed about  a  permanent  longitudinal  axis  traversing  her  centre 
6f  gravity,  and  are  not  accompanied  by  vertical  oscillations,  and  her 
moment  of  inertia  is  constant  while  she  roll&  That  condition  it 
fulfilled  if  all  the  water  line  planes,  such  as  A  B  and  £  F,  are 
tangents  to  one  sphere  described  about  G.  In  what  follows  it  will 
be  supposed  that  thb  condition  is  fulfilled,  and  also  that  the  position 
in  the  ship  of  the  point  M  is  sensibly  constant 

According  to  Article  654,  equation  1,  the  righiing  coupU  for  a 
given  angle  of  heel  #  is 

W  -G'M    sin^; 

but  in  an  approximate  solution  we  may  substitute  $  for  sin  $.  Lei 
I  be  the  moment  of  inertia  of  the  ship  about  her  axis  of  rolling; 
then  equations  2  and  3  of  Article  598  give  the  following  value  for 
the  time  of  a  double  gyration : — 

2»  //         I        \  2y R 

*    =  ^  '  V  \gWGW  =  JgtW ^^-^ 

where  R  is  the  radius  of  gyration  of  the  ship.  This  is  the  same 
with  the  time  of  a  double  oscillation  of  a  simple  pendulum  whose 

length  is  R^  -  SH. 

The  researches  of  Mr.  William  Froude,  first  described  to  the 
British  Association  in  July,  1860,  and  afterwards  laid  more  fully 
before  the  Institute  of  Naval  Architects,  have  shown,  ./SrsC,  that 
the  same  forces  which  tend  to  keep  a  ship  upright  in  still  water 
tend  to  place  her  perpendicular  to  tiie  surfoce  of  &e  water  amongst 
waves,  and  thus  to  increase  rolling;  secondly^  that  •the  chief  cause 
of  excessive  rolling  is  too  near  a  coincidence  between  the  periodic 
time  of  the  vessel's  rolling  and  that  of  her  being  acted  upon  hj 
successive  waves;  and  thirdly,  that  the  most  efficient  metiiod  of 
preventing  excessive  rolling  is  to  adjust  the  moment  of  inertia 
and  the  stability  of  a  vessel,  so  that  her  periodic  time  of  toUing 
shall  be  longer  than  the  period  of  any  waves  she  is  likely  to  en- 
counter, taking  care  at  the  same  time  to  leave  sufficient  stability 
to  prevent  the  risk  of  upsetting,  or  of  heeling  too  for  ov^  with 
a  side  wind. 

See  Trans,  of  the  InatihUion  of  Nawd  ArckUedSy  passim;  also 
JShipbuUding,  by  Watts,  Rankine,  Napier,  and  Bamea  (As  to 
Waves,  see  page  631.) 

656.   The  Actiom  bccweea  n  FIhM  aa^  m  Fi»f,  consisting  in  the 

transmission  of  energy  from  the  one  to  the  other,  has  already 
been  considered  in  a  general  way  in  Article  517.  In  the  present 
Article  it  will  be  treated  more  in  detail. 

In  figs.  260  and   261,   let  abscissae  measured  parallel  to  the 
1  O  S  represent  the  spaces  successively  occupied  by  a  fluid  in  a 
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^linder  provided  with  a  piston,  any  such  space  being  denoted  hy 
m  ;  and  l«t  ordinates  measured  parallel  to  the  line  0  F,  perpendi- 


s 


-jC 

J 1  ~ 


Flg.!». 


Fig.  281. 


oolar  to  O  S,  repreeent  the  intensitieB  of  the  premure  exerted  bj 
the  fluid  against  the  piston,  any  such  intenraty  being  denoted  by  y. 

1j^  a  given  weight  of  a  gaaeons  substance  go  tluvagh  a  sncoes- 
aion  of  aroitrary  ohangee  of  pressure  and  volume,  so  as  to  return 
in  the  end  to  lAie  condition  from  which  it  set  out  Such  a  succes- 
sion of  changes  is  called  a  cyde  of  changes ;  it  is  represented  by  » 
fioaad  cuiroe,  such  as  D  G  £  B  in  fig.  260,  and  the  ana  ot  that 
corre  repreeents  the  energy  tratu/enid  during  the  cycle  of  changes. 
If  the  changes  take  place  in  the  order  D  C  E  fi,  that  is,  if  greater 
pressures  are  exerted  during  the  expansion  of  the  substanoe  than 
during  ite  compression,  energy  is  traDsferred  from  the  gas  to  the 
piston;  if  the  i^iangeB  take  place  in  Uie  order  D  B  E  C,  that  is,  if 
greater  pressures  are  exerted  by  the  substance  during  its  compree- 
aon  th^  during  its  expansion,  energy  is  transferred  from  the  pis- 
ton to  the  ga& 

The  amonnt  of  energy  tnnsferred  may  be  expreeeed  in  twD 
ways.  Fint,  for  any  given  volume  0A  =  «,  Let  AC  =p,  uol 
A~B  =  pi  be  the  greater  and  the  lees  intensitiea  of  the  presiure  ; 
then 


energy  transferred  ^  /  (p,- 


-p,)de. 


...(1-) 


Secondly,  for  any  given  preesure  OF  =p,  let  FS  =  t,  and  F  D 
=  t,  be  the  gieater  and  the  le«  of  the  spaces  occupied ;  then 

energy  transferred  =  /((i — tt^dp {2.) 

which  is  another  expression  for  the  same  quantity. 

Fig.  26 1  repreeente  the  case  in  which  a  given  weight  of  on  clastic 
mbstauce  occupying  the  space  0  E  =  «,  at  the  preesure  0B  =  p„ 
ia  intxodnoed  into  a  ^linder  and  made  to  drive  a  piston, — is  tLan  ~. 
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aUowed  to  expand,  its  yolnme  increa^g  to  OT  =  «^  and  ite  p» 

sure  falling  to  ¥T>  z=  pf,  according  to  a  law  represented  by  ilie 
curve  C  D, — and  is  lastly  expelled  from  the  cylinder  at  tlie  final  | 
pressure.  In  this  case  the  energy  transferred  from  the  elastie  sob-  \ 
stance  to  the  piston  is  represented  by 

areaABGDrr  f'^  8dp  =  W  P  ^; (i) 

being,  in  fact,  as  the  last  expression  shows,  equal  to  the  weight  of 
the  elastic  substance  employed,  W,  multiplied  by  its  loss  of  dj/na- 
mic  hood. 

The  same  equation  gives  the  energy  transferred  frofm  the  piston 
to  the  elastic  substance,  when  the  latter  is  introduced  into  the 
cylinder  at  the  lower  pressure  and  expelled  at  the  higher. 

For  a  perfect  gas  (Article  635)  this  expresEdon  becomes 

/:'^'-A-^«{'-(D"'} w 

If  the  fluid  is  discharged  from  the  cylinder  under  a  pressure  ^ 
less  than  that  at  which  the  expansion  terminates^  there  is  to  be 
added  to  the  preceding  formula  tiie  term 

««(P«— jps) (5-) 

If  the  fluid  which  acts  on  the  piston  is  introduced  in  the  state 
of  saturated  vapour,  it  is  discharged  as  a  mixture  of  saturated 
vapour  at  a  lower  pressure  with  more  or  less  of  liquid.  In  this 
case,  the  following  equations  belonging  to  the  science  of  thermo- 
dynamics are  to  be  used  Let  p  be  the  pressure  of  saturation  of  s 
vapour,  and  t  the  corresponding  boiling  point  of  its  liquid,  vi 
degrees  reckoned  from  the  absoihte  zero,  274°  Centigrade  or  493^'S 
Fahrenheit  below  the  melting  point  of  ice.     Then 


T  A  ^         0 


(6.) 


l_^/JA-log;^       B-  )        B. 
t"  V    I        C        ^40-J       20  J 

(See  Edin,  Philoa,  Jowr,,  July,  1849 ;  Edin,  Transac,  xx ;  FhSot. 
Mcbg,,  Dec.,  1854;  NiM's  CydopcBdia,  art  "Heat,  Mechanieal 
Action  of.")  The  following  81*6  the  values  of  some  of  the  consta&ti 
in  the  above  formulee,  selected  from  a  table  in  the  FhUatoplMd 
Magaaine  for  Bea,  1854,  p  being  in  lbs.  per  square  fooi,  and  ris 
'egrees  of  Fahrenheit ; — 


(7.) 


HBAT  Ain>  WOBX  OF  gTEAJL  607 

B  B* 

A  WB  LogC  ^  ^ 

Tester,...  8*2591     3*43643    5*59873    0-003441     0-00001184 
.^Bih6r,...7-5732     3*31492    5*21706    0*006264    0*00003924 

Xiet  L  be  the  value,  in  foot  poTmds  of  energy,  of  the  latent  heal 
cdf  evaporation,  at  the  absolute  temperature  r,  of  so  much  fluid  as 
fills  a  cubio  foot  more  in  the  state  of  vapour  than  it  does  in  the 
stftAe  of  liquid ;  D  the  weight  of  that  fluid ;  H  the  value,  in  foot 
pcmnds  of  energy,  of  the  latent  heat  of  evaporation  of  one  pound 
of  the  fluid  at  the  absolute  temperature  r ;  and  J  the  equivalent 
in  foot  pounds  of  a  British  thermal  unit,  or  772 ;  then 

(hyp.  log.  10  =  2*3026); 
H  =  Ho— J  {o—b)  (r— To) 

(for  water,  c — h  =  0*7) ; 
D  =  L^H. 

(for  water  at  the  temperature  of 

melting  ioe,  H^  =  842872.) 

J  c  denotes  the  value  in  foot  pounds  of  the  specific  heat  of  the 
Uqvid,  which  for  water  is  772,  and  for  aether,  399. 

l/ct  the  suffixes  1,  2,  and  3,  denote  the  pressures  and  tempera- 
tares  respectivelv,  of  the  introduction  of  the  vapour,  the  end  of  its 
expansion,  and  its  final  discharge,  and  quantities  corresponding  to 
them;  81  and  $t  being,  as  before,  the  spaces  filled  by  it  at  the  begin- 
ning and  end  of  its  expansion.      Then 

ratio  of  expansion,  -=^< hJcD*  *  hyp  log-  f ; (8.) 

enei^  transferred, IT  =  /     sdp  +  0,(pt-p^ 

^l^^tt  }^  -•  i^' + -^ "  ^'  <-•  - '')! <!<>•) 

These  formulsB  are  demonstrated  in  a  paper  on  Thermodynamics 
in  the  Philosophical  Tramactiona  for  1854. 

The  complexity  of  the  preceding  formula  renders  their  use  incon- 
venient^ except  with  the  aid  of  tables  of  the  quantities  p,  L,  and  D, 
for  diflerent  boiling  points.    In  the  absence  of  such  tables,  the 
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following  formnliB  give  approximate  results  for  steanif  where  <3ie 
pressure  of  its  admission  pi  is  from  one  to  twelve  atmospheres : — 


^rW<-^T'' <'^' 


...(11) 


/ft 
ft 

-y,..  •lo{l-(^i  }  +  *(»— ft) 

-i^-{>»C*)'-»-j:}- 

The  expenditure  of  heat  in  foot  pounds  may  be  computed  rougLlj 
to  about  -^rrr,  wheu  the  feed  water  is  supplied  to  the  boiler  at  about 

100°  Fahrenheit^  by  the  formula 

/•pi 

H  =  I     sdp  +  np^s^'y (13.) 

J  pi 

where  n  is  a  co-e£ELcient  whose  value  is,  for  condensing  engines,  16; 
for  non-condensing  engines,  15. 

Equations  11  and  12  are  applicable  to  non-conducting  cylindm 
without  steam-jackets.  For  cylinders  with  steam-jackets,  actiDg 
so  as  to  keep  the  steam  dry,  it  is  more  accurate  to  substitute  16 
for  9,  17  for  10,  and  if,  ii,  and  A,  respectively,  for  iV,  V,  and  |, 
throughout  the  equations  11  and  12. 

For  the  exact  theory  of  this  case,  see  A  Manual  of  the  Sieam 
Engine  and  other  Prime  Movers;  also,  FhHasopkical  Tranaactiam^ 
1859,  Part  I. 

The  following  are  the  ordinary  formulae,  which  give  a  good 
approximation  when  the  steam  is  sdightly  moist: — 

?=f'; UM 

«l        P% 

U  =pi «i  hyp.  log.  ^  +  «^  (p,  -  p^ (15.) 

The  approximate  formula  (13)  is  applicable  in  all 


PART  VI. 

THEORY  OF  MACHINES. 


657.  nmtmrm  «■«  i»itIsi*b  •f  the  Sai^ect. — In  the  present  Part 
of  this  work,  machines  are  to  be  considered  not  merely  as  modify- 
ing motion,  bat  also  as  modifying  force,  and  transmitting  energy 
from  one  body  to  another.  The  theory  of  machines  consists  chiefly 
in  the  application  of  the  principles  of  dynamics  to  trains  of  me- 
chanism ;  and  therefore  a  large  portion  of  the  present  part  of  this 
treatise  will  consist  of  references  back  to  Part  lY.  and  Part  Y. 

There  are  two  fimdamentally  different  ways  of  considering  a 
machine,  each  of  which  mnst  be  employed  in  succession,  in  order 
to  obtain  a  complete  knowledge  of  its  working. 

L  In  the  firat  place  is  considered  the  action  of  the  machine 
during  a  certain  period  of  time,  with  a  view  to  the  determination 
of  its  EFFidJENCT ;  that  is,  the  ratio  which  the  useful  part  of  its 
work  bears  to  the  whole  expenditure  of  enei^.  The  motion  of 
ewery  ordinary  machine  is  eiliier  uniform  or  periodical  HeDce,  as 
has  been  shown  in  Article  553,  the  principle  of  the  equality  of 
energy  and  work,  as  expressed  in  Article  518,  is  fulfilled  either 
constantly  or  periodically  at  the  end  of  each  period  or  oyde  of 
changes  in  the  motion  of  the  machina 

II.  In  the  second  place  is  to  be  considered  the  action  of  the 
madiine  during  intervals  of  time  less  than  its  period  or  cycle,  if 
its  motion  is  periodic,  in  order  to  determine  the  law  of  the  periodic 
changes  in  the  motions  of  the  pieces  of  which  the  machine  con- 
sists, and  of  the  periodic  or  reciprocating  forces  by  which  such 
changes  are  produced  (Article  556). 

The  first  chapter  of  the  present  Part  relates  to  the  work  of 
machines  moving  uniformly  or  periodically,  and  the  second  chapter 
to  variations  of  motion  and  force  in  machines.  In  a  third  chapter 
will  be  stated  briefly  the  general  principles  of  the  action  of  the 
more  important  prime  mover$.  With  respect  to  those  machines,  it 
is  impossible  to  enter  fully  into  details  within  the  limits  of  such  a 
treatise  as  the  present,  especially  as  the  most  important  of  them  aO, 
the  steam  engine,  dependis  on  ihe  laws  of  the  phenomena  of  heat, 
which  could  not  be  completely  explained  except  in  a  special  troatisa 
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CHAPTER  L 

WOBK  OF  MAGHn?ES  WITH  UHIFORX  OB  PERIODIC  MOFIGSL 

Sectiok  1. — Oeneral  Principles, 

658.  VaeAii  and  liMt  WotIu — ^The  whole  work  perfoimed  bj  « 
machine  is  distinguished  into  use/kd  worky  being  that  petfoimed  ia 
pixniucing  the  effect  for  which  (Jbie  machine  is  designed,  and  la^ 
toork,  being  that  performed  in  producing  other  effects. 

659.  VaeAd  Ba4  Prtjadiciai  Bedfliuce  are  oYeroome  in  pearfoim- 
ing  useful  work  and  lost  work  respectivelj. 

660.  The  Bflciency  of  a  machine  is  a  firaction  ezpresmng  ihc 
ratio  of  the  useful  work  to  the  whole  work  performed,  wbicii  is 
equal  to  the  energy  expended.  The  limit  to  the  efficiencj  of  a 
machine  is  tmity,  denoting  the  efficiency  of  a  perfect  machiDe  in 
which  no  work  is  lost  The  object  of  improvements  in  mafihiiw 
is  to  bring  their  efficiency  as  near  to  unity  as  possible. 

661.  Power  wmd  Effect}  Bone  Power. — ^The  power  of  a  machiwff 

is  the  energy  exerted,  and  the  effect,  the  useful  work  performed,  in 
some  interval  of  time  of  definite  lengtL 

The  unit  of  power  called  conventionally  a  hone  power,  is  550 
foot  pounds  per  second,  or  33,000  foot  pounds  per  minute,  or 
1,980,000  foot  pounds  per  hour.  The  effect  is  equal  to  the  power 
multiplied  by  uie  efficiency. 

662.  i»riTiHg  Poiati  TndB|  Woridng  Peiai. — ^The  driving  point 
is  that  through  which  the  resultant  effort  of  the  prime  mover 
acta  The  train  is  the  series  of  pieces  which  transmit  motion  and 
force  from  the  driving  point  to  the  working  point,  throo^  wbick 
acts  the  resultant  of  the  resistance  of  the  usdEul  work. 

663.  Potato  of  Beatotaace  are  points  in  the  traiu  of  mediaiuflm 
through  which  the  resultants  of  prejudicial  resistances  act 

664.  Eflicieacice  of  Pieeco  of  a  Traia. — The  useful  WOrk  of  an 

intermediate  piece  in  a  train  of  mechanism  consists  in  driving  the 
piece  which  follows  it,  and  is  less  than  the  enei^  exerted  upon  it 
by  the  amount  of  the  work  lost  in  overcoming  its  own  Mctioit 
Hence  the  efficiency  of  such  an  intermediate  piece  is  the  ratio  of 
the  work  performed  by  it  in  driving  the  following  pieoe,  to  the 
energjr  exerted  on  it  by  the  preceding  piece ;  and  it  is  evident  that 
^«  ^JicMncy  of  a  machine  is  the  product  qfthe  effkiendee  of  the 
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ofvnovvng  pieces  which  trcmemU  energy  from  the  driving  point  to  the 
%oorhing  poirU.  The  same  principle  applies  to  a  train  of  euccesawe 
vfUMchinea^  each  driving  that  which  follows  it. 

665.  JHcui  Edtorto  mmA  BariMaacM. — In  Article  515  is  given  the 
ezpreesion  IT  da  far  the  energy  exerted  by  a  varying  effort  whose 
magnitude  at  any  instant  is  P ;  and  a  corresponding  expression 
f'Rda  denotes  the  work  performed  in  overcoming  a  variable  re- 
sistance.    In  a  machine  moving  uniformly,  let  these  expressions 
liave  reference  to  any  interval  of  time,  and  in  a  machine  moving 
periodically,  to  one  or  any  whole  number  of  periods ;  let  «  be  the 
space  described  by  the  point  of  application  of  the  effort  or  resist- 

anoe  in  the  interval  in  question ;  then  IT  da  +  a  or  I  B,  da  ^  a 

is  the  mecm  effort  or  mean  reaiatance  as  the  case  may  be.  The  Jluo- 
tuaiiona  of  the  efforts  and  resistances  above  and  below  their  mean 
values  concern  only  the  variations  of  velocity  in  a  machine ;  and 
therefore,  in  the  remainder  of  the  present  chapter,  P  and  R  will  be 
tused  to  denote  such  mean  values  only;  so  that  energy  exerted  and 
work  performed,  whether  the  forces  are  constant  or  varying,  will 
be  respectively  denoted  hjT  a  and  R  a.  By  referring  to  Articles 
517  and  593,  it  appears,  that  besides  a  force  and  a  length,  as 
expressed  above,  the  two  factors  of  a  quantity  of  energy  may  be  a 
stress  and  a  cubic  space,  or  a  couple  and  an  angle,  as  shown  in 
the  following  table : — 


Force  in  pounds  x  distance  in  feet ; 

Couple  in  foot  pounds  x  angular  motion  to 

laidius  unity;  or 
Pressure  in  pounds  per  square  foot  x  space 

described  by  a  piston  in  cubic  feet 


£nergy 

or 

work 

in 

footpounds 

666.  The  Oeacnii  B^pMttou  of  the  uniform  or  periodical  working 
of  a  machine  are  obtained  by  introducing  the  distinction  between 
useful  and  lost  work  into  the  equations  of  the  conservation  of 
energy.  Thus,  let  P  denote  the  mean  effort  at  the  driving  point, 
9  the  space  described  by  it  in  a  given  interval  of  time,  b^mg  a 
whole  number  of  periods  or  revolutions^  Hi  the  mean  useful  resist- 
ance, «|  the  space  through  which  it  is  overcome  in  the  same  inter- 
val, Rj  any  one  of  the  prejudicial  resistances,  St  the  space  through 
wbich  it  is  overcome ;  then 

Ta  =  Ri^i  +  i*R,«i (1.) 

The  efficiency  of  the  machine  is  expressed  by 
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Ri  «|  Ri  $1 


.(%) 


Ta        R,«i  +  a-Rf^i 

667.  B^MtftoM  Im  teraw  •f  CmhpviUItv  H^CImm. — ^Let  «|  : «  ^  ■» 

i^ :  «=:  fi^  Ac,  be  the  ro^ioa  of  the  spaces  described  in  a  whole  num- 
ber of  periods  by  the  workiiig  point  and  the  several  points  «£ 
resistance,  to  the  space  described,  in  the  same  interval  of  time,  bj 
the  driving  point ;  then  equation  1  of  Article  666  takes  the  follow- 
ing form,  which  expresses  the  '^  Principle  of  Yirtoal  Velocitiei* 
(Article  519)  as  applied  to  machines : — 

P  =  »i  Rj  +  i-n.R„ (1.) 

Thos  the  fnean  effoH  at  the  driving  point  is  expressed  in  terms  of 
the  several  mean  resistances,  and  of  t^e  compareiHve  motions  alone, 
which  last  set  of  quantities  are  deduced  fix>m  the  oonstroctioa  of 
tiie  machine  by  the  principles  of  the  theory  of  mechanisai ;  so  €baJt 
every  proposition  in  Part  FV.,  respecting  the  comparative  motioiis 
of  the  points  of  a  machine,  can  at  once  be  converted  into  a  pn^m- 
tion  respecting  the  relation  between  the  mean  effort  and  resastanoei; 
and  the  mean  effort  required  to  drive  the  machine  can  be  deter- 
mined if  the  resistances  are  known. 

668.  Redaction  of  Fmrcm  and  Cmi^Im.  —  In    calculation    it   ii 

often  convenient  to  substitute  for  a  force  applied  to  a  given  point, 
or  a  couple  applied  to  a  given  piece,  the  equivalerU  force  or  ooupk 
applied  to  some  other  point  or  piece ;  that  is  to  say,  the  force  or 
couple,  which,  if  applied  to  the  other  point  or  piece,  would  exert 
equal  energy,  or  employ  equal  work.  The  principles  of  this 
reduction  are,  that  the  ratio  of  the  given  to  the  equivalent  foret  m 
the  reciprocal  of  the  ratio  of  the  velocities  of  their  points  of  i^^- 
cation ;  and  the  ratio  of  the  given  to  the  equivalent  couple  is  the 
reciprocal  of  the  ratio  of  the  angular  velocities  of  the  pieces  to  which 
they  are  applied. 

SsonoN  2,-~-'0n  the  Frietum  of  Machinu. 

669.  €«-«sicieMtii  •€  WrieOmn. — ^The  nature  and  laws  of  the  fine- 
tion  of  solid  surfaces,  and  the  meanings  of  co-efficients  of  firiction 
and  angles  of  repose,  have  been  explained  in  Articles  189,  190, 
191,  and  192.  The  following  is  a  table  of  the  angle  of  repose 
0,  the  co-efficient  of  friction  /=z  tan  9,  and  its  reciprocal  1  ,/, 
for  the  materials  of  mechanism,  condensed  from  the  tables  of 
General  Morin,  and  other  sources,  and  arranged  in  a  few  com- 
prehensive classes.  The  values  of  those  constants  which  ar» 
given  in  the  table  have  reference  to  ihe  Jriction  of  motion.  As 
to  the  difference  between  that  and  the  friction  of  rest,  see  Artiole 
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r 


3. 
8. 

5*. 

6. 

7. 

8. 

8. 
10. 
11. 
12. 
18. 
14. 
15. 
16. 
17. 
18. 


SURFACEB. 


Wood  on  wood,  dry,... 

„  „    •oapjr, 

Uetalfl  on  oak,  diy, ... 

„  „    wet,... 

»»  »»    •wpyi 


14*  to  26i<» 

114*^ 
86l<'to81'' 

Hi** 

Metals  on  elm,  dry,. 11}*' to  14^ 

Hemp  on  oak,    diy, 28^ 

,*    wet, 18J« 

Leather  on  oak, 16^  to  19}^ 

Leather  on  metala,  diy, 291*' 

„  »,         wet,....  o** 

„  „         ofly, ... 

Metals  OD  metala,   dry,.... 

w  „         wet,.... 

Smooth  snrfSues,  occasionally  greased, 


n 
n 


n 


oontinnally  greased, 
best  resnlts. 


M 


20 
IS** 
8}«» 
8i«toll4« 

4**  to  4}* 


l}®to2*» 


-26  to  -6 

•2 

5  to  -6 

•24  to  26 

•2 

•2  to -26 

68 

•88 

•27  to  -88 

•66 

•86 

•28 

•16 

46  to  "2 

•8 
•07  to  •OS 

•06 
•08  to  086 


4to2 

6 

2  to  1*67 

4^17  to  8  86 

6 

6to4 

1-89 

8 

8-7  to  2-86 

V79 

2-78 

4-36 

667 

6*67  to  6 

888 
14-8  to  12-6 

20 
88*8  to  27-6 


670.  PacaeMta. — The  last  three  results  in  the  preceding  table,  Nob. 
16,  17,  and  18,  have  reference  to  smooth  firm  surfaces  of  any  kind, 
greased  or  lubricated  to  such  an  extent  that  the  friction  depends 
chiefly  on  the  continual  supply  of  unguent,  and  not  sensibly  on  the 
nature  of  the  solid  surfaces ;  and  this  ought  almost  always  to  be 
the  case  in  machinery.  Unguents  should  be  thick  for  heavy  pres- 
sures, that  they  may  resist  being  forced  out,  and  thin  for  light  prea- 
Bures,  that  their  viscidity  may  not  add  to  the  resistance. 

671.  I^lBilt  •r  PNMwre  betWMH  IUikkiii«  Sarihccs. — The   law   of 

the  simple  proportionality  of  friction  to  pressure  (Article  190)  is 
only  true  for  dry  surfaces,  when  the  pressure  is  not  sufficiently 
intense  to  indent  or  grind  the  sur&oes ;  and  for  greased  suz&ces, 
when  the  pressure  is  not  sufficiently  intense  to  force  out  the  unguent 
from  between  the  surfaces,  where  it  is  held  by  capillary  attraction. 
K  the  proper  limit  of  inteiosity  of  pressure  be  exceeded,  the  friction 
increases  more  rapidly  than  in  the  simple  ratio  of  the  pressnra 
That  limit  diminiRhee  as  the  velocity  of  rubbing  increases,  according 
to  some  law  not  yet  exactly  determined.  The  following  are  some 
of  its  values  deduced  from  experience : — 


Raflway  Carriage  Axles. 


Velocity  of  rubbing  1  foot  per  second, 

5 

Timber  ways  for  launching  ships,  about 


99 


limit  of 
Ibi.  per  square  inch. 

•       392 
224 

140 
50 
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The  inclination  given  to  these  ways  varies  from  about  I  in  10 
for  ihe  smallest  vessels,  to  about  1  in  20  for  the  largest.  The 
oo-efficient  of  Motion,  when  tiie  ways  are  well  lubricated  witk 
tallow  or  soft  soap,  is  probably  between  '03  and  "O^ 

672  Vricti^n  •r  m  simib«  Piece. — In  fig.  262,  let  A  repreaent  a 

sliding  piece,  which  moves  uniformly  aloo^ 
the  straight  guide  B  B  in  the  direction  indi- 
cated by  the  arrow,  under  two  foroea  whicii 
may  be  direct  or  oblique,  but  which  are  re- 
presented as  oblique,  to  make  the  solutioii 
general.  The  force  F,  opposed  to  the  motion, 
is  the  resultant  of  the  us^fid  resistance  or 
Fig.  26S .  force  which  A  exerts  on  the  next  piece  ia 

the  train,  and  of  the  weight  of  A  itself,  and  will  be  called  Uie  gvssn 
fares.  Let  the  angle  whidi  it  makes  with  the  guide  B  B  be  denoted 
by  «,.  The  force  F^  is  that  which  drives  the  piece ;  the  an^  t, 
which  its  direction  makes  with  the  guide  B  B  is  suppoaed  to  be 
known ;  but  its  magnitude  remains  to  be  determined,  as  well  as 
the  friction,  which  it  has  to  overcome  in  addition  to  the  usefol 
resistance.  Let  Q  denote  the  normal  preasure  of  A  against  B  6. 
so  that/Q  is  the  friction.  Then  we  have  the  two  equatioDs  of 
equilibrium  :-* 

Q  =  F|  sin  ii  +  Fj  sin  h; 
Fi  cos  ti  =  F,  cost,  +/Q 


=  Fi/sin  t,  +  F,  (cos  h  + /sin  h)  ; 


(1.) 


from  which  are  easily  deduced  the  following  equations,  aolving  the 
problem : — 

cosii— /smt,    '^  ^  costj— /sint,      ^   ' 

673.  The  iieMent  •€  FrieUea  of  a  rotating  piece  is  the  statical 
moment  of  the  friction  relatively  to  the  axis  of  rotation  of  the  piece, 
and  is  the  moment  of  a  couple  consisting  of  the  friction,  and  of  an 
equal  and  opposite  component  of  the  raessure  exerted  by  the 
bearings  of  "^e  piece  against  its  axle.  The  moment  of  friction, 
being  multiplied  by  the  angular  motion  in  a  given  time,  gives  ths 
work  lost  in  friction  in  that  time. 

674.  FrictieB  ef  an  Axle.^ — After  a  cylindrical  axle  has  mn  for 
some  time  in  contact  with  its  bearing,  the  bearing  becomes  slightly 
larger  than  the  axle,  so  that  the  point  of  most  intense  preasare, 
which  is  also  the  point  of  resistance,  traversed  by  the  resultant 
of  the  friction,  adapts  its  position  to  the  direction  of  the  latetal 
oressure. 


'\  \ 
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Jn  fig.  263,  let  A  A  A  be  a  transverse  section  6f  the  cylindrical 
axle  of  a  rotating  piece,  and  C  its  axis  of  rotation;  let  R  represent 
the  direction  and  magnitude  of  what  will  be 
called  the  ffiven  forcey  being  the  resultant  ]^p 

of  the  useful  resistance,  and  of  the  weight 
of  the  piece  under  consideration.  Let  P 
repfresent  the  effort  reqtured  to  drive  the 
piece,  whose  line  of  action  is  known,  but  its        /-     ^    \  xp 

magnitude  remains  to  be  determined.     Let     j^u^  ^ 
I>  be  the  point  where  the  directions  of  P     /^^^^s^ 
and  It  intersect^  and  D  Q  the  line  of  action  [      7^^ 

of  their  resultant^  which  resultant  is  equal         M     ^^ 
and  opposite  to  Q,  the  pressure  exerted  bj 
the  bearing  against  the  axle,  and  is  there- 
fare  inclined  to  the  radius  C  Q  by  an  angle 
CQD  =  ^,  being  the  angle  of  repose,  in  such  ^'  ^^^ 

a  ooanner  as  to  resist  the  rotation,  whose  direction  is  indicated  by 
the  arrow. 

Then  to  find  the  line  of  pressure  D  Q,  it  is  obviously  suffident  to 
describe  about  the  centre  G  a  circle  B  B  whose  radius  is 

r  =  0  Q  being  the  radius  of  the  axle,  and  to  draw  from  the  known 
point  D  a  Ime  D  T  Q  touchinff  that  circle  in  T,  which  point  of 
contact  is  at  that  side  of  the  circle  which  makes  a  force  acting  from 
Q  towards  T  oppose  the  rotation. 

Prom  T  draw  T B  -L.  R,  and  T P-LP.     Then  the  magnitude  of 
the  effort  P  is  given  by  the  equation 

P  =  RT5  -i-  fl* (2.) 

and  that  of  the  pressure  Q  by  the  equation 

(y=:F  +  B*+2PR-  ooe^PDR (3.) 

(the  last  term  of  which  becomes  negative  when  .^  P  D  B  is 
obtose);  while  the  friction  is 

^•^^^iTTTT^' ^*-^ 

and  its  moment 

Q  r  sin  ^  =  Q  •  0  T (5.) 

When  P  and  B  are  parallel  to  each  other,  Q  is  their  difference 
or  their  sum,  according  as  they  act  at  the  same  or  at  opposite  sides 
of  the  axle,  and  Q  T  is  to  be  drawn  parallel  to  them  both,  so  that 
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B  T>  T  P,  and  C  T,  lie  in  one  rtraight  line,  when  eqttaticms  8,  4. 
and  5  will  still  hold. 

In  order  to  diminish  the  lateral  pressure  Q,  and  the  fiictioB 
arising  from  it,  to  the  least  possible  amount,  the  mechanism  ahoold 
be  so  arranged  as  to  make  P  and  R  act  parallel  to  each  other  at  tha 
same  side  of  the  axle.  

In  most  actual  cases,  sin  0  =/ :  J 1  +/*  differs  from  tan  9  =/ 
in  a  proportion  too  small  to  be  of  any  practical  importance. 

The  bearings  of  axles  should  be  made  of  materials  which,  thoo^ 
hard  enough  to  resist  the  rubbing  without  abrasiq^,  are  not  so  haid 
as  the  axla  Hence  for  wrought  iron  axles,  bronze  bearings  sve 
commonly  used.  Bearings  of  cast  iron,  millboard,  and  hardwood, 
such  as  elm,  with  the  grain  set  radially,  haye  also  been  used  with 
advantage. 

675.  FrictiMi  •r  •  Piv«t. — ^A  pivot  is  the  termination  of  an  aack^ 
which  presses  endways  against  a  bearing  called  a  step,  or  footstepL 
Pivots  require  great  hardness,  and  are  usually  made  of  steeL 

A  fiat  pivot  is  a  short  cylinder  of  steel,  having  a  plane  circular 
end  for  a  rubbing  surface.  If  the  pressure  Q  be  equally  distriboted 
over  that  surface  whose  radius  is  r,  the  moment  of  friction  is  easily 
found  by  integration  to  be 

|/rQ (1.) 

In  flat  pivots,  the  intensity  of  the  pressure,  which  is  given  by  the 
equation 

f'^' <^) 

is  usually  limited  to  2,240  lbs.  per  square  inch. 

In  the  cfop  amd  ball  pivot,  tiie  end  of  the  shaft,  and  the  abqs 
present  two  recesses  &cing  each  other,  into  which  are  fitted  two 
shallow  cups  of  steel  or  hard  bronze.  Between  the  concave  spheneal 
surfaces  of  those  cups  is  placed  a  steel  ball,  being  either  a  complete 
sphere,  or  a  lens  having  convex  sui&oes  of  a  somewhat  less  radius 
than  the  concave  surfaces  of  the  cups.  The  moment  of  friction  of 
this  pivot  is  at  first  almost  inappreciable,  from  the  extreme  small- 
ness  of  the  radius  of  the  circles  of  contact  of  the  ball  and  cups; 
but  as  they  wear,  that  radius  and  the  moment  of  friction  increasa 

676.  Friction  •€  m  C3oiiar. — ^When  it  is  impracticable  or  inooD- 
venient  to  sustain  the  pressure  which  acts  along  a  shaft  by  means 
of  a  pivot  at  its  end,  that  pressure  is  borne  by  means  of  one  or  moR 
collars,  or  rings  projecting  from  the  shaft,  and  pressing  against 
corresponding  ring-shaped  bearings,  for  which,  in  the  case  of  shafts 
of  screw  propellers,  hardwood  set  with  the  grain  endways  has  been 
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finmd  a  good  m&terial  amongst  others.     Let  r  be  the  exte 
r'  the  intemal  radius  of  a.  collar;  its  moment  of  fiictioi 
e  Q  is  given  hj  the  formula 


j/Q 


.»-."■ 


..(1.) 


677.  FrRUaw  •T  T««h. — When  a  pair  of  wheels  work  togetlier, 
let  P  be  the  pressure  exerted  between  each  pair  of  their  teeth  which 
oomes  into  action,  a  the  distance  through  which  each  pair  of  teeth 
elide  over  each  other,  as  found  in  Articles  453,  4d5,  458,  and 
462  A,  and  n  the  number  of  pain  of  teeth  which  pass  the  line  of 
«entree  in  a  given  interval  of  time.  Then  in  that  interval,  the  work 
lost  bj  the  friction  of  tlie  teeth  is 

/»«p (1.) 

678.  FricttoB  ar  ■  Basd.^ — A  flexible  band,  such  as  a  cord,  rope, 
belt,  or  sttup,  may  be  used  either  to  exert  an  effort  or  a  resistance 
upon  a  drum  or  pulley  round  which  it  wraps.  In  either  case,  the 
tangential  force,  whether  effort  or  resistance,  exerted  between  the 
bond  and  tlie  pulley,  is  their  mutual  friction,  caused  by  and  pro- 
portional to  the  normal  pressure  between  them. 

In  fig.  264,  let  C  be  the  axis  of  a  pulley  A.  B,  round  an  arc  of 
which  tliere  is  wrapped  a  band,  T,  A  B  T,;  let  the  outer  arrow 
represent  the  direction  in  which  the  band  slides,  or  tends  to  elide, 
relatively  to  the  pulley,  and  the  inner  arrow  the  direction  in  wMoL 
the  polley  alidee,  or  tends  to  slide,  relatively  to 
the  band. 

Let  T|  be  the  tension  of  the  free  part  of  the 
band  at  that  side  lovxtrdt  which  it  tends  to  draw 
the  pulley,  or  Jrom  which  the  pulley  tends  to 
draw  it ;  T,  the  tension  of  the  free  part  at  the 
other  aide;  T  the  tension  of  the  b^d  at  any 
intermediate  point  of  its  arc  of  contact  with  the 
pulley;  '  the  ratio  of  the  length  of  that  arc  to 
the  radius  of  the  pulley;  d  t  the  ratio  of  an 
indefinitely  small  element  of  that  arc  to  the 
radius;  K  ^  T,  —  Ti,  the  total  friction  between 
the  Wid  and  the  pulley;  d  B  the  elementary 
portion  of  that  friction  due  to  the  elementary 
afc  d  I;  /the  co-efficient  of  friction  between  the  materinlH  of  the 
bond  and  pulley. 

Then  according  to  a  principle  proved  in  Articles  179  an<l  271,  it 
is  known  that  the  normal  pressure  at  the  elemental^  arc  d  i\s, 


Fig.  2G4. 
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T  being  the  mean  tension  of  the  band  at  that  elementaij  are; 
sequently,  the  friction  on  that  arc  is 

Now  that  friction  is  also  the  difference  between  the  tenaioiis  of  th0 
band  at  tiie  two  ends  of  the  elementary  arc;  or 

dT  =  dR=/Td0; 

which  equation  being  int^^ted  throughout  the  entire   are  ol 
contact,  gives  the  following  formulae : — 


(1.) 


When  a  belt  connecting  a  pair  of  pulleys  has  the  tensiona  of  its 
two  sides  originally  equal,  the  pulleys  being  at  rest;  and  when  tiie 
pulleys  are  set  in  motion,  so  that  one  of  them  drives  the  other  by 
means  of  the  belt;  it  is  found  that  the  advancing  side  of  the  heh 
is  exactly  as  much  tightened  as  the  returning  side  is  sLackened,  so 
that  the  mean  tension  remains  unchanged.  Its  value  is  given  by 
this  formula : — 

2R    "2(e/«-iy ^*^ 

which  is  useful  in  determining  the  original  tension  required  lo 
enable  a  belt  to  transmit  a  given  force  between  two  puUey^ 

If  the  arc  of  contact  between  the  band  and  pulley,  ezpraaed  m 
turns  and  fractions  of  a  turn,  be  denoted  by  n, 

^=2»n;  e/«=10"»/» (3.) 

When  the  band  is  used  to  resist  the  motion  of  the  pulley,  it 
constitutes  a  kind  of  brake  called  Ajriction  strap.  In  this  case  the 
rubbing  surfaces  of  the  band  and  pulley  may  either  be  both  of  mm, 
or  may  be  protected  by  a  covering  made  of  pieces  of  wood^  whidi  ii 
renewed  from  time  to  time  as  it  wears  out. 

679.  In  Frica«Bal  Ocartofl,  described  in  Article  445,  it  appeaa 
that  when  the  angle  of  the  grooves  is  40^,  and  when  their  saAcm  ' 
are  smooth,  clean,  and  dry,  iSie  tangential  force  transmitted  betvea 
the  wheels  is  once  and  a-half  the  force  with  which  their  axes  are 
pressed  together.  This  proportion  ia  much  greater  than  that  due  to 
ordinaiy  friction,  and  must  arise  partly  from  adhesion. 

680.  Frictton  CMipUnnpi  aie  used  to  communicate  rotation  be- 
tween pieces  having  the  same  axis,  where  sudden  changes  of  foroe 
or  of  velocity  take  place;  being  so  adjusted  as  to  limit  the  fbcoe 
transmitted  within  the  bounds  of  safely.     Contrivances  of  thiw  InnA 
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are  very  numerous;  one  of  the  most  common  and  most  useful  is 
that  called  a  pair  of  friction  cone&  The  angle  made  by  the  sides 
of  the  cones  with  the  axis  should  not  be  less  than  the  angle  of 


681.  suAies*  •r  B«pM. — Ropes  offer  a  resistance  to  being  bent, 
and  when  bent  to  being  strai^tened  again,  which  arises  from  the 
mutual  friction  of  their  fibres.  It  increases  with  the  sectional  area 
of  the  rope,  and  is  inversely  proportional  to  the  radius  of  the  curve 
into  which  it  is  bent 

The  work  last  in  pulling  a  given  length  of  rope  over  a  pulley,  is 
found  by  multiplying  the  length  of  the  rope  in  feet,  by  its  stiffness 
in  pounds;  that  stiffness  bemg  the  excess  of  the  tension  at  the 
leading  side  of  the  rope  above  that  at  the  following  side,  which  is 
necessary  to  bend  it  into  a  curve  fitting  the  pulley,  and  then  to 
straighten  it  again. 

The  following  empirical  formulae  for  the  stiffiiess  of  hempen  ropes 
have  been  deduced  by  General  Morin  from  the  experiments  of 
Goulomb  : — 

Let  R  be  the  stiffioiess  in  pounds  avoirdupois ; 

df  the  diameter  of  the  rope,  in  inches ; 

n  =  48  J'  for  white  ropes,  35  d*  for  tarred  ropes ; 

r,  the  ^ective  radius  of  the  pulley,  in  inches ; 

T,  the  tension,  in  pounds ;  then. 

For  white  ropes,  B  »  -  (0-0012  +  0-001026  n  4.  0O012T) ; 
For  taned  ropes,  R  =  -  (0-006  +  0-001392  n  +  0-00168  T).  ' 


h 


682.  B«Utac  wtmmimmnfM  •f  SBi««th  gwihc— > — By  the  rolling  of 
two  surfaces  over  each  other  without  sliding,  a  resistanoe  is  caused, 
which  is  called  rolling  friction.  It  is  of  the  nature  of  a  couple 
resisting  rotation ;  its  moment  is  found  by  multiplying  the  normal 
pressure  between  the  rolling  surfaces  by  an  arm  whose  length 
depends  on  the  nature  of  the  rolling  surfaces ;  and  the  work  lost 
in  an  unit  of  time  in  overcoming  it  is  the  product  of  its  moment 
by  the  cmgtda/r  vdocUy  of  the  rolling  surfaces  relatively  to  each 
other.  The  following  are  approximate  values  of  the  arm  in  decimals 
of  afoot : — 

Oak  upon  oak, 0*006  (Coulomb)^ 

Lignum-vitsd  on  oak, 0-004         » 

Cast  iron  on  cast  iron, o-ooa  (Tredgold). 

683.  The  Bcalamace  •T  €arrta«c»  •■  Ummdm  COnsists  of  a  OODStaut 

part)  and  a  part  increasing  with  the  velocity.     According  to  Gene- 
ral Morin,  it  is  given  approximately  by  the  following  formula : — 
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R  =  ^{a  +  J(t;  -  3-28)}; .a) 

where  Q  is  the  gross  load,  r  tiie  radius  of  the  wheels  m  inekm^ 
V  the  velocity  in  feet  per  second,  and  a  and  b  two  constants^  whoK 
yalues  are  a  b 

For  good  broken  stone  roads, *4  to  -55      '034  to  -016 

For  paved  roads, '27  "0684 

For  the  pavement  of  Paris, '39  "03 

On  gravel  roads  the  resistance  is  about  double,  and  on  sand  j  and 
gravelly  soft  ground,  five  times  the  resistance  on  good  broken  stout 
roads. 

684.  BcaiMaace  •f  luaiwar  Train*. — In  the  following  fbrmulB. 
which  are  all  empirical — 

E  denotes  the  weight  of  the  engine; 

T  „  the  gross  load  drawn  by  it; 

V  „  the  velocity,  in  miles  an  hour; 

r  „  the  radius  of  curvature  of  the  line,  in  miles; 

K  „  the  resistance  in  pounds ; 

/  „  a  co-eflBcient  of  friction; 

c  „  a  co-efficient  for  resistance  due  to  curvature. 

Then  for  single  carriages  with  cylindrical  wheels,  at  velocities  up 
to  12  miles  an  hour,  according  to  the  experiments  of  Lieuteoaiit 
David  Rankine  and  the  Author, 


R=/0  +  ^)t; <••> 


where/ =  0*002;  and  e  ==  0-3.     {See  Experimental  Inquiry  on  tin 
Use  0/ Cylindrical  Wheels  on  Rcnlwaye,  1842.) 

For  an  engine  and  train,  the  following  is  an  empirical  formiik 
•deduced  from  the  experiments  of  various  authors :  — 

R  =/(T  +  E)  (1  +  ^)  (1  +  ?);  (1) 

where /ranges  from  '0027  to  *004,  according  to  the  state  of  the 
line  and  carriages,  and  c  from  0*3  to  0*1.  (See  Rankine's  Manmai 
of  Civil  Engineering  ;  see  also  p.  643.) 

685.  wnemt  of  Friction. — The  work  lost  in  friction  prodooes  heat 
in  the  proportion  of  one  British  thermal  unit,  being  so  much  heal 
as  raises  the  temperature  of  a  pound  of  water  one  d^;Tee  ot 
Fahrenheit,  for  every  772  foot  pounds  of  lost  work 

Excessive  heating  is  prevented  by  a  constant  and  copious  snpfdj 
of  a  good  unguent 
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CHAPTER  IL 

▼AHOED  MOTIONS  OF  MAOHINBi. 

686.  The  €«BiriAi«Bi  Fmcm  and  c^qpies  exerted  bj  the  various 
rotating  pieces  of  a  machine  against  the  bearings  of  their  axles  are 
to  be  determined  by  the  principles  of  Articles  540,  592,  and 
603,  and  taken  into  account  in  determining  the  lateral  pressures 
which  cause  fricticm,  and  the  strength  of  the  axles  and  framework. 
As  those  centrifugal  forces  and  couples  cause  increased  friction 
and  stress,  and  sometimes  also,  by  reason  of  their  continual  change 
of  direction,  produce  detrimental  or  dangerous  yibration,  it  is  de- 
sirable to  reduce  them  to  the  smallest  possible  amount ;  and  for 
that  purpose,  imless  there  is  some  special  reason  to  the  contraxy, 
the  axis  of  rotation  of  every  piece  which  rotates  rapidly  ought  to 
traverse  its  centre  of  gravity,  that  the  resultant  centrifugal  force 
may  be  nothing,  and  ought  to  be  an  axis  of  inertia,  that  the  centri- 
fugal couple  may  be  nothing.  As  to  axes  of  inertia,  see  Article  584. 

687.  Actami  Bii«rgr  •f  «  maekine. — To  deteimine  tiie  entire 
actual  energy  of  a  machine  at  a  given  instant,  it  is  necessary  to 
know — 

(lA  The  weight  of  each  of  its  sliding  pieces :  let  any  one  of  those 
weights  be  denoted  by  W; 

(2.)  The  velocity  of  translation  of  each  of  those  pieces  at  the 
given  instant :  let  v  denote  any  one  of  these  velocities ; 

(3.)  The  moment  of  inertia  of  each  of  its  rotating  pieces  :  let  any 
one  of  these  moments  be  denoted  by  I ; 

(4.)  The  anffular  velocity  of  each  of  those  pieces  at  the  given 
instant ;  let  a  be  any  one  of  these  angular  velocities. 

These  quantities  being  given,  the  actual  energy  of  the  machine  is 

B  =  j-{2'Wff  +  J-Io^; (1.) 

if 

and  if  the  moment  of  inertia  of  each  rotating  piece  be  expressed  in 
the  form  I  3=  W  ^,  W  being  its  weight  and  c  its  radius  of  gyror 
tion,  the  above  expression  may  be  put  in  the  form, 

B  =  ^(aWt;'  +  2'We^ (3.) 

688.  ■■iM«ii  liMtlB. — The  figures,  sizes,  and  connection  of  the 
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pieces  of  a  machine  being  known,  the  piindples  of  the  Theory  rf 
Mechanism  (Part  IV.),  enable  the  comparative  motions  of  aQ  ib 
points  to  be  determined,  and  in  particular,  the  several  ratios  d 
their  velocities  to  that  of  the  driving  point  at  acj  instant.  LeiT 
be  the  velocity  of  the  driving  point,  and  for  any  given  piece  of  ibe 
machine  whose  weight  is  W,  let  n  denote  the  ratio  v  :  V  if  it  is  i 
sliding  piece,  and  the  ratio  e  a  :  Y  if  it  is  a  turning  piece.  ^Rim 
the  sum 

2  •  Ww« .' (1.) 

expresses  the  weighi  toMch,  ifcanomtraied  cU  the  driving  pointy  wM 
have  the  same  aduai  energy  with  the  enUre  machine.  This  quantitj 
may  be  called  th,e  inertia  reduced  to  the  driving  point  By  Mil 
Moseley,  who  first  introduced  its  consideration  into  mechanics^  it 
is  called  the  "  co-efficient  of  steadiness.*' 

The  actual  energy  of  the  machine  at  any  instant  may  now  \e 
expressed  by 

B  -  ^Vr^'. w 

Another  mode  of  expressing  the  reduced  inertia  is  with  reference 
to  the  driving  axis.  Let  A  represent  the  angular  velocity,  at  an j 
instant,  of  ti^e  axis  of  the  piece  which  first  receives  the  motiTe 
power ;  for  any  shifting  piece  let  v  :  A  =  I;  and  for  any  rotatiog 
piece  let  a  :  A  =  9k     ^en  the  rediused  moment  qf  inertia  is 

J'WI*  .  1    In'; (3.) 

and  the  aotual  energy  at  any  instant, 

E  =:^{2'Wl'  •¥  >-In»} (^) 

2g  ^  •» 

689.  Fhictmai«iis  •f  Sp««4  in  a  machine  are  caused  by  the  alter 
nate  excess  of  the  energy  received  above  the  work  performed,  and 
of  the  work  performed  above  the  energy  received,  which  |»t>diioe 
an  alternate  increase  and  diminution  of  actual  energy,  according  t* 
the  law  of  the  axnservation  of  energy  explained  in  Article  552. 

To  determine  the  greatest  fluctaationB  ct 

speed  in  a  machine  moving  periodically,  tdK 

ABC,  in  fig.  265,  to  represent  the  motioo 

of  the  driving  point  during  one  period;  let 

the  effort  P    of  the  prime  mover  at  eadi 

instant  be  represented  by  the  ordinate  of  tie 

Fig.  265.  curve   DGEIP;   and  let  the  sum  <rf  the 

resistances,  reduced  to  the  driving  point,  as  in  Article  S6S,  at  eaeb 

instant,  be  denoted  by  E,  and  represented  by  the  oidinate  of  tbe 
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enrve  D  H  E  K  F,  which  cnts  the  former  carve  at  the  ordinates 
AD,  Bi;CP.     Then  the  integral 


f{T-B)ds, 


being  taken  for  any  part  of  the  motion,  gives,  as  in  Article  549,  the 
excess  or  deficiency  of  energy,  according  as  it  is  positive  or  negative. 
For  the  entire  period  ABO  this  intend  is  nothing.  For  A  B, 
it  denotes  an  excess  of  energy  received,  represented  by  the  area 
D  G  £  H ;  and  for  B  C,  an  equal  excess  qftoork  perfiynned,  repre- 
sented by  the  equal  area  E  K  F  L  Let  those  equal  quantities  be 
each  represented  by  A  K  Then  the  actual  energy  of  the  machine 
Attains  a  TnAYiniiim  value  at  B,  and  a  minimum  value  at  A  and  0, 
and  A  E  is  the  difference  of  these  values. 

Now  let  Yq  be  the  mean  velocity,  Vi  the  greatest  velocity,  and 
V,  the  least  velocity  of  the  driving  point ;  then 

V« V* 

'         '-aWn'  =  aE; (1.) 

whidhy  being  divided  by  twice  the  mean  actiud  energy 

gives 

V,  —  V,        A  E  y  A  E 


.(a.) 


V,  2E^       Vj2-Wn«' 

a  ratio  which  may  be  called  the  oo-^ffiderd  offluciuoBbum  oj 

The  ratio  of  the  periodical  excess  and  d^dency  of  eneiOT  A  E 

to  the  whole  energy  exerted  in  one  period  or  revolution,  ITds, 
has  been  determined  by  General  Morin  for  steam  engines  under 

^o™  drounrntanoee,  ^  found  to  be  fiom  1  to  \,  for  single 

cylinder  engines.  For  a  pair  of  engines  driving  the  same  shaft, 
with  cranks  at  right  angles  to  each  other,  the  value  of  this  ratio 
18  about  one-fourth  of  its  value  for  single  cylinder  engines. 

690.  A  Fiy-wheci  is  a  wheel  with  a  heavy  rim,  whose  great  moment 
of  inertia  reduces  the  co-efRcient  of  fluctoaftion  of  speed  to  a  certain 

fixed  amount,  being  about  -^  in  ordinaiy  machineiy,  and  ^  <^  ^ 

in  machinery  for  fine  purposea 

Let—  be  the  intended  value  of  the  co-efficient  of  fluctuation  of 
m 

^leed,  and  A  E,  as  before,  the  fluctuation  of  eneigy;  then  if  this  is 
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to  be  provided  for  by  the  moment  of  inertia  I  of  the  flj-wheel  alone^ 
let  a^  be  its  mean  angulai*  velocitj;  then  equation  2  of  Article  689 
IB  equivalent  to  the  following : — 


1        yAE,  m^AE.  ' 


the  second  of  which  eqxiations  gives  the  reqiusite  momeat   oi 
inertia  of  the  fly-wheeL 

691.  acarUa^  a«4  stoppiB*— Brakea. — ^The  Starting  of  ft  machine 
consists  in  setting  it  in  motion  from  a  state  of  rest^  and  faringiog  it 
up  to  its  proper  mean  velocity.  This  operation  requires  the  ex- 
penditure, besides  the  energy  required  to  overcome  the  resistanoe  of 
the  machhie,  of  an  additional  quantity  ci  energy  equal  to  the  actoal 
energy  of  llie  machine  when  moving  with  its  mean  velocity,  as 
found  according  to  the  principles  of  Article  687. 

II,  in  order  to  stop  a  machine,  the  effort  of  the  prime  mover  is 
simply  suspended,  the  machine  will  continue  to  go  until  work  has 
been  performed  in  overcoming  its  resistances  equal  to  the  actual 
energy  due  to  its  speed  at  the  time  of  suspending  the  effort  of  the 
prime  mover. 

In  order  to  stop  the  machine  in  less  time  than  this  operation 
would  require,  the  resistance  may  be  artificially  increased  by  meana 
of  a  brake,  which  may  be  a  Mction-strap,  as  described  in  Article 
678,  or  a  block  pressed  against  the  rim  of  a  wheel,  or  a  grooved 
sector  pressed  against  a  wheel  grooved  as  for  fictional  geanng 
{Articles  445,  679). 

Let  Ri  be  the  ordinary  resistance  of  the  machine,  reduced  to-  the 
rubbing  surface  (Article  668),  B,  the  friction  produced  by  the  brake, 
V  the  velocity  of  the  sur&ce  on  which  it  acts  at  the  time  when  it  is 
first  applied,  8  the  distance  through  which  rubbing  must  take  place 
in  order  to  stop  the  machine,  t  the  time  required  for  tlie  same 
effect,  E  the  actual  energy  of  the  machine  when  the  brake  begins 
to  act     Then 

«  =  E  ^  (R,  +  R,); (1.) 

and  because  the  mean  velocity  of  rubbing  during  the  operation  ai 
stopping  is  V  -9-  2^ 

<  =  — =2E-w(Ei  +  RO (2.) 

(See  pp.  640  and  643.) 
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693.  A  PriMM  n«T«r  18  an  engine,  or  combination  of  moving 
jneoesy  wlucb  seires  to  transfer  energy  from  those  bodies  which 
naturally  develop  it^  to  those  by  means  of  which  it  is  to  be 
employed,  and  to  transform  energy  from  the  various  forms  in  which 
it  may  occur,  such  as  chemical  affinity,  heat,  or  electricity,  into  the 
form  of  mechanical  energy,  or  energy  of  force  and  motion.  The 
mechanism  of  a  prime  mover  comprehends  all  those  parts  by  means 
of  which  it  regulates  its  own  operations. 

The  UBtful  work  of  a  prime  mover  is  the  energy  which  it  trans- 
mits to  any  machine  driven  by  it;  and  its  efficiency  is  the  ratio  of 
that  useful  work  to  the  whole  energy  received  by  it  from  a  natural 
source  of  energy. 

The  ^ect  or  amaUable  power  of  a  prime  mover  is  its  useful  work 
in  some  given  unit  of  time,  such  as  a  second,  a  minute,  an  hour,  a 
day. 

693.  The  B«gBlat*r  of  a  prime  mover  is  some  piece  of  apparatus 
by  which  the  rate  at  which  it  receives  energy  from  the  source  of 
energy  can  be  varied;  such  as  the  sluice  or  valve  which  adjusts  the 
sixe  of  the  orifice  for  supplying  water  to  a  water-wheel,  the  appara- 
tus for  varying  the  surface  exposed  to  the  wind  by  windmill-sails, 
the  throtUe-^ve  of  a  steam  engine.  In  prime  movers,  whose 
speed  and  power  have  to  be  varied  at  will,  such  as  locomotive 
engines,  and  winding  engines  for  mines,  the  regulator  is  adjusted 
by  hand.  In  other  cases  it  is  adjusted  by  a  self-acting  apparatus 
called  a  <a«Tcra«r — ^usually  consisting  of  a  pair  of  rotatmg  pen- 
dulums, whose  angle  of  deviation  from  their  axis  depends  upon  the 
speed.    (Article  606). 

694.  Prtai«  Herera  may  be  €■■— rdi  according  to  the  forms  in 
which  the  energy  is  first  obtained.     These  are — 

L  Muscular  Strength. 
n.  The  Motion  of  Fluids. 
IIL  Heal 
lY.  Electricity  and  Magnetism. 

695.  Haacaiar  sireimih. — ^The  daily  ^ed  exerted  by  the  muscii- 
lar  strength  of  a  man  or  of  a  beast  is  the  product  of  three  quan- 
tities; the  useful  resistance^  the  velocity  with  which  that  resistance 

38 
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is  overoome,  and  the  nnmber  of  nnits  of  time  per  daj  during  widiA 
work  is  oontinued.  It  is  known  tliat  for  each  individual  man  or 
animal  there  is  a  certain  set  of  values  of  those  three  ^panti- 
ties  which  makes  their  product  a  maximum,  and  is  therefcH^  the 
best  for  economy  of  power;  and  that  any  departure  from  that  aei  c€ 
values  diminishes  the  daily  effect 

The  following  table  of  the  effects  of  the  strength  of  men  and 
horses  employed  in  various  ways,  is  compiled  from  the  worics  of 
Ponoelet  and  Qeneral  Morin^  and  some  ol^er  aouroes : — 


1. 

2. 
8. 
4. 
6. 
6. 
7. 

8. 
9. 

10. 

11. 
12. 

18. 
14. 

Mam. 

B 
Ibi 

▼ 

a  PL  sea 

8,600- 
lin.pi<l«y. 

BY 
PL  sea 

BTT 

or  ladder, -.••... 

Do.            do.            do., 

(Tread-wheel,  see  1.) 
Hauling  np  weight  with  rope, 

Liftiog  weights  by  hand, 

Carrying  weights  up  stairs, 

Shovelling  up  earth  to  a  height 
of  6  feet  8  inches, 

148 

•  •• 

40 
44 

148 

8 

182 

26*6 

/12*6 

i  18-0 

(20*0 

18*2 

16 

(min.  22^ 
-^mean80]y 
(majL  60} 

120 

0*6 

•  •• 

0-76 
0*56 
0-18 

,  1-8 

0-076 

2-0 
6-0 
2-6 
14-4 
26 
? 

1*1 

8 

10 

8 
8 
8 

10 

10 

8 

? 
8 
(2  mina.) 
10 
87 

4 
8 

72-6 

•  •• 

80 
24-2 
18-6 

7-8 

9*9 

68 
62-6 
46 
288 
BB 
? 

447} 
482 

2,088,801 

«.€1«.0W; 

648,000 
622,710 
899,808 

280,880 

Wheeling  earth  in  barrow  up 
slopeof  1  in  12,  |  lioriz.  veloc. 
0*0  ft.  per  see.  (return,  empt}'), 

Pushing  or  pulling  horizontally 
Ccanfftaa  or  otj\ 

1 
8M;,40Oj 

1 

1,628,480 

l,29iB,O0O 

1,188,081^ 
480,808 

12,441,808 

Turning  a  cnnk  or  winch, 

Hammering, m****...... 

HOBSK 

Cantering  and  trotting,  draw- 
ing a  light  railway  carriage 
(thoroughbred),  ............... 

Horse   drawing  cart  or  boat, 
walking  (draaght  horse), 

696.  A  iTaicr  Pre— ra  Bagiac  oonsKBts  essentially  of  a  -woiUqg 
cylinder,  in  which  water  moves  a  piston  in  the  manner  stated  in 
Article  499,  case  2.  Let  h  be  the  virtual /aU^  that  is,  the  exceas  of 
the  dynamic  head  of  the  water  entering  itte  cylinder  above  that  of 
the  water  leaving  the  cylinder;  Q  the  volume  of  water  sapplied  per 
second;  ^  its  weight  per  unit  of  volume;  1 — t  the  efficiency  of  the 
engine;  then 

(l-*)fQ»» 
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18  itB  effect  per  second  In  well  oonstracted  water  pressiure  en- 
giiiesy  1 — k  Taries  from  *66  to  *8. 

697.  WiBtn^Wkecii  !■  GeiMnL — Water  may  act  on  a  wheel 
either  hj  its  weighi  and  pressure,  or  bj  its  vdoeUy;  that  is,  either 
hj  its  potential,  or  bj  its  actual  energy.     See  Article  622. 

Let  ^  Q  denote  the  weight  of  water,  in  pounds,  supplied  to  the 
wheel  in  a  second;  h  the  difference  of  dynamic  head,  in  feet,  of  the 
water  before  and  after  its  action  on  the  wheel;  V|  the  velocity  of 
the  water,  in  /eei  per  second,  just  before  it  begins  to  press  on  the 
wheel,  or  eupply-vdodty ;  «s  the  velocity  of  the  water  jnst  after  it 
has  oeEued  to  act  on  the  wheel,  or  diechafrge^vdoeUy.  Then  the  total 
energy  of  the  water,  as  in  Article  622,  is 

^  Q  (  A  +  =p- j  foot  ponnds  per  second; 

the  energy  of  the  water  when  discharged, 

C  Q  j^  foot  ponnds  per  second; 

the  total  power  of  the  wheel, 

eQ(^  +  -^ )  foot  ponnds  per  second;, (1.) 

the  maximnm  theoretical  efficiency, 

(*+'*r,'^*(»+^)' w 

the  quantity 

*«  =  *  +  ^ (3.) 

may  be  called  the  theoretioal  fall  or  head.  The  available  efficiency 
of  a  water-wheel  falls  short  of  the  maTimum  theoretical  efficiency 
principally  from  the  following  causes : — 1.  The  resistance  of  the 
channel  and  orifices  by  which  the  water  is  supplied,  which  causes 
the  actual  height  from  which  the  water  must  descend  in  order  to 
acquire  the  supply-velodfy  v  to  be  greater  than  vl  :2g.  The  effect 
of  such  resistance  is  expressed  by  putting  for  the  actual /aU, 

H  «  A  +  (1  +  2  •/)  il ; (4.) 

S  '/being  the  co-efficient  of  resistance  of  the  channel  and  orifices  of 
supply,  determined  according  to  the  principles  of  Articles  638  to 
646.  2.  The  escape  of  part  of  the  water  before  it  has  completed 
its  action  on  the  wheel    S.  The  agitation  and  mutual  friction  of  the 
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particles  of  water  acting  on  the  wheel;  and,  4  The  fiiction  of 
wheeL     The  efifects  of  &e  last  three  canses  are  expresBod  hy  multi- 
plying the  total  power  and  the  theoretical  efficiency  of  the  wheel  hy 
an  empirically  determined  fractional  co-efficient  k;  ao  that  the 
or  available  power  is  denoted  by 

(l-A)<QA,j 
ftnd  the  cmailabU  ^ffideney  by 

H 


(5.) 


698.  CfauMM  of  Watcv^Whecia. — Water-wheels  may  be  daased  m 

follows : — Overakoirwheda  and  hreast^wheds^  underAot-tekeda  and 
twrbinea. 

699.  OTenhot  aad  Brmai-whecii.  —  The  water  is  Supplied  to 
this  dass  of  wheels  at  or  below  the  summit^  and  acts  wholly,  cr 
partly  by  its  weighty  as  it  descends  in  the  buckets.  (See  Arade 
634).  Formerly  the  buckets  used  to  be  closed  at  their  inner 
sides,  but  now  they  are  made  with  openings  for  the  escape  and 
re-entrance  of  air :  an  invention  of  Mr.  Fairbaim.  A  bteaal- 
wheel  diffi»rs  from  an  overshot-wheel  chiefly  in  having  the  water 
poured  into  the  buckets  at  a  somewhat  lower  elevation  as  compaxed 
with  the  summit  of  the  wheel,  and  in  being  provided  with  a  casing 
or  trough,  called  a  breeut,  of  the  form  of  an  arc  of  a  cirde,  extend- 
ing  from  the  regulating  sluice  to  the  commencement  of  the  tail- 
race,  and  nearly  fitting  the  periphery  of  the  wheel,  which  revolves 
within  it.  The  efifect  of  the  breast  is  to  prevent  the  overflow  of 
water  from  the  lips  of  the  buckets  until  they  are  over  the  tail-raea 
The  usual  velocity  of  the  periphery  of  overshot  and  high  breast- 
wheels  is  from  three  to  six  feet  per  second ;  and  their  available 
efficiency,  when  well  designed  and  constructed,  is  from  0*7  to  0'8i 

700.  Cadenhot-WbeeU  are  driven  by  the  impulse  of  water,  dis- 
charged from  an  opening  at  the  bottom  of  the  reservoir  with  the 
velocity  produced  by  the  fall,  against  JlocUa  or  boards,  as  to  which 
see  Article  649.  Every  such  wheel  has  a  certain  veloeUy  </ 
nuudmvan  efficxency,  which  does  not  in  any  case  difler  much  from 
half  the  velocity  of  the  water  striking  it.  In  undershot-wheels  of 
the  old  construction,  the  floats  are  flat  boards  in  the  directioa 
of  radii  of  the  wheel;  and  the  maximum  theoretical  efficiency  it 
^.  The  available  efficiency  is  about  0*3.  This  claw  of  wheels  wu 
much  improved  by  Poncelet,  who  curved  the  floats  with  a  con- 
cavity baickwards,  adjusting  their  position  and  figure  so  that  the 
water  should  be  supplied  to  them  without  shock,  and  should  drop 
from  them  into  the  tail-race  without  any  horizontal  velocify.  The 
available  efficiency  of  such  wheels  is  about  0*& 
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701.  A  TwMae  is  a  horizontal  water-wheel  with  a  TertdGal  axis, 
f«oeiTiiig  and  discharging  water  in  aU  directions  ronnd  that  axis : 
tliat  18,  driven  by  a  vortex;  its  efficiency  ranges  from  *6  to  '8  (see 

Article  650). 

702.  ^Ttedmais  are  driven  by  the  impulse  of  the  air  against 
obHqne  surfaces  called  $aiis,  rotating  in  a  plane  perpendicular  to 
the  direction  of  the  wind. 

The  best  figure  and  proportions  for  windmiU  sails,  as  determined 
expenmentally  by  Smeaton,  are  given  by  the  following  formulse,  in 
which  the  tohip  means,  the  length  of  an  arm,  or  the  distance  of  the 

tip  of  a  sail  from  the  axis : — ^length  of  sail,  ^  whip  : — ^breadth  at  end 
nearest  axis,  -=  whip : — at  tip,  -  whip  : — angles  made  by  the  sur&oe 

O  o 

of  the  sail  with  the  plane  of  rotation — at  the  end  nearest  the  axis, 
18** : — at  the  tip,  7®.  The  efficiency  of  a  good  windmill  is  about  0'29. 
(See  Smeaton  on  Windmills,  in  Tredgold's  Hydraulic  Tracts.) 

703.  The  Bfldcacr  m€  Kcftt  BBgiJBcs  is  the  subject  of  a  peculiar 
branch  of  science,  Thermodynamica ;  and  an  outline  only  of  the 
principles  on  which  it  depends  can  here  be  given. 

If  the  number  of  British  Fahrenheit  units  of  heat  produced  by 
the  combustion  of  one  pound  of  a  given  kind  of  fuel,  be  multiplied 
by  Joule's  equivalent,  772  foot  pounds,  the  result  is  the  Mai  heat 
^  eombustum  of  the  fael  in  question,  expressed  in  foot  pounds.  For 
different  kinds  of  coal,  it  varies  from  6,000,000  to  12,000,000  foot 

Sounds.     This  total  heat  is  expended,  in  any  given  engine,  in  pro- 
ucing  the  following  effects,  whose  sum  is  equal  to  the  heat  so 
eoqpended : — 

1.  The  vxute  heat  of  the  Jumace,  being  from  0*15  to  0*6  of  the 
total  heat,  according  to  the  construction  of  the  furnace,  and  the 
skill  with  which  the  combustion  is  regulated. 

2.  The  neceaaariU/  r^ected  heat  of  the  engine,  being  as-  x  the  heat 

received  by  the  elastic  fluid :  <«  being  the  upper,  and  <»  the  lower 
limits  of  einohUe  temperature,  which  is  measured  from  the  absolute 
Boro,  493^*2  Fahrenheit  below  the  melting  point  of  ice. 

3.  The  heat  toasted  by  the  engine,  whetiier  by  conduction,  or  by 
non-fulfilment  of  the  conditions  of  maximum  efficiency. 

4.  The  ueelees  work  of  the  engine^  employed  in  overcoming  friction 
and  other  prejudicial  resistances. 

5  The  ueejvl  work.  The  efficiency  of  a  thermodynamic  engine 
is  improved  by  diminishing  as  far  as  possible  the  first  four  of  these 
effects,  so  as  to  increase  the  fifth. 

The  efficiency  of  a  heat  engine  is  the  product  of  three  Actors; 
via : — ^the  efficiency  of  the  furnace,  being  the  ratio  of  the  heat 
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tranafened  to  the  elastic  fluid  to  the  total  heat  of  oombiutkm ;- 

efficiency  of  the  fluid,  being  the  fraction  of  the  heat  received  hj  it 
which  is  transformed  into  mechanical  enei^; — and  the  efficieni^  of 
the  mechanism,  being  the  fraction  of  that  energy  which  is  availaUs 
for  driving  machines.  The  maximum  efficiency  of  the  fluid  between 
given  limits  of  absolute  temperature  is  expreeeed  bj 

^^ (L, 


As  to  the  mechanical  action  of  an  elastic  fluid  on  a  piston. 
Article  656. 

704.  otcftni  B  ■«!■•«« — Formuln  for  the  mechanical  actioQ  of 
steam  on  a  piston,  both  exact  and  approximate,  have  been  given  in 
Article  656,  equations  6  to  13. 

The  efficiency  of  the  steam  lies  between  the  limits  "03  and  -^  ia 
extreme  cases,  and  "04  and  *1  in  ordinaiy  casea 

The  details  of  the  construction  and  working  of  steam  engines  can 
be  explained  in  a  special  treatise  only. 

The  duty  of  an  engine  is  the  work  performed  by  a  given  quantity 
of  fiiel,  sudi  as  one  pound.  The  duty  of  a  pound  of  coal  varies  in 
different  classes  of  engines  from  about  100,000  to  1,900,000  foot 
pounda  These  are  extreme  results,  as  respects  wastefulness  on  the 
one  hand,  and  economy  on  the  other.  In  good  ordinaiy  engines^ 
the  duty  varies  from  200,000  to  700,000.    (See  p.  644.) 

705.  siMtrMiyMUMic  BaKiMe%  though  capEible  of  higher  efficient 
than  heat  engines,  are  not  so  economical  commercially,  on  aocoont 
of  the  greater  cost  of  the  materials  consumed  in  them.  Their  theo- 
retical efficiency,  according  to  a  law  demonstrated  by  Mr.  Jonle^  is 
given  by  the  formula 

^'; .(L) 

where  yi  ia  the  strength  which  the  electric  cuzient  would  kavn  if 
the  macdiine  performed  no  mechanical  work,  and  yt  is  the  aciial 
strength  of  the  current 

This  law,  and  the  law  of  the  maximum  efficiency  of  heat  enginei^ 
are  particular  cases  of  a  general  law  which  regulates  all  transfotna- 
tions  of  energy,  and  is  the  basis  of  the  Science  of  Energetioa.* 

*  EdMmrgk  Pkilo$cpkioal  Jommtdt  Jnlj,  1SU|  Flroeeedk^  qfHU  PhUot^kioti 
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Abticle  634,  p.  579. 

•r  Wstw   te    WsTM.— I.    Rolling   Waves. — In  waves 

"^rliicli  are  not  accompanied  by  permanent  translation  of  the 

particles  of  water,  it  is  known  by  observation  that  those  particles 

reirolve  in  orbits  situated  in  vertical  planes  which  are  perpen- 

dicmlar  to  the  ridges  and  farrows  of  the  waves,  and  parallel  to 

their  direction  of  advance ;  also,  that  each  revolving  particle 

moves  forward  while  on  the  crest  of  a  wave,  downward  when  on 

the  back  slope,  backward  when  in  the  trough,  and  upward  when 

on  the  front  slope.     The  length  of  a  wave  is  the  distance,  in  the 

direction  of  advance,  from  crest  to  crest ;  the  height  is  equal  to 

the  vertical  diameter  of  the  orbit  of  a  surface  particle.     Each 

particle  makes  one  revolution  while  the  wave  advances  through 

a  wave-length ;  the  interval  of  time  thus  occupied  is  called  the 

period.     Let  L  denote  the  wave-length,  T  the  period,  a  the 

▼elooity  of  advance;  then  a^j=\  and  also,  mean  velocity  of 

revolution  of  a  particle  =  circumference  of  orbit  -t-  T. 

The  orbits  of  the  particles  are  approximately  elliptic,  with 
the  longer  axis  horizontal  In  going  from  the  surface  to- 
wards the  bottom,  the  j^  ^ 
dimensions  of  the  orbits 
are  found  to  diminish,  the 
vertical  axis  diminishing 
faster  than  the  hori2sontiu 
axis,  as  shown  at  A,  B,  0, 
in  fig.  A.  At  the  bottom 
the  particles  move  back 
and  lorward  in  a  straight 
line,  as  at  D. 

The  deeper  the  water 


Fig.  A 


is,  as  compared  with  the  length  of  a  wave,  the  more  nearly  equal 
are  the  two  axes  of  the  orbit  of  a  surface  particle ;  and  in  water 
whose  depth  is  half  a  wave-length  and  upwards,  those  axes  are 
sensibly  equal,  and  the  orbit  of  a  surface  particle  sensibly 
circular. 

11.  BdcUion  between  Figure  of  Surfaee  and  Velocity  of  Advance, 
— In  fig.  252,  page  578,  let  0  be  the  centre,  and  G  B  the  radius 
of  the  circular  orbit  of  a  particle.  Lay  off  0  A  vertically  up- 
wards, of  a  length  equal  to  that  of  the  e^ivalerU  pendulum  (that 
iB,  the  pendulum  whose  period  is  T) — viz., 


0  A«  ^=     ^  (seconds) 
4  »*  ""  0'815  foot  nearly 


(1.) 
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Then  we  Itave  gravity  :  centrifagal  force  :  :  A  0  :  C  B ;  and  A  B 
represents  (as  in  Article  634,  page  578)  the  resultant  of  gravity 
and  centrifugal  force ;  so  that  a  surface  of  utdfarm  yimasmn 
traversing  B  is  normal  to  A  B  The  upper  surface  of  the  wmvv 
is  such  a  surface ;  and  in  order  to  fulfil  that  condition  its  profile 
must  be  a  trochoid  traced  by  the  paint  B  v^He  a  eirele  of  the 
C  A  rolls  on  the  under  tide  of  a  horizontcU  straight  line 
A  The  length  of  such  a  wave,  and  its  ffeloeity  of  adoemegg  mre 
given  by  the  following  equations : — 

L=2tC  A=^  =  (in  feet)  512  T«; (2L) 

a  =  ^=:  I?  =  (in  feet  per  second)  512  T. ($.) 

When  the  orbits  of  the  surface  particles  are  elliptic,  let  m  be  the 
ratio  in  which  the  vertical  axis  is  less  than  the  horizontal  axis. 
Then  it  is  evident  that  in  order  that  the  surface  of  the  wave 
may  still  be  everywhere  normal  to  the  resultant  of  gravity  mod 
re-action,  we  must  have 

L  =  ^|^  =  fin  feet)  512  m  T«  ; (4.) 

2  «" 

a  =  ^9—  =(in  feet  per  second)  5*12  m  T. (5.) 

2   T 

III.  ReUUion  between  Velocity  of  Advance  and  Depth  of  Umfinrm 
Distu/rbance, — Let  h  be  the  height  of  a  wave ;  that  is,  the  vertical 
diameter  of  the  orbit  of  a  surface  particle.  Then,  in  an  inde> 
finitely  short  interval  of  time,  the  front  slope  of  the  wave  ad- 
vances through  the  distance  a  d  t^  and  the  volume  of  water 
contained  between  the  original  and  new  positions  of  the  firont 
slope,  per  unit  of  breadth,  i^hadL  In  the  same  interval  of 
time  there  passes  into  the  space  vertically  below  the  front  slopc^ 
per  unit  of  breadth,  the  volume  of  water  2  u  c  dt,  where  u  is  tiie 
forward  velocity  of  a  surface  particle  at  the  crest,  -  u  the  equal 
backward  velocity  of  a  surface  particle  in  the  trough,  and  c  a 
depth  which  may  be  called  the  dep^  of  uniform  disturbance^ 
because  it  is  equal  to  the  mean  depth  of  a  canal  in  which  the 
volume  of  water  displaced  per  second  would  be  equal  to  that  dis- 
placed per  second  in  the  actual  wave,  if  the  horizontal  velocitj 
of  disturbance  were  the  same  from  surface  to  bottom.  Equating 
the  two  volumes  just  given,  we  have  h  a  =  2  u  e;  but  u  can  be 
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shown  tohe=g  h-T-2  a;  therefore  c  =  c^-^g.  Hence  the  velocity 
of  advance  of  a  wave  of  any  figure  in  which  the  volume  dis- 
placed horizontally  per  second  is  equivalent  to  that  due  to  a 
horisontal  velocity  of  disturbance  equal  to  the  surface  velocity 
down  to  the  depth  e,  is  given  by  the  equation 


«=  Jgc  (6.) 

For  waves  rolling  in  deep  water,  without  interference  by  external 
loTx^es,  it  can  be  shown  that  the  diameters  of  the  orbits  of  par- 

tides  at  different  depths  vary  proportionally  to  €  * ;  where  z  is 
the  depth  of  the  centre  of  the  orbit  of  the  particle  in  question 
below^  the  centre  of  the  orbit  of  a  surface  particle. 

In  water  of  the  depth  A;,  let  L  -^  2  «  =  6 ;  then  it  can  be  shown 

that  at  the  surface,  m=  \a*  —  «  •/  "^  V^*  +  *  Vi  *^**  o  =  m  b; 
and  that  the  horizontal  and  vertical  diameters  of  an  orbit  vary 


respectively  as  e  *    + «  *  ,  and  as  «  ^    - «  ^  In  very  deep 

water,  m  sensibly  =  1,  and  c= & 

In  very  shallow  water  the  horizontal  disturbance  is  sensibly 
nniform  from  the  surface  to  the  bottom,  so  that  c  represents  the 
actual  depth ;  and  the  vertical  disturbance  is  sensibly  propor- 
tional to  the  height  above  the  bottom. 

IV.  Wat>e8  of  Translation  are  those  which  are  accompanied  by 
a  permanent  travelling  of  the  particles  of  water,  and  are  said  to 
be  positive  or  negative  according  as  that  travelling  is  forward  or 
backward.  Their  motions  may  be  expressed  by  taking  two 
different  quantities,  u'  and  —  u",  to  denote  respectively  the  for- 
ward velocity  of  a  particle  at  the  crest  of  a  wave,  and  the  back- 
ward velocity  of  a  particle  in  the  trough ;  when  the  velocity  of 
advance  will  be  given  by  the  formula 

a  +  i  {u'-vT) (7.) 

Y.  AtUhariHesan  Waves. — Weber^s  WeUenlehre;  Scott  Russell, 
in  Reports  of  the  British  Association,  1844 ;  Airy,  On  Tides  and 
Waves;  Stokes,  Cambridge  Transactions,  1842,  ISoO ;  Eamshaw, 
Ih,,  1845 ;  Fronde,  Trans,  of  the  Institution  of  Naval  Architects, 
1862  ;  Bankine,  Fhilos.  Trans.,  1863  ;  Do.,  PhUos.  Mag.,  Novem- 
ber, 1864 ;  Do.,  Proceedings  qf  the  Royal  Society,  1868 ;  Watts, 
Rankine,  Napier,  and  Barnes,  On  Shipbuilding  ;  Thomas  Steven- 
ton,  On  Harbours;  Caligny,  LiouvUle's  Journal,  June  and  July, 
1866  ;  Oialdi,  SiU  Moio  Ondoso  del  Mare. 
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308  A.*  CoaUaasaa  oif^ton. — The  fundamental  principle  of  tbt 
theory  of  continuous  girders,  with  the  load  distributed  in  any 
manner,  is  the  ''Theorem  of  Three  Moments,"  due  originally  t* 
Clapeyron  and  Bresse  and  improved  by  Heppel  (Se^  Brease, 
Afecamque  AppliquSe,  Part  III.,  and  the  Proceedings  of  the  Roffd 
Society  for  1869^ 

The  subject  is  treated  of  in  Art.  178  of  the  tenth  edition  of 
CivU  Engineering.  The  following  demonstration,  with  deduced 
formulte,  is  abstracted  from  a  paper  communicated  by  Mr.  Mans- 
field Merriman,  O.E.,  to  the  Philosophical  Magaaine^  Septembet; 
1875. 

The  elastic  curve  (Art.  319)  has  the  following  equadon : — 

d^  y  _  M 

The  equation  (br  any  particular  case  is  obtained  by  sub- 
stituting the  values  of  M  and  I  (constant)  in  terms  of  a%  and 
integrating  twice. 

Let  I  be  length  of  first  span,  I'  of  second.  Let  HS^  Mj,  M^,  bo 
the  moments  at  three  points  of  support.  Let  W  be  a  single  con- 
centrated load  at  a  distance  a  from  support  0,  and  W'  at  a 
distance  a'  from  1. 

Since  equilibrium  prevails,  we  have  for  a  section  between  W 
and  1,  the  equation 

Mo-Fa?-i-W(a:-a)-M-0, (L) 

making  x  s=  (  M  becomes  M^,  and 

j,^^.^mh^^-^^,w(i-k) (T.) 

k  being  any  fraction.  Tnsert  now  the  value  of  M  in  the  differ- 
ential equation  of  the  curve,  and  integrate  it  twice :  i^  the  tangent 
of  the  angle  which  the  curve  at  the  origin  makes  with  the  azii 
of  abscissa  is  the  constant  in  the  first  integration,  and  sero  in 
the  second. 

The  required  equation  ii 


y  =«,«  +  ^{3M.«a-F«»-hW(«-a)»| (U.) 

Substituting  the  value  of  F  in  terms  of  Mt>  ^i»  ^^^  ^>  m^kiiig 
«  a  /,  and  a  =  kl;  y  =  0,  and  we  obtain 

6EI<=  -2M.^-M,/+W^(2ife-3ifc«  +  ife»>. (..) 

*'  See  Article  808,  p.  33S. 


636. 

Now  in  the  value  of  -r-^  make  a;  =  / :  -^  becomes  t^  the  tangent 

at  1,  and  we  obtain 

6EI<i  =  M^Z+2M,/-W^(ife-ifc»).... (III.) 

If  the  origin  be  taken  at  1,  we  obtain  an  equation  analagous 
to  (.). 

6Ei<i=  -2M,r-M^r+w'r«(2ife-3it?+ifc»),  (iir.) 

where  h  denotes  ^>  and  is  not  necessarily  the  same  in  the  two 

expressions. 

We  thus  obtain  the  Th&onrem  of  Tkrm  Momenta  for  concentrated 
loada 

M^/ +  2  Mi(Z  +  0  +  M,  r  =  W /2 (*  -  A*) + W'/'«(2ife  -  3 A*  +  iP), (IV.) 

For  many  loads  2  has  to  be  prefixed  to  the  terms  involving  W 
and  W.     For  uniformly  distributed  loads  to  and  uf  per  unit  of 

length,weplace2 W ^  jwd  {Jcl)9SiA  2  W  «  jwd{h i\  integrating 

between  the  required  limits.  If  the  loads  extend  over  the  whole 
span,  the  first  integral  is  taken  between  hl  =  0  and  h  1=1,  the 
second  between  kf  =  0,  and  hf^H.     Then 

M<>^+2Mi(J  +  0+M,r  =  Jwi«  +  iw'r», (V.) 

which  is  the  theorem  as  first  deduced  by  Olapeyron. 

The  following  are  the  formula  deduced  by  Mr.  Merriman — 

Case  1. — Enida  raHing  freely  upon  dbutmenta. 

Let  the  girder  consist  of  any  number  of  unequal  spans,  the 
rth  only  being  loaded.  Let  a  =  the  number  of  spans,  and  4>  ^i* 
^,  their  lengths;  1  being  the  first  and«+l  the  last  support, 
the  index  n  will  refer  to  any  support.  A  single  load  in  the  rth 
span  Lb  called  W,  and  its  distance  fix>m  the  rth  support  k  l^  or  a. 

Referring  to  (IV.)  it  is  seen  there  are  two  functions  of  W  and 
k  I,  of  frequent  occurrence.  Denoting  these  by  A  and  B  for  the 
supports  r  and  r  +  1. 

A  =  W^(2A;-3A^  +  A«)dA;)  -  .     ,    ,  ^ .  .    .,     ^k  .«o^ 

o  _  m^  «  /  L  _  M\  >  for  a  single  load  in  the  rth  span. 


A=Jj^i/?/;(2ife-3*»-|.it»)dA' 


for  an  uniform  load  whose  ends 
are  distant  ki  I,  and  k^  (^  from 
the  support  r. 
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From  the  equations  of  moments,  and  the  solution  of  these 
equations  bj  the  method  of  indeterminate  co-efficients,  the  tvo 
following  equations  are  derived.     When  n  <  r  +  1 : — 


also 

When  n>r 


<g 


The  values  of  the  quantities  e,  d  are 


-2 


/,  +  «, 


<*,  =  !, 
d,=  -2 


1 


<'.  +  ^.-» 
i.-i 


k±h 


€4  =     -    3   Cg  — y— -«  —    Cj-5 


4 
^ 


^ 


'•  - 1 


«« 


L 


(1) 


Let  the  sheaiing  stress  in  the  span  l„  at  a  point  infinitely  neir 
iio  the  rth  support,  be  denoted  by  F^  and  to  the  r  +  1th  snppoit 
by  Fv;  then 

—      M^  — M^^i        (for  the  right  hand  shear  at  the  rth 
••"        Tr         "*"*l      support, 


K  = 


M^^  1  -  M,.     I J  for  the  left  hand  shear  at  the  r  -f  Ith 


(*.) 


I  ■  "  f      support, 

^  M„  —  M«^  1  ( for  the  right  hand  shear  at  all  supports 
*  =  J  I     except  r, 

M«  —  M^.i  r  for  the  left  hand  shear  at  all  supports 
^»  -  » ~      i^    ^       \      except  r  +  1, 

iChen  the  reaction  at  any  support  is 

R.  =  F..,  +  F,;R,  =  F,.,  +  F«&c., (5.) 

Let  M  and  F  denote  the  moment  and  shearing  force  at  any 
section;  then 
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M  =  Mp  -  F^  d?  -t-  W  (a;  -  a)  for  a  section  between  W  and  \ 

the  following  support : —         V  (6.) 
M!  =  M.  —  F»  as  for  any  other  section,  ) 

F  =  W  -  F^  for  a  section  between  W  and  the  r  +  1th   \ 

support,  \  (7.) 

IP  =  —  F.  for  any  other  section,  ) 

Squamous  (6)  and  (7) refer  to  a  concentrated  load ;  for  an  uniform 
load  for  W  substitute  J  w  d  a. 

Gasb  2. — One  end  free  and  the  other  faced  horizontally. 

Tn  the  application  of  the  above  formule  (1)  to  (7)  to  this  case, 
make  I,  =  0,  and  let  «  -  1  be  the  number  of  spans. 

Case  3. — Both  endafxed  honssonJtally. 

In  the  above  formule  make  ^  =  0  and  ( = 0,  and  let  #  —  2  be  the 
number  of  spana. 
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The  diagnm  annexed  shows  tbe  fbrm  and  propordoiu  adopted 
bj  Professor  Bankiite  for  reservoir-walls  of  f^reaii  height. 


For  detailed  desoription  see  Th«  Snginaer  for  Janunry  6, 
1872  (a  rejirint  of  this  paper  is  embodied  in  the  Rankine 
Memonal  Yolume  of  Selected  Papeis). 

Tlie  lines  of  resiatanoe  lie  vithin,  or  near  to,  the  middle  third 
of  the  thickness  of  the  wall.  The  outer  and  inner  faces  an 
logarithmic  curves.  It  is  desirable  to  give  such  walla  a  cnmr 
tare  in  plan  convex  towards  the  reservoir,  to  ootmteract  the 
tendency  of  the  wall  to  being  bent  by  the  pressure  of  the  iratv 
'  into  a  curved  shape,  concave  towards  the  water. 
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Tbe  following  notes  on  American  Bridge  Practice  are  taken 
Irona  The  Transactions  of  ilie  American  Society  of  Civil  Engineers^ 
VoL  VIII.  :— 

^*  American  bridges  are  generally  built  up  from  tbe  following 
individual  members,  most,  if  not  all  the  mechanical  work  upon 
them  being  done  in  tbe  shop.  1st.  Chord  and  web  eye-bars; 
roTLnd,  square,  or  flat  bars,  with  a  bead  at  each  end,  formed  by 
some  process  of  forging.  These  are  tension  members.  2nd. 
liateral,  diagonal,  and  counter  rods.  3rd.  Floor-beam  bangers. 
4tlL  Pina  5th.  Lateral  struts.  6th.  Posts.  7th.  Top  chord 
aectiona  The  last  three  being  columns  formed  by  rivetting 
together  various  rolled  forms ;  plates,  angles,  channels,  I  beams, 
Ac.  Some  are  square-ended,  others  pin-connected.  These  are 
oompression  members.  8th.  Floor-beams  and  stringers.  These 
consist  either  of  rolled  beams,  rivetted  plate  girders,  or  occa- 
sionally of  latticed  or  trussed  girder&  The  profjortion  of  depth 
to  span  in  American  bridges  is  from  one-fifth  to  one-seventh. 

**  In  top  chords,  posts,  and  struts  the  strains  are  calculated 
by  a  modification  of  Rankine's  formula,  as  follows  : — 

p  s  —  ^ —  for  square-end  compression  members. 
^'*"  40000^ 

8000 
p  = » — for  compression  members  witb  one  pin  and  one  square 

^  ^  3oooo;i     "^^• 

p^  -^for  compression  members  witb  pin  bearings. 

^  ■*"  20000ir« 

where  p  =  the  allowed   compression    per  square  inch  of   cross 

section. 
/  =  the  length  of  compression  member,  in  inches. 
r  =  the  least  radius  of  gyration  of  the  section,  in  inches.** 


Article  215,  p.  240. 

The  correctness  of  the  value  for  wind  pressure,  as  adopted  by 
Professor  Bankine,  has  been  lately  proved  in  the  severe  storms 
which  have  visited  this  country,  a  receut  committee  of  enquiry 
having  fixed  this  pressure  on  bridge  surfaces  at  56  lbs.  per  square 
foot 
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Continuous  Brakes   for    Railway   Trains. — ^The    um  of 
brake  power  is  now  considerably  extended  in  railway  traffic^ 
and  instead  of  the  brakes  being  only  applied  on  tender  and 
guard's  van,  the  application  has  been  extended  to  the  carriaget 
composing    the   train.      Very  considerable    resistance   is   thos 
obtajned,  and  consequent  cessation  of  motion  at  a  muck  earlier 
{ieriod.     Various  forms  of  continuous  brake  hare  been  tiied 
recently,  and   the  results  of  the  experiments  are   &miliar  to 
engineers.    Some  of  the  various  forms  are  the  screw-brake,  cfaaan- 
brake,  yacuum-brake,  hydraulic-brake,  and  compressed-air-brake, 
in  all  of  which,  by  means  of  mechanism  extending  below  the 
carriages  and  actuated  by  the  engine-driver  or  guard,  the  whole 
or  part  of  the  wheels  of  the  train  can  be  braked.     In  the  fiist 
two  methods,  rigid  or  flexible  bodies  are  employed  to  transmit 
the  power  required,  whilst,  in  the  others,  the  same  object  is 
accomplished  through  the  medium  of  fluids.     In  the  hydraolio- 
brake,  water  at  a  high  pressure  from  a  pump  on  the  engine  is 
conveyed  by  a  pipe ;  in  the  vacuum-brake  the  air  is  removed 
and  in   the  air-bnike  the  air  is  forced  under  pressure  to  the 
points  required.     In  the  automatic  arrangements,  whether  of  air 
or  vacuum,  there  are  reservoirs.     It  has  been  found  desirable  to 
adopt  reservoirs  or  vessels  having  pistons  immediately  in  oonneo- 
tion  with  the  brake  blocks,  the  object  in  the  automatic  arrange- 
ments being  to  keep  up  a  certain  condition  in  the  chambm, 
whether  of  pressure  or  vacuum,  by  which,  if  destroyed  either 
intentionally  or  accidentally  (as  through  the  breakage  of  a  pipe), 
the  braking  action  may  at  once  take  place. 

In  some  cases  1^  seconds  is  sufficient  to  apply  the  brakes,  and 
fast  trains  can  be  stopped  in  about  300  yards. 

Article  271,  p.  289.  • 

Boilers  are  now  largely  made  of  steel,  and  when  iron  is  used 
in  the  shell,  the  flues  and  ends  are  sometimes  made  of  steeL 
Iron  rivets,  however,  appear  to  be  still  in  favour,  as  the  shearing 
strength  of  mild  steel  appears  less  in  proportion  to  tensile 
strength  than  in  the  case  of  iron.  The  tensile  strength  of 
steel  boiler  plates  is  about  29  tons  per  square  inch,  and  the 
elastic  limit  appears  to  be  about  half  of  that.  Punching  out  the 
rivet  holes  weakens  the  metal  about  30  per  cent.  This  loss, 
however,  may  be  restored  by  annealing.  Drilling  the  rivet 
holes  does  not  aflect  the  strength,  and  is  the  usual  method 
adopted.  Some  advantage  should  arise,  so  &.r  as  steaming  pro- 
perties are  concerned  through  the  use  of  steel,  as  lighter  sections 
ean  be  used  for  the  plates. 
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The  Pulsometer  Pamp,  recently  introduoed  for  engineering 
^work,  is  a  steam  pump  with  few  or  no  moving  parts  ^  the 
^v-ater  is  forced  to  the  height  of  delivery  by  the  direct  action  of 
the  steam,  the  snpply  being  raised  by  the  condensation  of  the 
aame  steam.  The  action  is  regulated  by  a  ball  valve  at  the 
upper  part^  and  dack  yalves  at  the  lower  part,  of  the  working 
ohamb^. 

Article  346,  p.  377. 

Steel  is  now  largely  used  for  rails,  boiler  and  ship  plates,  Aa, 
and  combines  great  strength  with  ductility,  the  ultimate  tensile 
strength  varying  from  27  to  33  tons  per  square  inch,  with  an 
elongation  of  about  20  per  cent.  The  Hmit  of  elasticity  is  about 
one-half  of  the  ultimate  or  breaking  strength. 

The  Board  of  Trade  allows  6^  tons  per  square  inch  as  the 
8ft£e  working  strength  for  bridge  structures. 

It  appears  that  by  the  use  of  steel  in  the  construction  of  ships 
a  Baling  of  weight  of  about  16  per  cent,  is  obtained. 

Some  peculiarities  exist  as  to  the  behaviour  of  steel,  and  care 
must  be  taken  both  in  the  working  of  it  from  the  ingot  into 
plates,  and  in  the  workshop  or  yard,  one  special  point  being, 
that  it  should  not  be  worked  at  a  '^  black  heat,"  or  about  550^  F. 
The  steel  referred  to  is  known  as  ''  Mild  Steel"  or  "  Ingot  Metal," 
and  safety  in  working  lies  above  or  below  this  temperature. 
The  question  as  to  the  comparative  wear  of  iron  and  steel  by 
oorrosion  seems  still  undecided,  but  so  far  no  practical  difference 
has  been  observed. 

Steel  rails  and  tires  are  now  used  for  railway  traffic^  and  articles 
of  cast  steel  can  now  be  manufactured  possessing  considerable 
strength  and  ductility. 

AttTiOLE  416,  p.  416. 

The  estimation  of  the  length  and  height  of  ocean  waves  is,  for 
many  reasons,  a  difficult  matter,  and  authorities  vary  much  in 
their  conclusions. 

In  storms  in  the  North  Atlantic  the  heights  of  the  waves 
appear  to  be  from  30  to  40  feet,  the  length  being  about  200  feet. 
Ilengths  much  in  excess  of  this  are,  however,  sometimes  quoted. 
The  heights  elsewhere  have  been  given  as,  in  the  Mediterranean, 
15  feet;  German  Ocean,  13  feet;  around  the  British  coasts, 
9  toll  feet. 

^  Exceptional  waves  are  met  with  in  cross  seas,  or  when  the 
tide  runs  against  the  wind,  also  in  shoal  water. 

2t 
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Sbotiok  6,  p.  464 

Hydraulic  presBnTe  is  now  largely  used  for  engineering  woA^ 
tnch  as  rivetting,  flanging,  punching,  shearing,  Ac^  and  for  tlie 
motive  power  for  moving  heavy  loads,  such  as  swing  bridges^ 
cranes,  dec.  By  the  introduction  of  flexible  pipes  and  portable 
rivetting  machines,  hydraulic  rivetting  can  be  performed  on 
bridges  and  ships.  To  accomplish  this  a  high  pressure  is  used, 
varying  from  700  to  1,500  lbs.  per  square  inch,  and  ibis  is 
obtained  by  means  of  an  "  accumulator,**  or  cylinder  containing  a 
loaded  piston,  against  which  water  is  pumped  in  hy  a  steaa 
engine.  This  water  under  pressure  being  connected  with  the  die 
of,  say,  a  rivetting  machine,  is  free  to  exert  its  pressure  on  the 
opening  of  the  connecting  valve,  and  a  fall  of  the  loaded 
plunger  taking  place  at  same  time  the  rivet  is  closed  up.  This 
powerful  closing  pressure  is  very  serviceable  when  a  number  of 
plates  are  to  be  bound  together,  as  is  the  case  for  some  of  tlis 
keels  of  our  large  steam  vessels. 

Abticle  637,  p.  581. 

In  a  Report  on  Safety  Valves,*  drawn  up  by  a  Committee,  <tf 
which  Professor  Rankine  was  a  member,  but  whose  deonae 
happened  prior  to  the  completion  of  the  experiments  which 
were  being  carried  out,  it  is  stated  that  the  weight  of  stesia 
in  pounds  discharged  per  minute  per  square  inch  of  opening 
with  square-edged  entrance,  corresponds  very  nearly  with  three- 
fourths  of  the  absolute  pressure  in  the  boiler,  the  range  beiiig 
from  25-37  lbs.  to  100  11ms.  per  square  inch.  And  the  requisits 
area  for  a  safety  valve  is  shown  to  be — 

4  X  square  feet  of  fire-grate 

Pi  * 

where  a  =  area  of  orifice  in  square  inches,  and  /^  &?  the  abaoluta 
pressure. 

Abticle  626,  p.  57S. 

The  Editor  appends  the  followins  investigation  by  the  late 
Professor  Rankine  of  the  value  of  Uie  theoretical  co-efficient  oi 
contraction  in  a  jet  of  water  issuing  from  a  large  cistern  with  a 
pipe  going  into  it.  The  investigation  was  laid  before  the  Pro- 
fessors Glass  of  Civil  Engineering  and  Mechanics  in  Glasgow 
University,  Session  1866-67. 

*  See  Tranaaetkm  <tf  ike  Jm^tutiaH  qf  EngiMBn  imi  Skipbm 
'  ^  YoL  xviii. 
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Xet  a         s  area  of  orifice  in  feet. 
„    V  =  Telocity  of  outflow  in  feet  per  second. 

„    eav     s  number  of  cubic  feet  per  second. 
„    D         =  weight  of  a  cubic  foot  of  water, 
then,  D  c  a  V  =  weight  of  flow  per  second. 

l^ow^,   the  reaction  or  backward  pressure  exerted  against  the 

Dcat^     .-  ...  .      D»*         ... 

reservoirs  ;  the  pressure  in  the  reservoir  =  -^ — \  multi- 

plying  the  latter  expression  by  a,  and   equating,  we  have — 

Dcat^     D«Sa  1 

__  =  __.  or  <,  =  g. 

Gas  Engines  have  now  been  introduced  with  success,  espe- 
cially for  the  lighter  classes  of  work.  These  engines  have  the 
great  advantage  of  being  easily  managed,  as  the  starting  and 
stopping  of  them  only  entails  the  opening  or  shutting  of  the 
tap  r^ulating  the  gas  supply.  The  action  in  the  cylinder  is 
an  explosive  one,  the  explosion  taking  place  at  certain  intervals 
of  the  revolutions,  a  heavy  fly-wheel  being  added  to  store  up 
the  excess  of  energy  over  work  done  when  the  explosion  takes 
place. 

Article  684,  p.  620. 

From  recent  experiments  made  with  trains  brought  to  rest 
simply  by  their  own  resistance,  it  appears  that  the  latter  amounts 
to  about  9^  lbs.  per  ton  of  weight,  or  \  per  cent. 

The  effect  of  handbrakes  as  applied  to  tender  and  guards'  vans 
was  found  to  be  about  2}  per  cent,  of  the  weight.  A  train  going 
about  45  miles  per  hour  could  be  stopped  in  1,000  yd&,  or  at 
60  miles  per  hour  in  about  1  mile.  With  the  continuous  brake 
system,  as  much  as  10  per  cent,  of  the  train  weight  can  be 
obtained  as  a  retarding  force,  and  a  train  travelling  60  miles 
per  hour  can  be  stopped  in  400  yards.  Brake-blocks  are  of  cast- 
iron,  steel,  or  wood. 

Some  difference  of  opinion  appears  as  to  the  effect  of  skidding 
the  wheels ;  no  doubt,  greater  wear  and  tear  is  caused  when  the 
wheels  are  skidded. 

A&ncLB  704,  p.  630. 

In  Compound  Engines  as  now  used  for  marine  and  also  land 
purposes,  the  consumpt  of  coal  is  less  than  2  lbs.  per  indicated 
horse  power,  or  probably  about  Ij  lb.,  being  a  duty  of  over 
1,000,000  foot-pounds. 
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The  economy  of  the  marine  engine  is  largely  dae  to  higii 
sure  steam,  about  160  lbs.  per  square  inch  being  now  often 
carried,  to  surface  condensation,  and  the  large  ratio  of  expansion 
obtained  by  the  improved  systems  where  the  steam  passes  from 
one  cylinder  into  one  or  two  others,  before  reaching  the  con- 
denser; our  best  engines,  however,  are  only  yielding  an  efficiency 
of  from  about  ^  to  about  ^.  This  appears  to  be  made  up  more 
or  less  as  follows  : — 

Efficiency  of  furnace  and  boiler,  -fi^  ;  efficiency  of  the 
steam,  ^ ;  or  total  efficiency  yk  ^  ^  =^  about  | ;  again,  if  we 
take  the  efficiency  of  the  propeller  as  ^,  we  sluJl  have  &boat 
^  as  the  final  efficiency. 

Dimensions  and  Stabujtt  of  the  Outer  Shell  or  tbm 
Gbeat  Chimnet  of  St.  Bollox. 


DhrUoosof 
ChiuuMy. 


V. 
IV. 

III. 

IL 

L 

FiNindAUoii. 

L 

IL 

III. 


Heights  above 
Gnmod. 


435i 
35oi 

210^ 

"4i 

54i 

o 

Depth  below 
Groaod. 

Feet 

O 

8 

14 
20 


External 
Diameteia. 

Veet  Indiea 

13        6 


raraorWiDil 


16 

9 

24 

0 

30 

6 

35 

0 

40      o 

External 
Diameter. 

Feet 
50 
60 

50 

50 


I 
I 

I 
2 
2 


a 

6 

"loi 

3 


77 
55* 

57 

71 


Goncietei 
Fleet.  India 


} 


5 

4 

25 


o 
8 


3 
3 

19 
O 


Total  height  from  base  of  foundation  to  top  of  chimney,  455^  foel 


Townsend's  Chimnet,  Glasgow.    Built,  1857-59. 
Total  height  468  feet.    Height  from  surface  of  ground  to  cope^ 

•  Joint  of  least  stabUItF. 
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454  feet.     Extra  height  of  20  feet  of  ornamental  iron  work  since 
added,  and  connected  with  the  lightning  conductor. 

Oatside  diameter  at  foundations,  50  feet;  outside  diameter  at 
mirface  of  ground,  32  feet;  outside  diameter  at  top  of  cope,  12 
feet  8  inches.  The  sides  have  a  straight  batter.  The  thickness 
▼aries  from  7  bricks  at  base  to  1|  brick  at  top. 

Article  654,  p.  600. 

The  question  of  the  Stability  of  Ships  has  been  much  discussed 
of  late,  not  only  for  unloaded  vessels,  as  at  launching,  but  also  for 
vessels  in  sea-going  trim.  Curves  of  StabOitj  are  now  used  as 
graphic  representations  of  the  behaviour  of  a  vessel  at  various 
angles  of  inclination,  as  the  knowledge  of  the  position  of  the 
metacentre,  when  the  ship  is  in  one  position,  is  not  sufficient  to 
enable  the  stability  to  be  predicted  with  certainty  when  the  ship 
is  inclined  through  increasing  angles. 

When  ships  are  experimentally  heeled,  it  is  found  that  great 
differences  of  stability  exist,  arising  both  from  form  and  load, 
some  vessels  gaining  rapidly  in  stability  up  to  a  certain  point, 
others  more  or  less  rapidly  losing.  In  others,  again,  the  gain  is 
gradual  up  or  near  to  an  inclination  of  90^,  or  when  lying  broad- 
side on  the  water.  What  is  known  as  a  curve  of  stability  is  one 
in  which  the  horizontal  co-ordinates  represent  angles  of  inclina- 
tion, and  the  vertical  co-ordinates  represent  the  arms  of  the 
righting  couples,  or  horizontal  distance  between  the  vertical 
lines  of  action  of  the  equal  and  opposite  forces  acting  through 
the  centres  of  gravity  and  of  buoyancy,  such  as  G  M  sin.  $,  in  Fig. 
259,  p.  601.  The  centre  of  gravity  may,  of  course,  be  found  by 
calculation  from  the  known  dimensions  and  weight  of  the  vessel, 
or  it  may  be  determined  experimentally  by  shifting  weights  on 
board  while  the  vessel  is  afloat. 

A  quantity  of  heavy  weights  are  placed  on  deck,  say  in  centre 
line  of  ship,  and  the  ship  trimmed  so  as  to  sit  fiedrly  upright;  this 
set  of  weights  is  then  shifted  to  one  side  of  the  vessel,  and 
the  distance  passed  over  noted ;  the  angle  of  heel  is  also  noted 
by  plumb  lines.  Then,  if  L  is  the  distance  through  which  the 
weight  has  been  shifted,  we  have  now  a  balance  of  momenta,  or 
W  X  GMsin.  #si0xLco8.#;  hence 

n.  \t    ^^  Loos,  i 
^^=    Wsin.#  ' 

which  is  the  position  of  the  centre  of  gravity  relatively  to  the 
metacentre.     (See  Fig.  259,  ^  601). 
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The  centre  of  buoyancy  is  found  by  calculation,  and  as  this  oenbe 
is  the  centre  of  gravity  of  the  displaced  liquid,  we  may  find  the 
mean  centre  of  gravity  of  the  whole  liquid  displaced  by  the 
vessel  by  dividing  the  length,  or  load  water-line^  into  seotiou^ 
and  finding  the  mean  of  their  various  centres  of  gravity. 

To  do  this  in  a  simple  manner,  it  has  been  suggested  to  take 
various  immersed  sections  at  equal  distance  apart^  sack  as 
E  F  K,  Fig.  259,  and,  after  drawing  these  on  paper,  to  cut  them 
out  and  paste  them  together;  thereafter,  by  suspending  these  com- 
bined sections  from  two  points,  the  position  of  intersection  of  two 
vertical  plumb  lines,  also  suspended  from  the  same  points,  wiU 
give  the  position  of  the  mean  centre  of  buoyancy  on  the  oobs- 
bined  section. 

The  diBtanoe  G  M  is  what  is  known  as  the  Metaoeniric  ffeigki, 
and  is  the  distance  between  the  metaoentre  and  the  centre  of 

gravity,  and  may  be  found  by  integration  thus :  -^jr  jy^dx^  wken 

y  =  half-breadth,  dx  the  interval,  and  D  the  displacement  in 
cubic  feet,  and  which  may  be  stated  in  the  form  of  an  approxi- 
mate rule,  thus: — 

Divide  the  length  of  load  water-line  into  equal  intervals,  ai 
which  measure  the  half-breadths  at  the  load  water-line;  cube  each 
of  these  half-breadths,  and  regard  the  cubes  as  the  ordinates  of  a 
plane  figure  having  the  length  of  the  load  water-line  as  its  base. 
Find  the  area  of  that  figure  by  Simpson's  rules.  Divide  two- 
thirds  of  that  area  by  the  volume  of  displacement.  The  quotient 
is  equal  to  the  height  of  metaoentre  above  centre  of  buoyant, 
frt)m  which  deduct  height  of  centre  of  gravity  above  centre  of 
buoyancy,  and  the  difference  is  the  metacentric  height. 

Approximate  methods  of  obtaining  these  results  for  various 
ships  from  the  exact  determination  of  them  for  one  ship  have 
been  proposed,  the  vessels  considered  being  of  the  same  type. 

Article  269,  p.  288. 

The  ultimate  strength  of  leather  belts  is  about  3,200  Ibfli  pv 
square  inch ;  the  working  strength  being  about  one-eighth  of  tflk 

Ultimate  strength  of  steel  wire,  90  to  140  tons  per  sq.  in. 

Phosphor  bronze  wire, 45         „           „ 

Copper  wire, 18 

Steel  wire  ropes,  1^  inch  dia., 
such  as  are  used  for  cable 

tramways, 39        „ 

Lead,  as  used  in  leaden  pipes,...  i         „ 

Delta  metal, 30         „ 
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The  following  rules  give  a  good  approximation  to  the  strength 
of  wire  and  hemp  ropes : — 

L  =  y  C*  for  iron  wire  ropes. 
L  =  y  C«  for  steel       „ 
L  =  ^  0^  for  hemp  ropes. 

Where  L  is  Breaking  Weight  in  tons,  and  C  the  circumference 
of  the  rope  in  inches,  working  strength  at  high  speeds  one4erUh 
of  this. 

The  ultimate  strength  of  sheet  copper  appears  to  vary  from 
14  to  17  tons  per  square  inch,  the  elastic  limit  being  reached  at 
about  one-half  of  this. 

When  annealed  the  ultimate  strength  is  reduced  to  about  15 
tons,  with  an  elastic  limit  of  about  5  tons. 

At  temperatures  of  about  400**  F.  there  is  a  loss  of  strength  of 
about  20  per  cent. 

The  strength  of  brazed  joints  appears  to  be  about  75  per  cent. 
of  that  of  the  metal. 

Solid  drawn  copper  reaches  about  18^  tons,  the  elastic  limit 
being  reached  about  16  tons.* 

Abtiolb  646,  p.  590. 

The  loss  of  head  due  to  the  resistance  to  the  flow  of  water  in 

a  pipe  arises  mainlj  from  friction,  and  is  found  to  varj  directly 

as  the  length  of  the  pipe,  inversely  as  the  diameter,  and  nearly 

directly  as  the  square  of  the  velocity,  all  multiplied  by  a  co- 

ij      efficient,  whose  value  may  be  taken  approximately  as  "02. 

For  long  lengths  of  pipes  the  velocity  may  be  expressed  by 


-4 


64-4  A  rf 
•02  ^ 


and  for  short  lengths,  such  as  where  a  pipe  passes  through  a 
wall  or  embankment,  and  the  discharge  taking  place  within  a 
short  distance  of  the  supply,  the  velocity  may  be  expressed  by 


-4. 


64-4  Ad 
d  +  02  i 


In  the  above  the  resistance  at  entrance  of  pipe  is  supposed  to 
be  insensible,  which  may  be  considered  correct  when  the  form  of 
the  mouthpiece  is  made  that  of  the  "  contracted  vein." 

*  TmiB.  Inst  EnciDMn  sad  Shipbnilden  in  Bofltlsnd,  1888. 
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Article  653,  p.  598. 

The  resistanoe  to  vessels  passiog  through  the  vater  has  been 
carefully  investigated  from  time  to  time,  and  it  seems  now 
establi^ed  that  in  a  vessel  of  fiur  lines  the  principal  source  of 
resistance  lies  in  the  skin  friction,  very  much  the  same  as  in  the 
case  of  the  passage  of  water  through  a  pipe  or  channel  where 
there  is  a  certain  loss  of  head  due  to  the  friction  arising  from  the 
resistante  offered  to  the  flow  of  the  water  by  the  bounding  surfiice. 
In  the  ship  a  fui-ther  loss  of  energy  arises  from  eddies  and  waves, 
but  these  in  a  vessel  of  fair  lines  are  small  in  comparison  with  the 
loss  from  friction  of  the  sides  and  bottonL  These  deductions  are 
derived  from  experiments  with  models  and  vessels  moving  at 
speeds  suitable  for  these  forms,  as  it  has  been  found  that  the 
amount  of  resistanoe  varies  somewhat  at  different  speeds. 

The  late  Dr.  Froude  devoted  much  attention  to  this  sabjeci, 
and  by  means  of  models  moving  in  his  large  tank  at  Torquay  he 
deduced  much  valuable  information  regajrding  the  comparative 
law  of  resistance  in  the  model  and  ship. 

Taking  a  ship  and  her  model,  the  law  enables  us  to  find  the 
comparative  speeds  at  which  these  should  be  driven,  so  that  the 
resistance  may  be  compared  and  the  power  estimated. 

This  law  of  comparison  for  vessels  of  the  same  forma  or  lines 
may  be  stated  generally  as  follows : — ^The  speeds  are  to  eadi 
other  as  the  square  roots  of  the  linear  dimensions,  and  the  oor- 
responding  resistances  are  as  the  cubes  of  these  dimensions. 

K  V  and  v  be  the  speeds  of  the  ship  and  model, 
L  and  I  the  respective  lengths, 
and  R  and  r  the  corresponding  resistances, 

then, 

(1)  V  :  «  :  :  L*  :  Z*  or  X  =  ^^V 

(2)  and  R  :  r  :  :  L«  :  Z«  or  5  =  ^^y 
Let  the  model  be  -^j  of  the  length  of  the  ship,  then, 

©'-I«(¥)'-r 

00  that,  if  the  model  advance  with  a  velocity  of  1,  the  corresponding 
speed  of  the  ship  will  be  6.  Again,  the  corresponding  resistaacei 
at  these  speeds  will  be 

/L\«      R      25»      625 
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Since  velocitj  x  resistance  =>  energy  expended,  or  power  de- 
veloped, such  as  a  borse-power  (see  Article  661,  p.  610),  we  maj 
find  the  comparative  powers  required  to  drive  the  ship  and 
model,  thus, 


<')  M  -  (t)*  « ©  • 


Bat,  since  Y  x  B  maj  be  called  P,  or  the  power  required  by  the 
ship,  and  since  v  x  r  may  be  also  called  p,  or  the  power  required 
to  move  the  model  at  its  corresponding  speed,  then  we  may  write 
for  (3)— 

p 

V  or  p  ^  power,  being  here  used  as  energy  expended,  then  — 

may  be  considered  as  the  ratio  of  the  effective  horse-power 
required  in  each  case  to  overcome  the  fluid  resistance  of  the  ship 
or  modeL 

It  must  be  noted  that  in  a  steam  vessel  there  is,  over  and  above 
this,  the  friction  of  the  machinery  to  be  considered  in  calculating 
the  gross  power  required.  In  reference  to  these  other  resistances 
Dr.  Froude  finds  that  the  thrust,  or  effective  horse-power,  is  only 
37^  per  cent,  of  the  indicated  horse-power. 
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Tabli  of  tbm  Resistakgb  of  Materials  to  STBErcHnro  An> 
Teabing  bt  a  DnuBCT  Pull,  in  pounds  awnrdupoU  per  squan 


Hatkbxaxa 

BroNSB,  Natural  Aino  Ahtifigial: 

Brick,     ) 

Cement^/ 

Slate, 

Mortar,  ordinaiy, •••... 

Mbtaia: 

Brass,  cast^ ••••, 


Tenacttj, 


Modnhisar 


Tearing. 


380  to  300 


Stwfrfimgi 


i        9, 
(to  la, 


9,400 
600 
800 

50 


8,000,00c 

13,000,00c 

to  16,000,000 


91 


"Wire, 


Bronze  or  Gun  Metal  (Oopper  8, ) 

Tin  I), / 

Copper,  cast, 

sheet, 

bolts, 

wire^ 


bon,  cast,  various  qualities,....-      < 

n        average, 

bon,  wrought,  plates, 

,,       jointi^  double  rivetted, 
,p  „       single  rivetted. 


bars  and  bolts,, 
hoop,  best-best,, 
wire, 


18,000 
49,000 

36,000 

19,000 
30,000 
36,000 
60,000 

to  39,000 
16,500 

51,000 
35,700 
38,600 

{60,000 ) 
to  70,000  j 
64,000 

(      70,000 ) 

( to  100,000  / 
90,000 
3,.30o 


9,170,000 
14,330,000 

9,900,000 


17,000,000 

14,000,000 

to  33,900,000 

17,000,000 


39,000,000 


a5,3oo,< 


i5,ooo,< 

730,< 


ff       wire-ropes, ••.».. 

Lead,  sheets ••. 

Steel  bars, I  ,    '~'^    ^    '^'^' 

'  I  to  130,000  to  49,ooo,< 

Steel  plates,  average, ••...  80,000 

Tin,  cast,... 4,600 

Zinc, 7»ooo  to  8,000 
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fH _>._  If odolns  of 

MATBBiALt.  «rRjW8Un«to      or  ResUtanS  to 

Teaiuigi  Stretdiing, 

TniBBEt  Aino  OTHER  Oboahio  Fibbbx 

Acacia,  fEJse.  See  "  Locast" 

jLsh  (Fraxintu  eoDcdsior)f 17,000  1,600,000 

"BajoiboojBambiua  ainmdvnacea)^  6,300 

^BoBch.  {Fagtu  at/lvaika), 11,500  i,35o,ooo 

'Birch  {Beiula  alba\ 15,000  1,645,000 

Box  {iuanu  sernpervirens), ao,ooo 

Cedar  of  Lebanon(C0c?ruAZ;i&am),  11,400  486,000 

Ohestaiut  {Castanea  Ve8ca)r |  ^  ^^^^  }        i|i40,ooo 

Elm  (Uhnm  ca^Tipestria), ^^^  {  ^  i,3^i^ 

Fir:BedPine(Pin..^.,^X      {to";:::      to  IjjSi^ 
«    Spruce  {Abies  excelsa), ^^^^^  {  ^  \fiZ'^ 

„    Jj^h{LarixEfm>p<Ba)r....      {toioj^      to  i,?6^,'^ 

Hoxen  Tarn, about  9S>ooo 

Hazel  (Corylua  Avdlana\ 18,000 

Hempen  Ropes, ..from  13,000  to  x6,ooo 

Hide,  Ox,  nndr€«sed, 6,300 

Hornbeam  {Carpinus  Betulus), . . .  20,000 

Lancewood  {GuaUeria  virgata),.,*  23,400 

Leather,  Ox, 4i2oo  24,300 

Lignum- YitflB  {Ouaiacym  offid- )  ^^  g^^ 

«afe), ;•••  j  ' 

Locust  {Rcbinia  Fseudo-Acacia),  16,000 

Mahogany  {Smetema Mahagoni),      |  ^  ai^g^  |        »>255>ooo 

Maple  {Acer  campestria), 10,600 

Oak,  European  {Quercua  eeesili-  f      10,000  1,200,000 

JhraBJidQverimspedimcukUa),  (to  19,800  to  1,750,000 

^     American    Red     {Quercus)  ^^^^^^  2,150,000 

Silk  Fibre, S^iOoo  1,300,000 

BjcuaoT^AcerPeeudO'Fkaanus'i,  13,000  1,040,000 

Teak,  Indian  {Tectana  gra/ndis^  15,000  2,400,000 

„      African,  (1) 21,000  2,300,000 

Whalebone, 7>7oo 

Tew  {Taacue  haecata)^ 8,000 
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IL 

Table  of  thb  BssmAKCB  of  Matbkiaia  to  Sheabdiq  axd 

DiSTOBTiOK,  in  poundi  awwtlupais  per  square  m^ 


Mathuau.  to  arB«risUiii«l. 


*^«»j**°«  Eltftkitj, 

ov     .  or  Bcflistaiiee 

MeTALB:                                                                      BUetting.  DistortiaiL 

Braas,  wire-drawn, 5,330,ooo 

Copper^ 6,200,000 

Iron,  cast, 27,700         2,850,000 

„     wrought, So,oool     ^'500,000 

'*  ^  ^  ••  o  >        (to  10,000,000 

Timber  * 

Fir:  Red  Pine, Sooto     800  1      ^^'^^ 

'                                 ^  (to  116,000 

„     Spmoe, • 600  

„     lAroh, 970  to  1,700  

Oak, 2,300  82,i 

Ash  and  Elm,.... I9400  76,1 


IIL 

Table  of  the  Rbsistange  of  Materials  to  Crushiko  bt  a 

DiBEor  Thrust,  m  p<nmd8  cwoirdup(n8  per  sqiuxre  inA 


If  ATBBIAUB.  to 


810MES,  Natural  asd  Artifigial: 

Brick,  weak  red, 550  to  800 

„      strong  red, 1,100 

»      fire, 1,700 

Chalk, 330 

Granite, 5,500  to  11,000 

Limestone,  marble, 5>5oo 

„          granular, 4iO«>  *o  4,500 

Sandstone,  strong, 59500 

„         ordinary, 3,300  to  4,400 

y,         weak, 2,300 

Bubble  masoniy,  about  four-tenths  of  cut  stone. 

Metals: 

Brass,  cast...... 10,300 

Iron,  cast,  -various  qualities, 82,000  to  145,000 

>,      „     average, 112,000 

n    wrought^ about  36,000  to    40,000 
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Matsbiaui.  to 

OrashiBg. 

TtMBEB,*  Thj,  croBhed  along  the  grain : 

Afihy 9,000 

Beech, pyS^o 

Birch, 6,400 

Blue-Gum  {Eucalyp^ua  Ghlmlus), 8,800 

Box, 10,300 

Bullet-tree  {Achraa  Sideroxt/lon\ 14,000 

OabacaUi, 9^900 

Cedar  of  Lebanon, 5,86o 

Ebony,  West  Indian  {Brya  Ebenns), 19,000 

Elm, 10,300 

Fir:  Red  Pine, 5>375  to  6,200 

„     AmericanYellowFine(i'fntMmiria^M)y  69400 

„     Larch, 5,570 

Hornbeam, 7y3oo 

Lignum-Vitie, 9^900 

Mahoganj, 8,200 

MoraTifora  exeeUa), 9^900 

Oak,  British, 10,000 

„     Dantzic, 7^700 

„     American  Bed, 6,00a 

Teak,  Lidian, ia,ooo 

Water-Gum  {TritUmiia  nerifclio^ ii,ooo> 


IV. 

Tablb  of  ths  Bbbistahob  of  Materials  to  Bbbakihq  Across^ 

in  p(nmd8  anoirdupou  pw  9quaT€  i0ui^ 


to 

or 

If odafaia  of  Baptovkf 

BlQHB: 

Sandstone, i^  100  to  2,360- 

Slate, 5iOOo 


*  The  nrisUncei  tUtod  are  fbr  dr$  timbor.  Gtwn  timbor  if  mnofa  w«dur,  hAvirg. 
■OBMtimat  onlr  half  tho  atren^th  of  diy  timber  againat  crnahtD^. 

f  The  modiuiia  of  raptnra  ta  eighteen  timea  the  load  which  la  reauiied  to  break  a  bar 
of  000  inch  ac^oare,  aupported  at  tvo  pointa  one  foot  apart,  and  loadad  ia  tho  —'"'**- 
the  pomta  of  anpportk 
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BMistnoeto 
Matbbiaia  or 

If odnlns  of  Baptim^ 

Mjeeals: 

Irony  OBBt,  open-work  beams,  average, 179OOO 

„       „    solid  rectangular  ban,  var.  qualitiea,  33^000  to  43>5oo 

»       ff  n  ,f  average^ 40,000 

„     wrought^  plate  beams, 43>ooo 

TlHBBB: 

Ash, 13,000  to  14,000 

Beech, 9,000  to  12,000 

Birch, 1I9700 

Blue-Gum,...* 16,000  to  20,000 

Bullet-tree, 15,900  to  22,000 

Oabacalli, 15,000  to  16,000 

Gedar  of  Lebanon, 79400 

Chestnut, , 10,660 

Cowrie  (Dammara  aiuatralis), 11,000 

Ebonj,  West  Indian, 27,000 

Elm, 6,000  to    9,700 

Fir:  Bed  Pine, 7,100  to    5^540 

„     Spruce, 9,900  to  12,300 

„     Larch, 5,000  to  10,000 

Chreenheart  {Ifectandra  BodM), 16,500  to  27,500 

Lanoewood, 17,350 

Lignum- YitiB, 12,000 

Lc^USt...... IX,200 

Mahogany,'  Honduras^ 11,500 

„         Spaniah, 7,^^ 

Hora^ 92,000 

Oak,  British  and  BuBsian...... 10,000  to  13,600 

„    Dantzic, B,7oo 

„     American  Bed, 10,600 

Poon, » 3*300 

Siiul, 16,300  to  90,700 

Sycamore, 9,600 

Teak,  Indian, 12,000  to  19,000 

,,     African, • 14,9^0 

Tonka  (Dipteryx  odoraid), 22,000 

Water-Oum, 17,460 

Willow  (Saiix,  Taxious  speciea), ^..*  69600 
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VL 
Tablb  of  SpxdTXC  Geayixibs  of  Matkriat& 


Weigbtofa 

GAaXB,  at  sa**  Falir.^  and  under  the  pressoreof  one  fbotin 
atmosphere,  of  a  116*4  ^^  o*^  ^'^  aqnare  foot:         ^  woWopoiB. 

Air, 0-080728 

Carbonic  Acid,  0-12344 

Hydrogen, 0-005592 

Oxygen, ox>89256 

Nitrogen, 0^)78596 

Steam  (ideal), 0-05022 

i!Ether  vapour  (id^), .% 0*2093 

Bisulphuret-of-caxbon  vapour  (ideal), 0*2137 

OlefiimtgaB, ox>795 

Weight  of  a  eaUs  Speofie 

foot  in  gnmfej, 
lb.  aToiidupoiB.          pan  vatv  «■  !• 

Liquids  at  aa""  Eahr.  (except  Water, 
which  is  taken  at  39%  Fahr.): 

Water,  pure,  at  39®'4, 6a  -425  i  x)oo 

„       sea,  ordinary, 64*05  1-026 

Alcohol,  pure, 49'3§  0791 

„        proof  spirit, 57*1^  0-916 

^ther, 4470  0716 

Mercury, 848*75  i3'596 

Naphtha^ 53*94  0-848 

Oil,  linseed, 58-68  0*940 

„    olive, 57*12  0*915 

„    whale, 57*62  0-923 

„    of  turpentine, 54'3i  0*870 

Petroleum, 54*81  0-878 

Solid  Minebal  Substakcbs,  non-metallic: 

Basalt^ 187*3  3*^ 

Brick, 125  to  135  2  to  2*167 

Brickwork, «    iia  i^ 

Chalk, i^?^  174        1*^7  ^  ^78 

Clay, 120  1*92 

CoiJ,  anthracite, 100  1*602 

„      bituminous, 77-4  to  89-9  1*24101*44 

Coke, 62*43  to  103-6         IXK)  to  1-66 

Felspar, 162*3  2-6 

BTint^ 164*2  2-63 
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WagbtofACiiblo  SpediSe 

foot  in  gpmtff 

lb.  sfoirdnpoif.  pun  water  •■  L 

8oU]>  MiHBBAL  SuBBTAKOEB — conimuecL 

Glaasy  crown^  average^. 156  a*5 

n     flm<^         »         187  3-0 

„     green,       „         169  27 

f»     plate,       fi        ^h  «7 

Granite, 164  to  173  2-63  to  376 

Gypeum, 143-6  2-3 

limestone  (indnding  marble),..       169  to  175  27  to  2-8 

0          magneaian, 178  2*86 

Marl, xoo  to  119  1-6  to  1*9 

liasoniy, xi6  to  144  1*85  to  2-3 

Mortar, X09  175 

Mud, 102  1*63 

Quartz, 165  2*65 

Sand  (damp), 118  1-9 

w     (dry), 88-6  1.42 

Sandstone,  ayerage, 144  2-3 

„         -various  kinds,. 130  to  157  2X>8  to  2*52 

Shale, 162  2-6 

Slate, 175  to  181  2-8  to  2*9 

Trap, 170  272 


solid: 

Brass,  cast, 487  to  524  4  7*8  to  8*4 

»»      ^TOO, 533  854 

Bronze, 524  8*4 

Copper,  cast, 537  86 

„       sheet, 549  8-8 

„       hammered, 55^  8*9 

Oold, 1186  to  1224  19  to  X9-6 

Iron,  casty  Tsrious, 434  to  456  6*95  to  7*3 

„        average, 444  711 

Iroii,  wrought,  various, 474  to  487  7*6  to  7-8 

„                average, 480  7*69 

Lead, .m 712  xi-4 

Platinum, ,.^^ 1311  to  1373  21  to  22 

Silver, 655  10-5 

Steel, 487  to  493  7-8  to  7-9 

Tin, 456  to  468  7-3  to  75 

Zinio^ 424  to  449  6*8  to  7*2 

2u 
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Aflli, 47  0753 

Bamboo, 25  0-4 

Beech, 43  o^ 

Birch, 44*4  0-711 

Blue-Gum, 52-5  0-843 

Box, 60  0-96 

Bullet-tree, 65*3  1-046 

Cabacalli, 56*2  0-9 

Cedar  of  Lebanon,. 30*4  0*486 

Chestnut^ 33-4  0*535 

Cowrie, 362  0-579 

Ebony,  West  Indian, 74-5  1-193 

Elm, 34  0-544 

Fir:  Red  Pine, 30  to  44  0*48  to  07 

„      Spruce, 30  to  44  0-48  to  07 

„      American  Tellow  Pine,...  29  0-46 

„      Larch, 31^35  0-5  to  0-56 

Greenheart^ 62-5  i-ooi 

Hawthorn, 57  0-91 

Hazel, 54  0-86 

HoUy, 47  076 

Hornbeam, 47  076 

Laburnum, 57  0-92 

Lancewood, 42  to  63  0*675  ^  '"^i 

LarcL     See  "  Fir." 

Lignum-Yitn, 41  to  83  0-65  to  1-33 

Locust, 44  071 

Mahogany,  Honduras^ 35  0-56 

„          Spanish, 53  0-85 

Maple, 49  079 

Mora, 57  0-92 

Oak,  European, 43  to  62  0-69  to  0-99 

f,     American  Bed, 54  0-87 

Poon, 36  0-58 

Saul, 60  0*96 

Sycamore, 37  ©-59 

Teak,  Indian, 41  toss  o"66too-88 

„      African, 61  0-98 

Tonka, 62  to  66  0-99  to  ix>6 

Water-Gum, 62-5  ixx>i 

J^illow, 25  0-4 

Y«^» SO  0-8 

*  Tha  Timber  in  t^^rj  csm  fa  BoppoMd  to  be  dij. 
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ABMum  Unit  of  FM«a,  481 
AbotoMola  of  AnhM,  S6I. 

H        —Open  ind  Hellaw,  SSt. 
-StablUtTOf.ttS,  tU. 

_         — StrangUi  at,  168. 
AanAnOat  EStet  of  Gnritr,  US. 

„       yo™,49o, 

„  ImpulM,  us. 

Aocalnmtiao,  >S8. 
AeoDmaUtor,  MI. 
AcCul  EMrvT,  4M,  ACT. 

of>Hidiiiw,«ll. 
„  at  BoUtion,  631. 

Adb«rioD,!08. 
AKp*8*t>  ComblutuMu,  4W. 
A!^Appu<ut    Weight   of    BodMi   in, 

„  — g-pJnAm  of^  138. 

„  — Vibdtr  of  Sound  in,  56S. 
„  — Wiijitof,  IM.  86t 
An^  of  Brpon,  SIO. 

„     of  BoUticn,  S91. 

,.     ofRii{itan,104,lM. 

„     el  TonioD,  8S8. 
ADcnlar  IdihiIk  SH. 

„        UoDHntDID,  Ml,  SM. 

VilodtT,  Ml,  191. 
' rf  lai. 


r,  18S,  SI 


„  — Cla(Ured,MS. 

„  -Diilartcd,  iOt. 

„  ^Dut«ct«d  ElUptlo  lioMr,  IBt. 

„  -EUiptk  LiDMT,  IBt. 

„  — Gnuik  ■ppTaiimato,  19S,  107. 

„  '-HTdioiUtic,  ISO,  iOT,  8U. 

„  -Ino-rlbhad,  878. 

„  —Una  of  Pnanini  in,  1B7. 

„  — liiiMr— or  Eqnilibnted  Bib,  Iflt, 

175.181. 

_  — Lineu— fiiT  Normal  Pnaon,  18V. 

„  -Pien  of,  16S. 

„  — PoinMd,  !08. 

„  -Sknr.lBl. 

„  -subiH^  d;  ns,  1ST. 


,  -Anoctii  ot,  lea. 


Arah-ToUl  Thrmt  ot  101,  HOl 


„    oF  Inotii,  S14,  Sit. 

„  ofStnM,9S,  M. 
AMt-FiHdTMS. 

„    — InMantiueirai,  807. 

„    tf  Angolu  Unntntum,  SOS,  fillL 

„  of  Routioii,  8»0. 
Axto— Prktion  H,  eli. 

B   — Boriliwwfi  0^  3S7. 

„    — Stnogth  i<  SU. 

„    — Tanion  D^  SM. 

„   with  Cnnk— StrngUk  «^  BS81 

IS. 


_ |,1M. 

„        of  nDidi,ll& 

n        iifForcwfaiO»Liiw,10. 

„         of  ladlocd  Foreet,  8S. 

,  of  PinlM  Fonet,  31,  It. 

„        of  Straw  ad  We^t,  lU 

„         of  Stmotona,  110. 
Balutcad  Fora*— Hotion  iindar,  470. 
BalliMie  Pendulum,  MS. 
BMHk— FriOiMiaf,  BIT. 


Bii>-£b«acth  af  Iroo  and  Stael.  377. 
Bumi.lU. 

■AUomnot  for  Viight  of.  3(6. 


„  — ElBUUUMl    11 

.  end  at  both  cod*,  881. 

„  — IJi^tinc  LMWth  of,  HT. 

„  —Lines  oTPrinapd  Strea  in,  84 

-  of  Uaifarm  Stro^itb,  ItO. 
„  orici«Ulj  Coind,  84& 

-  —PvtUlT  loaded,  Stt. 

„  -PnofDeflMtioao^SSt 
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IHDKX. 


»t 


B«iiiii— PraportioB  «(  Dtptih  to  Spaa  of, 

„     —Berilienee  o(  880. 

„      ^ShMuriDg  Stren  in,  888,  84L 

„      —Sloping.  848. 

„     —Strang  o(  807, 816, 818,  884. 
Betringi,  422. 
B«1U,  888,  464. 
Bendmg— Moment  of,  808. 

„      — Rwistanoe  to,  807. 
BoTol-wheels,  42^  448. 
Blocks— SUbility  of  a  seriM  of,  S80. 

„     and  Tac^e,  462. 
Bodie8.18. 
BoUerStoT8,296. 
Boikn-Strangth  of,  289,  296, 299,  808, 

640. 
Bond  in  Briokwoi^  222. 

„    Maaomy,  222. 
Bowatring  Girder,  868. 
Bracing  cf  Frames.  142. 
BTake^  824,  64U,  648. 
Breaking  acroaa    Reaiatonce  to,  807. 
Breaat-wheel,  628. 
Brickwork,  222,226,242. 
BiidgM,  149, 158,  268,  844, 689. 

— Snapension,   149,   171,    286, 
870. 
Budding,  802. 
Bulging,  802. 
BnoyancT,  120. 

„        —Centre  o£  121,  60t 
Bvttieaeea,  228, 285. 

Oablbb— fitrengkh  of,  288. 

Gam,  449. 

Caat-iron  Beama,  818. 

„       -^Strength  o^  862,  660. 
Catenarr,  177. 
Gella— Strength  o(  864^ 
Centre  of  Bnoyaney,  121,  801. 

„     of  GmyitT,  49,  180,606. 

„     of  Maaa.  482. 

„     ofOBeillation,646. 

„     of  Parallel  Foroea,  81. 

„     of  Pereoaaion,  620,  644. 

„     of  Preaanre,  71,  76, 126, 227. 

„     of  Redatonce,  131. 

Centrifugal  Conple,  687,  621. 

„        Force,  887,  491,  646. 

„         Pumn,  697. 

Ohaina — Eqnilibnnm  otf  162. 

„  for  PoUeya,  464. 
Channel— Flow  in,  4tL 
Chimneyv-SUbUitT  o£  228,  286,  240, 

644. 
Ginematioa,  16,  42t 

I,         Pnndplea  of,  879. 
ClidL  463.  *^ 

Coeffident  of  Contraction,  672,  642. 


Coeflldent  of  ElMtidtj,  277.  27«. 
„        ofFtiction,210,612. 
„        of  Pliability,  277  279. 
OoHapaing— Beaiatance  to^  908. 
CoUjir— Friction  d^  616. 
Cullidoa,  608. 

Colnmna— Strength  o£  880,  68a. 
ComparattTa  Motion,  884,  889L 
Componenta,  19,  87,  88L 
Compodtion  of  GoaplaBb  Foreai. 

28,881. 
Compoond  Enginet,  642,  848. 

„         Serewa,  467. 
Compraaribility  of  Liqnida,  271. 
Compreaaion — Bfeiatanoe  to,  882L 
Gonea— Speed,  467. 
Coigugnte  Axea,  79. 
n        Streea,  8iSu 
Connected  Bodiea-Modona  o£  428, 421. 
Connecting  Boda — Strength  o^  S68L 

itkm  of  Angnlar  Mommtiwi,  ar 
ofi^reaa,  608. 
of  Energy,  478,601,888. 
„  of  Momentam,  64I5l 

Cootinnitj—  E<|;nationa  of— to  Gam.  417. 
— Equatkoa    of— m 
411,  418. 
Contfaraooa  Brakes  840,  843L 
„         Giideia,  888^  884. 
Contracted  Vein,  672. 
Contraction— Coeffident  o^  571;  842. 
Coid— Eqnilibriom  o^  162. 

M  —Motion  ot  408. 
Ctedi,464. 

n     — Bednplieation  oi,  4CS. 
Coooterforta,  266. 
Conplaa— CentrifbgaL  687. 
„      — I>6nating,  685. 

—Energy  and  Wock  o(  687. 


»t 
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— PoWgon  of,  26, 
— Bedu 
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[action  of,  612. 
—Stotical— Theory  o^  21. 
with  Inclined  Axea,  24. 
„      with  PanUel  Axea,  21. 
Covpling — Friction,  618. 
— Hooka'a,  46t 
— 01dham*a,  458. 
„       ofPaialld  Az8a,469. 
Qrank  and  Axle— Motion  of,  468. 

„  p     — Strength  of,  858. 

Croaa-hreaking- Reeiatance  to,  811. 
Cniahing  by  fendipg— Reairtance  feoi,  880. 
M       — Diract    Bedatanca    to,    8tt2. 

-Table  oi;  852. 
Cnp  and  BaU  Pivot,  618. 
Cnnent,  412. 

„       — nraaanra  of— on  a  SoCd  Body, 

698. 
„       — Badiatfaig,  412, 674. 
Cydfoid,898. 
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Ofckidal  Feodiihim,  497. 
<^]iiidan — Streogth  of;  289, 294. 

Dam*— Stabilitj  of.  285, 24S. 
Daj — Mean  Solar,  882. 

.,  ^Siderad,  880,  881. 
Dwid  Points,  458. 
DcBeedon  of  Beam,  812,  822,  828L 
Dvriatiaut  Coopio,  585. 

.,  Forco,  491. 492.  545. 

Doriatlon  (of  Modoo}-Homont  d,  528. 

yy         ^^Unifbmi,  887. 

„  — Varriiiff,  888. 

IMfioTCBtial  Windlm,  4e6. 
]>iireioiitUtfeD,  886. 
I>inetkm — Fizod  and  noarly  iUad,  879. 
Dntribntod  Forcoi,  48. 
I>ooM»--StabilH7  oi;  286. 
Diivin^  Point,  810. 
Ihumo  in  Mcchantim,  465. 
IHietaitT,  278, 878. 
]>atj  of  EngiiMt,  680. 
Dyiunnie  Head,  568^  579. 
15. 
— Genaral  Eouatioiia  ot  484. 
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— StabilitT  of,  212. 

r    rr'^Mle  of  Kumplaa  oi;  221. 


Eaktb— FrietioD  of,  211. 
Fcundatiooa,  219. 
— Pftamn  of.  218, 249, 277. 
^tabilHToT  - 
—Table 
£odnitn»— If  oUon  oL  460. 
Eddy  412. 
EffectoraMaehnML610. 
EflkioiM^,  609.  610. 

of  Heat  Engine,  629,  644. 
ofWatenrheel8,628. 
„        ofWindmilla,629. 
Bllbrt,  476,  611. 
ElMtie  Cure,  849. 
„      Foraa,  270. 
SiMGitT— Coefficianti  <  277. 
„       — Flnid,  270. 
„       — Uqnid,  271. 
M       — Modnloa  ot  279,  650. 
„       —Potential  Knergj  of,  277. 
„       — Tbeoiy  of,  270,  275. 
Beetro-dynamio  Engine— EtfioSoncv  oi; 

680. 
EkmentaiT  Combinationa,  465. 
SUipaoid  of  Inertia,  526. 
Bocargy,  477. 

„      — Actual,  499,  507. 
„      — Actnal—of  a  Botating  Body, 
532. 
— Gomponenta  of.  480, 499. 
— Conarrration  of— Motion  being 
Uniform,  478. 
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EneigT  —  Gonaervation    of — in    Varied 
MoUon,  501, 508. 
„      — Initial,  508. 
„      of  Conplea,  587. 
,.     —Potential,  477. 
„     —Total,  508,  569. 
„     — ^Thmsformatioa  of,  499. 
Endnea,  625,  648. 
Epicjeloid,  401. 
Efncydoidal  Teeth,  444. 
Epitrochoid,  401. 
Equilibrated  Arch,  162, 175. 182. 
Eqoilibrinm  of  foroea,  25,  48. 
of  Structnrea,  129. 
—Stable  and  UntUble,  128. 
ofAir,  128.  606. 
of  Metala,  Stonea,  Brick,  Glaa, 

Timber,  849. 
of  Steam,  606. 
„        of  Water,  125. 
Extradoa  of  Arch,  173. 

FAcn»B8  of  Safety,  274,  362;  865. 
Fan,  or  Head,  627. 
Falling  Body,  485,  486. 
Fan— Blowmg,  598. 
First  Law  of  Motion,  476. 
Fixed  Direction,  879. 
„     Point,  14,  881. 
Fkxnre— Moment  of«  811.  ■ 
„     -Bedatance  of,  812. 
V)oiitiDg  Bodiea,  120,  600. 

,.  — OaetlUtioii  of,  60S, 

Floats  of  Waterwheela,  628b 
Flow  of  Fluids^  417. 

„    of  Uqnid,  410,  647. 
Fines— Strength  of,  806. 
Flnid,  100. 
„     — Elaaticitj  of;  285. 
<— Eqnilibnum  of,  116. 
—Flow  of;  417. 

— Impolae  of— on  a  SoHd  SnifiMb 
591. 

„     — Motkm  oi;  410,  566. 
„     — Preasnre  of,  99. 
„     Besietanoe,  598. 
Fly-wbeel,  628. 
Foot-pound,  477. 
Force,  15, 17. 

—Absolute  Unit  of,  486. 
-Centrifugal,  887,  49L 
— DeriaUng  491,  492, 595. 
—Distributed,  48. 
—Reciprocating,  508. 
^BepresenUtion  of,  19. 
— UnDalanoed— Measures  of,  501. 
Foices— Action  of— on  a  System  uf  Bodies 
510. 
„      — Parallelogram  of,  85i 
„      — Parallelopiped  of,  87. 
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Foroas— Polygon  of;  86. 

„    — Redoctioa  of,  612. 

„    — BesidaiO,  498,  51L 

„    — Resolndoii  of,  87. 
Foandation,  129. 
FoaodatioDB— Earth,  219,  288. 
Fracture,  272. 
Fhunee — Bracing  of,  142. 

— Eoniliniam   and   Stability  d, 

of  two  Bars,  186. 
—Polygonal,  139. 
— Resiatanoe    of-Hit   a    Sootion, 

150. 
-Triangular,  187. 
Free  Botation,  683. 
,,    Snrfaoe,  570. 
Friction,  209. 

—Coefficient  of;  210, 612. 
ConplingB,  618. 
—Heat  of  620. 
^Intemid,  877. 
— Moment  of,  614. 
of  Gas,  690. 
of  Uquids,  584. 
of  Machinea,  612,  614. 
of  Solid  Bodies-Law  of,  209. 
Strap,  618. 
—Tables  of,  211,  618. 
Frictional  Gearing,  618. 
„        SUbility,  209. 
„        TenadtV,  222. 
Fnmaoe— Waste  Heat  of;  629. 
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Gab,  18. 

„   — Action  of— on  a  Piston,  604. 
„   —Dynamic  Head  in,  679. 
„    Engine,  642. 

„   —Equation  of  Continuity  in,  581. 
„    —Flow  of— from  an  Orifioe,  58 1 ,  642. 
„   —Flow  of— with  Friction,  590. 
„   —Motion  ot  666. 
„   — ^lotion  or— without  I^nction,  579. 
Geoetatic  Ardi,  196. 
Girder— Bowstring,  869. 
„     —Cellular,  867. 
„    — Compound,  866. 
„     — Half^attice,  158.  869. 
„    —Lattice,  160,  869. 
„     —Plate,  866. 
„  — Stiffening— for  Suspendon  Bridges, 

870. 
„     —Tubular,  866,  867. 
„     —Warren,  158. 
OoTemor,  548,  625. 
Gnmty— Accelerating  Effect  of,  485. 
„      —Centre  of,  16,  49,  61,  180. 
n      —Motion  under,  485,  486. 
-Specific,  49, 124. 
—Spedfio— Table  of,  656. 
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Grease,  618. 
Groined  VauHa,  261 
Gyrstioii,  616,  542. 

— Badioa  o^  616. 

— Table  of  Badii  of;  518. 
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Hbad— Dynamic— of  Gas,  579. 
„  ^     -of  Liquid.  568,  627. 

„   —Equal— SorfiKM  of,  673. 
HeadefB  in  Masonry,  228. 
Heat  Endne— Efficiencj  ot,  629L 
Heat  of  Friction,  620. 
of  Steam,  607. 

— Specifie— of  Gases   at   CoostJ^ 
Pkessnre^  580. 
Height  due  to  VekKaty,  487. 
HeHcal  Motion,  894. 
Hooh^*ft  Doable  Joint,  4fi2. 
„       Gearing,  45L 
„      Law,  ^5. 
„       Universal  Joint,  46L. 
Hoop-tension,  290. 
Horse-power,  610. 
Horse— WoriL  of,  626. 
Hunting  Cog,  484. 
Hydraidio  Hoist,  465. 

Mean  Depth,  587. 
Press,  462. 
„        Bivetting,  642. 
Hydraulics,  585. 
Hydrodynamics,  475,  666. 
Hydroetatics-PrinGiples    o^    100,    11|, 

117. 
Hydrostatio  Aidi,  190,  20C,  8681 

Imkbrssp  Body— Piesume  oa,  122. 
„         Flans— Prsssore  oa,  U8l 
Impact,  664^ 
Impulse,  488. 

— Angular,  506. 

between  bolids  and   Fhiids, 
691. 

..       and  Momentnm— Lanr  cf,  484. 
Indmed  Plane,  489. 
Indicator,  478. 
Inertia,  or  Mass,  482. 

—Axes  of,  524. 

—Ellipsoid  of,  526,  582. 

—Moment  of,  77,  614,  618. 

— Bednoed.  62L 
Insids  Gearing,  441. 
Instantaneous  Axis,  897,  404,  467. 
Int^Fsls— Approxiinate  ComputadoBO^ 

Intensity  of  Distributed  Foraa,  48. 

,  „        of  Preasore,  69. 
„       of  Stress,  68. 
Internal  Equilibrium  of  Stress  and  We^g^ 

112. 
Internal  Stress,  280. 
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Intrados  of  Areb,  178. 
Isoduonoiis  Vibratioo,  658w 
botropie  Solid,  27& 

Jkt — Impulse  of,  691. 
Joints  of  a  Strnctura,  129, 18L 

„     ofMaaoiii7,211. 

„     of  Baptors,  259. 

KxT»— Frietioii  of,  22$. 

Latbbai*  Force,  476. 

Laltkse  GMer,  168, 160. 

Least  Resistance — Principle  o£  216. 

lieatber-~StRngth  o(  288.  64& 

Length— Measore  of,  18,  14. 

Lever,  26. 

Une,18. 

Linear  Arch,  162, 182, 189,  203. 268. 

Link  Motion,  468. 

Linkwork  in  Mechanism,  424,  468. 

Liquid,  18. 

„      — Dynamic  Head  of,  668. 
„      — EquUibrinm  of,  118. 
„      — Flow  of— from  an  Orifice,  670. 
—Flow  of— in  a  Pipe,  411,  688. 
—Flow  of —in  a  Stream,  6iB6. 
„      —  Free  Surface  of,  570. 
„      —Motion  of  410. 

— Motion  of— in   Plane   LaTsrSu 
670. 
„      —Motion  of— with  Friction,  684. 
M     — Surface  of  Eqnal  Pressure  in, 

670.  ^ 

^     without  Friction— Motion  of,  667. 
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6, 16,  421. 

—Actual  Eneny  of,  621. 
—Pieces  of,  422. 
—Reduced  Inertia  of,  621. 
-Theory  of,  609. 
^Varied  Motion  of,  621. 
— Work  of —with  Uniform  or 
Periodio  Motion,  610. 
Man— Woik  of,  626. 
Mssonry  and  Briekwoik — Bond  of,  222. 
„  „       — Friction  9f;  211, 

222. 
n      — StabUity  of,  280. 
482,  484,  485. 
„     —Centre  of,  482. 
Matter,  18. 

Messoies— Compsratire  Table  of  Britiah 
and  French,  666. 
„        of  Ungth,  18, 14. 
M       of  Stress,  69. 
H        of  Time,  881. 
„        of  Velodty,  882. 
H       of  Weight,  18. 
Mechankal  Equivalent  of  Heat,  620. 
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Mechanics— Applied,  18. 

— ^Dissertation  on,  1. 
nism— Aggregate  Combinations  in. 
425.  4§6, 
„        — Elementary  Combinations  in, 
428,  426. 
—Principle  of  Connection  in, 

424. 
—Theory  of,  421. 
Merenry— Weight  of,  69. 
Metacentre,  601. 
Modulus  of  Elasticity,  279,  660. 
„      of  Resilience,  287. 
„      of  Rupture,  816,  668. 
Moment— Bending,  807. 
of  a  Couple,  22. 
of  Deviation,  628. 
of  Flexure,  811. 
of  Friction,  614. 
of  Inertia,  614. 
of  Inertia  of  a  Surface,  77. 
of  Inertia— Tables  oi^  82, 229, 51flL 
of  Stability,  238. 
of  Stress,  73. 
of  Torsion,  853. 
„      Statical,  27,  29. 
Moinantum,  482. 

—Angular,  605,  629. 
— Conservation  of,  605. 
and  Impulse— Law  of,  484. 
of  a  Rotating  Body,  629. 
Motii^b,  14. 

—Comparative,  884,  889. 

— Component  and  Resultant,  881, 

883. 
-First  Law  of,  476. 
—Friction  of,  226,  612. 
„      of  a  System  of  Bodies,  606. 
„      of  Flwds— Dynamics  of  476, 666. 
of  Oases,  417. 
of  Liquids,  410,  666. 
of  Pliable  Bodies  and  Fluids,  408. 
of  Pliable  Bodies— Dynamics  of, 

652. 
of  Points,  879. 
of  Points— Varied,  886. 
of  Rigid  Bodies,  890. 
— Seoond  Law  of,  484. 
^Uniform  —  Dynamical    Prind- 
ples  of,  476. 
„      — Varied— Dynamical  Principles 
of,  482. 
Muicnkr  Strength— Work  of;  626. 

Nbutbal  axis.  78. 
Notch— Flow  tnrough,  678. 

Oil,  618. 

Oldham's  Coupling,  458. 

Orifice— Flow  through,  671. 
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OMillatioii,  41«. 

„         — AngoUir,  542. 

„  —Centre  oif,  546. 

H         —Elliptical,  496. 

„  — Stnixbt^  494. 

OBcilUtiiigPeudalam,  496, 546. 
Orenbot  Wheel,  628. 

Parabola— Formola  relating  to,  165. 
Parallel  Forces,  25. 
„      Motion,  469. 
,        Projection,  45,  61,  127. 
Pendolnm— BallUtio,  548. 

— Compound  Oscillating,  546L 
— Componnd  Revolring,  547. 
— Cjdoidal,  497. 
— Routing,  547. 
—Simple  Osdllating,  496. 
„        — Simple  Revolving,  492. 
Pereossion — Centre  of,  520,  644. 
Periodical  Motion  of  Maohuiea,  501. 
Pieces  of  a  Stmctnre,  129. 
Piers— SUbUity  of,  22a 
„    of  Arches,  263. 
,,    —Open  and  UoUow,  268. 
Pile-driving,  564. 
Pillars— Strength  of  Long,  860,  689. 

„     —Strength  of  Short,  802. 
Pinion,  434,  448. 
Pinnacle  on  a  Battresa,  289. 
Pipes— Flow  in,  411,  588,  647. 
„    —Friction  in,  585,  588. 
„    -Resistance  caused  bj  Sadden  En- 
largement in,  589. 
„    — Reustanos  of  Curves  and  Knees 

in,  589. 
„    —Resistance   of   Mouthpieoss    of, 

589. 
„    —Strength  of,  289. 
Piston,  418. 

„     —Action  of  a  Flud  unon,  604. 
Piston  Rods— Strength  of,  868. 
Pitch,  894,  483,  449. 

„     Surface,  426,  454. 
Pivot— Friction  of,  616. 
Plasticity,  272. 
Plate-iron  Girders,  865,  866. 

„       Joints,  299. 
Plates-fitrsngth  of  Iron  and  StetL  877, 

641. 
PlUbiUtj,  278. 

„        — Coefficients  of,  277. 
Point -Fixed.  14,  381. 
„     —Motions  of,  879. 
„     —Physical,  18,  475. 
Pointed  Areh,  203. 
Post»— Tirobei^Strength  o^  865. 
Potential  Energy,  477. 

,,  ofElastidty,  277. 

Pound— Standard,  18. 
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Power,  618. 

Prdimmaiy  DiisertBtJon,  L 
Press— Hydraulic,  464. 
„    —Strength  of,  290. 
Ptwsure,  20, 69,  564. 

beiweso  Rubbing  Snrfiwes,  611. 
in  a  Sloping  Solid  MaflB,  Ixi. 
—  Internal,  288. 
ofEarCb,218,249,  277. 
of  Fluids,  99. 
Prime  Movers,  609,  625. 
Prindnle  of  D'Alembcft,  511. 
PMJectaos,  487,  491,  599l 
Pkojectian-Parallel,  45,  61,  127. 
Proof  Streogth,  278, 274. 
PulMHueter  Pumn,  64L 
Pull,  69. 

PnlleTS  and  Belta,  454. 
„      and  Cords,  462. 
„       —Speed,  457. 
Pump— Centrifugal,  597. 
„    — Pukometer,  641. 
„    Rods— Strength  oC;  297. 

Back— Motion  of;  427. 

„    —Teeth  of;  438. 
RadiaHng  Current,  574. 
Radius  of  Gyration,  515. 

„     Vector,  892. 
Railways— Resistance  on,  620. 
Reciprocating  Force,  508. 
Reduced  Inertia,  62L 
Reduction  of  Foroea  and  Coaples  a  Ma- 

•  chines  to  the  Driving  PointT  612. 
R^i;ulator  of  a  Prime  Mover,  625. 
Repoee— Angle  of,  210. 
Reservoir  Walls-StebiKty  <  248, 638. 
Resilience,  278. 

of  Azle^  857. 
of  Beam,  880. 
of  Tie4>ar,  287. 
Resistanoe,  476. 

„         —Centre  of,  181. 

„         — Line  of,  181. 

„         of  CarriageBonRoadk618. 

„         of  Fluids,  598. 

„         of  Machines,  610. 

of  Materials,  278,  650L 

of  Railway  Traina  and  Es- 

ginea,  620,  643. 
of  Rolling,  619. 

ofShips,598,648. 
„         —Point  ot  610. 
Resolution  of  Foroea,  87. 

„        of  Internal  Stntm^  81. 
Rest,  14. 

„    —Friction  oC  226,  612. 
Resultant,  18. 

„         Momentum,  482. 

„        of  any  System  of  Foran^  4L 
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Besnltuit  of  Couples,  23,  24. 

of  Inclined  Forces,  85. 
of  Motions,  881. 
of  Parallel  Forces,  26,  28,  80. 
of  Stress,  70. 
of  Weight,  49. 
Retaining  Walls,  227,  249,  888. 
Betardation,  886. 
Rerdtements,  227,  249. 
Serolving  Simple  Pendalum,  492. 
Ril>— Ardi,  182. 
Ribbed  Arches,  876. 

Rigid  Bodj — Action  of  a  Single  Force  on, 
648. 
.,        —Motion  of,  390,  894,  618. 
Rigiaitj  or  Stiffness,  271. 
„       ofaTni8^144. 
„       — Snppoeition  of  Perfect,  18. 
RiTetft— Strength  of,  299. 
Riretted  Joints— Strength  of,  289,  299. 
Rivetting— Hydnnlic,  642. 
Roada — Resistance  of,  619. 
Rolling  Cones,  405,  585. 

,,      Contact  in  Mechanism,  426. 
,,      Load,  882. 

„      of  Cylinder  on  Cylinder,  400. 
y,      of  Cylinder  on  Plane,  898. 
M      of  Plane  on  Cylinder,  898. 
„      of  Ships,  604. 
„      Besistanoe,  619. 
Roof,  142,  146. 
Ropes— Stiffness  of.  619. 
„     —Strength  of,  288. 
Rotating  Body— Comparative  Motion  of 

Points  in,  893. 
„  — Relative    Motion   of  a 

Pair  of  Points  in,  892. 
Rotation,  890. 

— Actual  Energy  of,  532. 
and  Force — Analogy  of,  405. 
— ^Angnlar  Velocity  of,  891. 
—Axis  of,  890. 

Combined  with  Translation,  894. 
'^\       — ComparatiTs  Motionsin  Com- 
pomid,  406. 
— Compoond,  899. 
— DynamicflJ  Principles  of,  618. 
—Free,  683. 
— Instantaneous  Axis  of,  897, 

643. 
—Uniform,  685. 
—Varied,  406.  688. 
— Varied  —  Combined      with 
Translation,  548. 
Rupture— Modnlns  of.  816, 668. 
—Angle  of,  204,  269. 
„      —Point  of,  204,  259. 

5AFBTT— Factors  of,  274,  641. 
„      Valves,  642. 
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Screw-like  Motion,  894. 
„         Gearing,  451. 
Screws — Compound,  467. 
„     —Friction  of,  226. 
„     in  Mechanism,  449. 
Second  Law  of  Motion,  484. 
Sections— Method  of— Applied  to  Frame- 

work,  150. 
Set,  271. 

Shafts  and  Axles— Strength  of,  858. 
Shear,  69,  87. 

Shearing  Force  in  Beams,  807. 
— Resistance  to,  298 ; 
Stress  in  Beams,  388. 
—Table  of,  649. 
Shining  or  Translation,  890. 
Ship  Resistance,  599,  641. 
Shrunk  Rings,  294. 
Skew  Arches.  261. 

,,     Bevel  Wh<rels,  430.  449. 
Sliding  Contact  in  Mech:inism,  486. 
Solid,  18. 

Sound— Velocity  of,  563. 
Spandril  Wall,  257. 
Specific  Gravity,  42, 124,  656, 
Speed-Gones,  467. 
Speed — Fluctuations  of,  622. 
Spheres— Strength  of,  290. 
Spiral,  398. 
Stability,  128. 

„        — Frictional,  234). 
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throughout  with  good  taste,  and  in  the  most  reverential  spirit.  Th£  w^rA  nttds  mUy  U 
be  kmiwH  to  make  it*  way  into  fittmities,  and  it  will  (at  any  rate,  it  ought  to)  become  a 
favourite  Manual  in  Sunday  Sdtu>cA^**—Scottmum^ 

"  A  Household  Trbasuxb."— ^Kw/^ni  M&mingSevn, 

"This  attractive  and  handsome  vcdume  .  .  .  written  in  a  simple  and  Hanspueni 
style.  .  .  .  Mr.  Foster's  explanations  and  comments  are  models  op  TSACHiifG.''— 
Frttma»» 

**  This  large  and  handsome  volume,  abounding  in  Illustrations,  is  just  what  is  wanted. 
.    .    .    The  Story  is  very  beautifully  and  reverently  told."— (^iSu^fw  Ntmg. 

"  There  could  be  few  better  Presentation  Books  than  this  handsome  Tohmie.'*— Z)ta»(f 
Xndrw, 

"  Will  accomplish  a  good  woKic,'*'Simday  School  Chromclo. 

"  In  this  beautiful  volume  no  more  of  comment  is  indulged  in  than  is  neoenary  to  the 
elucidation  of  the  text.  Everything  approaching  Sectarian  nanowneai  is  carefiilly 
eschewed.*' — Methodist  Magaaisu, 

"This  simple  and  impressive  Narrative  .  .  .  succeeds  thoroughly  in  riveting  the 
attention  of  children ;  .  .  .  admirably  adapted  for  reading  in  the  Home  Grde." — 
Daily  Chronicle, 

"  The  Historical  Sketch  connecting  the  Old  and  New  Testaments  is  a  very  good 
idea ;  it  is  a  common  fault  to  look  on  these  as  distinct  histories,  instead  of  as  parts  of 
one  grand  whole.  ^ ^Christian, 

*'  Sunday  School  Teachers  and  Heads  of  Families  will  best  know  how  to  valne  this 
handsome  volume." — Iforthem  Whig, 

*  *  The  above  is  the  original  English  Edition.    In  ordering, 
Griffin's  Edition,  by  Charles  Foster,  should  be  distinctly  spedfied. 


RELIGIOUS  WOMKS. 


STANDARD    BIBLICAL  WORKS 

BY 

THE   REV.  JOHN   EADIE,  D.D.,   LL.D., 

LaU  a  Mtmber  of  the  Sew  Testament  Revision  Cinn^emy, 


This  Sbribs  has  been  xirepared  to  afford  sound  and  necessary  aid  to  the  Reader  of  Holy 
Scxiptnre.     The  Volumbs  comnriaed  in  it  form   in  themselves   a   Complbtk  Library 
KKFBRZNCB.    The  number  of  Copies  already  issued  greatly  exceeds  a  quarter  or  a 


or 

MILLION. 


I.  EADIE   (Rev.   Prof.):   BIBLICAL    CYCLO- 

PiEDIA  (A);  or,  Dictionary  of  Eastern  Antiquities,  Geography,  and 
Natural  History,  illustrative  of  the  Old  and  New  Testaments.  With  Maps, 
many  Engravings,  and  Lithographed  Fac^simile  of  the  Moabite  Stone. 
Large  post  8vo,  700  pages.     Twenty-fifth  Edition, 

Handsome  cloth,         ....       7/^ 
Morocco  antique,  gilt  edges,        .        .     16/. 

"  By  far  the  best  Bible  Dictionary  for  general  use.** — CUrictU  youmoL 

II.  EADIE    (Rev.    Prof.):    CRUDEN'S    CON- 
CORDANCE TO  THE  HOLY  SCRIPTURES.    With  Portrait  on 

Steel,  and  Introduction  by  the  Rev.  Dr.  King.  Post  8vo.  Fifty-first 
Edition.     Handsome  cloth,     .....      3/6. 

*•*  Dr.  Eadie's  has  long  and  deservedly  borne  the  reputation  of  being  the  COM- 
PLETEST  and  BEST  CONCORDANCE  extant. 

III.  EADIE  (Rev.  Prof.):  CLASSIFIED  BIBLE 

(The).  An  Analytical  Concordance.  Illustrated  by  Maps.  Large  Post 
8vo.     Sixth  Edition.     Handsome  cloth,  .        .         .       8/6. 

"We  have  only  to  add  our  unc^ualified  cojnmendation  of  a  woric  of  real  excellence  to 
every  Biblical  student." — Christian  Times. 

IV.  EADIE  (Rev.  Prof.):    ECCLESIASTICAL 

CYCLOPiEDIA  (The).  A  Dictionary  of  Christian  Antiauities,  and  of 
the  History  of  the  Christian  Church.  By  the  Rev.  Professor  Eadib, 
assisted  by  numerous  Contributors.     Large  Post  8vo.     Sixth  Edition, 

Handsome  doth,        .        .        •        •      8/d. 

"The  Ecclesiastical  Cyclopedia  will  prove  acceptable  both  to  the  clergy  and  laity 
of  Great  Britain.    A  great  body  of  useful  intormation  will  be  found  in  it." — Atheneettm, 

V.  EADIE  (Rev.    Prof.):   DICTIONARY   OF 

THE  HOLY  BIBLE  (A) ;  for  the  use  of  Young  People.  With  Map  and 
lUnstntions.     Small  8vo.     Thirty-eighth  Thousand. 

Cloth,  elegant, ft/6w 

a2 
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RELIGIONS  OF  THE  WORLD  (The) :  Being 

Confessions  of  Futh  contributed  bj  Eminent  Members  of  every  Denomi- 
'  nation  of  Christians,  also  of  Maiiometanism,  Parseeism,  Brahminism, 
Mormonism,  &c,  &c.,  with  a  Harmony  of  the  Christian  Confessions  of 
Faith  bj  a  Member  of  the  Evangelical  Alliance.  Crown  Svo.  Qoth 
bevelled,  3/6. 

SOUTHGATE    (Henry):    SUGGESTIVE 

THOUGHTS  ON  RELIGIOUS  SUBJECTS.  (See  page  3d.) 

SOUTHGATE  (Mrs.  H.) :  THE  CHRISTIAN 

LIFE :  Thoughts  in  Prose  and  Verse  from  Five  hundred  of  the  Best 
Writers  of  all  Ages.  Selected  and  Arranged  for  Every  Day  in  the  Year. 
Small  8^0.  With  Red  Lines  and  unique  Initial  Letters  on  each  page. 
Cloth  Elegant,  5/.     Morocco,  10/6.    Second  Editioti, 

"  A  volume  as  handsome  as  it  is  intrinsically  yUKoScAit^ -^cotsmitn, 
"The  readings  are  excellent."— J?M«n£ 
•*  A  library  in  iXsie^'-JSortfum,  IVJk//^. 

TAIT  (Rev.  James):  MIND  IN  MATTER:  A 

Short  Argument  on  Theism.  Second  Edition.  Demy  Svo.  Handsome 
Cloth,  8/6. 

General  Contents. — Evolution  in  Nature  and  Mind— Mr.  Darwin 
and  Mr.  Herbert  Spencer — Inspiration,  Natural  and  Supernatural — 
Deductions. 

"An  able  and  orisinal  contribution  to  Theistic  literature.      .  .     The  style  is 

pointed,  concise,  and  telling  to  a  degree." — Glasgow  HeraUL 

"Mr.  Tait  advances  many  new  and  striking  su^guments  ...  highly  suggesUTe 
and  fresh." — Brit.  Quarterly  Review. 

THE   MASSES:    How  Shall  Ave  Reach  Them? 

Some  Hindrances  in  the  way,  set  forth  from  the  standpoint  of  the  People, 
with  Comments  and  Suggestions.  By  an  Old  Lay-helper.  Cloth, 
2s.  6d.     Second  Edition, 

%*  An  attempt  to  set  forth  some  deficiencies  in  our  present  mothods  of  reaching  the 
poor,  in  the  language  of  the  people  themselves. 

"  So  full  of  suggestiveness  that  we  should  reprint  a  tithe  of  the  book  if  we  vcre  to 
transcribe  all  the  extracts  we  should  like  to  make."— CAvrrA  Belts. 

**  *  Hindrances  in  the  way '  exactly  describes  the  subject-matter  of  the  Bock.  Any 
one  contemplating  Missionary  work  m  a  large  town  woiud  be  helped  by  studjing  it.** — 
Guardian. 

"  *  The  Masses '  is  a  book  to  be  well  pondered  over  and  acted  upon.**— darn-jfl  IVerk. 

**  A  very  useful  book,  well  worth  reading.**—- CJUrrrA  Timet. 

"A  most  interesting  book.  .  .  .  Conuins  a  graphic  description  of  work  amcng  the 
masses." — English  Cnurckman, 

WORDS  AND  WORKS  OF  OUR  BLESSED 

LORD:    and   their  Lessons   for    Daily  Life.        Two   Vols,   in  One. 
Foolscap  Svo.     Cloth,  gilt  edges,  6/. 


MEDICINE  AND  THE  ALLIED  8CIEKCES. 


By  Sir  WILLIAM  AITKEN,  M.D.,  Edin.,  F.R.S., 

FXOFRSSOR  OF  PATHOLOGY  IN  THE   ARMY  MEDICAL    SCHOOL  ;    EXAMINES  IN    MBPICINB  FOR 
TUB  MILITARY    MEDICAL    SERVICES  OF  THE  QUEEN;   FELLOW  OP  THE  SANITARY 
INSTITUTE  OF  GREAT  BRITAIN;  CORRESPONDING  MEMBER  OF    THE  ROYAL 
IMPERIAL    SOCIETY    OF    PHYSICIANS    OF    VIENNA;    AND    OF  TUB 
SOCIBTY  OF  MEDICINE  AND  NATURAL  HISTORY  OF  DRESDEN. 


Seventh  Edition. 

The  SCIENCE  and  PRACTICE  of  MEDICINE. 

In  Two  Volumes,  Ro3ral  8vo.,  cloth.  Illustrated  by  numerous  Engrav- 
ings on  Wood,  and  a  Map  of  the  Geographical  Distribution  of  Diseases. 
To  a  great  extent  Rewritten  ;  EnUu^ed,  Remodelled,  and  Carefully 
Revised  throughout,  42/. 


Opinions  of  the  Preea 

"The  work  is  an  admirable  one,  and  adapted  to  the  requirements  of  the  Student, 
Professor,  and  Practitioner  of  Medicine.  .  .  .  The  reader  will  find  a  laree  amount  of 
information  not  to  be  met  with  in  other  books,  epitomised  for  him  in  this.  We  know  of 
no  work  that  contains  so  much,  or  such  full  and  varied  information  on  all  subjects  con- 
nected with  the  Science  and  Practice  of  Medicine."— Z.aff£v/. 

*'  Excellent  from  the  beginning,  and  improved  in  each  successive  issue.  Dr.  Aitken's 
GREAT  and  STANDARD  WORK  has  now^  wiih  vast  and  judicious  labour,  been  brought 
abreast  of  every  recent  advance  in  scientihc  medicine  and  the  healing  art,  and  affords  to  the 
Student  and  Practitioner  a  store  of  knowledge  and  guidance  of  altogether  inestimable  value. 
.  .  .  -A  classical  work  which  does  honour  to  British  Medicine,  and  is  a  compendium  of 
.sound  knowledge." — Extractjrvtn  Rnuevi  in  **  Brian,*'  by  J.  Crichttm-BrvwHe,  At.D,^ 
F.  K. 

'*The  Seventh  Edition  of  this  important  Text-Book  fully  maintains  its  reputation. 
.    .    .    Dr.  Aitken  is  indefatigable  in  his  efforts.    .    .    .    The  section  on  Diseases  of 
the  Brain  and  Ner vols  System  is  completely  remodelled,  so  as  to  include  all  the 
most  recent  researches,  which  in  this  department  have  been  not  less  important  than  they 
are  numerous  '—Bri/itA  Medical youmaL 

"The  Standard  Text-Book  in  the  English  Language.    .    .    .    There  is,  perhaps, 
DO  work  more  indispensable  for  the  Practitioner  and  StudenL" — Edin,  Medical  J ourttaL 

"  The  extraordinary  merit  of  Dr.  Aitken's  work.  .  .  .  The  author  has  unquestion- 
ably  performed  a  service  to  the  profession  of  the  most  valuable  \dnA.*'—Practtti<mrr. 

OUTLINES    OF   THE    SCIENCE    AND 

PRACTICE  OF  MEDICINE.      A  Text-Book  for  Students.      Second 
Edition,        Crown  8vo,  12/6. 

"  Students  preparing  for  examinations  will  hail  it  as  a  perfect  godsend  for  its  concise- 
ness." — A  thetutum. 

"  Well-digested,  clear,  and  well-written,  the  work  of  a  man  conversant  with  every 
detail  of  his  subject,  and  a  thorough  master  of  the  art  of  teaching." — British  Medical 
Journal,  

CAIRO  (F.  M.,  M.B.,  F.R.C.S.),  and  CATHCART 

(C.  W.,  M.B.,  F.R.C.S.): 

A  SURGICAL  HANDBOOK:  For  the  use  of  Piactit loners. 
Students,  House^Surgeons,  and  Dressers.  With  Numerous  Illustrations. 
Third  Edition,     Pocket-size,  Leather,  %'fi, 

"This  is  a  THOROUGHLY  PRACTICAL  MANUAL,  well  up  to  date,  clear, 
accurate,  and  succinct.    It  is  thoroughly  trustworthy,  handy,  and  well  got  up."— Lance/* 


CHARLES  ORIFFIN  dfc  C0:8  PUBLICATIONS. 


Bj  PROFESSOR  T.  M*OALL  ANDERSON,  M.P, 

Now  ready,  wUh  two  Coloured  Lithoaraphs^  Sted  Plate,  and  nnmerous  Woodadu 

Royal  8tH>,  Ilandaome  Clc^  26s, 

DISEASES  OF  THE  SKIN 

(A  TREATISE  ON), 

With  Spscul  Reference  to  Diagnosis  and  Tbeatvebt,  Isscumixa  as 

Analysis  of  11,000  Consecutive  Gase& 

By  T.  M'OALL  ANDERSON,  M.D., 

Professor  of  Clinical  Medicine,   University  of  Glasgow, 

The  want  of  a  manual,  embodying  the  most  recent  advances  in  the 
treatment  of  cutaneous  afifections,  has  made  itself  much  felt  of  late 
years.  Professor  M^Oall  Andersox's  Treatise,  therefore,  affording, 
as  it  does,  a  complete  resume  of  the  best  modem  practice,  will  be 
doubly  welcome.  It  is  written — ^not  from  the  standpoint  of  the 
University  Professor — but  from  that  of  one  who,  during  upwards  of 
a  quarter  of  a  century,  has  been  actively  engaged  both  in  private  and 
in  hospital  practice,  with  unusual  opportunities  for  studying  this 
class  of  disease,  hence  the  practical  and  clinical  directions  given 
are  of  great  value. 

Speaking  of  the  practical  aspects  of  Dr.  Anderson's  work,  the 
British  Medical  Journal  says : — "  Skin  diseases  are,  as  is  well4mown, 
obstinate  and  troublesome,  and  the  knowledge  that  there  are  addi- 
tional RESOURCES  besides  those  in  ordinary  use  will  give  confidence 
to  many  a  puzzled  medical  man,  and  enable  him  to  encourage  a 
doubting  patient.     Almost  any  page  might  be  used  to  illustratk 

THE    fulness   op  THE   WORK   IN   THIS   RESPECT.      .       .      .      Tho    chapter 

on  Eczema,  that  universal  and  most  troublesome  ailment,  descril)6S 
in  a  comprehensive  spirit  and  with  the  greatest  accuracy  of  detail 
the  various  methods  of  treatment.  Dr.  Anderson  writes  with  the 
authority  of  a  man  who  has  tried  the  remedies  which  he  discusses, 
and  the  information  and  advice  which  he  gives  cannot  fail  to  prove 
extremely  valuable." 

Opinions  of  the  Press. 

"  Beyond  do«bt,  the  most  ihpoetant  work  on  SUn  Diseases  tbat  has  ftppeMPed  fai  Eaglaod  for 
many  years.  .  ,  .  Coospicaoua  for  tbe  axodkt  akd  excbllbxgs  of  the  cubical  axd  nucnCA& 
laformatlon  whlcb  It  contains.**— 27rt<t54  Medical  Journal. 

"  Professor  91'CaII  Anderson  has  produced  a  work  likely  to  prove  rery  acetptahit  to  tbe  bianr 
practitioner.  The  Rections  on  treatment  are  Tery  fnIL  For  exaowle,  Wi?*"g*  has  110  pacet  (ina 
to  it,  and  7S  of  these  pfl^ges  are  devoted  to  tntXaktaV'—lMMtt, 
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WORKS     by     A.     WYNTER     BLYTH,     M.R.C.S.,     F.C.S., 

Public  Analyst  for  the  County  of  Devon,  and  Medical  Officer  of  Health  for 

St.  Marylebone. 

I.    FOODS:  THEIR    COMPOSITION    AND 

ANALYSIS.     Price  16/.     In  Crown  8vo,  cloth,  with  Elaborate  Tables 
and  Litho-Plates.     T&ird  Edition,     Revised  and  partly  rewritten. 

General  Contents. 

History  of  Adulteration —L^slation,  Past  and  Present — Apparatus  useful  to  the 
Food  Analyst — "Ash" — Sugar— Confectionery— Honey — Treacle--Jams and  Preserved 
Fruits  —Starches— Wheaten-Flour — Bread — Oats —  Barley — Rye — Rice — Maize — Millet 
— Potato— Peas— Chinese  Peas—  Lentils — Beans — Milk — Cream— Butter— Cheese— Tea 
— Coffee  —  Cocoa  and  Chocolate  —  Alcohol  —  Brandy— Rum— Whisky— Gin — Arrack- 
Liqueurs — Beer — ^Wine — ^Vinegar — Lemon  and  Lime  Juice — Mustard— Pepper — Sweet 
and  Bitter  Almond— Annatto— Olive  Oil— Water.  Appendix:  Text  of  English  and 
American  Adulteration  Acts. 

"  Will  be  used  by  every  Analyst"— Zram://. 

"  Stands  Unrivalled  for  completeness  of  information.  ...  A  really  '  practical ' 
work  for  the  guidance  of  practical  men." — Sanitary  Record. 

"An  admirable  digest  of  the  most  recent  state  of  knowledge.  .  .  .  Interesting 
even  to  lay-readers." — Chemical  News, 

•j*  The  New  Edition  contains  many  Notable  Additions,  especially  on  the  subject 
of  Milk  and  its  relation  to  FKVER-£riDE.Mics,  the  Purity  of  Watbr-Supply,  the 
new  Margarine  Act,  &c.,  &c 

COMPANION    VOLUME. 

II.  POISONS:  THEIR  EFFECTS  AND  De- 
tection.   Price  16/.    Second  EdiiioH. 

General  Contents. 

Historical  Introduction — ^Statistics — General  Methods  of  Procedure^Life  Tests — 
Special  Apparatus— Classification :  I. — Organic  Poisons  :  (a.)  Sulphuric,  Hydrochloric, 
and  Nitnc  Acids^  Potash,  Soda,  Ammonia,  &c. ;  (^.)  Petroleum,  Benzene.  Camphor, 
Alcohols,  Chloroform,  Carbolic  Acid,  Prussic  A<nd,  Phosphorus,  &c  ;  {c.}  Hemlock, 
Nicotine,  Opium,  Strychnine,  Aconite,  Atropine,  Digitalis,  &c.  :  {d.)  Poisons 
derived  from  Animal  Substances  ;  {e.)  The  Oxalic  Acid  Group.  II. — Inorganic 
Poisons  :  Arsenic,  Antimony,  Lead,  Copper,  Bismuth,  Silver,  Mercury,  Zinc,  Nickel 
Iron,  Chromium,  Alkaline  Earths,  &c.  Appendix :  A.  Examination  of  Blood  and 
Blood-Spots.     B.  Hints  for  Emergencies:  Treatment— Antidotes. 

"Should  be  in  the  hands  of  every  medical  practitioner." — Lancet, 
**  A  sound  and  practical  Manual  of  Toxicology,  which  cannot  be  too  warmly  re- 
commended.   One  of  its  chief  merits  is  that  it  discusses  substances  which  have  been 
overlooked." — Chemical  News. 

"One  of  the  best,  most  thorough,  and  comprehensive  worics  on  the  subject." — 
Saturday  Review, 

HYGIENE  AND  PUBLIC  HEALTH  (a  Die- 

tionary  oQ  :  embracing  the  following  subjects : — 

I. — Sanitary  Chemistry  :  the  Composition  and  Dietetic  Value  of 
Foods,  with  the  Detection  of  Adulterations. 
II.->Sanitary  Engineering  :  Sewage,  Dxainage,  Storage  of  Water, 
Ventilation,  Warming,  &c. 
III.— Sanitary  Legislation:  the  whole  of  the  PUBLIC  HEALTH 
ACT,  together  with  portions  of  other  Sanitary  Statutes,  in  a 
form  admitting  of  easy  and  rapid  Reference. 
IV. — Epidemic  and  Epizootic  Diseases  :    their  History  and  Pro- 
pagation, with  the  Measnres  for  Disinfection. 
V. — HvGiiiNE— Military,  Naval,  Private,  Public,  School. 
Royal  8vo,  672  pp.,  cloth,  with  Map  and  140  Illustrations,  28/. 

"A  work  that  must  have  entailed  a  vast  amount  of  labour  and  research.    .    .    .    Will 
become  a  Standard  Work  in  Public  Health." — Medical  Times  and  Gaseite. 
"  Contains  a  Rreat  mass  of  information  of  easy  reference."— 5V>»//Ar^  Record. 
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DAVIS  (J.  R.  A.,  B.A..  Lecturer  on  Biology  at  the 

University  College  of  Wales,  Aberystwyth) : 

AN  INTRODUCTION  TO  BIOLOGY,  for  the  use  of  Students. 
Comprising  V^etable  and  Animal  Morphology  and  Phjrsiology. 

ll^ith  Bihlicgfxt^kj,  Exam.-Qmestitms^  complete  Glossary ^  «md  15S  lUttsiraiioits. 

L,arge  Cratun  8tv.     X2X.  6d. 

"  The  volume  b  literally  packed  with  inhrmaAianJ'—Glnsgow  Medical  ytmrmoL 
**  As  a.  general  work  of  reference,  Mr.  Davis'  Manual  will  be  highly  serviceable  both 
to  medical  men  and  to  amateur  or  professional  scientists." — British  Medtcal  J emmal. 

THE  FLOWERING-PLANT:  First  Principles  of  Botany.  Specially 
adapted  to  the  Requirements  of  Students  preparing  for  CompetitiTe 
Examinations.    With  numerous  Illustrations,     Crown  Svo,  Cloth,  3s.  6d. 

DUCKWORTH     (Sir    Dyce,     M.D.     (Edin.), 

F.R.C.P.): 

GOUT  (A  Treatise  on)  :  for  the  Use  of  Practitionea  and  Students. 

W*ith    Chromo-Lithograph,    Folding  Plate,    and    IllustiatioDS.      Royal 

Svo,  25s. 

"  At  once  thoroughly  practical  and  highly  philosophical.    The  practitioner  -will  find 
an  enormous  amount  of  information  in  it." — Practitioner, 

DUPRE  (A.,Ph.D.,F.R.S.),  and  WILSON  HAKE 

(Ph.D.,  F.LC,  F.C.S.,  of  the  Westminster  Hospital  Medical  School): 

INORGANIC  CHEMISTRY  (A  Short  Manual  of):  with  Coloured 
Plate  of  Spectra.     Crown  Svo,  Cloth,  7s.  6d. 

"The  BEST  MAKPAL  for  Medical  aspirants  that  has  appeared  on  the  sulject  of 
Inorganic  Chemistry." — Analyst. 

"  A  well-written,  clear,  and  accurate  Elementary  Manual  of  Inorganic  Chemistry. 
.  .   .    We  agree  heartily  in  the  system  adopted  by  Drs.  Duprtf  and  HaJce.    Wiu.  makb 

EXPERIMENTAL     WORK     TEEBLY     INTBEESTING     BECAUSE     INTELt.IGIBLB.* — Satmrdmy 

Rez'ieiv. 

ELBORNE  (W.,   F.L.S.,   F.C.S.,  late  Assistant- 

Lecturer  in  Materia  Medica  and  Pharmacy,  Oweos  College,  Manchester): 

PHARMACY  AND  MATERIA  MEDICA  (A  laboratory  Course  of): 
Including  the  Principles  and  Practice  of  Dispensing.  Adapted  to  the 
Study  of  the  British  Pharmacopoeia  and  the  requirements  of  the  Private 
Student.  With  Litho-Platcs,  and  numerous  Illustrations.  Large  crown 
Svo.     Cloth,  8s.  6d. 

EWART   (J.  COSSAR,    M.D.,  F.R.S.E.,  Regius 

Professor  of  Natural  History,  University  of  Edinburgh) : 

THE  PRESERVATION  OF  FISH,  in  reference  to  Food  Supply 
Hints  on).     In  Crown  Svo,  Wrapper,  6d. 

GARROD  (A.E.,  M.A.,  M.D.,  Oxon.,  M.R.C.P., 

Assistant-Physician  to  the  West  London  Hospital,  &c): 

RHEUMATISM  AND  RHEUMATOID  ARTHRITIS  (A  Treatise 
on) :  for  the  Use  of  Students  and  Practitioners,  With  Charts  and  Illus- 
trations.    Medium  Svo.     Cloth,  21s. 
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GRIFFIN  (John  Joseph,  F.CS.)  : 

CHEMICAL  RECREATIONS:  A  Popular  Manual  of  Experimental 
Chemistry.  With  540  Engravings  of  Apparatus.  Tenth  Ediiion^  Crown 
4to.     Cloth. 

Part    I. — Elementary  Chemistry,  2/. 

Part  II.— The  Chemistry  of  the  Non-Metallic  Elements,  including  a 
Comprehensive  Course  of  Class  Experiments,  10/6. 
Or,  complete  m  one  volume,  cloth,  gilt  top,     •        •     12/6. 

HAD  DON   (A.  C,  M.A.,  F.Z.S.,  Professor  of 

Zoology  at  the  Royal  College  of  Science,  Dublin) : 

AN  INTRODUCTION  TO  THE  STUDY  OF  EMBRYOLOGY, 
for  the  use  of  Students.    With  190  Illustrations.   In  Royal  8vo,  Cloth,  18s. 

"  An  EXCELLSNT  KBsuMB  OP  RECKNT  RESBARCH,  Well  adapted  tot  self-8tudy.  .  .  . 
Gives  remarkably  good  accounts  (including  all  recent  woric)  of  the  development  of  the 
heart  and  other  oilcans.    .    .    .    The  book  is  handsomely  got  up." — LoMceL 

"  Prop.  Haddon  has  the  real  scientific  spirit  for  work  of  this  kind.  .  .  .  The 
development  of  the  various  organs  ably  demonstrated.  .  .  .  Forms  a  handsome 
volume." — Brii,  Med.  JintmaL 

HUMPHRY  (L.,  M.A.,  M.B.,  M.R.C.S.,  Assistant- 

Physician  to,  and  Lecturer  to  Probationers  at,  Addenbrooke's  Hospital, 
Cambridge) : 

NURSING  (A  Manual  oO :  Medical  and  Surgical.     With  Numerous 
Illustrations.     Second  Edition,     Crown  8vo,  Cloth,  3s.  6d. 
**  We  would  advise  all  Nurses  to  possess  a  copy." — The  Hos^taL 

JAKSCH  (Prof.  R.  von,  University  of  Graz)  : 

CLINICAL  DIAGNOSIS :  A  Text-book  of  the  Chemical,  Micro- 
scopical, and  Bacteriological  Evidence  of  Disease.  Translated  from  the 
Second  German  Edition,  by  James  Cagney,  M.A.,  M.D.,  St  Mary's 
Hospital.  With  additions  by  Wm.  Stirling,  M.D.,  ScD.,  Prof,  of 
Physiolc^,  Owens  College,  Manchester.  With  numerous  Illustrations  in 
Colour.     Medium  8vo,  25s. 

LANDIS   (Henry   G.,  A.M.,  M.D.,  Professor  of 

Obstetrics  in  Starling  Medical  CoU^e): 

THE  MANAGEMENT  OF  LABOUR  AND  OF  THE  LYING-IN 
PERIOD.    In  8yo,  with  Illustrations.     Cloth,  7/6. 

"  Fully  accomplishes  the  object  kept  in  view  by  its  author.  .  .  .  Will  be  fomid 
of  CRBAT  VALUB  by  the  young  practitioner.'"— (r£>i,fvw  Medical  youmoL 

LEWIS  (W.  Bevan,  L.R.C.P.,  M.R.C.S.,  Medical 

Director  of  the  West- Riding  Asylum,  Wakefield) : 

MENTAL  DISEASES  (A  Textbook  of) :  With  Special  Reference  to 
the  Pathological  Aspects  of  Insanity.  For  the  Use  of  Students  and  Practi- 
tioners.   With  18  Lithe- Plates,  Charts,  and  Illustrations.    Royal  8vo,  28/. 

"  A  splendid  addition  to  the  literature  of  mental  diseases.  .  .  .  Every  page 
bristles  with  imcortant  facts.  As  a  standard  work  on  the  pathoI<Mnr  of  mental  diseases 
the  volume  should  occupy  a  prominent  pboe." — DitbUn  Medical jpttmal. 


lo  CBAKLES  OMFFIN  *  CO.'B  PUBLICATIONS. 

By  Profeaaora  LANOOIS  and  STIHUNq 

HUMAN      PHYSIOLOGY 

(A  TEXT-BOOK   OF): 

Ituliidiiig  Histo'ogt  ami  Miiresafiual  Aaaiamj. 
VTTH    SPECIAL    REFERENCK    TO    PRACTICAL    UEDtaNE, 

By    Dr.    L.    LANDOIS, 

TnnsUted  from  tlie  Sixth  Gcnnaii  Edition,  with  Annotatioos  and  Additioli^ 
By  WM.   STIRLING,  MD^  ScD.. 

Royal    8vo,    Handsome    Cloth.     S4s. 

Wit|)  iuii  llumunu  lUulnlUM. 

THIRD    ENGLISH    EDITIOK. 


GENERAL   CONTENTS. 

PjiKT  l.'-?lrsio1on  of  the  Blood.  CimUxioD,  Rgpimkii,  Digsdoi,  AImiimm. 
Aflinul  Heal,  &f  eubotic  PSenomena  of  (he  Body. 

Past  II.— Secnuon  ol  UriiKi  Suuclun  tX  (he  Slda:  PbT>:ok'E7  of  tlz  llouc 
AniaraKH:  (I14  Voice  and  Speech;  General  PfcjTiojQgy  of  the  Kerr-es:  E  lecirt>-F1i  j  uuiu^r  j 
the  Brain;  Oigaui  of  Vuion.  Heuing,  Smcir.  Taslc,  Toudi ;  Pfayiiulut^y  of  Til  iiti[i»rlM 

%•  Since  its  first  appearance  in  1880,  Prof.  Landois'  Text- 
BooE  OF  FHYSioixxiy  has  been  translated  into  three  Foreign 
languages,  and  passed  throngh  &ve  large  editions. 

To  meet  the  wishes  of  Students,  the  Third  English  Edttiok 
has  been  issued  in  One  Volume,  printed  on  specially  prepared 
paper.  Numerous  Additions  have  been  made  throughout,  bringii^ 
the  work  abreast  in  all  respects  of  the  latest  researches  in  Physiology 
and  their  bearing  on  Practical  Medicine ;  and  ihc  number  of 
Illustrations  has  also  been  largely  incrcased^from  494  in  the 
First  to  693  in  the  present  Edition. 
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By  Prs.  MEYER  and  FERQUa 

Now  Ready,  with  Three  Coloured  PUUeJi  and  numerous  lUuitratUms. 

Royal  8po,  Handsome  Cloth,  258, 

ISEASES   OF  THE    EYE 

(A  PRACTICAL  TREATISE   ON), 

By  EDOUARD  MEYER, 

Pro/,  a  VEcole  Pratique  de  la  FaculU  de  M^decine  de  Paris^ 
Chev.  of  the  Leg.  of  Honour,  <fcc. 


Translated  from  the  Third  French  Edition,  with  Additions  as 
contained  in  the  Fourth  German  Edition, 

By  F.  FERGUS,  M.B.,  Ophthalmic  Surgeon,  Glasgow  Infirmary. 


The  particular  features  that  will  most  commend  Dr.  Meyer's  work 
to  ^English  readers  are — its  conciseneiss,  its  hrlpfulness  in  explana- 
tion, and  the  practicality  of  its  directions.  The  best  proof  of  its 
-worth  maj,  perhaps,  be  seen  in  the  fact  that  it  has  now  gone  through 
three  French  and  /our  German  editions,  and  has  been  translated  into 
most  European  languages — Italian,  Spanish,  Russian,  and  Polish — and 
even  into  Japanese. 


Opinions  of  the  Press. 

**  A  OOOD  TiLvxALiLTiox  ow  A  GOOD  BOOK.  ...  A  80C79D  ooiDB  in  thd  diftgnoslc  uid  treatment  of 
the  Tariom  diseases  of  the  eye  that  are  likely  to  fall  ander  the  notice  of  the  general  Practitioner. 
Tne  Paper,  Type,  and  Cbromo-Llthographa  are  all  thai  oonld  be  deaired.  .  .  •  We  know  of  no  work 
in  which  the  nnBAns  and  DBroufiTiBS  of  the  lids  are  more  fally  treated.  Numerons  flgnree  iUoB- 
trate  almost  every  defect  remediable  by  operation.**— i¥ae<i/toii«r. 

*•  A  VBBT  TRinmroRTiiT  oaiDB  in  ail  respects.  .    .    .    tbobooohlt  pbactioal.    Excellently  trans- 
lated, and  very  well  got  ap.   Type,  Woodoots,  and  Ohromo-Ltthograpbs  are  alike  ezcellenL"-* 
Lanut. 

**  Any  Stodent  will  find  this  work  of  grxat  talus.    .   .    .   The  chapter  on  Cafaraot  Is  ezeetleDL 
.    .   .    The  Ulnstcattona  describing  the  ▼Arlons  plastic  operationa  are  spedaUy  heipfaL**— An'/. 
Utd.  Journal, 

**An  bxcbllbbt  tbaiblatiox  of  a  standard  French  Text-Book.  .  .  .  We  can  oordlany  reeom* 
mand  Dr.  Meyer's  wjrk.  It  is  essentially  a  pMAcnoAL  wobk.  Ttaa  Pnblisben  hare  den*  their  part 
in  the  tastefnl  and  rabataatiU  manner  characteristic  of  their  medical  pnhliortiOBi.**— ^?^rJtofs><^ 
BeHew, 

AS 


la  CBARLM  ORIFFIN  A  CO.'S  PUBLIC  A  TIONS. 

LINN  (S.H.,  M.D.,  D.D.S.,  Dentist  to  the  Imperial 

Medico- Chirurgical  Academy  of  St  PetersbuTg) : 

THE  TEETH  :  How  to  pcesenre  them  and  prevent  their  Decay.  A 
Popular  Treatise  on  the  Diseases  and  the  Care  of  the  Teeth-  With 
Plates  and  Diagrams.     Crown  8va     Cloth,  2/6. 

LONGMORE    (Surgeon-General,   C.B.,    Q.H.S., 

F.R.C.S.,  &c.,  Professor  of  Military  Surgery,  Army  Medical  School): 

THE  SANITARY  CONTRASTS  OF  THE  CRIMEAN  WAR. 
Demy  8vo.     Cloth  limp,  1/6. 

"  A  most  valuable  contribudon  to  Military  VitiSxant^*^~Brihsk  MecUcal  yntrmoL 
**  A  most  concise  and  interesting  Review. — LanceU 

MACALISTER  (A.,  M.D.,  F.R.S.,  Professor  of 

Anatomy,  University  of  Cambridge) : 

HUMAN  ANATOMY:  Systematic  and  Topographical  (A  Text-book 
of),  including  the  Embryology,  Histology,  and  Morphology  of  Man,  with 
Special  Reference  to  the  Requirements  of  Practical  Surgery  and  Medicine. 
With  816  Illustrations.     Medium  8vo.     36s. 

"  By  far  the  most  important  work  on  this  subject  which  has  appeared  in  recent  yeais. 
.  .  .  Not  only  deals  with  Descriptive  and  Topographical  Anatomy,  but  is  also  a 
complete  treatise  on  Human  Embryology,  Histology,  and  Morphology.  * — The  Latuef. 

OBERSTEINER  (Prof.  H.,  University  of  Vienna): 

THE  CENTRAL  NERVOUS  ORGANS.  A  Guide  to  the  Study 
of  their  Structure  in  Health  and  Disease.  Translated,  with  annotations 
and  additions,  by  Alex.  Hill,  M.  A.,  M.D.,  Master  of  Downing  College, 
Cambridge.     With  all  the  Original  Illustrations.     Medium  8vo,  25s. 

PARKER  (Prof.  W.   Kitchen,  F.R.S.,  Hunterian 

Professor,  Ro^  College  of  Surgeons): 

MAMMALIAN  DESCENT:  being  the  Hunterian  Lectures  for  1884. 
Adapted  for  General  Readers.     With  Illustrations.     In  8vo,  cloth,  10/6. 

"A  very  striking  book  ...  as  readable  as  a  book  of  travels.  Prof.  Paxkkm 
is  no  Materialist." — Leicester  Post, 

PORTER    (Surgeon-Major  J.  H.,  Late  Assistant 

Professor  of  Military  Surgery  in  the  Army  Medical  School): 

THE  SURGEON'S  POCKET-BOOK :  an  Essay  on  the  Best  Treat- 
ment  of  the  Wounded  in  War ;  for  which  a  Prize  was  awarded  by  Her 
Majesty  the  Empress  of  Germany.  Specially  adapted  to  the  PUBUC 
Medical  Services.  W^ith  152  Illustrations  and  folding-plate,  fqx 
8vo,  roan,  7/6.  Third  Edition^  Revised  and  Enlarged,  By  Brigade- 
Surgeon  C.  H.  Y.  Godwin,  of  the  Army  Medical  School. 

"Every  Medical  Officer  is  recommended  to  have  the  'Sur^eon^s  Pocket-Bbok'  br 
Surgeon-Major  Porter,  accessible  to  refresh  his  memory  and  fortify  his  judgment. 
— Pricis  of  FieldServtct  Medical  Arrangtments/br  A^^kan  Weir, 

"A  complete  tktde  mecum  to  guide  the  mihtary  suxgeon  m  the  field."— i^rxVfrft 
MediceU  yeumeti. 

"A  capiLal  little  book  of  the  greatest  practical  value.    ...    A  surgeon  with  this 
Manual  in  his  pocket  becomes  a  man  of  resource  at  aacc/*^JVestmituier  Kevieto. 
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SEXTON    (A.    Humboldt,    F.C.S..    Professor   of 

Metallurgy,  Glasgow  and  West  of  Scotland  Technical  College) : 

1.  QUANTITATIVE  ANALYSIS  (Outlines  of).  For  the  Use  of 
Students.  With  Numerous  Illustrations.  Third  Edition,  Crown  8vo. 
Cloth,  3/. 

"  A  ^ood  and  useful  book.    .    .     .    Really  supplies  a  want."—  The  LanceU 
"This  is  an  admirable  little  volume,  and  well  fulfils  its  purpose." — Schoolmaster, 

2.  QUALITATIVE    ANALYSIS    (Outlines   of).      For  the  use  of 
Students.     With  numerous  Illustrations.     Second  Edition,     Crown  8vo. 
Cloth,  3/6. 

"  The  Work  of  a  thorough  practical  Chemist      .     .     .      and  one  which  may  be 
unhesitatingly  recommended." — Brit.  Medical  Journal. 

STIRLING  (William,  M.D.,  D.Sc,  Owens  College, 

^lanchester)  * 

A  TEXT-BOOK  OF  HUMAN  PHYSIOLOGY  {See  under  Landois 
and  Stirling,  page  lo).     Third  Edition, 

OUTLINES  OF  PRACTICAL  PHYSIOLOGY :  including  Experi- 
mental  and  Chemical  Physiology.  With  special  reference  to  Clinical 
Medicine.  A  Laboratory  Handbook  for  the  use  of  Students.  With 
142  Illustrations.     In  large  Crown  8vo,  8/6. 

"  An  excellent  treatise,  which  we  can  thoroughly  recommend."— Z/7»ff/. 

"  May  be  confidently  recommended  as  a  guide  to  the  Student  of  Physiology." — 
Glasgow  Medical  yournal. 

OUTLINES  OF  PRACTICAL  HISTOLOGY.  With  344  Illustra- 
tions.    Large  Crown  8vo.     Cloth,  12/6. 

THORBURN     (John,     M.D.,     F.R.C.P..     Late 

Professor  of  Obstetric  Medicine,  Owens  College  and  Victoria  University, 
Manchester ;    Obstetric  Physician  to  the  Manchester  Royal  Infirmary) : 

THE  DISEASES  OF  WOMEN  (A  Practical  Treatise  on).  Prepared 
with  Special  Reference  to  the  Wants  of  the  General  Practitioner  and 
Advanced  Student  With  Chromo-Iithograph,  and  over  2CX>  Illustrations. 
Royal  8vo,  handsome  cloth,  21/. 

The  ENTiRB  WORK  IS  IMPARTIAL  and  INSTRUCTIVB,  and  in  every  way  worthy  of  its 
author.** — British  Medical  Jout  nat. 

THORBURN  (Wm.,  B.S..  B.Sc,  M.D.,  F.R.C.S.. 

Assistant- Surgeon  to  the  Manchester  Royal  Infirmary) : 

THE  SURGERY  OF  THE  SPINAL  CORD  (A  Contribution  to). 
With  Diagrams,  Tables,  and  Illustrations.  Medium  8vo.  Handsome 
cloth,  I2S.  6d. 

THORNTON  (J.  Knowsley,  M.B.,  M.C.,  Surgeon 

to  the  Samaritan  Free  Hospital  for  W^omen,  &c,  &c.): 

THE  SURGERY  OF  THE  KIDNEYS.  Being  the  Harveian 
Lectures  for  1889.   With  Illustrations  and  Tables.    Demy  8vo.    Cloth,  5s. 
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GENERAL  SCIENTIFIC  AND  TECHNICAL  WORKS, 


BERINGER(C.,  F.I.C.,  F.C.S..  late  Chief  Assayer 

to  the  Rio  Tinto  Company);  and  BERINGER  (J.  J.,  F.I.C ,  F.C.S., 
Public  Analyst  for,  and  Lecturer  to  the  Mining  Association  of,  Cornwall) : 

ASSAYING  (A  Text-Book  oO :  for  the  Use  of  Students,  Mine 
Managers,  Assayers,  &c.  With  numerous  Tables  and  Illustrations. 
Crown   8vo.     Cloth,  1 0/6. 

"A  REALLY  MERITORIOUS  WORK,  that  may  be  safely  depended  upon  either  for  systematic 
instruction  or  for  reference." — Nature. 

BROWNE    (Walter    R.,    M.A.,    M.   Inst    C.E., 

F.G.S.,  late  Fellow  of  Trinity  College,  Cambridge) : 

THE  STUDENT'S  MECHANICS :  An  Introduction  to  the  Study 
of  Force  and  Motion.     With  Diagrams.     Crown  8vo.     Cloth,  4/6. 

*'  Clear  in  style  and  practical  in  method,  *Thk  Student's  Mechanics,*  is  cordially 
to  be  recommended  from  all  points  of  view.  .  .  .  Will  be  of  great  value  to  Students 
desirous  to  gain  full  knowledge."— ^M^tunvw. 

"The  merits  of  the  woric  are  especially  conspicuous  in  its  clearness  and  brevity  .  .  . 
deserves  the  attention  of  all  who  have  to  teach  or  learn  the  elements  of  Mechanics. 
.    .     .     An  excellent  conception." — Westminster  Review, 

FOUNDATIONS    OF    MECHANICS. 


Papers  reprinted  from  the  Engineer,     In  crown  8vo,  i/. 

FUEL   AND    WATER:  A  Manual    for 

Users  of  Steam  and  Water.     By  Prof.    SchwackhUfer  and  W\  R. 
Browne,  M.A.     (See  p.  23.) 

BROUGH    (B.H.,   F.G.S.,    Instructor    of    Mine 

Surveying,  Royal  School  of  Mines) : 

MINE  SURVEYING  (A  Text-Book  of):  for  the  Use  of  Managers 
of  Mines  and  Collieries,  Students  at  the  Royal  School  of  Mines,  City 
and  Guilds  of  London  Institute,  &c  With  Illustrations.  Second  Edition. 
Crown  8vo,  cloth,  7/6. 

"  Supplies  a  long-felt  want."— /n»«. 

"A  valuable  accessory  to  Surveyors  in  every  department  of  commercial  enterprise." 
—  Colliery  Guardian. 

"  The  information  is  given  in  a  concise  manner.'* — Engineerings 

CRIMP    (W.    Santo,    A.  M.  Inst  C.  E.,    F.G.S., 

Assistant-Engineer  to  the  London  County  Council) : 

SEWAGE  DISPOSAL  WORKS.  A  Guide  to  the  Construction  of 
Works  for  the  Prevention  of  the  Pollution  of  Rivers  and  Estuaries.  With 
33  Lithographic  Plates,  Tables,  and  Illustrations  in  the  Text.  Medium 
8vo,  Cloth,  25/. 
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Medium  8vo,  HandsoTiie  Cloth,  30s. 

BRIDGE-CONSTRUCTION 

(A  PRACTICAL  TREATISE  ON) : 

BeiBg  a  Text-Book  on  the  Design  and  Construction  of 

Bridges  in  Iron  and  Steel. 

FOR  THE  USE  OF  STUDENTS,  DRAUGHTSMEN,  AND  ENGINEERS. 

BY 

T.  CLAXTON  FIDLER,  M.  INST.  C.E. 

With  flumeroua  1ICloo^cut6  ant>  17  Xitbograpbic  platea. 


The  object  of  this  book  is  to  describe  the  modern  practice  of 
Bridge-Construction,  and  to  set  forth  in  the  simplest  language 
the  mechanical  principles  and  experimental  facts  on  which  it  is 
based.  The  design  and  arrangement  of  the  work  have  been 
dictated  by  a  desire  to  render  it  as  useful  as  possible,  not 
only  to  Engineers  or  Draughtsmen  who  may  be  engaged  in  the 
work  of  Bridge-Calculations  and  Bridge-Construction,  but  also 
to  Students.  With  this  object,  the  earlier  chapters  of  the  work 
are  devoted  to  a  simple  demonstration  of  those  mechanical 
principles  which  must  of  necessity  form  the  beginning  of  any 
study  of  the  subject,  and  which  are  more  fully  developed  and 
applied  in  later  portions  of  the  book. 

"  Should  prove  not  only  an  indispensable  Hand-book  for  the  Practical  Engineer,  but  also 
a  &itmulating  Treatise  to  the  Student  of  Mathematical  Mechanics  and  Elasticity." — Nature. 

*'  One  of  the  vbry  best  recfnt  wcrks  on  the  Strength  of  ^f aterlaU  and  its  application 
to  Bridge-Construction.     .     .     .     Well  repays*  a  careful  study." — Engineering, 

"  As  an  exposition  of  the  latrst  advances  of  the  Science,  we  are  glad  to  welcome  this 
well  -written  Treatise. " — A  rchitect. 

"A  Scientific  Treatise  of  great  merit,  which  cannot  but  prove  useful." — Westsnintter 
Review. 

*' Mr.  Fidler's  book  is  one  which  evcrjr  Student  of  Mechanics  ought  to  possess,  and 
which  merits,  as  it  will  receive,  the  appreciative  attention  of  all  practical  xa/tn^—ScoUnum. 


A  full  Prospectus  of  the  aboue  important  work  may  be 
had  on  application  to  the  Publishers. 
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GURDEN   (Richard  Lloyd,  Authorised  Surveyor 

for  the  GoTemments  of  New  South  Wales  and  Victoria) : 

TRAVERSE  TABLES :  computed  to  Four  Places  Decimals  for  every 
Minute  of  Angle  up  to  loo  of  Distance.  For  the  use  of  Surveyors  and 
Engineers.     Second  Edition.     Folio,  strongly  half-bound,  2 1/. 

%*  Published  with  Concurrence  of  the  Survtyers- General  for  New  Souik 

fVa/es  and  Victoria, 

**  Those  who  have  experience  in  exact  Survev-wokk  will  best  know  how  to  appreciate 
the  enormous  amount  of  labour  represented  by  this  valuable  book.  The  comfRttatitms 
enable  the  user  to  ascertain  the  sines  and  cosines  for  a  distance  of  twelve  mUes  to  within 
half  an  inch,  and  this  by  refrrence  to  but  Onr  Table,  in  place  of  the  usual  Fifteen 
minute  computations  required.  This  alone  is  evidence  of  the  assistance  which  the  Tables 
ensure  to  every  user,  and  as  every  Surveyor  in  active  practice  has  felt  the  want  of  sudi 
assistance,  few  knowing  of  their  publication  will  remain  without  Uiem." — Engineer. 

'*  We  cannot  sufficiently  admire  the  heroic  patience  of  the  author,  who,  u  order  to 
prevent  error,  calculated  each  result  by  two  different  modes,  and,  before  the  work  was 
finally  placed  in  the  Printers'  hands,  repeated  the  operation  for  a  third  time,  on  xevising 
the  proofs." — Engineering^. 

JAMES   (W.    Powell,    M.A.): 

FROM  SOURCE  TO  SEA :  or,  Gleanings  about  Rivers  from  many 
Fields.     A  Chapter  in  Physical  Geography.     Cloth  elegant,  3/6. 

"  Excellent  reading    .         .    a  book  of  popular  science  which  deserves  an  extenave 
circulatioiu** — Saturday  Rei'iew. 

JAMIESON   (Andrew,  C.E.,  F.R.S.E.,  Professor 

of  Engineering,  Glasgow  and  West  of  Scotland  Technical  College) : 

STEAM  AND  THE  STEAM  ENGINE  (A  Text-Book  on) :  Specially 
arranged  for  the  use  of  Science  and  Art,  City  and  Guilds*  of  London 
Institute,  and  other  Engineering  Students.  With  200  Illustrations  and 
Four  Folding-Plates.     Fifth  Edition.     Crown  8vo.     Cloth,  7/6. 

*'  The  BEST  BOOK  yet  published  for  the  use  of  Students." — Engineer. 

"  This  Is  undoubtedly  the  most  valuable  and  most  complete  hand-book  of  reference 
on  the  subject  that  now  exists." — Marine  Engineer. 

1.  STEAM  AND  THE  STEAM  ENGINE  (An  Elementary  Manual 
on),  forming  an  introduction  to  the  larger  Work  by  the  same  Author. 
With  numerous  Illustrations  and  Examination  Questions  at  the  end  of 
each  Lecture.     Second  Edition,     Crown  8vo.     Cloth,  3/6. 

2.  MAGNETISM  AND  ELECTRICITY  (An  Elementary  Manual  on). 
With  numerous  Illustrations  and  Examination  Questions.  Part  I. — 
Magnetism.     Crown  8vo,  is.     Part  II. — Voltaic  Electricity,     is,  6d. 

3.  APPLIED  MECHANICS  (An  Elementary  Manual  on).  With 
Diagrams  and  Examination  Questions.   Crown  8vo. 
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MUNRO    (John,   C.   E.)   and   JAMIESON 

(Andrew,  C.E.,  F.R.S.E.): 

A  POCKET-BOOK  OF  ELECTRICAL  RULES  AND  TABLES, 
for  the  use  of  Electricians  and  Engineers.  Pocket  Size.  Leather,  8/6. 
Sixth  EdiHofiy  revised  and  enlarged.     With  numerous  Diagrams. 

*»*  The  Sixth  Edition  has  been  thoroughly  Revised  and  Enlarged 
by  about  120  pages  and  60  new  Figures. 

"  Wonderfully  Perfect.  .  .  .  Worthy  of  the  highest  oommendatioii  we  can 
give  it," — Electrician. 

"The  Sterling  Value  of  Messrs.  Munro  and  Jamibson's  Pockbt-Book.*' — 
Electrical  Review, 

MUNRO  (R.  D.),  STEAM  BOILERS:  Their 

Defects,  Management,  and  Construction.  A  Manual  for  all  concerned 
in  the  care  of  Steam  Boilers,  but  written  with  a  special  view  to  the 
wants  of  Boiler-Attendants,  Mill-Mechanics,  and  other  Artisans.  With 
Numerous  Illustrations.     Crown  8vo,  Cloth  3/6. 

"  The  volume  is  a  valuable  companion  for  workmen  and  engineers  engaged  about 
Steam  Boilers,  and  ought  to  be  carefully  studied,  and  always  at  hand." — Colliery 
Guardian. 

*'The  subjects  referred  to  are  handled  in  a  trustworthy,  clear,  and  practical  manner. 
.  .^  .  The  book  is  very  useful,  especially  to  steam  users,  artisans,  and  young 
engineers." — Engineer. 

NAPIER  (James,  F.R.S.E.,  F.C.S.): 

A  MANUAL  OF  THE  ART  OF  DYEING  AND  DYEING 
RECEIPTS.  Illustrated  by  Diagrams  and  Numerous  Specimens  of 
Dyed  Cotton,  Silk,  and  Woollen  Fabrics.  Demy  8vo.  Third  Edition^ 
thoroughly  revised  and  greatly  enlarged.     Cloth,  21/. 

PHILLIPS  (J.  Arthur,  F.R.S.,M.  Inst  C.E.,F.C.S., 

F.G.S.,  Ancien  Elive  de  I'Ecole  des  Mines,  Paris) : 

ELEMENTS  OF  METALLURGY :  a  Practical  Treatise  on  the  Art 
of  Extracting  Metals  from  their  Ores.  With  over  200  Illustrations,  many 
of  which  have  been  reduced  from  Working  Drawings,  and  two  Folding- 
Plates.  Royal  8vo,  848  pages,  cloth,  36/.  NEIV  EDITION  by  the 
AtUfior  and  Mr,  H,  Bauerman^  F,G.S, 

General  Contents. 

I. — A  Treatise  on  Fuels  and  Refkactory  Materials. 
II.— A  Description  of  the  principal  Minerals,  with  their  Distribution. 
III. — Statistics  of  the  amount  of  each  Metal  annually  produced  throughout  the 

World. 
IV.— The  Methods  of  Assaying  the  difierent  Orbs,  together  with  the  PaocBSSBS 
of  Metallurgical  Treatment. 

"  '  Elements  of  Metallurgy'  po&scsses  intrin&ic  merits  of  the  highest  degree.  Such  a 
work  is  precisely  wanted  by  the  great  majority  of  students  and  practical  workers,  and  its 
Tery  compactness  is  in  itself  a  hrst-rate  recommendation.  ...  In  our  opinion,  th« 
BEST  WORK  EVER  WRITTEN  ON  THE  SUBJECT  with  A  view  to  its  pKactiod  treatment.'' — 
Westminster  Review. 

**  The  VALUE  OP  THIS  WORK  IS  ALMOST  INESTIMABLE.  There  csm  he  no  question  that 
at^  amount  of  time  and  labour  bestowed  upon  it  is  enormous.  .  .  .  There  is  ceitainhf 
no  Metallurgical  Treatise  in  the  language  calculated  to  prove  of  such  general  utility. ' 
— MinittgJoumaL  

MANY     NOTABLE     ADDITIONS 

WILL  BE  FOUND  IN  THE  SECTIONS  DEVOTED  TO 

IRON,   LEAD,   COPPER,   SILVER,   AND   GOLD, 

Dealing  vith  Nem  Prpcuees  and  Demlo/tneni.  '^ 
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Demy  8vo,   Handsome  cloth,   IBs. 

Physical  Geology  and 
Paleontology, 

ON  THE  BASIS  OF  PHILLIPS. 

BY 

HARRY    GOVIER    SEELEY,    F.R.S, 

PROFESSOR  OP  GEOGRAPHY  IN  KING'S  COLLEGE,  LONDON. 

tniftb  f  tontiepfece  in  Cbtomo*»Xftbodtapbs»  anb  ailudtrationa* 


"  It  is  impossible  to  praise  too  highly  the  research  which  Professor  Seblet's 
*  Physical  Geology  *  evidences.  It  is  far  more  than  a  Text- book — ^it  is 
a  Directory  to  the  Student  in  prosecuting  his  researches." — Extract  Jrem  Uu 

Presidential  Address  lo  the  (Jeologtcul  Society^  1 885,  by  Rev,  Professor  B^nney, 
JD.Sc,,  LL,D,,  F.R.S. 

**  Professor  Seeley  maintains  in  his  *  Physical  Geology  *  the  high 
reputation  he  already  deservedly  bears  as  a  Teacher.  ...  It  is  difficult, 
in  the  space  at  our  command,  to  do  fitting  justice  to  so  large  a  vork.  .  .  . 
The  final  chapters,  which  are  replete  with  interest,  deal  with  the  Biological 
aspect  of  Palaeontology.  Here  we  find  discussed  the  origin,  the  extinction, 
succession,  migration,  persistence,  distribution,  relation,  and  variation  of  species 
— with  other  considerations,  such  as  the  Identification  of  Strata  by  Fossils, 
Homotaxis,  Local  Faunas,  Natural  History  Provinces,  and  the  relation  of 
Living  to  Extinct  forms," — £>r.  Henry  Woodtvard,  F.R.S.,  in  the  **  Geological 
Afagasdne.''^ 

"  A  deeply  interesting  volume,  dealing  with  Physical  Geology  as  a  whole, 
and  also  presenting  us  with  an  animated  summary  of  the  leading  doctrines  and 
facts  of  Palaeontology,  as  looked  at  from  a  modem  standpoint." — Scotsman. 

**  Professor  Seeley*s  work  includes  one  of  the  most  satisfactory  Treatises 
on  Lithology  in  the  English  language.  ...  So  much  that  is  not  accessible 
in  other  works  is  presented  in  this  volume^  that  no  Student  of  Geology  can 
afford  to  be  without  it." — American  /oumalof  Engineering, 

**  Geology  from  the  point  of  view  of  Evolution." — Westminster  Review. 

**  Professor  Seeley's  Physical  Geology  is  full  of  instructive  matter, 
whilst  the  philosophical  spirit  which  it  displays  will  charm  many  a  reader. 
From  early  days  the  author  gave  evidence  of  a  powerful  and  eminently  original 
genius.  No  one  has  shown  more  convincingly  than  the  author  that,  in  all 
ways,  the  paat  contains  within  itself  the  interpretation  of  the  existing  world.** — 
Annals  0/  Natural  History. 
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Demy  8vo,  Handsome  cloth,  34^. 

Stratigraphical  Geology 
AND  Paleontology, 

ON 

THE   BASIS    OF  PHILLIPS. 

BY 

ROBERT    ETHERIDGE,    F.R.S., 

OP  THB  NATURAL  HtST.  DKPARTMENT.  BRITISH  MUSEUM.  LATR  PALEONTOLOGIST  TO  TUB 
GEOLOGICAL  SURVRY  OP  GREAT  BRITAIN,  PAST  PRESIDENT  OP  THB 

CEULOCICAL  SOCIETY,  ETC. 

TPQlftb  Aap^  Viumetou0  TTablea,  anb  ;rbitti^*0fa:  putea* 


"In  1854  Prof.  John  Morris  published  the  Second  Edition  of  his'Catalogue 
of  British  Fossils,'  then  numbering  1,280  genera  and  4.000  species.  Since 
that  date  3,000  genera  and  nearly  12,000  new  species  have  been  described, 
thus  bringing  up  the  muster-roll  of  extinct  life  in  the  British  I&lands  alone  to 
3,680  genera  and  16,000  known  and  described  species. 

"Numerous  TABLES  of  ORGANIC  REMAINS  have  been  prepared  and 
brought  down  to  1884,  embracing  the  accumulated  wealth  of  the  labours  of 
past  and  present  investigators  during  the  last  thirty  years.  Eleven  of  these 
Tables  contain  evenr  known  British  genus,  zoologically  or  systematically  placed, 
with  the  number  ot  species  in  each,  showing  their  broad  distribution  through 
time.  The  remaining  105  Tables  are  devoted  to  the  analysis,  relation, 
historical  value,  and  distribution  of  specific  life  through  each  group  of  strata. 
These  tabular  deductions,  as  well  as  the  Paljeontological  Analyses  through  the 

text,  are,  for  the  first  time,  fully  prepared  for  English  students." — Extract  from 

Author's  Preface. 

*^*  Prospectus  o/the  above  ifnpjrfant  ivork—ferhaps  the  most  elaborate  of 
its  kind  ever  written^  ana  one  ccucnlated  to  i^ive  a  new  strength  to  the  study 
of  Geology  in  Britain — may  be  had  on  application  to  the  Publishers. 


It  is  not  too  much  to  say  that  the  work  will  be  found  to  occnpy  a  place 
entirely  its  own,  and  will  become  an  indiapen sable  guide  to  every  British 
Geoio^t.  

'*  No  sudi  compendium  of  geological  knowledge  has  ever  been  brought  together  before." — 
Westminsttr  Review, 

'*  ir  PRor.  Srbley's  volume  wsu  remarkable  for  its  originality  and  the  breadth  of  tts  views, 
Mr.  Ethbrjocb  fully  justifies  the  assertion  made  in  his  preface  that  his  book  differs  in  con- 
structioo  and  detail  /rom  any  known  manual.  .  .  .  Must  take  high  rank  among  wobks 
or  WivrtXKHZB.''—AtAeiueum. 
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SCIENTIFIC    MANUALS 

BY 

W.  J.  MACQUORN  RANKINE,  C.E.,  LLD.,  F.R.S., 

Late  Regius  Professor  of  Civil  Engineering  in  the  University  of  Gla^ov. 

Thoroughly  Revised  by  W.  J.  MILLAR,  C.E., 

Secretary  to  the  Institute  of  Engineers  and  Shipbuilders  in  Scotland. 

In  Crown  8vo.    Cloth. 


I.  RANKINE  (Prof.):  APPLIED  MECHANICS: 

comprising  the  Principles  of  Statics  and  Cinematics,  and  Theory  of  Struc- 
tures, Mechanism,  and  Macliines.  With  numerous  Diagrams,  Tiodfth 
Edition^  12/6. 

"  Cannot  fail  to  be  adopted  as  a  text-book.  .  .  .  The  whole  of  the  tnfenoation  is  fo 
admirably  arranged  that  there  is  every  facility  for  reference.*' — Mining  yeumoL 

n.  RANKINE  (Prof.):  CIVIL  ENGINEERING: 

comprising  Engineering  Surveys,  Earthwork,  Foundations,  Masonry, 
Carpentry,  Metal-work,  Roads,  Railways,  Canals,  Rivers,  Water-worlc, 
Harbours,  &c  With  numerous  Tables  and  Illustrations.  SevenUenik 
Edition  ^  16/. 

"  Far  surpasses  in  merit  every  existing  work  of  the  kind.  As  a  manual  for  the  hands 
of  the  professional  Civil  Engineer  it  is  sufficient  and  unrivalled,  and  even  when  we  say 
this,  we  fall  short  of  that  high  appreciation  of  Dr.  Rankine's  labours  wikich  ire  shoold 
like  to  express." — The  Engineer, 

III.  RANKINE   (Prof.):    MACHINERY  AND 

MILLWORK:  comprising  the  Geometry,  Motions,  Work,  Strength, 
Construction,  and  Objects  of  Machines,  &c  Illustrated  with  neariy  300 
Woodcuts.     Sixth  Edition,  \2,l(i, 

''Professor  Rankine's  ' Manual  of  Machinery  and  Millworic*  fully  mainlains  the  fais^ 
reputation  which  he  enjoys  as  a  scientific  author :  higher  praise  it  is  difficult  to  award  to 
any  book.    It  cannot  fail  to  be  a  lantern  to  the  feet  of  every  engineer.'* — The  Engineer. 

IV.  RANKINE    (Prof.):    THE    STEAM    EN- 
GINE and   OTHER    PRIME    MOVERS.       With   Diagram  of  the 

Mechanical  Properties  of  Steam,  Folding- Plates,  numerous  Tables  and 

Illustrations.      Tioelfth  Edition,  1 2/6. 

V.  RANKINE    (Prof.):    USEFUL  RULES  and 

TABLES  for  Engineers  and  others.  With  Appendix:  Tables,  Tests, 
and  Formulae  for  the  use  of  Electrical  Engineers;  comprising 
Submarine  Electrical  Engineering,  Electric  Lighting,  and  Traxismission 
of  Power.    By  Andrew  J amieson,  C. E.,  F.R.  S. E.    Sevtnth  Editi&n,  10/6. 

''Undoubtedly  the  most  useful  collection  of  engineering  data  hitherto  pcoduced.*— 
Mining  Journal, 

"  Every  Electrician  will  consult  it  with  ycofSiV^—Ef^^ineering, 

VI.  RANKINE    (Prof.):    A    MECHANICAL 

TEXT-BOOK,  by  Prof.  Macquorn  Rankine  and  E.  F.  Bambu, 
C.E.     With  numerous  Illustrations.      Third  EditioUy  f^], 

"  The  work,  as  a  whole,  is  very  complete,  and  likely  to  prove  invaluable  for  (unudunf 
a  useful  and  reliable  outline  of  the  subjects  treated  of.  — Mi$umg  y^nmnL 
*m*  Thb  Mbchanical  Text- Book  forms  a  simple  introduction  to  Propbssok  RAKKunft 
Sbribs  of  Manuals  on  Enginberinc  and  Mbchamics. 
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Prof.  Rankinb's  V^OKKS^^Contittued). 

VII.    RANKINE  (Prof.):    MISCELLANEOUS 

SCIENTIFIC  PAPERS.     Royal  8vo.     Cloth,  31/6. 

Part  I.  Papers  relating  to  Temperature,  Elasticity,  and  Expansion  of 
Vapours,  Liquids,  and  Solids.  Part  IT.  Papers  on  Energy  and  its  Trans- 
formations.    Part  III.  Papers  on  Wave- Forms,  Propulsion  of  Vessels,  &c. 

With  Memoir  by  Professor  Tait,  M.  A.  Edited  by  W.  J.  Millak,  C.E. 
With  fine  Portrait  on  Sted,  Plates,  and  Diagrams. 

"  No  more  enduring  Memorial  of  Professor  Rankine  could  be  devised  than  the  publica- 
tion of  these  papers  in  an  accessible  form.  .  .  .  The  Collection  is  most  valuable  on 
account  of  the  nature  of  his  discoveries,  and  the  beaut ]r  and  completeness  of  his  analjrsis. 
.  .  .  The  Volume  exceeds  in  importance  any  work  in  the  same  department  published 
in  our  time." — Architect. 

By    SIE    EDWAED    EEED. 

Royal  800,  Handsome  Cloth,  258. 

THE    STABILITY    OF    SHIPS. 

BY 

SIR  EDWARD   J.   REED,   K.C.B.,   F.R.S.,   M.P., 

KNIGHT  OP    THE    IMPERIAL    ORDERS    OP    Sf.    STANILAl'S    OP    RUSSIA;    FRANCIS    JOSBFH    Of 
AIJSTRIA  ;    MEDJtDIR    OP    Tl'RKEY  ;     AND    RISING    SUN    OP    JAI'AN  ;    VICE- 
PRESIDENT  OF  THE  INSTITUTION  OF   NAVAL  ARCHITECTS. 

IVtiA  numerous  Iliuslrations  and  Tables. 

This  work  has  been  written  for  the  purpose  of  placing  in  the  hands  of  Naval  Constructors, 
Shipbuilders,  Officers  of  the  Ko>'al  and  Mercantile  Marines,  and  all  Students  of  Naval  Science, 
a  complete  Treatise  upon  the  Stability  of  Ships,  and  is  the  only  work  in  the  English 
LanflTuage  dealing  exhaustively  with  the  subject. 

The  plan  upon  which  it  has  been  designed  is  that  of  deriving  the  fundamental  principles 
and  definitions  from  the  most  elementary  forms  of  floating  bodies,  so  that  they  may  be 
clearly  understood  >^ithout  the  aid  of  mathematics;  advancing  thence  to  all  the  mgher  and 
more  mathematical  developments  of  the  subject. 

The  work  also  embodies  a  very  full  account  of  the  historical  rise  and  progress  of  the 
Stability  question,  setting  forth  the  results  of  the  labours  of  Borot'KR,  Bernoulli,  Don 
Juan  d'Ulloa,  Eller,  Chapman,  and  Rommk,  together  with  those  of  ourovm  Countrymen, 
Atwood,  Moselev,  and  a  number  of  others. 

The  mcdem  developments  of  the  subject,  both  home  and  forei^p,  are  likewise  treated 
with  much  fulness,  and  brought  down  to  the  very  latest  date,  so  as  to  mdude  the  labours  not 
only  of  Darcmes,  Reech  (whose  famous  J/^Mr<7/rr,  hitherto  a  sealed  book  to  the  majority 
of  English  naval  arch  it  ccL<i,  has  been  reproduced  in  the  present  work),  Risbec,  Ferrantv, 
D'JPiN,  GL'vou-,and  Davmard,  in  France,  but  also  those  of  Rankine,  W00LI.BV,  £lx2AX, 
John,  White,  Gray,  De.nnv,  Inglis,  and  Benjamin,  in  Great  Britain. 

In  order  to  render  the  woric  complete  for  the  purposes  of  the  Shipbuilder,  whether  at 
home  or  abroad,  the  Methods  of  Calculation  introduced  by  Mr.  F.  K.  Barnes,  Mr.  Gray, 
M.  Reech,  M.  Daymard,  and  Mr.  Benjamin,  are  all  given  separately,  illustrated  by 
Tables  and  worked-out  examples.  The  book  contains  more  than  300  Diagrams,  and  is 
illustrated  by  a  large  number  of  actual  cases,  derived  from  ships  of  all  descriptions,  but 
especially  from  ships  of  the  Mercantile  Marine. 

The  work  will  thus  be  found  to  constitute  the  most  comprehensive  and  exhaustive  Treatise 
hitherto  presented  to  the  Profession  on  the  Science  of  the  Stability  op  Ships. 

"  Sir  Edward  Reed's  '  Stability  op  Ships  '  is  invam-ablr.  In  it  the  Student,  new 
to  the  subject,  will  find  the  path  prepared  for  him,  and  all  difficulties  explained  with  the 
utmost  care  and  accuracy ;  the  Ship-draughtsman  will  find  all  the  methods  of  calculation  at 
present  in  use  fully  explained  and  illustrated,  and  accompanied  by  the  Tables  and  Forms 
employed ;  the  Shipowner  will  find  the  variations  ^p  the  Stability  of  Ships  due  to  differences 
in  forms  and  dimensions  fully  discussed,  and  the  devices  by  which  the  state  of  his  ships  under 
all  conditions  may  be  graphically  represented  and  easily  understood ;  the  Naval  Architect 
will  find  brought  together  and  ready  to  his  hand,  a  mass  of  information  which  he  would  other- 
wise  have  to  seek  in  an  almost  endless  variety  of  publications,  and  some  of  which  he  would 
possibly  not  be  able  to  obtain  at  all  elsewhere.'*— iS/rtfJw/Ai/. 


22 


CHARLES  QRIFFIN  Jb  CO:S  PUBLICATIONS. 


Medium  8vo,  Handsome  cloth,  258. 

HYDRAULIC   POWER 


AND 


HYDRAULIC  MACHINERY. 


BY 


HENRY  ROBINSON,  M.  Inst.  C.E.,  F.G.S., 

rSLLOW   OP  king's  college,   LONDON  ;   PROP.   OP  SURVEYING  AND  CIVIL  BKGIKSKSING^ 

king's  COLLEGE,   ETC.,  ETC. 

TIQlftb  numetou0  Woodcuta,  and  43  Xitbo.  plated. 


Gknkral  Contents. 


The  Flow  of  Water  under  Pressure. 

General  Observations. 

Waten^'heels. 

Turbines 

Centri'ugal  Pumps. 

Water  pressure  Pumps, 

The  Accumulator. 

Hydraulic  Pumping-Engine. 

Three-Cylinder  Engines  and 

Capstans. 
Motors  with  Variable  Power. 
Hydraulic  Presses  and  Lifts. 
Moveable  Jigger  Hoist. 
Hydraulic  Waggon  Drop. 
The  Flow  of  Solids. 
Shop  Tools. 
Cranes. 

Hydraulic  Power  applied  to  Bridges. 
Dock- Gate  Machinery. 


Hydraulic  Coal-discharging 

Machines. 
Hydraulic  Machinery  on  board 

Ship. 

Hydraulic  Pile  Driver. 

Hydraulic  Excavator. 

Hydraulic  Drill. 

Hydraulic  Brake. 

Hydraulic  Gun- Carriages. 

Jets. 

Hydraulic  Ram. 

Packing. 

Power  Co-operation.    • 

Cost  of  Hydraulic  Power. 

Tapping  Pressure  Mains. 

Meters. 

Waste  Water  Meter. 

Pressure  Reducing  Valves. 

Pressure  R^ulator. 


*'  A  Book  of  great  Pipfessional  Usefulness.** — Irvn, 

A  full  Prospectus  of  the  above  important  work — ^giving  a  description  of  the 
Plates— may  be  had  on  application  to  the  Publishers. 
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SCHWACKHOFER   and    BROWNE: 

FUEL  AND  WATER:  A  Manual  for  Users  of  Steam  and  Water. 
By  Prof.  FRANZ  SCHWACKHOFER  of  Vienna,  and  WALTER 
R.  BROWNE.  M.A.,  C.E..  late  Fellow  of  Trinity  College,  Cambridge. 
Demy  8vo,  with  Numerous  Illustrations,  9/. 

"The  Section  on  Heat  is  one  of  the  best  and  most  lucid  ever  written."— -ffii^W/r. 
"  Contains  a  vast  amount  of  useful  knowledge.    .    .    .    Cannot  fail  to  be  valuable  to 
thousands  compelled  to  use  steam  power."— Aa/Avojf  Engineer. 
"  Its  practical  utility  is  beyond  <\nxesiioii.**— Mining  Journal. 

SEATON  (A.  E.,  Lecturer  on  Marine  Engineering 

at  the  Royal  Naval  College,  Greenwich,  and  Member  of  the  Institute  of 
Naval  Architects) : 

A  MANUAL  OF  MARINE  ENGINEERING ;  Comprising  the 
Designing,  Construction,  and  Working  of  Marine  Machinery.  With 
numerous  Illustrations.     Eighth  Edition.    Demy  8vo.     Cloth,  18/. 

Opinions  of  the  Press. 

**  The  important  <;ubject  of  Marine  Engineering  is  here  treated  with  the  thoroughness 
that  it  requires.  No  department  has  escaped  attention.  .  .  .  Gives  the  results  of 
much  close  study  and  practical  -woxV.^—Engintering. 

"  By  far  the  best  Manual  in  existence.  .  .  .  Gives  a  complete  account  of  the 
methods  of  solving,  with  the  utmost  possible  economy,  the  problems  before  the  Marine 
Engineer." — A  tfuiueum, 

''In  the  three-fold  capacity  of  enabling  a  Student  to  learn  how  to  design,  construct, 
and  work  a  modern  Marine  Steam-Engme,  Mr.  Seaton's  Manual  has  no  ri^." —  Times, 

"  The  Student,  Draughtsman,  and  Engineer  will  find  this  work  the  most  valuable 
Handbook  of  Reference  on  the  Marine  Engine  now  in  existence."— i1/arm^  Engineer. 

SH ELTON-BEY  (W.  Vincent,  Foreman  to  the 

Imperial  Ottoman  Gun  Factories,  Constantinople) :  • 

THE  MECHANIC'S  GUIDE:  A  Hand-Book  for  Engineers  and 
Artizans.  With  Copious  Tables  and  Valuable  Recipes  for  Practical  Use. 
Illustrated.    Second  Edition,     Crown  8vo.     Clolh,  7/6. 

"  The  Mktmanic's  Guide  will  answer  its  purpose  as  completely  as  a  whole  series  of 
elaborate  text-books." — Mining  JoumaL 

TRAILL    (Thomas  W.,  F.E.R.N.,   M.InstCE., 

Engineer-Surveyor-in-Chief  to  the  Board  of  Trade) : 

BOILERS:  THEIR  CONSTRUCTION  AND  STRENGTH.  A 
Handbook  of  Rules,  Formulae,  and  Tables  for  the  Construction  of  P^oilers ; 
Safety- Valves ;  Materia!  for  Boilers ;  Tables  of  Areas,  &c.  Arranged 
for  the  Use  of  Steam- Users.  Second  Edition,  Revised  and  Enlarged. 
Focket-Size,  Leather,  12s.;  also  for  Office-Use,  Cloth,  12s. 

***  In  the  New  Issue  the  subject  matter  has  been  ctmsiderably  extended  ;  Tables 
have  been  added  for  Pressures  up  to  soo  lb.  per  square  inch,  and  some  of  the  Table 
have  been  altered,  besides  which  new  ones  and  other  matter  have  been  introduced, 
which  have  been  specially  prepared  and  computed  for  the  Second  Edition. 

**  Contains  an  enomu>us  quantity  of  informatioD— to  be  had  nowhere  else>-anranged 
in  a  verjr  convenient  form.  It  is  admirably  printed,  and  reflects  crwlit  on  the  Publishers. " 
Engineer. 

**  Will  prove  a  welcome  and  valuable  addition  to  the  literature  of  the  subject.  .  .  . 
We  can  strongly  recommend  Mr.  Traill's  book  as  being  the  most  complete,  eminently 
practical,  and  most  recent  work  on  Boilers. "—JfonVrr  Enfinter. 

'*  Will  prove  invaluadlb  to  the  Engineer  and  Ptacbcal  Boiler-maker.''~i'nK/ua/ 
Engineer, 
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OFFICIAL     YEAR-BOOK 

OF  THB 

SCIENTIFIC  AND    LEARNED   SOCIETIES  OF  GREAT 
BRITAIN  AND  IRELAND.    Price  7/6. 

COMPILED  FROM  OFFICIAL  BOUBCBS.  SBVfiNTH  ANISXTAL  IBSUS. 
Compriaing  {together  with  other  OjEpcial  Information)  LISTS  of  the 
PAPERS  read  during  1889  before  the  ROYAL  SOCIETIES  of  LONDON 
and  EDINBURGH,  the  ROYAL  DUBLIN  SOCIETY,  the  BRITISH 
ASSOCIATION,  and  all  the  LEADING  SOCIETIES  throughout  the 
Kingdom  engaged  in  the  following  Departmenta  of  Reaearch : — 

1 1.  Science  Generally:  I'r.,  Societies  occupy-  j  S   6.  Economic  Sdenoe  and  Statistics. 

in^  themselves  with  several  Branches  of  '  $   7.  Mechanical  Science  and  Architecture. 
Science,  or  with  Science  and  Literature  '  i  8.  Naval  and  Military  Science, 
jointly.  S  9.  Agriculture  and  Horticulture. 

5  xo.  Law.^ 

$xz.  Medicine. 

$  la.  Literature. 

1 13.  Psychology. 

$14.  Archawlogy. 


I  a.  Mathematics  and  Physics. 
I  3.  Chemistry  and  Photography.^ 
I  4.  Geology,  Geography,  and  Mineralogy. 
S5.  Biology,  including  Microscopy  and  An- 
thropology. 


"  The  Year-Book  of  Socibtibs  is  a  Record  which  ought  to  be  of  the  greatest  use  for 

the    progress  of   Science."— ^t>  Lyom  PUtxfiur,  F.II.JS.,  li.C.B.,  MP.,  Pmst-Frtsidtat 

0j  the  British  Association. 

"It  goes  almost  without  saying  that  a  Handbook  of  this  subject  will  be  in  time 
one  of  the  mobt  generally  useful  works  for  the  library_or_thejesk/^  y*r  Times. 

*'  The  Year-Book  of  Societies  meets  an  obvious  want,  and  promises  tobeavaluaUe 
%rork  of  reference." — Ath^nepum. 

**  The  Year-Book  of  Scientific  and  Learned  SocrBTiES  meets  a  want,  and  is  there- 
fore sure  of  a  welcome." — Westntinster  Kez'iew. 

"  In  the  Year-Book  of  Societies  we  have  the  First  Issue  of  what  is,  withovt  doubt, 
a  very  useful  work." — Spectator. 

"  The  Year-Book  of  Societies  fills  a  very  real  want.  The  volume  will  became  a 
Scientific  Directory,  chronicling  the  work  and  discoveries  of  the  year,  and  enabling  the  worker 
in  one  brandi  to  try  his  hand  in  all  that  interests  him  in  kindred  lines  of  research.  We  trust 
that  it  will  meet  with  an  encouraging  reception." — EMgiruering. 

'*  The  Official  Year-Book  of  Societies,  which  has  been  prepared  to  meet  a  want  long 
felt  by  scientific  workers  of  a  Representative  Book,  will  form  a  yeariy  record  of  Scientific  Pro- 
gress, and  a  Handbook  of  Reference.  ...  It  is  carefully  printMl,  and  altogether  well  got 
up." — Public  Opinion. 

Copies  of  the  First  Issue,  giving  an  Account  of  the  History, 
Organisation,  and  Conditions  of  Membership  of  the  various 
Societies  [with  Appendix  on  the  Leading  Scientific  Societies 
throughout  the  world],  and  forming  the  groundwork  of  the 
Series,  may  still  be  had,  price  7/6.  Also  Copies  of  the  following 
Issues, 

The  YEAR-BOOK  OF  SOCIETIES  forms  a  complete  index  to 
THE  SCIENTIFIC  WORK  of  the  year  in  the  various  Departments. 
It  is  used  as  a  ready  Handbook  in  all  our  great  Scientific 
Centres,  Museums,  and  Libraries  throughout  the  Kingdom,  and 
will,  without  doubt,  become  an  indispensable  book  of  reference 
to  every  one  engaged  in  Scientific  Work. 


<«■ 


We  predict  that  the  veab-book  of  socibtibs  will  speedily  become  one  of  Aote  Ycor- 
Books  which  it  would  be  impossiblk  to  do  without.*'— ^nV/tf/ Mercury, 


SDUCATIONAL  WORKS. 


EDUCATIONAL   WORKS. 


•,"  Sptdmen  Copia  of  ail  the  Hduratiimal  Worts  published  by  Messrs. 
Charles  Criffn  and  Cemfany  may  be  seen  al  Ike  Libraries  of  the  College  of 
Praeftors,  South  Kensington  Muietim,  and  Cryttal  Falaa;  aho  at  the  dipSt) 
ef  Iht  Chief  Educational  Sodrtits. 


BRYCE    (Archibald    Hamilton,    D.C.L.,    LL.D., 

Senior  Classical  Moderator  in  the  University  of  Dublin) : 

THE  WORKS   OF  VIRGIL.      Text  from  Hevnb  and   Wagner. 
English   Notes,   original,   and  selected  from   the   leading  German  and 
English  Commentators.     Illustrations  from   the  antique.     Complete  in 
One  Volume.     Fourlemth  Edition.     Fcap  8vo.     Clotli,  6/. 
Or,  in  Three  ParU : 

Part      I.  Bucolics  and  Ceorgics,  ,         .     2/5. 

Part    II.  The  vEneid,  Books  I.-VI.,       .     z/6. 

Part  III.  The  .(Eseiu,  Books  VII.-XII.,.     2/6. 

"  Canliipi  the  |»lh  of  what  ha.<  b«n  written  bv  the  best  uhobn  on  ihe  subject. 

.    .     .    The  iwte«  CMnpriw  eveiything  ihallhestudenl  can  waul."— .4/ir.M'i/m. 


COBBETT  (William):  ENGLISH  GRAMMAR, 

in  a  Series  of  Letters,  intended  for  the  use  of  Schools  and  Yonng  Persons 
in  general.  With  an  additional  chapter  on  Pronunciation,  by  the  Author's 
Sob,  James  Paul  Cobbett.  'J hi  only  corrrcl  and  auiharisul Edition, 
FcapSro.     Cloth,  1,' 


Lpened  edition  at  that  nmt   excellent   of  all    English  Giai 


a  Cobbell's.    It  cocilaini  new  copyriichi  maiicr.  oswel 
If  ud  iastniclive^Sii  Lessons  LnicndAl  loprercDI  Slai 


COBBETT  {William):  FRENCH  GRAMMAR. 

Fiflerttth  Editiim.     Fcap  8»o.    Cloth,  3/6. 
"CobbMI'i  'French  Cnmnu 


COBBIN'S    MANGNALL:  MANGNALLS 

HISTORICAL  AND  MISCELLANEOUS  QUESTION-^  f.>i  th=  use 
of  Young  People.  By  Ricmmal  Mangnall.  Greatly  enlarged  and 
corrected,  and  continued  to  the  present  lim^  by  Ingram  CirinBEN,  ,\f  ,Aj 
Fi/fy-fmrlA  TAMaa$id.     Neio  illmtrtUid  Edilum.     llnto.     Cloth,  4/. 
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COLERIDGE  (Samuel  Taylor):  A  DISSER- 
TATION ON  THE  SCIENCE  OF  METHOD.  {Eneyclof^tHa 
MeiropolUana.)    With  a  Synopsis.    Ninth  Edition.     Cr.  8vo,     CloUi,  2/. 


CRAIK'S   ENGLISH   LITERATURE. 
COMPENDIOUS     HISTORY     OF 

ENGLISH  LITERATURE  AND  OF  THE  ENGLISH  LANGUAGE 
FROM  THE  NORMAN  CONQUEST.  With  numerous  Specimeni 
By  George  Lillie  Craik,  lCd.,  late  Professor  of  History  and 
English  Literature,  Queen's  College,  Belfast.  New  Edition.  In  two 
vols.     Royal  8vo.     Handsomely  bound  in  cloth,  25/. 

GENERAL    CONTENTS. 

Introductory. 
I.— The  Norman  Period— The  Conquest. 
II. — Second  English— Commonly  called  Semi-Saxon. 
III. — Thi.id  English — Mixed,  or  Compound  English. 
IV. — Middle  and  Latter  Part  of  the  Seventeenth  Century. 
V. — ^The  Century  between  the  English  Revolution  and 

THE  French  Revolution. 
VI. — The  Latter  Part  of  the  Eighteenth  Century. 
VII.— The  Nineteenth  Century  (a)  The  Last  Age  of  the 

Georges. 
(b)  The  Victorian  Agb. 

With  numerous  Excerpts  and  Specimens  of  Style. 

"  Anyone  who  will  take  the  trouble  to  ascertain  the  fact,  will  find  how  completelf 
even  our  great  poets  and  other  writers  of  the  last  generation  have  already  faded  mm  the 
view  of  the  present,  with  the  most  numerous  class  of  the  educated  and  reading  publk. 
Scarcely  anything  is  generally  read  except  the  publications  of  the  day.    YsT  nothing 

IS  MORE  CERTAIN   THAN  THAT  NO  TRUE  CULTIVATION  CAN  BB  SO  ACQUIRED.      Thls  IS 

the  extreme  case  of  that  entire  ignorance  of  history  which  has  been  aflSrmed,  not  with 
more  point  than  truth,  to  leave  a  person  alwajrs  a  child.  .  .  .  The  present  woik 
combines  the  History  of  thb  Litbraturb  with  the  History  of  thb  Language. 
The  scheme  of  the  course  and  revolutions  of  the  language  which  is  followed  here  is 
extremely  simple,  and  resting  not  upon  arbitrary,  but  upon  natural  or  real  distinctiops, 
gives  us  the  only  view  of  the  subject  that  can  claim  to  be  regarded  as  of  a  scientific 
character." — Exfraci  from  the  Author  i  Preface. 

"  Professor  Craik  has  succeeded  in  making  a  book  more  thsm  usually  agreeabk."— 
The  Times. 

CRAIK  (Prof.):  A  MANUAL  OF  ENGLISH 

LITERATURE,  for  the  use  of  Colleges  Schools,  and  Civil  Service 
Examinations.  Selected  from  the  larger  work,  by  Dr.  CiiAiK.  TenfA 
Edition.  With  an  Additional  Section  on  Recent  LiteFatoie^  by  Henry 
Craik,  M.  A. ,  Author  of  "  A  Life  of  Swift."    Ciown  8vo.     Cloth,  7/6. 

"A  Manual  of  English  Literature  from  so  experienced  and  well-read  a  scholar  as 
Professor  Craik  needs  no  other  reconunendation  than  the  mention  of  its  extstenoe." — 
SjSect^tor. 

"  This  augmented  effort  will,  we  doubt  not,  be  received  with  decided  approhados 
by  those  who  are  entitled  to  judge,  and  studied  with  much  profit  by  those  who  want 
to  learn.  ...  If  our  young  readers  will  give  healthy  perusal  to  Dr.  Craik's  woik, 
they  will  greatly  benefit  by  the  wide  and  sound  views  he  has  placed  before  them.** — 

AtAeMdTUfH. 

"  The  preparadon  of  the  New  Issub  has  been  entrusted  to  Mr.  Hsmnr  Ckatk, 
Secretary  to  the  Scotch  Education  Department,  and  well  known  in  literary  circles 
as  the  author  of  the  latest  and  best  Life  of  Switt.    ...    A  Series  of  TasT  QuBnoKS 

is  added,  which  must  pct>ve  of  great  service  to  Students  studying  alone."-^' 

//ernld. 
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WORKS  BY  REV.  C.  T.  CRUTTWELL,  M.A, 

Late  Fellow  uf  Merton  College,  Oxford. 

I.— A    HISTORY    OF    ROMAN    LITERA- 

TURE :  From  the  Earliest  Period  to  the  Times  of  the  Antonines.  Fourth 
£dilum.     Crown  8vo.     Cloth,  8/6. 

"  Mr.  Cruttwbll  has  done  a  real  service  to  all  Students  of  the  Latin  Langxiage  and 
Literature.    .    .    .   'Full  of  good  scholarship  and  good  criticism."— /f/A«M«nriM. 

"A  most  serviceable— indeed,  indispen.sab}c — guide  for  the  Student.  .  .  .  The 
'general  reader'  will  be  both  charmed  and  instructed." — Saturday  Retfitw. 

**  The  Author  undertakes  to  make  Latin  Literature  interesting,  and  he  has  succeeded. 
There  is  not  a  dull  page  in  the  volume." — Academy, 

"The  great  merit  of  the  work  is  its  fulness  and  accuracy.**— (rMxnftViM. 

*'  This  elaborate  and  careful  work,  in  every  respect  of  high  merit.  Nothing  at  all 
eqnal  to  it  has  hitherto  been  published  in  England. — British  Qnarttrfy  Rtvigm, 

Companion  Volume,     Second  Edition, 

II.— SPECIMENS    OF     ROMAN     LITERA- 

TURE :  From  the  Earliest  Period  to  the  Times  of  the  Antonines.  Passages 
from  the  Works  of  Latin  Authors,  Prose  Writers,  and  PoeU : 

Part  I.— Roman  Thought:   Religion,   Philosophy  and  Science^ 

Art  and  Letters,  6/. 
Part  II. — Roman  Style  :  Descriptive,  Rhetorical,  and  Humorous 
Passages,  5/. 

Or  in  One  Volume  complete,  10/6. 
Edited  by  C.  T.  Cruttwell,  M.A.,   Merton   College,   Oitford ;  and 
Peaks  B'anton,  M.A.,  some  time  Scholar  of  Jesus  College,  Oxford. 

'"Specimens  of  Roman  Literature'  marks  a  new  era  in  the  study  of  Latin." — 
Knglish.  Churchman. 

*  A  work  which  is  not  only  useful  but  necessary.  .  .  .  The  plan  gives  it  a  standing- 
ground  of  its  own.  .  .  .  The  sound  judgment  exercised  in  plan  and  selection  calls 
tor  hearty  commendation." — Saturday  Hrview. 

"It  is  haitl  to  conceive  a  completer  or  handier  repertory  of  specimens  of  Latin 
thought  and  style." — CoHtemporary  Review. 

%*  KEY  to  Part  II.,  Period  IL  (being  a  complete  Translation 
of  the  85  Passages  composing  the  Section),  by  Thos.  Johnston,  M.  A., 
may  now  be  had  (by  Tutors  and  Schoolmasters  only)  on  application 
to  the  Publishers*     Price  2/6. 

III.— A  HISTORY  OF  EARLY  CHRISTIAN 

LITERATURE.  For  the  use  of  Students  and  General  Readers.  8vo, 
Handsome  Cloth. [In  Preparation, 

C  U  R  R I  E      (Joseph,     formerly    Head    Classical 

Master  of  Glasgow  Academy) : 

THE    WORKS   OF   HORACE:    Text  from   Orellius.      English 
Notes,  original,  and  selected  from  the  best  Commentators.     Illustrations 
from  the  antique.     Complete  in  One  Volume.     Fcap  8vo.     Cloth,  5/. 
Or  in  Two  Parts  : 

Part    I.— C  ARM  in  A, 3/. 

Part  II. — Satires  and  Epistles,        .        .     3/. 

"The  notes  are  excellent  and  exhaustive." — Quarterly  youmal cf  JEducatum. 

extracts  from  CiESAR'S   COM- 

MENTARIES ;  containing  his  description  of  Gaul,  Britain,  and  Germany. 
"With  Notes,  Vocabulary,  &c.  Adapted  for  Young  Scholars,  Fourth 
Edition,     i8mo.     Cloth,  1/6. 
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DOERING      (E.)     AND      GRAEME     (E.) : 

HELLAS  :  AN  INTRODUCTION  TO  GREEK  ANTIQUITIES, 
comprising  the  Geography,  Religion,  and  Myths,  Histoiy,  Art,  and 
Culture  of  Old  Greece.  On  the  basis  of  the  German  woik  by  E. 
Doering,  with  additions  by  Elliott  Grsme.  In  large  8vo,  with  Map 
and  Illustrations. 

Part  I. — The  Land  and  the  People :  the  Religion  and  Myths  of  Old 
Greece. 

*»*  In  the  English  version  of  Mr.  Doerinff's  work,  the  simple  and  interestins  style  of 
the  original — written  for  young  Students— has  been  retained ;  but,  throughoat, 
additions  and  emendations  have  been  made,  as  render  the  work  suitable  for 
advanced  Students,  and  for  all  who  desire  to  obtain,  within  modersfte  compass, 
than  a  superficial  acquaintance  with  the  great  People  whose  genius  and  culture  have  so 
largely  influenced  our  own.  The  results  of  the  latest  researches  by  Dr.  ScBUSMAint, 
MM.  FouQUB,  Carapanos,  and  others,  are  incorporated. 

D'ORSEY    (Rev.    Alex.    J.    D.,    B.D.,    Corpus 

Christi  Coll.,  Cambridge,  Lecturer  at  King's  College,  London) : 

SPELLING  BY  DICTATION:  Progressive  Excrdses  in  Englidi 
Orthography,  for  Schools  and  Civil  Service  Examinations;.  SixteiaUk 
Thousand,     i8mo.     Cloth,  i/. 

FLEMING    (William,    D.D.,    late    Professor   of 

Moral  Philosophy  in  the  University  of  Gla^;ow) ; 

THE  VOCABULARY  OF  PHILOSOPHY:  Psychological, 
Ethical,  and  Metaphysical.  With  Quotations  and  References  for  the 
Use  of  Students.  Revised  and  Edited  by  Henry  Calderwood,  LL.D., 
Professor  of  Moral  Philosophy  in  the  University  of  Edinburgh.  Fourlk 
Edition^  enlarged.     Crown  8vo.     Cloth,  10/6. 

"  The  additions  by  the  Editor  bear  in  their  clear,  concise,  visorous  expressioo,  the 
stamp  of  his  powerful  intellect,  and  thorough  command  of  our  language.  More  than 
ever,  the  work  is  now  likely  to  have  a  prolonged  and  useful  existence,  and  to  fodfiUle 
the  researches  of  those  entering  upon  philosophic  studies." — Weekly  Review. 

JEVONS  (Frank  B.,  M.A.,  University  of  Durham, 

sometime  Scholar  of  Wadham  College,  Oxford) : 

A  HISTORY  OF  GREEK  LITERATURE,  from  the  Eariicst  "nmcs 
to  the  Death  of  Demosthenes.    Second  Edition,    Crown  8va    Cloth,  8/6. 

"  It  is  beyond  all  question  the  best  history  of  Greek  literattwe  that  has  bithctto 
been  published." — Spectator. 

"An  admirable  text-book." — IVestntiMster  "Review. 

**  Mr.  Jevons'  wcrk  supplies  a  real  want."-  CotttemPoreay  Review. 

"Mr.  Jevons*  work  is  distinguished  by  the  Author's  thokough  acquaiktanck  ^th 

TUB  OLD  WRITERS,  and  his  DISCRIMINATING  USB  of  the  MODSRN   LITERATURB  bearug 

upon  the  subject.  .  .  .  His  great  merit  lies  in  his  bxcbllbnt  BxrosmoK  of  Uie 
roLiTic  AL  AND  SOCIAL  CAUSKS  concemcd  in  the  development  of  the  Literature  of  Greece.* 
^-Berlin  Phihlogiscke  Wochenschrift. 

**  As  a  Text-Book,  Mr.  Jevons'  work  from  its  excellence  deserves  to  SBKVS  AS  A 
MODEL."-  -Deu/scAe  LitieratMrzeiiHng, 

AND   DR.   O.   SCHRADER: 


THE     PREHISTORIC    ANTIQUITIES    OF     THE     ARYAN 
PEOPLES  (See  p.  30). 
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McBURNEY     (Isaiah,     LL.D.,):     EXTRACTS 

FROM  OVID'S  METAMORPHOSES.     With  Notes,  Vocabulary,  &c 
Adapted  for  Young  Scholars.     Third  Edition,     i8mo.     Cloth,  1/6. 

MENTAL  SCIENCE:  S.   T.    COLERIDGE'S 

celebrated  Essay  on  METHOD ;  Archbishop  Whately*s  Treatises  on 
Logic  and  Rhetoric.     Tenth  Edition,    Crown  8vo.    Cloth,  5/. 

MILLER   (W.  Galbraith,   M.A.,  LL.B.,   Lecturer 

on  Public  Law,  including  Jurisprudence  and  International  Law,  in  the 
University  of  Glasgow)  : 

THE  PHILOSOPHY  OF  LAW,  LECTURES  ON.  Designed 
mainly  as  an  Introduction  to  the  Study  of  International  Law.  In  8vo. 
Handsome  Cloth,  12/.     Now  Ready. 

"Mr.  MiLLBR*s  'Philosophy  op  Law'  bears  upon  it  the  stamp  of  a  wide  culture 
and  of  an  easy  acquaintanceship  with  what  is  best  in  modern  continental  speculation. 
.    .    .    Interestingand  valuable,  because  sussestive/'—y<?»rria/e/^y«rrw>ntfdSfiicr. 


WORKS  BY  WILLIAM  RAMSAY.  M.A., 

Trinity  College,  Cambridge,  late  Professor  of  Humanity  in  the  University  of  Glasgow. 


A  MANUAL   OF    ROMAN  ANTIQUITIES. 

For  the  use  of  Advanced  Students.     With  Map,  130  EngTavinfi;s,  and  very 
copious  Index.    Fourteenth  Edition.     Crown  8vo.     Cloth,  8/6. 

"  Comprises  all  the  results  of  modem  improved  scholarship  within  a  moderate  com- 
pass."—y4  thetueum. 

AN     ELEMENTARY    MANUAL    OF 


ROMAN  ANTIQUITIES.   Adapted  for  Junior  Classes.   With  numerons 
Illustrations.     Eighth  Edition.     Crown  8vo.     Cloth,  4/. 

A  MANUAL  OF  LATIN  PROSODY, 


Illustrated  by  Copious  Examples  and  Critical  Remarks.     For  the  use 
of  Advanced  Students.     Seventh  Edition.     Crown  8vo.     Cloth,  5/. 
"  There  is  no  other  work  on  the  subject  worthy  to  compete  with  xtT^Atknuntm. 


AN    ELEMENTARY    MANUAL  OF 

LATIN  PROSODY.  Adapted  for  Junior  Classes.  Crown  Sro.  Clotb,3s. 


30  CHARLES  ORIFFIH  Jk  CO.'S  PUBLICATIONS. 

THE  SCHOOL  BOARD  READERS : 

A  Series  of  Standard  Reading-Book& 

EDITED    BY  A  FORMER  H.M.    INSPECTOR. OF  SCHOOLS. 

Adopted  by  many  School  Boards  throughout  the  Country, 

Standard  III.,         .         .  9d. 

„        rV.,  .         IS.  od, 

,,        VI.,        .         .        2s.  od. 
Key  to  the  Questions  in  Arithmetic  in  2  Parts,  each  6d. 

"The  Books  gbnbrally  are  very  much  what  wk  should  desire." — Tiuus. 
"  The  Series  is  dbcidkdly  one  of  the  best  that  have  yet  appeared." — Athenmvm, 


Elementary  Reader,  Part  I.,  id. 

,,  ,,  ,,   11.,  2u. 

Standard  I.,  •        •         •        4^« 


THE  SCHOOL  BOARD  MANUALS 

On  the  Specific  Subjects  of  the  Revised  Code, 

BY  A   FORMER   H.M.    INSPECTOR   OF  SCHOOLS, 

Editor  of  the  "  School  Board  Readers:* 

64  pages,  stilT  wrapper.  6^.  ;  neat  cloth,  id,  each. 

I.— ALGEBRA.  V.— ANIMAL     PHYSIOLOGY.      (Well 
XL— ENGLISH  HISTORY.  Illustraicd  with  good  Engravings.) 

1 1 1.- GEOGRAPHY  VI.-BIBLE    HISTORY.      (Entirely  litee 
lY.— PHYSICAL  GEOGRAPHY.  from  any  Denominational  bias.) 


SCHRADER  (Dr.  O.)  and  JEVONS  (F.  B.,  M.A.): 

THE  PREHISTORIC  ANTIQUITIES  OF  THE  ARYAN 
PEOPLES:  Translated  from  the  Second  German  Edition  by 
F.  B.  Jevons,  M.A.,  author  of  'M  History  of  Greek  Litetafure:*  Demy 
8vo.     Handsome  cloth,  gilt  top,  21/. 

*«*  The  Publishers  have  pleasure  in  announcing  that  to  the  English  Translation  of 
Dr.  Schrader's  well-known      SprachvergleichMHg  und  Urgcsckichte  "—a  work  which 
commends  itself  alike  to  the  Scholar  by  its  thoroughness  and  the  moderation  of  its  tone, 
and  to  the  General  Reader  by  its  clear  and  interesting  style— an  Ixtkoductiox  is 
furnished  by  the  Author. 

SENIOR  (Nassau  William,  M.A.,  late  Professor 

of  Political  Economy  in  the  University  of  Oxford): 

A  TREATISE  ON  POLITICAL  ECONOMY:  the  Science  which 
treats  of  the  Nature,  the  Production,  and  the  Distribution  of  Wealth. 
Sixth  Edition,     Crown  Svo.     Cloth.     {Eneyclopadia  MetropoliUma\  4/. 

THOMSON   (James):   THE  SEASONS.    With 

an  Introduction  and  Notes  by  Robert  Bell,  Editor  of  the  "Annotated 
Series  of  British  Poets.'*     Third  Edition.     Fcap  Svo.     Cloth,  1/6. 
"An  admirable  introduction  to  the  study  of  our  English  cLumcs." 

WHATELY  (Archbishop):  LOGIC— A  Treatise 

on.     With  Synopsis  and  Index.     {Encyclopadia  MetrqpoHiana)^  3/. 

R  H  E  T  O  R I C— A    Treatise    on.        With 


Synopsis  and  Index.     {Encyclopadia  Metropolitana)^  3/6. 
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WORKS   IN   GENERAL  LTFERATURK 


BELL  (Robert,  Editor  of  the  "Annotated  Series  of 

British  Poets  ") : 

GOLDEN  LEAVES  FROM  THE  WORKS  OF  THE  POETS 
AND  PAINTERS.  Illustrated  by  Sixty-four  superb  Engravings  on 
Steel,  after  Paintings  by  David  Roberts,  Stan  field,  Leslie,  Sto- 
THARD,  Haydon,  Cattermole,  Nasmyth,  Sir  Thomas  Lawrence, 
and  many  others,  and  engraved  in  the  first  style  of  Art  by  Finden, 
Greatbach,  Lightfoot,  &c.    Second  Edition.    4I0.     Cloth  gilt,  21/. 

**  *  Golden  Leaves'  is  by  far  the  most  important  book  of  the  season.  The  Illustrations 
are  really  wurks  of  art,  and  the  volume  does  credit  to  the  arts  of  England."— .SVt/wn&j' 

"The  Poems  are  selected  with  taste  and  judgment.**— 7Vm«y. 

"  The  engravings  are  from  drawings  by  Stothard,  Newton,  Danby,  Leslie,  and 
Turner,  and  it  is  needless  to  say  how  charming  are  many  of  the  above  here  given."— 
Athenaurn. 


THE  WORKS  OF  WILLIAM  COBBETT. 

WE  ONLY  AUTHORISED  EDITIONS. 

COBBETT  (William) :  ADVICE  TO  YOUNG 

Men  and  (incidentally)  to  Young  Women,  in  the  Middle  and  Higher 
Ranks  of  Life.  In  a  Series  of  Letters  addressed  to  a  Youth,  a  Bachelor, 
a  Lover,  a  Husband,  a  Father,  a  Citizen,  and  a  Subject.  New  Edition. 
With  admirable  Portrait  on  Steel.     Fcap  8va     Cloth,  2/6. 

"Cobbett*s  great  qualities  were  immense  vigour,  resource,  energy,  and  courage, 
joined  to  a  force  of  understanding,  a  degree  of  logical  power,  and  above  all  a  force  of 
expression,  which  have  rarely  been  equalled.  .  .  .  He  was  the  most  English  of 
Englishmen." — Saturday  Ret'iraf. 

"With  all  his  faults,  Cobbett's  style  is  a  continual  refreshment  to  the  lover  of 
'  English  undefiled.' "—/»«//  MaU  Gazette. 

COTTAGE  ECONOMY:   Containing 

infonnation  relative  to  the  Brewing  of  Beer,  Making  of  Bread,  Keeping  of 
Cows,  Pigs,  Bees,  Poultry,  &c. ;  and  relative  to  other  matters  aeemed 
useful  in  conducting  the  affairs  of  a  Poor  Man*s  *Family.  Eighteenth 
Edition^  revised  by  Uie  Author's  Son.    Fcap  8vo.    Cloth,  2/6. 
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William  Cobbett's  V^orks-^  Continued). 

COBBETT  (Wm.):  EDUCATIONAL  WORKS. 

(See  page  25.) 

A   LEGACY  TO   LABOURERS:    An 

Argument  showing  the  Right  of  the  Poor  to  Relief  from  the  Land.  With 
a  Preface  by  the  Author's  Son«  John  M.  Cobbett,  late  M.P.  for  Oldham. 
Nfw  Ediiion.    Fcap  8vo.     Cloth,  i/6. 

"  The  book  cannot  be  too  much  studied  just  now." — Nonconformist. 

**  Cobbett  was.  perhaps,  the  ablest  Political  writer  Enpland  ever  produced,  and  hb 
influence  as  a  Lioeral  thinker  is  felt  to  this  day.  .  .  .  It  is  a  read  treat  to  read  his 
strong  racy  language." — Pub$ic  O/inion, 

A  LEGACY  TO  PARSONS  :  Or,  have  the 


Clergy  of  the  Established  Church  an  Equitable  Right  to  Tithes  and 
Church  Property?    A'Jrw  Edition,     Fcap  8vo.     Cloth,  i/6. 

**  The  most  powerful  work  of  the  greatest  master  of  political  coalroversy  this  country 
has  ever  produced."— /'a//  Mali  Gaseite. 

DALGAIRNS    (Mre.) :  THE  PRACTICE  OF 

COOKERY,  adapted  to  the  business  of  Every-day  Life.  By  Mrs.  Dal- 
GAIRNS.  he  bfst  book  for  Scotch  dishes.  About  Fifty  new  Recipes  ha\-e 
been  added  to  the  present  Edition,  but  only  such  as  the  Author  has  had 
adequate  means  of  a.<(certaining  to  be  valuable.  Seventeenth  Edition. 
Fcap  8vo.     Cloth.     {In  prepcwatian.) 

GILMER'S  INTEREST  TABLES:  Tables  for 

Calculation  of  Interest,  on  any  sum,  for  any  number  of  days,  at  ^,  I, 
iK,  2,  2%,  3,  3^,  4,  4K»  5  and  6  per  Cent.  By  Robert  Gilmer. 
Corrected  and  enlarged.    Eleventh  Edition,     1 2mo.    Cloth,  5/. 

GILEME  (Elliott)  :  BEETHOVEN  :    a  Memoir. 

With  Portrait,  Essay,  and  Remarks  on  the  Pianoforte  Sonatas,  with 
Hints  to  Students,  by  Dr.  Ferdinand  Killer,  of  Cologne.  Thtrd 
Edition.    Crown  8vo.     Cloth  gilt,  elegant,  5/. 

"lliis  elegant  and  interesting  Memoir.  .  .  .  The  newest,  prettiest,  and  most 
readable  sketch  of  the  immortal  Master  of  Music"— Afutt'cal  Sta/uiard. 

"A  eracious  and  pleasant  Memorial  of  the  Centenarv."— i^^/o/^r. 

"This  delightful  little  book  —  concise,  sympathetic,  judicious."  —  Jl/aftti«cirr 
£xaminer. 

"We  can,  without  reservation,  recommend  it  as  the  most  trustworthy  and  the 
pleasantest  Memoir  of  Beethoven  publish^  in  EafAaLnd."— Observer. 

"  A  most  readable  volume,  which  ought  to  hnd  a  place  in  the  library  of  every 
admirer  of  the  great  Toae-PotU''SdinbMrgh  Daity  Review, 

A    NOVEL    WITH    TWO   HEROES. 


Second  Edition.     In  2  vols.     Post  8vo.     Cloth,  21/. 

"  A  decided  literary  success." — Atken€nim. 

"  Clever  and  amusing  .  .  .  above  the  average  even  of  good  novels  .  •  .  free 
from  sensationalism,  but  full  of  interest  .  .  .  touches  the  deeper  chotds  of  life 
.    .    .    delineation  of  character  remarkably  good.''—^!^/ai^. 

"  Superior  in  all4«spects  to  the  common  run  of  novels."— ZWi^  AWw. 

"  A  story  of  deep  interest.    .    .    .    The  dramatic  scenes  are  powexfol  ahMMt  to 
fulness  in  their  intensity." -^^tf/nMa*. 
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THE  EMERALD  SERIES  OF  STANDARD  AUTHORS. 

IHostrated   by   Engravings  on  Steel,   after  Stothard,   Leslie,   David 

Roberts,  Stanfield,  Sir  Thomas  Lawrence,  Cattermole,  &c, 

Fcap  8vo.     Cloth,  gilt 

Particular  attention  is  requested  to  this  very  beautiful  series.  The  delicacy  of  the 
engravings,  the  excellence  of  the  typography,  and  the  quaint  antique  head  and  tail 
pieces,  render  them  the  most  beautiful  volumes  ever  issued  from  the  press  of  this 
country,  and  now,  unquestionably,  the  cheapest  of  their  class. 

BURNS'   (Robert)   SONGS   AND   BALLADS. 

With  an  Introduction  on  the  Character  and  Genius  of  Bums.  67 
Thomas  Carlyle.  Carefully  printed  in  antique  type,  and  illustrated 
with  Portrait  and  beautiful  £ngravings  on  SteeL  Second  Thousand, 
Cloth,  gilt  edges,  3/. 

BYRON  (Lord):   CHILDE    HAROLD'S    PIL- 

GRIMACE.  With  Memoir  by  Professor  Spalding.  Illustrated  with 
Portrait  and  Engravings  on  Steel,  by  Greatbach,  Miller,  Lightfoot, 
&c.,  from  Paintings  by  Cattermole,  Sir  T.  Lawrence,  H.  Howard, 
and  Stothard.  Beautifully  printed  on  toned  paper.  Third  Thouscmd, 
Cloth,  gilt  edges,  3/. 

CAMPBELL  (Thomas):    THE    PLEASURES 

OF  HOPE.  With  Introductory  Memoir  by  the  Rev.  Charles  Rogers, 
LL.D.,  and  several  Poems  never  before  published.  Illustrated  with  Por- 
trait and  Steel  Engravings.     Second  Thousand,     Cloth,  gilt  edges,  3/. 

CHATTERTON'S    (Thomas)    POETICAL 

WORKS.  With  an  Original  Memoir  by  Frederick  Martin,  and 
Portrait.  Beautifully  illustrated  on  Steel,  and  elegantly  printed.  Fourth 
Thousand,     Cloth,  gilt  edges,  3/. 

GOLDSMITH'S  (Oliver)  POETICAL  WORKS. 

With  Memoir  by  Professor  Spalding.  Exquisitely  illustrated  with  Steel 
Engravings.  New  Edition,  Printed  on  superior  toned  paper.  Seventh 
Thousand.     Cloth,  gilt  edges,  3/. 

GRAY'S  (Thomas)  POETICAL  WORKS.    With 

Life  by  the  Rev.  John  Mitford,  and  Essay  by  the  Earl  of  Carlisle* 
With  Portrait  and  numerous  Engravings  on  Steel  and  Wood.  Elegantly 
printed  on  toned  paper.  Eton  Edition^  with  the  Latin  Poenis,  Sixth 
Thousand,     Cloth,  gilt  edges,  5/. 

HERBERT'S   (George)   POETICAL  WORKS. 

With  Memoir  by  J.  Nichol,  B.  A.,  Oxon,  Prof,  of  English  Literature  in 
the  Universi^  of  Glasgow.  Edited  by  Charles  Cowden  Clarke. 
Antique  headings  to  ea<£  page.    Second  Thousands    Cloth,  gilt  edges,  3/. 

KEBLE    (Rev.     John):    THE     CHRISTIAN 

YEAR.     With  Memoir  by  W.  Temple,  Portrait,  and  Eight  beautifdl 

Engmvings  00  Steel.    Second  Thousand, 

Cloth,  gilt  edges,        •        •        •        •      SA 
Morocco,  elegant,       •        •        •        •     10/6. 
Malachite, 12/6. 
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The  Emerald  Series— (Om/rifiiaf). 

POE'S  (Edgar  Allan)  COMPLETE  POETICAL 

WORKS.     Edited,  with  Memoir,  by  James  Hannat.     Fall-page  Hhis- 
tnitions  after  Wehnert,  Weir,  &c.   Toned  paper.    TkirUeiUk  TAmurndL 

Cloth,  gilt  edges,         ....      3/. 

Malachite, xoy6. 

O/AfT  volumes  in  prtpmntimt. 

MACKEY'S   FREEMASONRY; 

A  LEXICON  OF  FREEMASONRY.  Containing  a  definition  of  its 
Communicable  Terms,  Notices  of  its  Histoiy,  Traditions,  and  Antiquties, 
and  an  Account  of  all  the  Rites  and  Mysteries  of  the  Ancient  World.  By 
Albert  G.  Mackey,  M.D.,  Secretary-General  of  the  Supreme  Conndl 
of  the  U.S.,  &c.  Eighth  Edition^  thoroughly  revised  with  APPENDIX  by 
Michael  C.  Peck,  Prov.  Grand  Secretary  for  N.  and  E.  Yorkshire.  Hand- 
somely bound  in  cloth,  6/. 


««, 


Of  Mackey's  Lexicon  it  would  be  impossible  to  speak  in  too  high  terms ;  safice  it 
to  say,  that,  in  our  opinion^  it  ought  to  be  in  the  hands  of  erery  Mawm  wlw  would 
thoroughly  understand  and  master  our  noble  Science.  .  .  .  No  Masoaac  Lodge  or 
Library  should  be  without  a  copy  of  this  most  useful  work.* — Masonic  News, 


HENRY  MAYHEWS  CELEBRATED  WORK  ON 
THE  STREET-FOLK  OF  LONDON. 

LONDON   LABOUR  AND  THE  LONDON 

POOR  :  A  Cyclopedia  of  the  Condition  and  Earnings  of  ikast  that  will 
work  and  those  that  cannot  work.  By  Henry  Mayhbw.  With  many 
full-page  Illustrations  from  Photographs.  In  three  toIs.  Demy  Sva 
Cloth.     Each  vol.  4/6. 

"  Eveiy  page  of  the  work  is  full  of  valuable  information,  Uid  down  m  so  interesting  a 
manner  that  the  reader  can  never  tire." — Illustrated  L^mdon  Senn. 

"  Mr.  Henry  Mayhew's  feimous  record  of  the  habits,  eanungSi  and  suflRerings  of  the 
London  ^oor,— Lloyd's  li^reify  London.  VevL^paper. 

"  This  remarkable  book,  in  which  Mr.  Mayhew  gave  the  better  dasses  their  first  real 
insight  into  the  habits,  modes  of  livelihood,  and  current  of  thought  of  tlie  LosMloa 
poor.*  —  TAe  Patriot, 

The  Extra  Volume, 

LONDON    LABOUR  AND   THE  LONDON 

POOR :  Those  that  7aill  not  work.  Comprising  the  Noa^workers,  by 
Henry  Mayhbw  :  Prostitutes,  by  Bracebridgb  Hkmyng  ;  Thieves, 
by  John  Binny  ;  Beggars,  by  Andrew  Hallidat.  Witk  «a  Intro- 
cluctory  Essay  on  the  Agencies  at  Present  in  Operation  in  the  Metropolis 
for  the  Suppression  of  Crime  and  Vice,  by  the  Rev.  William  Tuckniss, 
B.A.,  Chaplain  to  the  Society  for  the  Rescue  of  Young  Women  and 
Children.  With  Illustrations  of  Scenes  and  liocalities.  In  one  large 
vol.     Royal  8vo.     Cloth,  10/6. 

"The  work  is  full  of  interesting  matter  for  the  casual  reader,  while  the  philaiidiroiMst 
and  the  phibMopher  will  find  details  of  the  greatest  iaiporL''^OECr  Press, 
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Mr.  Mathkw's  London  Labour— (Cmi/^m^. 

Comfcmom  volunu  to  the  Receding, 

THE  CRIMINAL  PRISONS  OF  LONDON, 

and  Scenes  of  Prison  Life.  By  Henry  Mayhkw  and  John  Binny.  nins- 
trated  by  nearly  two  hundred  Engravings  on  Wood,  principally  from 
Photographs.    In  one  large  voL     Imperiid  8vo.    Cloth,  10/6. 

This  volume  concludes  Mr.  Henry  MayheVs  account  of  his  researches  into  the 
crime  and  poverty  of  London.  The  amount  of  labour  of  one  kind  or  other,  which  the 
whole  series  of  hu  publicaiioos  represents,  is  something  almost  incalculable. 

*•*  This  celebrated  Record  of  Investigations  into  the  condition  of  the  Poor  of  the 
Metropolis,  undertaken  from  philanthropic  motives  by  Mr.  Hbnry  Mayhbw,  first  gave  the 
wealthier  classes  of  England  some  idea  of  the  state  of  Heathenism,  Defl;radation,  and  Misery 
in  which  multitudes  of  their  {worer  brethren  languished.  His  revelations  create,  at  the 
dme^  of  their  appearance,^  universal  horror  and  excitement — that  a  nation,  professedly 
CkristiuHj  shonla  have  in  its  midst  a  vast  population,  so  sunk  in  ignorance,  vice,  and  verv 
hatred  of  Religion,  was  deemed  incredible,  until  further  examination  established  the  truth 
of  the  statements  advanced.  The  result  is  well  known.  The  London  of  Mr.  Mayhkw  will, 
happily,  soon  exist  only  in  his  pages.  To  those  who  would  appreciate  the  efforts  already 
made  among  the  ranks  which  recruit  our  "dangerous**  classes,  and  who  would  learn  whaU 
yet  renuuns  to  be  done,  the  woik  will  aflfioid  enlightenment,  not  unmingled  with  surprise. 


POE'S  (Edgar  Allan)  COMPLETE  POETICAL 

WORKS.  Edited,  with  Memoir,  by  James  Hannay.  Full-page  Illus- 
trations after  Wehnert,  Weir,  and  others.  In  paper  wrapper. 
Ulnstrated,  1/6. 

SOUTHGATE  (Mrs.    Henry):    THE   CHRIS- 

TIAN  LIFE :  ThoughU  in  Prose  and  Verse  from  the  Best  Writers  of  all 
Ages.     Selected  and  Arranged   for  Every  Day  in  the  Year.    Second 

EdUioM,    Ooth  Elegant, 5/. 

Morocco  Antique,     ....       10/6. 

THOMSON  (Spencer,  M.D.,  L.R.C.S.,  Edinburgh, 

and  J.  C.  STEELE,  M.D.,  of  Guy's  Hospital) : 

DOMESTIC  MEDICINE  AND  HOUSEHOLD  SURGERY  (A 
Dictionary  oQ.  Thoroughly  Revised  and  in  part  Re- Written  by 
the  Editors.  With  a  Chapter  on  the  Management  of  the  Sick-room,  and 
many  Hints  for  the  Diet  and  Comfort  of  Invalids.  With  many  new  En- 
gravings. TwaUy-fifth  Edition.  Royal  Svo.  Cloth,  10/6.  (See  page  3 
of  Wrapper.) 
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MR.   SOUTHGATE'S   WORKS. 


"  No  one  who  is  in  the  habit  of  writing  and  speaking  much  on  a  variety  of  subjects 
afford  to  dispense  with  Mr.  Southgatb's  Works. — Glasgow  Htws. 

First  Seribs— Thirty- Fourth  Edition.    Second  Series^ 

Ninth  Edition. 

MANY    THOUGHTS    OF    MANY    MINDS: 

Selections  and  Quotations  from  the  best  Authors.    Compiled  and 

Analytically  Arranged  by 

HENRY    SOUTHGATE. 

In  Square  8vo,  elegantly  printed  on  Toned  Paper. 

Presentation  Edition,  Cloth  and  Gold,         ....     Each  VoL  12/61 

Library  Edition,  Roxburghe, „         l^. 

Ditto,  Morocco  Antique, „         21/. 

Each  Series  eompleU  in  itself^  and  sold  separately. 

**  The  produce  of  years  of  research."— £jraiwM/r. 

"A  MAGNIFICENT  Girr-BOOK,  appropriate  to  all  times  and  seasons." — Fretmtitmt 
Maganhte. 

"  Not  so  much  a  book  as  a  library.** — Pairioi. 

"  Preachers  and  Public  Speakers  will  find  that  the  woik  has  special  uses  fior  them."— 
EeUtiburgh  Daily  Revirw.  

BY    THK    SAM£    AUTHOR. 


New  Ready y  Third  Edition. 

SUGGESTIVE  THOUGHTS  ON  £ELIGIOUS  SUBJECTS: 

A  Dictionaiy  of  Quotations  and  Selected  Passages  from  nearly  1,000  of 

the  best  Writers,  Ancient  and  Modem. 

CompUed  and  AnalyticaUy  Arranged  by  HENRY  SOUTHGATE.    In 
Square  8vo,  el^antly  printed  on  toned  paper. 

Presentation  Edition,  Cloth  Elegant, 10/61. 

Library  Edition,  Roxburghe, 12/. 

Ditto,  Morocco  Antique, 20/. 

"  The  topics  treated  of  are  as  wide  as  our  Christianity  itself :  the  writers  quoted  firom,  of 
everv  Section  of  the  one  Catholic  Church  of  JESUS  CHRIST."— .<4«/*^*  PrrfiKt. 

'*  This  is  another  of  Mr.  Southgate's  most  valuable  volumes.  .  .  .  The  mission  whidi 
the  Author  is  so  successfully  prosecuting  in  liteiature  is  not  only  highly  beneficial,  but  neces- 
sary in  this  age.  ...  if  men  are  to  make  any  acquaintance  at  aU  with  the  great  minds 
of  the  world,  they  can  only  do  so  with  the  means  which  our  Author  supplies." — H»imiUL 

"  A  casket  cA  gcxas."— English  ChurckmoK, 

*'  Mr.  Southgate's  work  has  been  compiled  with  a  srreat  deal  of  judgment,  and  it  will,  I 
trust,  be  extensively  useful."— Kfv.  Carton  Liddon,  D.D.,  D.CL. 

"  Many  a  busy  Christian  teacher  will  be  thankful  to  Mr.  South^te  for  having  unearthed 
so  many  rich  gems  of  thought ;  while  many  outside  the  ministerial  circle  will  obtaui  stimulusi 
encouragement,  consolation,  and  counsel,  within  the  pages  of  this  handsome  volume. "— 
Nonconjormisi. 

'*  Mr.  SouTHGATB  IS  an  indefatigable  labourer  in  a  field  which  he  has  made  peculiarly 
his  own.  .  .  .  The  labour  expended  on  '  Suggestive  Thoughts  *  must  have  been  inn^enift 
and  the  result  is  as  nearly  perfect  as  human  fiUhoility  can  make  it.  .  .  .  Apart  firom  the 
selections  it  contains,  the  book  is  of  value  as  an  index  to  theolqgiaU  writings.  As  a  model  of 
judiciousp  logical,  and  suggestive  treatment  of  a  subject,  we  may  zefer  our  readen  to  the 
manner  m  which  the  subject  'Jbsus  Christ'  isaxnmged  and  iUustiated  in  'Sagccstife 
Thoughts.'  **-^lasgnv  Ntws. 


A  BOOK  NO  FAHILT  SHOULD  BE  WITHOUT. 

N«w  inua  of  this  Important  Work— Enlarged,  In  part  Re-wrltten,  and 

thoroughly  Revised  to  date. 

TwENTV-FilTH  Edition.     Hoyal  Svo,  JTandsome  Cloth,  los.  6d. 

A    DICTIONARY    OF 

DOMESTIC  MEDICINE  AND  HOUSEHOLD  SURGERY, 

BY 

SPENCER  THOMSON,   M.D.,  Edin.,   L.R.C.S., 

HEVI8ED,  AMD  IM  PART  RE-WRITTEN,  BY  THE  AUTHOR, 

AND  BY 

JOHN  CHARLES  STEELE,  M.D., 

Of  Guy's  Hospital. 

"With  Appendix  on  the  Management  of  the  Sick-room,  and  many  Hints  for  the 

Diet  and  Oomfort  of  Invalids. 


In  its  New  Form,  Dr.  Spknckr  Thomson's  "Dictionary  of  Domestic  Medicine" 
fully  sustains  its  reputation  as  the  *'  Representative  Book  of  the  Medical  Knowledge  and 
Practice  of  the  Day    applied  to  Domestic  Requirements. 

The  most  recent  Improvements  in  the  Treatment  of  the  Sick — in  Appliances 
for  the  Relief  of  Pain— and  in  all  matters  connected  with  Sanitation,  Hygiene,  and 
the  Maintenance  of  the  General  Health — will  be  found  in  the  New  Issue  in  clear  and 
foU  detail ;  the  experience  of  the  Editors  in  the  Spheres  of  Private  Practice  and  of  Hospital 
Treatment  respectively,  combining  to  render  the  Dictionary  perhaps  the  most  thoroughly 
practical  work  of  the  kind  in  the  English  Language.  Many  new  Engravings  have  been 
introduced— improved  Diagrams  of  different  parts  of  the  Human  Body,  and  lUustrations  o| 
the  newest  Medical,  Surgi<^  and  Sanitary  Apparatus. 


•  • 


All  Directions  given  in  such  a  form  cls  to  be  nadify  and  safely  followed. 


FROM  THE  AUTHOR'S  PREFATORY  ADDRESS. 


M^ 


'Without  entering  upon  that  difficult  ground  which  correct  professional  knowledge  and  educated  judg- 
ment can  alone  permit  to  oe  safely  trodden,  there  is  a  wide  and  extensive  field  for  exertion,  and  for  usefulness, 
open  to  the  unprofessional,  in  the  kindly  offices  of  a  true  DOMESTIC  MEDICINE,  the  timely  help  and 
solace  of  a  simple  HOUSEHOLD  SURGERY,  or,  better  still,  in  the  watchful  care  more  generally  known  aa 
'  SANITARY  PRECAUTION,'  which  tends  rather  to  preserve  health  than  to  cure  disease  'The  touch  of  a 
gentle  hand  '  will  not  be  less  gentle  because  guided  by  knowledge,  nor  will  the  snfe  domestic  remedies  be  les; 
anxiously  or  carefully  administered.  Life  may  be  saved,  suffering  may  always  oe  alleviated.  Even  to  th« 
resident  in  the  midst  of  civilization,  the  '  KNOWLEDGE  IS  POWER/  to  do  good  ;  to  the  settler  and 
emigrant  it  is  IN  VALUABLE."  

"Dr.  Thomson  has  fully  succeeded  in  conveying  to  the  public  a  yatt  amount  of  useful  professional 
knowledge."— />j^Zf«  Journal  of  Medical  Science, 

"  The  amount  of  useful  knowledge  conveyed  in  this  Work  Is  surprising. "—ilfA/ttra/  Timet  and  GoMetUn 

"  Worth  its  wbicmt  in  gold  to  famxliss  amd  thb  clbrgt."— ^jC^Sm/  Herald. 


PIR8T  SERIES-'THIRTY'FOURTH  EDITION. 
SECOND  SERIES-NINTH  EDITION. 


MANY  THOUGHTS  OF  MANY  MINDS: 

▲  Tmraiy  of  Bttenot^  oouiftiBg  of  BdMtlMi  hm  tkt  Wiitivgi  of  th»  maA 
OitebnMAstliaa.   FIB8T  AIB  BBOOIB  8£KIB8.   OaBpOBd  ud  ABtljtloillj  Anancti 

By  HENRY  SOUTHOATE. 


H  Bquart  8—.,  rfigoiil^r  f  rfcUrf  « 

PTMcntetlOB  Bditioa,  GMIl  aad  Qold       m.  .m 

Ubnnr  BdltloB,  Halt  Booad,  BoxboiglM  ^  «• 

Ilo«t  If oroooo  Antkine    m*       m«  m« 


la^  td. 
111. 

SllL 


mdtx  voli 


•  •Xavt  TBOimrra,' fta ,  an  erfdmtly  fh* 
ptodvoeor  yean  of  reMarch.*— AamiiMr. 

*•  Many  b«aQtifiil  aiampliiii  o<  thooght  and  i^yli 
•n  to  be  fonnd  among  the  idaotlona.'*— Itfoder. 

"  Then  oan  be  little  doabt  that  it  tideetlned  to 
take  a  high  plaot  among  booki  o(  thii  obuM.*'— 
JfotM  and  Quititit 

*  A  treasure  to  twy  raderirlio  maj  be  floitii- 
nate  enough  to  poeaeii  tt^  Iti  peroaal  !■  like  In- 
haling eneeneei ;  we  have  the  oream  only  of  the 
great  aothon  quoted.  Here  all  axe  leeda  or  genu. " 
^Enf^lUh  Journal  fif  Edueatian. 

**  Ur.  8outhgate*e  reading  will  ba  fonnd  to  ex- 
tend oTor  nearly  the  whole  known  field  of  Utpra- 
taTB,  andent  and  modttnJ'-~<fmilemttiif*  M^gor 
tine. 

*■  We  have  no  healtatlon  In  prononnolng  it  one 
of  the  moHt  Important  booka  of  the  aeason.  Cmdit 
ia  doe  to  the  pablieheri  for  the  elegaooe  with 
which  the  work  ia  got  am  and  for  the  extreme 
beauty  and  oorreotneai  of  tha  typography  ."— 
Morning  (^ironide. 

**  Of  the  Domerooa  Tolnmee  of  ttia  Und,  we  do 
not  remember  haying  met  with  one  in  wbloh  the 
selection  was  more  Jndicions^ortheaoonmnlation 
of  treasnree  eo  tmly  wonderfnL'*-iforR<N^  J7eraM. 

'*  The  selection  of  the  extracts  has  been  made 
with  taste,  Jodgment,  and  oritioal  nicety.**— 
Morning  PoiL. 

**  This  is  a  wondroni  book,  and  oontalna  f^great 
many  gemi*  of  thought.'* — DaUp  Newt, 

**  As  a  work  of  referenoe,  it  will  be  an  aoquiAi- 
tion  to  any  man's  library."— i^/b^^i'  CireuUr, 

'*Thi«  yolnme  contains  more  gems  of  thought, 
refined  eentimcnte.  noble  axioms,  and  extractabie 
sentences,  than  haye  eyer  before  been  brought  to- 
gether in  our  languAge." — TV  Fi^d. 

**  AU  that  the  poet  has  described  of  the  beautiful 
In  nature  and  art^  all  the  axioms  of  experience, 
the  coUectetl  wisdom  of  philneopher  and  sage,  are 
garnered  into  one  heap  of  useful  and  well^tfniiged 
inatmction  and  amanement.'* — l%e  Em, 

"  The  ooUection  will  proye  a  mine  rloh  aaA  in- 
exhaustible, to  thoae  in  aearah  of  a 
^H  JowmaL 


"Wmbefbniidtaba  worth  Hi 
by  literary  men."— !%«  EnOdtt. 

r  paga  ii  laden  with  fba  wealth  of 
thoMhlk  and  all  aglow  with  the  loTUwt 
ans  ol  MnliiB.'*-.ttar. 
Tha  work  of  Mr.  Soothgato  fhr  eiitalilin  aD 


othenof  ItiUnd.  To  the  oleisymangthie  antbor, 
the  artirt,  and  tha  aHayisfe^  '  Many  Thocgiiti  sf 


Many  Minds*  oannoi  fkO  to  render  ahaoat 
oolabla  warAabT'-Edlnimrgk  Mtremrg, 

**  We  hay*  no  healtatlon  whataver  in  deac«tbh« 
Mr.Soothgate's  as  the  yery  beet  book  of  the  class. 
Ttiere  is  poaiUyely  nothing  of  tha  kind  in  the  ■. 
guage  that  will  bear  a 
tt.**— ifaaekeslsr  Wedtig 

"  There  is  no  mood  tn  which  we  can  take  It  ap 
without  deriylng  from  it  iniitrDctlon»concoiatk>a, 
andamoaement.  We  heartily  thank  Mr.  Sitathr^is 
for  a  book  which  we  shall  rexard  as  one  of  onr 
best  friendi  and  oompanLnk**— CbaiAnd0> 
CSkroaiefo, 

*Thia  work  powBiin  tha  merit  of  beiag  a 
VAGHiFicnurr  oirr-BooK,  appropriate  to  sll 
times  and  aeasonB ;  a  book  calenlated  tobaof  rtm 
to  tha  scholar,  the  diylne,  and  tha  pahiio  man." 
--Freematan't  Magatint. 

"  It  la  not  so  much  a  book  as  a  library  of  qu^ 
t»tii>na  "^FatrioU 

**  The  qnotationB  aboond  In  that  Amigki  which 
Is  tha  nudnspring  of  mental  axerdaa.** — JUatr- 
pool  Courier, 

**  For  purpnees  of  app'V'ite  qiotafeioa.  It  oaonat 
be  surpawed.**— iJmto/  Tunet, 

*  It  is  impossible  to  pick  out  a  singto  paaBag<'  fa 
Uie  work  which  does  not.  upon  the  Csoe  of  It,  ju»- 
Ufy  its  seleotion  by  its  Inttinslo  martU*'— />»nM 
Ckromefa. 

"  We  are  not  snrpriaed  that  a  BlOOirD  8cit«B^ 
of  this  work  should  haye  been  called  fbr.  Mr. 
Sonthgate  has  the  catholic  tastes  desirable  in  s 
good  Bditor.  Preachers  and  public  speakers  viH 
find  that  it  has  special  uaes  for  them.*'— >AUiiitery* 
JkMp  Rerim. 

**  The  8B00KD  Suum  folly  Boatalns  tha  4» 
of  theFlBST.' 
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ANECDOTES  (Cyclopaedia   of   Religious  asd 

Moral).     With  an  Introductory  Essay  by  the  Rev.  George  Cheevsr, 
D.D.     Thirty- sixth  Thousand.     Crown  8vo.     Cloth,  3/6. 
*•*  These  Anecdotes  relate  .to  no  trifling  subjects ;  and  they  have  been  select^,  not 
for  amusement,  but  for  instruction.    By  those  engaged  in  the  tuition  of  the  young,  they 
will  be  found  highly  useful. 

BIBLE  HISTORY  (A  Manual  oQ.    By  the  Rev. 

J.  Wycliffe  Gedge,  Diocesan  Inspector  of  Schools  for  Winchester. 

Small  8vo.    Cloth,  neat,  yd. 
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The  Large-Type  Bunyan. 

BUNYAN'S   PILGRIM'S    PROGRESS.     With 

Life  and  Notes,  Experimental  and  Practical,  by  William  Mason. 
Printed  in  large  type,  and  Illustrated  with  full-page  Woodcuts.  Twelfth 
Thousand,     Crown  8vo.     Bevelled  boards,  gilt,  and  gilt  edges,  3/6. 
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Malachite, 12/6. 

*,*  The  above  is  the  only  issue  of  the  "  Christian  Year  "  with  Memoir  and  Portrait 
of  the  Author.    In  ordering.  Griffin's  Edition  should  be  specified. 

CRUTTWELL  (REV.  C  T„  M.A.)      A  HIS- 

TORY  OF  EARLY  CHRISTIAN  LITERATURK  In  large  8vo, 
handsome  cloth.  [In  preparation, 

%*  This  work  is  intended  not  only  for  Theological  Students,  but  for  General 
Readers,  and  will  be  welcomed  by  all  acquainted  with  the  Author^s  admirable  "  Hittory 
ojRommn  LiUrutttr*,*  a  woxk  which  has  now  reached  its  Fourth  Editum. 
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DICK      (Thos./    LL.D.):      CELESTIAL 

SCENERY ;  or,  The  Wonders  of  the  Planetaxy  System  Displaced.  This 
Work  is  intended  for  general  readers,  presenting  to  their  view,  in  an 
attFRCtive  manner,  sublime  objects  of  contemplation.  Illustrated.  JV^w 
Edition,     Crown  8yo,  toned  paper.     Handsomely  bound,  gilt  edges,  5/. 

DICK   (Dr.):   CHRISTIAN    PHILOSOPHER 

(The);  or,  The  Connection  of  Science  and  Philosophy  with  Religion. 
Revised  and  enlarged.  Illustrated  with  150  Engravings  on  Wood.  Twenfy- 
eighth  Edition*    Crown  8vo,  toned  paper.     Handsomely  bound,  with  gilt 

edges,  5/. 

FOSTER  (C):  THE  STORY  OF  THE  BIBLE, 

from  Genesis  to  Revelation— including  the  Historical  Connection  between 
the  Old  and  Mew  Testaments.     Told  in  Simple  Language^ 

Now  Ready.    Fourth  and  Greatly  Improved  Edition.    InRoYALSva 

Cloth  Elegant,  6s.    Gilt  and  Gilt  Edges,  7/6. 

TRnitb  /l^aps  and  oret  250  £ngta\>fnaB 

(Many  of  them  FuU-paf^e,  after  the  Diawings  of  Professor  Carl  SchQmhbkr  aod  othen). 

Illustrative  of  the  Bible  Narrative,  and  of  Eastern 
Manners  and  Customs. 


Opinions  op  thb  Press. 

"  A  book  which,  once  taken  up^  is  not  easily  laid  down.  When  the  volume  is  opened, 
we  are  fairly  caught.  Not  to  speak  of  the  well-executed  wood  engravings,  whidi  wiU 
each  tell  its  story,  we  find  a  simple  version  of  the  main  portions  of  the  BiUe,  all  thai  may 
most  profitably  be  included  in  a  work  intooded  at  once  to  instruct  and  charm  the  youos 
— a  version  couched  in  the  simplest,  purest,  most  idiomadc  English,  and  executed 
throughout  with  good  taste,  and  in  the  most  reverential  spiriL  TAr  work  tuedt  emfy  U 
be  Jmown  to  makt  its  toay  ittto  fitmiiits,  and  it  will  (at  any  rate,  it  ought  to)  beoome  a 
fiavouiite  Manual  in  Sunday  Schools."— .gcg/fiwaii. 

"A  HouSBHOLD  TxsASURH."— ffVr/Srrw  MormngNews, 

"This  attractive  and  handsome  volume  .  .  .  written  in  a  simple  and  transparent 
style.  .  .  .  Mr.  Foster's  explanations  and  comments  are  uodsls  op  tbacbimg.*— 
FreemoH, 

"  This  large  and  handsome  volume,  abounding  in  Illustrations,  is  just  what  is  wanted. 
.    .    .    The  Story  is  very  beaudfiifly  and  reverently  told."— g^Ai^^mv  Ntm, 

**  There  could  be  few  better  Presentation  Books  than  this  handwome  volume."— 2%M(f 
Rexnrw. 

"  Will  accomplish  a  good  work."— ^wfuAi^  School  Chrmicli. 

"  In  this  beautiful  volume  no  more  of  comment  is  indulged  in  than  is  necesary  to  the 
elucidation  of  the  text.  Everything  approaching  Sectarian  narrowness  is  carefblly 
eschewed."— Af(r/>iM£u/  Magwdne, 

"  This  simple  and  impressive  Narrative  .  .  .  succeeds  thoroughly  in  riveting  the 
attention  of  cnildren ;  .  .  .  admirably  adapted  for  reading  in  the  Home  Grcle." — 
Daiiy  ChrofUcl*. 

"The  Historical  Skrtch  connecting  the  Old  uid  New  Testaments  is  a  very  good 
idea  ;  it  is  a  common  fault  to  look  on  these  as  distinct  histories,  instead  of  as  ports  dL 
one  grand  whole.  "—ChristtofL, 

"Sunday  School  Teachers  and  Heads  of  Families  will  best  know  how  to  value  this 
handsome  volume." — Sortlum  Whig, 

%•  The  above  is  the  original  English  Edition.     In  ordering, 
Griffin's  Edition,  by  Charles  Foster,  should  be  distinctlj  specified. 
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STANDARD    BIBLICAL  WORKS 

BY 

THE  REV.  JOHN   EADIE,  D.D.,   LL.D., 

Lafe  a  Member  of  the  New  Testament  Revision  Com^mmy, 


This  Series  has  been  prepared  to  afford  sound  and  necessary  aid  to  the  Reader  of  Holy 
ScripCure.  The  Volumes  comprised  in  it  form  in  themselves  a  Complbtk  Library 
OP  RbpbrSncb.    The  number  of  Copies  akeady  issued  greatly  exceeds  A  quarter  op  a 

BULUON. 


I.  EADIE   (Rev.   Prof.):    BIBLICAL    CYCLO- 

PiEDIA  (A);  or,  Dictionary  of  Eastern  Antiquities,  Geography,  and 
Natural  History,  lllustratiTe  of  the  Old  and  New  Testaments.  With  Maps, 
many  Engravings,  and  lithographed  Fac-simile  of  the  Moabite  Stone. 
Large  post  8vo,  700  pages.     Iwenty-fifth  Edition, 

Handsome  cloth,         ....       7/6. 
Morocco  antique,  gilt  edges,        •        .16/, 

"  By  far  the  best  Bible  Dictionary  for  general  use." — Clerical  youmoL 

II.  EADIE    (Rev.    Prof.):    CRUDEN'S    CON- 

CORDANCE  TO  THE  HOLY  SCRIPTURES.  With  Portrait  on 
Steel,  and  Introduction  by  the  Rev.  Dr.  King.  Post  8vo.  Fifty-first 
Edition,     Handsome  cloth,     .....      3/6. 


*•*  Dr.  Eadie's  has  long  and  deservedly  borne  the  reputation  of  being  the  COM- 

::ONCORDANCE  < 


PLETEST  and  BEST  CONCORDANCE  extant. 


III.  EADIE  (Rev.  Prof.):  CLASSIFIED  BIBLE 

(The).    An  Analytical  Concordance.    Illustrated  by  Maps.     Large  Post 
8vo.     Sixth  Edition,     Handsome  cloth,  .        .         .       8/6. 

"We  have  only  to  add  our  unqualified  cojnmendation  of  a  woric  of  real  excellence  to 
every  Biblical  student." — Christian  Times. 

IV.  EADIE  (Rev.  Prof.):    ECCLESIASTICAL 

CYCLOPiEDIA  (The).  A  Dictionary  of  Christian  Antiquities,  and  of 
the  History  of  the  Christian  Church.  By  the  Rev.  Professor  Eadib, 
assisted  by  numerous  Contributors.     Large  Post  8vo.     Sixth  Edition^ 

Handsome  cloth,        .        .        •        •      8/6. 

"The  Ecclesiastical  CvcLOPiSDiA  will  jprove  acceptable  both  to  the  clei^  and  laity 
of  Great  Britain.    A  great  body  of  useful  iniormation  will  be  found  in  it" — Athemeum. 

V.  EADIE  (Rev.    Prof.):    DICTIONARY   OF 

THE  HOLY  BIBLE  (A) ;  for  the  use  of  Young  People.  With  Map  and 
Iliustmtions.    Small  8vo.     Thirty-eighth  Thousand. 

Cloth,  elegant, ft/Sw 
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Monnonism,  &c.,  Ac.,  with  a  Hannony  of  the  Christian  Confessions  of 
Faith  by  a  Member  of  the  Evangelical  Alliance.  Crown  8vo.  Cloth 
bevelled,  3/6. 

SOUTHGATE    (Henry):    SUGGESTIVE 

THOUGHTS  ON  RELIGIOUS  SUBJECTS.  (See  page  36.) 

SOUTHGATE  (Mrs.  H.) :  THE  CHRISTIAN 
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Cloth  Elegant,  5/.     Morocco,  10/6.     Second  Edition, 

"  A  voltune  as  handsome  as  it  is  intrinsically  valuable."— Jc^a/^Mon. 
"The  readings  are  txce\\ent.'*—KecertL 
*•  A  Ubniry  in  itstlf-A'criAtrH  WJuif. 

TAIT  (Rev.  James):  MIND  IN  MATTER:  A 

Short  Argument  on  Theism.  Second  Edition,  Demy  8vo.  Handsome 
Cloth,  8/6. 

General  Contents. — Evolution  in  Nature  and  Mind— Mr.  Darwin 
and  Mr.  Herbert  Spencer — Inspiration,  Natural  and  Supernatural — 
Deductions. 

"An  able  and  original  contribution  to  Theistic  literature.  .  ,  .  The  style  is 
pointed,  concise,  and  telling  to  a  degree." — Giasgow  Htrald. 

**  Mr.  Tait  advances  many  new  and  striking  arguments  .  .  .  highly  suggestive 
and  fresh." — Brii,  QuarUrfy  Rnnew. 

THE   MASSES:    How  Shall  we  Reach  Them? 

Some  Hindrances  in  the  way,  set  forth  from  the  standpoint  of  the  People, 
with  Comments  and  Suggestions.  By  an  Old  Lay- helper.  Cloth, 
2s.  6d.     Second  Edition, 

%*  An  attempt  to  set  forth  some  deficiencies  in  our  present  methods  of  reaching  the 
poor,  in  the  language  of  the  people  themselves. 

*'  So  full  of  suggestiveness  that  we  should  reprint  a  tithe  of  the  book  if  we  were  to 
transcribe  all  the  extracts  we  should  like  to  make."^^A>rrcA  Btllt, 

"  *  Hindrances  in  the  way  *  exactly  describes  the  subject-matter  of  the  Book.  Any 
one  contemplating  Missionary  work  in  a  large  town  would  be  helped  by  studying  it.** — 
Guardian. 

**  *  The  Masses '  is  a  book  to  be  well  pondered  over  and  acted  upon.**— CAttrcA  IVcrk, 

**  A  very  useful  book,  weU  worth  reading.** — CMttrck  Times. 

"  A  mostinterestinff  book.  .  .  .  Contains  a  graphic  description  of  work  among  the 
masses.**— jSi^/mA  CA$$nh$ftam, 

WORDS  AND  WORKS  OF  OUR  BLESSED 

LORD:    and    their  Lessons    for    Daily  Life.        Two   Vols,   in  Onc^ 
Foolscap  8vo.     Cloth,  gilt  edges,  6/. 


MEDICINE  AND  THE  ALLIED  SCIENCES.  5 

By  Sir  WILLIAM  AITKEN,  M.D.,  Edin.,  F.R.S., 

FROPR&SOR  OF  PATHOLOGY  IN  THE  ARMY  MEDICAL    SCHOOL  ;    EXAMINER  IN    MEDICINE  FOR 

THE  MILITARY    MEDICAL    SERVICES  OF  THS  QUEEN  ;   FELLOW  OF  THE  SANITARY 

INSTITUTE  OF  GREAT  BRITAIN  ;  CORRESPONDING   MEMBER  OF    THE  ROYAL 

IMPERIAL    SOCIETY    OF    PHYSICIANS    OF    VIENNA  ;    AND    OF  THB 

SOCIETY  OF  MEDICINE  AND  NATURAL  HISTORY  OF  DRESDEN. 


Seventh  Edition. 

The  SCIENCE  and  PRACTICE  of  MEDICINE. 

In  Two  Volumes,  Royal  8vo.,  doth.  Illustrated  by  numerous  Engi-av- 
ings  on  Wood,  and  a  Map  of  the  Geographical  Distribution  of  Diseases. 
To  a  great  extent  Rewritten  ;  Enlarged,  Remodelled,  and  CarefuUy 
Revised  throughout,  42/. 


Opinions  of  the  Press. 

"The  work  is  an  admirable  one,  and  adapted  to  the  requirements  of  the  Student, 
Professor,  and  Practitioner  of  Medicine.  .  .  .  The  reader  will  find  a  laree  amount  of 
information  not  to  be  met  with  in  other  books,  epitomised  for  him  in  this.  We  know  of 
no  work  that  contains  so  much,  or  such  full  and  varied  information  on  all  subjects  con- 
nected with  the  Science  and  Practice  of  Medicine." — Lancet, 

"  Excellent  from  the  beginning,  and  imi>roved  in  each  successive  issue.  Dr.  Aitken's 
GREAT  and  .STANDARD  WORK  has  now,  with  vast  and  judicious  labour,  been  broueht 
abreast  of  every  recent  advance  in  scientific  medicine  and  the  healing  art,  and  affords  to  the 
Student  and  Practitioner  a  store  of  knowledge  and  guidance  of  altogether  inestimable  value. 
.  .  .  -A  classical  work  which  docs  honour  to  British  Medicine,  and  is  a  compendium  of 
sound  knowledge." — Extract/rotn  Revievt  in  "  BrioH,"  byy.  Crickton-BrcwHt^  M.D,^ 
F.R. 

"The  Seventh  Edition  of  this  important  Text-Book  fully  maintains  its  reputation. 
.    .     .     Dr.  Aiiken  is  indefatigable  in  nis  efforts.     .    .    .    The  section  on  Di.<iease5  of 
the  Brain  and  Nervous  System^  is  completely  remodelled,  so  as  to  include  all  the 
most  recent  researches,  which  in  this  department  have  been  not  less  important  than  they 
are  numerous  '—British  Medical ^ourtial, 

**  The  Standard  Text-Book  m  the  English  Language.  .  .  .  There  is,  perhaps, 
no  work  more  indispensable  ibr  the  Practitioner  and  Student." — Edin.  Medical  Jountal. 

"The  extraordinary  merit  of  Dr.  Aitken's  work.  .  .  .  llie  author  has  unquestion- 
ably performed  a  service  to  the  profession  of  the  most  valuable  \dnd."—Practitiimer. 

OUTLINES    OF   THE    SCIENCE    AND 

PRACTICE  OF  MEDICINE.      A  Text-Book  for  Students.      Second 
Edition,        Crown  8vo,  12/6. 

"  Students  preparing  for  examinations  will  hail  it  as  a  perfect  godsend  for  its  concise- 
ness."— Athemeum. 

"Well-digested,  clear,  and  well-written,  the  work  of  a  man  conversant  with  every 
detail  of  his  subject,  and  a  thorough  master  of  the  art  of  teaching."— ^nVt'M  Medical 
Jintmal,  

CAIRD  (F.  M.,  M.B.,  F.R.C.S.),  and  CATHCART 

(C.  W.,  M.B.,  F.R.C.S.): 

A  SURGICAL  HANDBOOK:  For  the  use  of  Practitioners, 
Students,  House- Surgeons,  and  Dressers.  With  Numerous  Illustrations. 
I'hird  Edition,     Pocket-size,  Leather,  8/6. 

"ThU  is  a  THOROUGHLY  PRACTICAL  MANUAL,  well  up  to  date,  clear, 
accurate,  and  succinct.    It  is  thoroughly  trustworthy,  handy,  and  well  got  up."— Zamc^/. 


CHARLES  GRIFFIN  dfr  CO.'S  PUBLICATIONS. 


Bj  PROFESSOR  T.  M'CALL  ANPERSON,  M.D. 

Now  ready,  wUh  two  Colcurtd  LHhofrraphs,  Steel  Plafe^  and  numerous  Woodcuts. 

Royal  8vo,  Ilandaome  Cloth,  258. 

DISEASES  OF  THE  SKIN 

(A  TREATISE  ON), 

With  Special  Refbrbxce  to  Diaokosib  and  Tbeatvent,  IscLxmma  as 

ANALYSIS  OF  11,000  Consecutive  Cases. 

By  T.  M'OALL  ANDERSON,  M.D., 

Professor  of  Clinical  Medicine,   University  of  Olasgow. 

The  want  of  a  manual,  embodying  the  most  recent  advances  in  the 
treatment  of  cutaneous  affections,  has  made  itself  much  felt  of  late 
years.  Fbofsssor  M'Gall  Anderson's  Treatise,  therefore,  affording, 
as  it  does,  a  complete  resume  of  the  best  modem  practice,  will  be 
doubly  welcome.  It  is  written — ^not  from  the  standpoint  of  the 
TJniTersity  Professor — but  from  that  of  one  who,  during  upwards  of 
a  quarter  of  a  century,  has  been  actively  engaged  both  xn  private  and 
in  hospital  practice,  with  unusual  opportunities  for  studying  this 
class  of  disease,  hence  the  practical  and  clinical  directions  given 
are  of  great  value. 

Speaking  of  the  practical  aspects  of  Dr.  Anderson's  work,  the 
British  Medical  JournaZ  says: — "Skin  diseases  are,  as  is  well-known, 
obstinate  and  troublesome,  and  the  knO^Kledge  that  there  are  addi- 
tional RESOURCES  besides  those  in  ordinary  use  will  give  confidence 
to  many  a  puzzled  medical  man,  and  enable  him  to  encourage  a 
doubting  patient.  Almost  any  page  might  be  used  to  illustrate 
THE  fulness  op  THE  WORK  IN  THIS  RESPECT.  .  .  .  The  chapter 
on  Eczema,  that  universal  and  most  troublesome  ailment,  describes 
in  a  comprehensive  spirit  and  with  the  greatest  accuracy  of  detail 
the  various  methods  of  treatment.  Dr.  Anderson  writes  with  the 
authority  of  a  man  who  has  tried  the  remedies  which  he  discusses, 
and  the  information  and  advice  which  he  gives  cannot  fail  to  prove 
extremely  valuable." 

Opinions  of  the  Press. 

"  Beyond  4<Mibt,  the  most  ihi>obtaitt  work  on  Sktn  Diaeaees  that  h%a  sppeared  In  EnglAod  for 
many  years.  .  ,  .  ConspicnouB  for  the  amodnt  and  excbllssgb  of  Uio  cuxigj^l  amd  psaciical 
iafortnatlon  which  it  contatna."— 5n7«4  Medical  Journal. 

"Professor  U'Call  Anderson  has  prodaced  a  work  likely  to  prOTe  verf  aeeeptalltt  to  the  bT»y 
practitioner.  The  sections  on  treatment  are  very  full.  For  ezuwle,  Bguma  ]iu  110  page*  giTOtt 
to  it,  and  73  of  these  pa^ea  are  devoted  to  treatment."— Z<wcrt. 
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WORKS     by     A.     WYNTER     BLYTH,     M.R.C.S.,     F.C.S., 

Public  AxuJyst  for  the  County  of  Devon,  and  Medical  Officer  of  HealUi  for 

St.  Marylebone. 

I.  FOODS:  THEIR    COMPOSITION    AND 

ANALYSIS.     Price  16/.     In  Crown  8vo,  cloth,  with  Elaborate  Tables 
and  Litho-Plates.     Third  Edition,     Revised  and  partly  rewritten. 

General  Contents. 

History  of  Adulteration —Lc^slation,  Past  and  Present — Apparatus  useful  to  the 
Food  Analyst — "  Ash  "—Sugar— Confectionery—  Honey — ^Treacle— Jams  and  Preserved 
Fruits  —Starches— Wheaten-Flour— Bread— Oats  —  Barley— Rye— Rice— Maize— Millet 
— Potato — Peas— Chinese  Peas—  Lentils — Beans— M  ilk — Cream— Butter— Cheese — ^Tca 
— Cofiee  —  Cocoa  and  Chocolate  —  Alcohol  —  Brandy— Rum — Whisky— Gin — Arrack — 
Liqueurs — Beer— Wine — Vinegar — Lemon  and  Lime  Juice — Mustard— Pepper — Sweet 
and  Bitter  Almond— Annatto— Olive  Oil— Water.  Appendix:  Text  of  English  and 
American  Adulteration  Acts. 

"  Will  be  used  by  every  Analyst."— Z,<mc^/. 

"  Stands  Unrivallbo  for  completeness  of  information.  ...  A  really  '  practical ' 
work  for  the  guidance  of  practical  men." — Sanitary  Record. 

**  An  admirable  digest  of  the  most  recent  state  of  knowledge.  ...  Interesting 
even  to  lay-readers." — Chemical  News. 

\*  The  New  Edition  contains  many  Notable  Additions,  especially  on  the  subject 
of  Milk  and  its  relation  to  Fever-Epidemics,  the  Purity  of  Watbs-Supply,  the 
new  Makgarinb  Act,  &c.,  &c. 

COMPANION    VOLUME. 

II.  POISONS:  THEIR  EFFECTS  AND  DE^ 

TECTION.     Price  16/.     Stcond  EdUion. 

General  Contents. 

Historical  Introduction — Statistics— General  Methods  of  Procedure — Life  Tests — 
Special  Apparatus— Classification  :  I. — Organic  Poisons:  (a.) Sulphuric,  Hydrochloric, 
and  Nitric  Acids^  Potash,  Soda,  Ammonia,  &c. ;  (^.)  Petroleum,  Benzene.  Camohor, 
Alcohols,  Chloroform,  Carbolic  Acid,  Pruosic  Acid,  Phosphorus,  &c.  ;  ((.)  Hemlock, 
Nicotine,  Opium,  Strychnine,  Aconite,  Atropine,  Digitalis,  &c.  ;  {d.)  Poisons 
derived  from  Animal  Substances  ;  (^.)  The  Oxalic  Acid  Group.  II. — Inorganic 
Poisons  :  Arsenic,  Antimony,  Lead,  Copper,  Bismuth,  Silver,  Mercury,  Zinc,  Nickel 
Iron,  Chromium,  Alkaline  Earths,  &c.  Appendix:  A.  Examination  of  Blood  and 
Blood-Spots.     B.  Hints /or  Emergencies:  Treatment— Antidotes. 

"Should  be  in  the  hands  of  every  medical  practitioner." — Lancet. 

"  A  sound  and  practical  Manual  of  Toxicology,  which  cannot  be  too  warmly  re- 
commended. One  of  its  chief  merits  is  that  it  discusses  substances  which  have  been 
overlooked." — Chemical  News. 

"One  of  the  best,  most  thorough,  and  comprehensive  works  on  the  subject."— 
Saturday  Revuw. 

HYGIENE  AND  PUBLIC  HEALTH   (a  Die- 

tionary  of) :  embracing  the  following  subjects : — 

I. — Sanitary  Chemistry  :  the  Composition  and  Dietetic  Value  of 

Foods,  with  the  Detection  of  Adulterations. 
II.— Sanitary  Engineering  :  Sewage,  Diainage,  Storage  of  Water, 
Ventilation,  Warming,  &c. 
III.— Sanitary  Legislation;  the  whole  of  the  PUBLIC  HEALTH 
ACT,  together  with  portions  of  other  Sanitary  Statutes,  in  a 
form  admitting  of  easy  and  rapid  Reference. 
IV. — Epidemic  and  Epizootic  Diseases  :    their  History  and  Pro- 
pagation, with  the  Measures  for  Disinfection. 
V. — Hygiene— Military,  Naval,  Private,  Public,  School. 
Royal  8vo,  672  pp.,  cloth,  with  Map  and  140  Illustrations,  28/. 

"  A  work  that  must  have  entailed  a  vast  amount  of  labour  and  research.    .     .    .    Will 
become  a  Standard  Work  in  Public  Health." — Medical  Times  and  Gazette. 
"  Contains  a  great  mass  of  information  of  easy  reference."— .S'a«//ary  Record. 


8  CHARLES  QRIFFIN  -fc  VO:S  PUBLICATIONS. 

DAVIS  (J.  R.  A.,  B.A.,  Lecturer  on  Biology  at  the 

University  College  of  Wales,  Aberystwyth) : 

AN  INTRODUCTION  TO  BIOLOGY,  for  the  use  of  Students. 
Comprising  Vegetable  and  Animal  Morphology  and  Physiology. 

ll^ith  Bibliography^  Exam.-Questions,  comfleie  Ghstary^  and  158  lUustraiien*, 

Large  Crown  8vo.     Z2X.  6d. 

'*  The  volume  is  literally  packed  with  intormst,uon.**—G/nsgffw  Medical  yottnuil. 
"  As  a  general  work  of  reference,  Mr.  Davis'  Manual  will  be  highly  serviceable  both 
to  medic;U  men  and  to  amateur  or  professional  iia!tD.taX&," --British  Medical  J onrneil. 

THE  FLOWERING-PLA  NT :  First  Principles  of  Botany.  Spedally 
adapted  to  the  Requirements  of  Students  preparing  for  Competitive 
Examinations.     With  numerous  Illustrations.     Crown  Svo,  Cloth,  3s.  6d. 

DUCKWORTH     (Sir    Dyce,     M.D.     (Edin.), 

F.R.C.P.): 

GOUT  (A  Treatise  on)  :  for  the  Use  of  Practitionecs  and  Students. 
With  Chromo-Lithograph,  Folding  Plate,  and  Illustrations.  Royal 
Svo,  25s. 

"  At  once  thoroughly  practical  and  highly  philosophical.    The  practidoner  will  find 
an  enormous  amount  of  information  in  it." — Practitioner. 

DUPRE  (A.,Ph.D.,F.R.S.),  and  WILSON  HAKE 

(Ph.D.,  F.I.C.,  F.C.S.,  of  the  Westminster  Hospital  Medical  School) : 

INORGANIC  CHEMISTRY  (A  Short  Manual  oQ:  with  Coloured 
Plate  of  Spectra.     Crown  Svo,  Cloth,  7s.  6d. 

"The  BRST  MANPAL  for  Medical  aspirants  that  has  appeared  on  the  subject  of 
Inorganic  Chemistry." — Analyst, 

"  A  well-written,  clear,  and  accurate  Elementary  Manual  of  Inorganic  Chemistry. 
.  .    .    We  agree  heartily  in  the  system  adopted  by  Dm.  Dupr^  and  HaJce.    Will  makb 

EXHERIMBNTAL     WORK     TREBLY     INTERESTING     BECAUSE     INTELLIGIBLE.*— .Sa/imi&/ 

Rri'ieit}. 

ELBORNE  (W.,   F.L.S..   F.C.S.,  late  Assistant- 

Lecturer  in  Materia  Medica  and  Pharmacy,  Owens  College,  Manchester): 

PHARMACY  AND  MATERIA  MEDICA  (A  laboratory  Course  of): 
Including  the  Principles  and  Practice  of  Dispensing.  Adapted  to  the 
Study  of  the  British  Pharmacopoeia  and  the  requirements  of  the  Private 
Student.  With  Litho- Plates,  and  numerous  Illustrations.  Large  crown 
Svo.     Cloth,  8s.  6d. 

EWART  (J.  COSSAR,   M.D.,  F.R.S.E.,  Regius 

Professor  of  Natural  History,  University  of  Edinburgh) : 

THE  PRESERVATION  OF  FISH,  in  reference  to  Food  Supply 
Hints  on).     In  Crown  Svo,  Wrapper,  6d. 

GARROD  (A.E.,  M.A.,  M.D.,  Oxoa,  M.R.C.P., 

Assistant-Physician  to  the  West  London  Hospital,  &c.): 

RHEUMATIS.M  AND  RHEUMATOID  ARTHRITIS  (A  Treatise 
on) :  for  the  Use  of  Students  and  Practitioners.  With  Charts  and  Illus- 
trations.    Medium  Svo.     Cloth,  21s. 
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GRIFFIN  (John  Joseph,  F.CS.)  : 

CHEMICAL  RECREATIONS :  A  Popular  Manual  of  Experimental 
Chemistry.  With  540  Engravings  of  Apparatus.  Tenth  Edition.  Crown 
4to.     Cloth. 

Part    I. — Elementary  Chemistry,  2/. 

Part  II. — The  Chemistry  of  the  Non-Metallic  Elements,  including  a 
Comprehensive  Course  of  Class  Experiments,  10/6. 
Or,  complete  m  one  volume,  cloth,  gilt  top,     •        .     12/6. 

HAD  DON   (A.  C,  M.A.,  F.Z.S.,  Professor  of 

Zoology  at  the  Royal  College  of  Science,  Dublin) : 

AN  INTRODUCTION  TO  THE  STUDY  OF  EMBRYOLOGY, 
for  the  use  of  Students.    With  190  Illustrations.   In  Royal  8vo,  Cloth,  18s. 

^  "  An  KXCBLLBNT  KBsuMB  OF  RECENT  RESEARCH,  Well  adapted  for  self-study.  .  .  . 
Gives  remarkably  good  accounts  (including  all  recent  work)  of  the  development  of  the 
heart  and  other  organs.    .    .    .    The  book  is  handsomely  got  up." — Ltt$tceU 

**  Prof.  Haddon  has  the  real  scientific  spirit  for  work  of  this  kind.  .  .  .  The 
development  of  the  various  organs  ably  demonstrated.  .  .  .  Forms  a  handsome 
volume." — Brit.  Med.  Journal. 

HUMPHRY  (L.,  M.A.,  M.B.,  M.R.C.S.,  Assistant- 

Physician  to,  and  Lecturer  to  Probationers  at,  Addenbrooke*s  Hospital, 
Cambridge) : 

NURSING  (A  Manual  of) :  Medical  and  Surgical.     With  Numerous 
Illustrations.     Second  Edition,     Crown  Svo,  Cloth,  3s.  6d. 
"  We  would  advise  all  Nurses  to  possess  a  copy." — The  Hos^ial. 

JAKSCH  (Prof.  R.  von,  University  of  Graz)  : 

CLINICAL  DIAGNOSIS :  A  Text-book  of  the  Chemical,  Micro- 
scopical, and  Bacteriological  Evidence  of  Disease.  Translated  from  the 
Second  German  Edition,  by  James  Cagney,  M.A.,  M.D.,  St  Mary's 
Hospital.  With  additions  by  Wm.  Stirling,  M.D.,  Sc.D.,  Prof,  of 
Physiology,  Owens  College,  Manchester.  With  numerous  Illustrations  in 
Colour.     Medium  Svo,  25s. 

LANDIS   (Henry   G.,  A.M.,  M.D.,  Professor  of 

Obstetrics  in  Starling  Medical  Collie) : 

THE  MANAGEMENT  QF  LABOUR  AND  OF  THE  LYING-IN 
PERIOD.    In  Svo,  with  Illustrations.     Cloth,  7/6. 

"  Fully  accomplishes  the  object  kept  in  view  by  its  author.  .  •  .  Will  be  foond 
of  GRBAT  VALUE  by  the  young  practitioner.'*— G£»^vw  Medical  y<mmaL 

LEWIS  (W.  Bevan,  L.R.C.P.,  M.R.C.S.,  Medical 

Director  of  the  West- Riding  Asylum,  Wakefield) : 

MENTAL  DISEASES  (A  Text-book  of) :  With  Special  Reference  to 
the  Pathological  Aspects  of  Insanity.  For  the  Use  of  Students  and  Practi- 
tioners.   With  iS  Litho-Plates,  Charts,  and  Illustrations.    Royal  Svo,  2S/. 

"A  splendid  addition  to  the  literature  of  mental  diseases.  .  .  .  Every  page 
bristles  with  important  facts.  As  a  standard  work  on  the  patholo^  of  mental  diseases 
the  volume  should  occupy  a  prominent  place." — DttbUn  Medical jettmal. 


BO  CHARLB8  GRIFFIN  S  CO.  ^8  FUBLICA TI0N8. 

By  Professors  LANDOIS  and  STiRLtNG. 

HUMAN      PHYSIOLOGY 

(A  TEXT- BOOK  OF): 

Including  Histohgy  and  Microscopical  Anatomy, 
WITH    SPECIAL    REFERENCE    TO    PRACTICAL    MEDICINE, 

By    Dr.    L,    LANDOIS, 

Pkop.  op  Physiology,  Uniybksity  op  Grbfswald. 
Translated  from  the  Sixth  German  Edition,  with  Annotations  and  Additions^ 

By  WM.   STIRLING,  RLD.,  ScD., 

DRACKBNBURY  PROFBSSOR  OF  PHYSIOLOGY  IN  OWENS  COLLBGK,  AND  VICTOXIA  UNTYBSSXTY, 
HANCHBSTBR  ;    BXAMINBR  IN  THB  UNIVBBSJTIBS  OP  OXFORD  AND  CAMBRIDGE. 

Royal   8vo,    Handsome   Cloth.     34s. 

Vtit^  bex]{  J^nmeronf  lUsstiations. 

THIRD    ENGLISH    EDITION. 


GENERAL  CONTENTS. 

Part  I. — ^Physiology  of  the  Blood,  Circulation,  Respiiadoo,  Digestion,  Afcisorptioo, 
Animal  Heat,  Metabolic  Phenomena  of  the  Body. 

Part  II. — Secretion  of  Urine:  Structure  of  the  Skin;  Fhysiolc^^y  of  the  Motor 
Apparatus ;  the  Voice  and  Speech  ;  General  Physiology  of  the  Nerves ;  Electzo-Physaology  ; 
the  Brain ;  Organs  of  Vision,  Hearing,  Smell,  Taste,  Touch ;  Physiology  of  Devdopment. 

%•  Since  its  first  appearance  in  1880,  Prof.  Landois'  Text- 
Book  OF  Physiology  has  been  translated  into  three  Foreign 
languages,  and  passed  through  five  large  editions. 

To  meet  the  wishes  of  Students,  the  Third  English  Edition 
has  been  issued  in  One  Volume,  printed  on  specially  prepared 
paper.  Numerous  Additions  have  been  made  throughout,  bringing 
the  work  abreast  in  all  respects  of  the  latest  researches  in  Physiology 
and  their  bearing  on  Practical  Medicine ;  and  the  number  of 
Illustrations  has  also  been  largely  increased-r-firom  494  in  the 
First  to  692  in  the  present  Eklition. 

*'So  great  are  the  advantages  oflfered  by  Prof.  Landots'  Text-book,  from  the 
BXHAUSTiVB  and  bminbntly  PRACTICAL  manner  in  which  the  subject  is  treated,  that 
it  has  ps^sed  through  pour  large  edirions  in  the  same  number  of  years.^  .  .  .  Dr. 
Stirling's  annotations  have  materially  added  to  the  value  of  the  wock.  AJmuaUy  adapted 
for  the  Practitioner.  .  .  .  With  this  Text-book  at  command,  no  Student  could  pail 
in  his  bxami nation."— Tiltf  Lancet. 

**  One  of  the  most  practical  works  on  Physioli^  ever  written,  forming  a,  'bridge' 
between  Physiology  and  Practical  Medicine.  ...  Us  chief  merits  are  its  completeness 
and  conciseness.  .  .  .  The  additions  by  the  Editor  are  able  and  judicious.  .  .  . 
Exckllbntlv  clbar.  attractive,  and  succinct."— ^rrV.  Mtd.  y<mmai, 

**  The  great  subjects  dealt  with  are  treated  in  an  admirably  clear,  terse,  and  happily- 
iUustrated  manner.  At  every  turn  the  doctrines  laid  down  an  illuminated  by  reference  to 
facts  of  Clinical  Medicine  or  PsAhology." —Ff  acfitrfftttr. 

"  We  have  no  hesitation  in  saying  that  this  is  tkb  work  to  whicil  the  PRAcnnoKBa 
will  turn  whenever  he  desires  light  thrown  upon,  or  infonnation  as  to  how  he  can  best 
investigate,  the  phenomena  of  a  complicated  or  important  casb.  To  the  Stodbmt  it 
will  be  equally  valuablb,"— iffrfm^iy*  MeiUctUyottmoL 

*'  Lanoois  and  Stirunc's  work  cannot  &il  to  establish  itself  as  one  of  the  most  useful 
and  popular  works  known  to  English  TesidcTs."—MaMcA£sier  Medical  Ckromicle. 

**  As  a  work  of  reference,  Landois  and  Stirling's  Treatise  ought  to  takb  thb 
PORKMOST  PLACE  Bmong  the  text-books  in  the  English  language.  The  woodcuts  are 
noticeable  for  their  number  and  hea^^\.y.**—Gla^yw  Medical  yimmaL 

"  Unquestionably  the  most  admirable  exposition  of  the  relations  of  Human  Physiology 
to  Practical  Medicine  that  has  ever  been  laid  before  English  leaders.*— ^/M^kw/r*  J^mmmL 
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By  Dra.  MEYER  and  FERQTTa 

Now  Ready,  with  Three  Coloured  Plates  and  numeroua  lUtutratkma, 

Royal  800,  Handsome  Cloth,  25«. 

DISEASES   OF  THE    EYE 

(A  PRACTICAL  TREATISE   ON), 
By  EDOUARD  MEYER, 

Prof,  a  VEcoU  Pratique  de  la  Factdti  de  Midecine  de  Paris, 
Chev,  of  the  Leg,  of  Honour ,  dec. 


Translated  from  the  Third  French  Edition,  with  Additions  as 
contained  in  the  Fourth  German  Edition, 

By  F.  FERGUS,  M.B.,  Ophthalmic  Surgeon,  Glasgow  Infirmary. 


The  particular  features  that  will  most  commend  Dr.  Meyer's  work 
to  English  readers  are — its  conciseness,  its  helpfulness  in  explana- 
tion, and  the  practicality  of  its  directions.  The  best  proof  of  its 
worth  may,  perhaps,  be  seen  in  the  fact  that  it  has  now  gone  through 
three  French  and  four  German  editions,  and  has  been  translated  into 
most  European  languages — Italian,  Spanish,  Russian,  and  Polish — and 
even  into  Japanese. 


Opinions  of  the  Press. 

"  A  GOOD  TR^iKSLATiox  OF  A  GOOD  BOOK.  ...  A  soiTXD  QinDB  In  the  diagnosifl  and  treatment  of 
the  Tarious  diseases  of  the  eye  that  are  likely  to  fall  ander  the  notice  of  the  general  Practitioner. 
The  Paper,  Type,  and  Ohromo-Lithographs  are  all  that  oonid  be  desired.  .  .  .  We  know  of  no  work 
in  which  the  disjbasks  and  DsroiofrriBa  of  the  lids  are  more  fully  treated.  Numerous  figures  illus- 
trate almost  every  defect  remediable  by  operation."~^iVffe<  i/toncr. 

'*  A  ysRY  TRUSTWORTnY  QuioB  In  all  resx>ects.  .  .  .  TaoBouoHLT  practical.  Excellently  trans* 
lated,  and  yery  well  got  up.  Type,  Woodcuts,  and  Chromo-Lithographs  are  alike  excellent*'— 
Lancet. 

"Any  Student  will  And  this  work  of  qrsat  yalub.    .    .    .   The  chapter  on  Cataract  is  excellent 
.  .    .    The  Illustrations  describing  the  VArious  plastic  operations  are  specially  helpfaL'*—^^^ 
}itd.  Journal. 

"An  bxcbllxitt  tbahslatios  of  a  standard  French  Text-Book.  .  .  .  We  can  cordially  recom- 
mend Dr.  Meyer^s  w  jrk.  It  is  essentially  a  pmachcal  work.  The  Publishers  have  done  their  part 
in  the  tasteful  and  substantial  manner  characteristio  of  their  medical  publioatlonB.**— ^jpMAo/mic 
Bepteu, 
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LINN  (S.H.,  M.D.,  D.D.S.,  Dentist  to  the  Imperial 

Medico-Chinugical  Academy  of  St.  Petersburg) : 

THE  TEETH  :  How  to  preserve  them  and  prevent  their  Decay.  A 
Popular  Treatise  on  the  Diseases  and  the  Care  of  the  Teeth*  With 
Plates  and  Diagrams.     Crown  Svo.     Cloth,  2/6. 

LONGMORE    (Surgeon-General,  C.B.,    Q.H.S., 

F.R.C.S.,  &c.,  Professor  of  Military  Surgery,  Army  Medical  School): 

THE  SANITARY  CONTRASTS  OF  THE  CRIMEAN  WAR. 
Demy  Svo.     Cloth  limp,  1/6. 

"  A  most  valuable  contribution  to  Military  Medicine.** — Briitsh  Medical  yettmaL 
**  A  most  coDcise  and  interesting  Review." — LoMcei. 

MACALISTER  (A.,  M.D,,  F.R.S.,  Professor   of 

Anatomy,  University  of  Cambridge) : 

HUMAN  ANATOMY:  Systematic  and  Topographical  (A  Text -book 
of),  including  the  Embryology,  Histology,  and  Morphology  of  Man,  with 
Special  Reference  to  the  Requirements  of  Practical  Surgery  and  Medicine. 
With  816  Illustrations.     Medium  Svo.     36s. 

"  By  fur  the  most  important  work  on  this  subject  which  has  appeared  in  recent  years. 
.  .  .  Not  only  deals  with  Descriptive  and  Topographical  Anatomv,  but  is  also  a 
complete  treatise  on  Human  Embryology,  Histology,  and  Morphology. ' — Tkr  Lancet. 

OBERSTEINER(Prof.  H.,  University  of  Vienna): 

THE  CENTRAL  NERVOUS  ORGANS.  A  Guide  to  the  Study 
of  their  Structure  in  Health  and  Disease.  Translated,  with  annotations 
and  additions,  by  Alex.  Hill,  M.A.,  M.D.,  Master  of  Downing  College, 
Cambridge.     With  all  the  Original  Illustrations.     Medium  Svo,  25s. 

PARKER  (Prof.  W.  Kitchen,  F.R.S.,  Hunterian 

Professor,  Royal  College  of  Surgeons): 

MAMMALIAN  DESCENT:  being  the  Hunterian  Lectures  for  1884. 
Adapted  for  General  Readers.     With  Illustrations.     In  Svo,  cloth,  10/6. 

"  A  very  striking  book  ...  as  readable  as  a  book  of  travels.  Prof.  Parker 
is  no  Materialist." — Leicester  Post. 

PORTER    (Surgeon-Major  J.  H.,  Late  Assistant 

Professor  of  Military  Surgery  in  the  Army  Medical  School): 

THE  SURGEON'S  POCKET-BOOK :  an  Essay  on  the  Best  Treat- 
ment of  the  Wounded  in  War ;  for  which  a  Prize  was  awarded  by  Her 
Majesty  the  Empress  of  Germany.  Specially  adapted  to  the  Public 
Medical  Services.  With  152  Illustrations  and  folding-plate,  fcpw 
Svo,  roan,  7/6.  Third  Edition,^  Revised  and  Enlarged,  By  Brigade* 
Surgeon  C.  H.  Y.  Godwin,  of  the  Army  Medical  School. 

"  Everv  Medical  Officer  is  recommended  to  have  the  '  Sureeon*s  Pocket-Book '  br 
Surgeon-Major  Porter^  accessible  to  refresh  his  memory  and  fortify  his  judgment. 
— Pricis  of  FieldServtce  Medical  Arrangements  for  Afghan  War. 

"A  complete  vade  mecum  to  guide  the  military  s«u-geon  in  the  field.'*— ^rti!£s:4 
Medical  JemmeU. 

"A  capiLal  little  book  of  the  greatest  practical  value.    ...    A  surgeon  with  this 
Manual  in  his  pocket  becomes  a  man  of  resource  at  once."— Wrj/«r«MAr  Review, 
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SEXTON    (A.    Humboldt,    F.C.S.,    Professor   of 

Metallurgy,  Glasgow  and  West  of  Scotland  Technical  College) : 

1.  QUANTITATIVE  ANALYSIS  (Outlines  of).  For  the  Use  of 
Students.  With  Numerous  Illustrations.  Third  Ediiicni,  Crown  8vo. 
Cloth,  3/. 

"  A  ^ood  and  useful  book.    .    .     .    Really  supplies  a  want.** — The  Lancet. 
"This  is  an  admirable  little  volume,  and  well  uimls  its  purpose." — Schoolmaster. 

2.  QUALITATIVE    ANALYSIS    (Outlines   of).      For  the  use  of 
Students.     With  numerous  Illustrations.     Second  Edition,     Crown  8vo. 
Cloth,  3/6. 

"  The  Work  of  a  thorough  practical  Chemist      .     .     .      and  one  which  may  be 
unhesitatingly  recommended." — Brit.  Medical  Journal. 

STIRLING  (William,  M.D.,  D.Sc,  Owens  College, 

^lanchester)  r 

A  TEXT-BOOK  OF  HUMAN  PHYSIOLOGY  {See  under  Landois 
and  Stirling y  page  lo).     Third  Edition, 

OUTLINES  OF  PRACTICAL  PHYSIOLOGY :  including  Experi- 
mental  and  Chemical  Physiology.  With  special  reference  to  Clinical 
Medicine.  A  Laboratory  Handbook  for  the  use  of  Students,  With 
142  Illustrations.     In  large  Crown  8vo,  8/6. 

**  An  excellent  treatise,  which  we  can  thoroughly  recommend."— Z^nr^/. 

"  May  be  confidently  recommended  as  a  guide  to  the  Student  of  Physiology.** — 
Glasgow  Medical  yournal, 

OUTLINES  OF  PRACTICAL  HISTOLOGY.  With  344  Illustra- 
tions.    Large  Crown  8vo.     Cloth,  12/6. 

THORBURN     (John,     M.D.,     F.R.C.P.,     Late 

Professor  of  Obstetric  Medicine,  Owens  College  and  Victoria  University, 
Manchester ;    Obstetric  Physician  to  the  Manchester  Royal   Infirmary) : 

THE  DISEASES  OF  WOMEN  (A  Practical  Treatise  on).  Prepared 
with  Special  Reference  to  the  Wants  of  the  General  Practitioner  and 
Advanced  Student.  With  Chromo-lithograph,  and  over  200  Illustrations. 
Royal  8vo,  handsome  cloth,  21/. 

The  ENTIRE  WORK  IS  IMPARTIAL  and  INSTRUCTIVE,  and  in  every  way  worthy  of  its 
author." — British  Medical  Jotatial, 

THORBURN  (Wm.,  B.S.,  B.Sc,  M.D.,  F.R.C.S., 

Assistant- Surgeon  to  the  Manchester  Royal  Infirmary): 

THE  SURGERY  OF  THE  SPINAL  CORD  (A  Contribution  to). 
With  Diagrams,  Tables,  and  Illustrations.  Medium  8vo.  Handsome 
cloth,  I2S.  6d. 

THORNTON  (J.  Knowsley,  M.B.,  M.C.,  Surgeon 

to  the  Samaritan  Free  Hospital  for  Women,  &c.,  &c.) : 

THE  SURGERY  OF  THE  KIDNEYS.  Being  the  Harveian 
Lectures  for  1889.   With  Illustrations  and  Tables.    Demy8vo.    Cloth,  5s. 
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BERINGER  (C,  F.I.C.,  F.C.S.,  late  Chief  Assayer 

to  the  Rio  Tinto  Company);  and  BERINGER  (J.  J.,  F.I.C  ,  F.C.S., 
Public  Analyst  for,  and  Lecturer  to  the  Mining  Association  of,  Cornwall): 

ASSAYING  (A  Text-Book  oQ :  for  the  Use  of  Students,  Mine 
Managers,  Assayers,  &c.  With  numerous  Tables  and  Illustrations. 
Crown   8vo.     Cloth,  io/6. 

"A  REALLY  MERITOR  lo  US  WORK,  that  may  be  safely  depended  upon  cither  for  systematic 
instruction  or  for  reference." — Nature. 

BROWNE    (Walter    R.,    M.A.,    M.    Inst    C.E., 

F.G.S.,  late  Fellow  of  Trinity  College,  Cambridge) : 

THE  STUDENT'S  MECHANICS :  An  Introduction  to  the  Study 
of  Force  and  Motion.     With  Diagrams.     Crown  8vo.     Cloth,  4/6. 

"  Clear  in  style  and  practical  in  method,  'The  Student's  Mbchakics,'  is  ooxdialiy 
to  be  recommended  from  all  points  of  view.  .  .  .  Will  be  of  great  value  to  Students 
desirous  to  gain  full  knowledge."— ></^^7M7mv/. 

"The  merits  of  the  work  are  especially  conspicuous  in  its  clearness  and  brevity  .  .  . 
deserves  the  attention  of  all  who  have  to  teach  or  learn  the  elements  of  Mechanics. 
.    .     .    An  excellent  conception." — Westntinster  Review, 

FOUNDATIONS    OF    MECHANICS. 


Papers  reprinted  from  the  Engineer,     In  crown  8vo,  i/. 

FUEL   AND    WATER:  A  Manual    for 

Users  of  Steam  and  Water.     By  Prof.    SchwackhSfkr  and  W.  R. 
Browne,  M.A.     (See  p.  23.) 

BROUGH    (B.H.,    F.G.S.,    Instructor    of    Mine 

Surveying,  Royal  School  of  Mines) : 

MINE  SURVEYING  (A  Text-Book  of):  for  the  Use  of  Managers 
of  Mines  and  Collieries,  Students  at  the  Royal  School  of  Mines,  City 
and  Guilds  of  London  Institute,  &c.  With  Illustrations.  Second  Edition, 
Crown  8vo,  cloth,  7/6. 

"  Supplies  a  long-felt  want.**— /«?«. 

"  A  \-aluable  accessory  to  Surveyors  in  every  department  of  commercial  enterprise." 
—  Colliery  Guardian, 

"  The  information  is  given  in  a  concise  manner." — Engtruering, 

CRIMP    (W.    Santo,    A.  M,  Inst.  C.  E.,    F.G.S., 

Assistant-Engineer  to  the  London  County  Council) : 

SEWAGE  DISPOSAL  WORKS.  A  Guide  to  the  Construction  of 
Works  for  the  Prevention  of  the  Pollution  of  Rivers  and  Estuaries.  With 
33  Lithographic  Plates,  Tables,  and  Illustrations  in  the  Text  Medium 
8vo,  Cloth,  25/. 
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Medium  8vo,  HandsoTiie  Cloth,  30s. 

BRIDGE-CONSTRUCTION 

(A  PRACTICAL  TREATISE  ON) : 

Being  a  Text-Book  on  the  Design  and  Gonstructioa  of 

Bridges  in  Iron  and  Steel. 

FOR  THE  USE  OF  STUDENTS,  DRAUGHTSMEN,  AND  ENGINEERS. 

BY 

T.  CLAXTON  FIDLER,  M.  INST.  C.E. 
Witb  Vlumcrou0  Moo^cutd  mb  17  XUbo^rapbic  plated. 


The  object  of  this  book  is  to  describe  the  modern  practice  of 
Bridge-Construction,  and  to  set  forth  in  the  simplest  language 
the  mechanical  principles  and  experimental  facts  on  which  it  is 
based.  The  design  and  arrangement  of  the  work  have  been 
dictated  by  a  desire  to  render  it  as  useful  as  possible,  not 
only  to  Engineers  or  Draughtsmen  who  may  be  engaged  in  the 
work  of  Bridge-Calculations  and  Bridge-Construction,  but  also 
to  Students.  With  this  object,  the  earlier  chapters  of  the  work 
are  devoted  to  a  simple  demonstration  of  those  mechanical 
principles  which  must  of  necessity  form  the  beginning  of  any 
study  of  the  subject,  and  which  are  more  fully  developed  and 
applied  in  later  portions  of  the  book. 

"  Should  prove  not  only  an  indispensable  Hand-book  for  the  Practical  Engineer,  but  also 
a  stimulating  Treatise  to  the  Student  of  Mathematical  Mechanics  and  Elasticity." — Naturt. 

**  One  of  the  very  best  recpnt  wcrks  on  the  Strength  of  ^faterials  and  its  application 
to  Bridge-Construction.     .     .     .     Well  repays  a  careful  study." — E7igineerittg. 

"As  an  exposition  of  the  latest  advances  of  the  Science,  we  are  glad  to  welcome  this 
well-written  Treatise. " — A  rchitect. 

"A  Scientific  Treatise  of  great  merit,  which  cannot  but  prove  useful/' — IVesttnitisier 
Revinv. 

**  Mr.  Fidler's  book  is  one  which  every  Student  of  Mechanics  ought  to  possess,  and 
which  merits,  as  it  will  receive,  the  appreciative  attention  of  all  practical  men"— ^cattmam. 


A  full  Prospectus  of  the  above  important  work  may  be 
had  on  application  to  the  Publishers. 
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GURDEN   (Richard  Lloyd,  Authorised  Surveyor 

for  the  Governments  of  New  South  Wales  and  Victoria) : 

TRAVERSE  TABLES :  computed  to  Four  Places  Decimals  for  every 
Minute  of  Angle  up  to  lOO  of  Distance.  For  the  use  of  Surveyors  and 
Engineers.     Second  Edition*     Folio,  strongly  half-bound,  21/. 

%*  Published  with  Concurrence  of  the  Surveyors-General  for  New  South 

Wales  and  Victoria, 

"Those  who  have  experience  in  exact  Survsy-wokk  will  best  know  how  to  appreciate 
the  enormous  amount  of  labour  represented  by  this  valuable  book.  The  computatioos 
enable  the  user  to  ascertain  the  sines  and  cosines  for  a  distance  of  twelve  miles  to  within 
half  an  inch,  and  this  by  xrprrbn-ce  to  but  One  Tablr.  in  place  of  the  usual  Fifteen 
xninute  computations  required,  lliis  alone  is  evidence  of  the  assistance  which  the  Tables 
ensure  to  every  user,  and  as  every  Surveyor  in  active  practice  has  felt  the  want  of  such 
assistance,  few  knowing  of  their  publication  will  remain  without  them." — Engineer. 

**  We  cannot  sufficiently  admire  the  heroic  patience  of  the  author,  who,  m  order  to 
prevent  error,  calculated  each  result  by  two  different  modes,  and,  before  the  work  was 
nnally  placed  in  the  Printers'  hands,  repeated  the  operation  for  a  third  time,  on  revising 
the  proofs." — Engineering. 

JAMES   (W.    Powell,    M.A.): 

FROM  SOURCE  TO  SEA  :  or,  Gleanings  about  Rivers  from  many 
Fields.     A  Chapter  in  Physical  Geography.     Cloth  elegant,  3/6. 

"  Excellent  readings    .         .    a  book  of  popular  science  which  deserves  an  extenave 
circulation."— .ya/iimii?/  Refietu. 

JAMIESON   (Andrew,  C.E.,  F.R.S.E.,  Professor 

of  Engineering,  Glasgow  and  West  of  Scotland  Technical  College) : 

STEAM  AND  THE  STEAM  ENGINE  (A  Text-Book  on) :  Specially 
arranged  for  the  use  of  Science  and  Art,  City  and  Guilds*  of  London 
Institute,  and  other  Engineering  Students.  With  200  Illustrations  and 
Four  Folding-Plates,     fifth  Edition,     Crown  8vo.     Cloth,  7/6. 

*'  The  BEST  BOOK  yet  published  for  the  use  of  Students." — Enginetr. 

"  This  is  undoubtedly  the  most  valuable  and  most  complete  hand-book  of  reference 
on  the  subject  that  now  exists." — Marine  Engineer. 

1.  STEAM  AND  THE  STEAM  ENGINE  (An  Elementary  Manual 
on),  forming  an  introduction  to  the  larger  Work  by  the  same  Author. 
With  numerous  Illustrations  and  Examination  Questions  at  the  end  of 
each  Lecture.     Second  Edition,     Crown  8vo.     Cloth,  3/6. 

2.  MAGNETISM  AND  ELECTRICITY  (An  Elementary  Manual  on). 
With  numerous  Illustrations  and  Examination  Questions.  Part  I. — 
Magnetism.     Crown  8vo,  is.     Part  II. — Voltaic  Electricity,     is.  6d. 

3.  APPLIED  MECHANICS  (An  Elementary  Manual  on).  With 
Diagram*  and  Examination  Questions.   Crown  8vo. 
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MUNRO    (John,   C.   E.)   and   JAMIESON 

(Andrew,  C.E.,  F.R.S.E.); 

A  POCKET-BOOK  OF  ELECTRICAL  RULES  AND  TABLES, 
for  the  use  of  Electricians  and  Engineers.  Pocket  Size.  Leather,  8/6. 
Six/A  Edition  J  revised  and  enlarged.     With  numerous  Diagrams. 

*^  The  Sixth  Edition  has  been  thoroughly  Revised  and  Enlarged 
by  about  120  pages  and  60  new  Figures. 

"Wonderfully  Pbrphct.  .  .  .  Worthy  of  the  highest  commendation  we  can 
give  it." — EUctrician. 

''The  Sterling  Value  of  Messrs.  MtrNRO  and  Jamibson's  Pockbt-Book." — 
Electrical  Review. 

MUNRO  (R.  D.),  STEAM   BOILERS:  Their 

Defects,  Management,  and  Construction.  A  Manual  for  all  concerned 
in  the  care  of  Steam  Boilers,  but  written  with  a  special  view  to  the 
wants  of  Boiler-Attendants,  Mill-Mechanics,  and  other  Artisans.  With 
Numerous  Illustrations.     Crown  8vo,  Cloth  3/6. 

"  The  volume  is  a  valuable  companion  for  workmen  and  engineers  engaged  about 
Steam  Boilers,  and  ought  to  be  carefully  studied,  and  always  at  hand." — Colliery 
Guardian. 

"  The  subjects  referred  to  are  handled  in  a  trustworthy,  clear,  and  practical  manner. 
.  .  .  The  book  is  very  useful,  especially  to  steam  users,  artisans,  and  young 
engineers." — Engineer. 

NAPIER  (James,  F.R.S.E.,  F.CS.): 

A  MANUAL  OF  THE  ART  OF  DYEING  AND  DYEING 
RECEIPTS.  Illustrated  by  Diagrams  and  Numerous  Specimens  of 
Dyed  Cotton,  Silk,  and  Woollen  Fabrics.  Demy  8vo.  Third  Editum^ 
thoroughly  revised  and  greatly  enlarged.     Cloth,  21/. 

PHILLIPS  (J.  Arthur,  F.R.S.,M.  Inst.C.E.,F.C.S., 

F.G.S.,  Ancien  El^ve  de  I'Ecole  des  Mines,  Paris) : 

ELEMENTS  OF  METALLURGY  :  a  PmcUcal  Treatise  on  the  Art 
of  Extracting  Metals  from  their  Ores.  W^ith  over  200  Illustrations,  many 
of  which  have  been  reduced  from  Working  Drawings,  and  two  P  olding- 
Plates.  Royal  8vo,  848  pages,  cloth,  36/.  NEW  EDITION  by  the 
Author  and  Mr,  H,  Bauerman^  F,  G,S, 

General  Contents. 

I.— A  Treatise  on  Fuels  and  Refractory  Materials. 
II.— A  Description  of  the  principal  Minerals,  with  their  Distribution. 
III. — Statistics  of  the  amount  of  each  Metal  annually  produced  throughout  the 

World. 
IV.— The  Methods  of  Assaying  the  different  Orbs,  together  with  the  Pkocbsses 
of  Metallurgical  Treatment. 

"  '  Elements  of  Metallurgy'  possesses  intrinsic  merits  of  the  highest  degree.  Such  a 
work  is  precisely  wanted  by  the  great  majority  of  students  and  practical  workers,  and  its 
very  compactness  is  in  itself  a  nrst-rate  recommendation.  ...  In  our  opinion,  the 
BEST  WORK  EVER  WRITTEN  ON  THE  SUBJECT  wlth  a  view  to  its  practical  treatmeat."— 
Westminster  Review. 

**  The  VALUE  OP  THIS  WORK  IS  ALMOST  INESTIMABLE.    There  Can  be  no  question  that 
the  amount  of  time  and  labour  bestowed  upon  it  is  enormous.    .    .    .    There  is  certainly 
no  Metallurgical  Treatise  in  the  language  calculated  to  prove  of  such  general  utility. 
— Miningjoumal.  

MANY     NOTABLE     ADDITIONS 

WILL  BE  FOUND  IN  THE  SECTIONS  DEVOTED  TO 

IRON,   LEAD,   COPPER,   SILVER,   AND   GOLD, 

Dealings  with  New  Ptvcuses  and  DevetopmenL 
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Demy  8vo,  Handsome  cloth,   ISs. 

Physical  Geology  and 
Paleontology, 

OJr  THE  BA8I8  OF  PHILLIPS. 

BY 

HARRY    GOVIER    SEELEY,    F.R.S., 

PROFESSOR  OP  GEOGRAPHY  IN  KING'S  COLLBGB,  LONDON. 

TKHitb  f  tontfBpiece  fn  abtomo«'XitbO0tapbs,  an5  ^Uudtratlcitd. 


"  It  is  impossible  to  praise  too  highly  the  research  which  Professor  Seeley*s 
*  Physical  Geology  ^  evidences.  It  is  far  more  than  a  Text-book — it  is 
a  Directory  to  the  Student  in  prosecuting  his  researches." — Extract  from  JKi 
Presidential  Address  lo  the  GeologtccU  Society ^  1885,  by  Rev»  Professor  Benney^ 
D,Sc,^  LL.D,j  F.K.S, 

"  Professor  Seeley  maintains  in  his  *  Physical  Geology  '  the  high 
reputation  he  already  deservedly  bears  as  a  Teacher.  ...  It  is  difficalt, 
in  the  space  at  our  command,  to  do  fitting  justice  to  so  large  a  work.  .  .  . 
The  final  chapters,  which  are  replete  with  interest,  deal  with  the  Biological 
aspect  of  Palaeontology.  Here  we  find  discussed  the  origin,  the  extinction, 
succession,  migration,  persistence,  distribution,  relation,  and  variation  of  species 
— with  other  considerations,  such  as  the  Identification  of  Strata  by  Fossils, 
Homotaxis,  Local  Faunas,  Natural  History  Provinces,  and  the  relation  of 
Living  to  Extinct  forms." — Dr,  Henry  Woodward,  F,B,S.,  in  the  "  Geological 
Magazine,^* 

•*  A  deeply  interesting  volume,  dealing  with  Physical  Geology  as  a  whole, 
and  sdso  presenting  us  with  an  animated  summary  of  the  leading  doctrines  and 
facts  of  Palaeontology,  as  looked  at  from  a  modem  standpoint." — Scotsman, 

'*  Professor  Seeley's  work  includes  one  of  the  most  satisfactory  Treatises 
on  Lithology  in  the  English  language.  ...  So  much  that  is  not  accesable 
in  other  works  is  presented  in  this  volume,  that  no  Student  of  Geology  can 
afford  to  be  without  it." — American  Journal  of  Engineering, 

"  Geology  from  the  point  of  view  of  Evolution." — Westminster  Review, 

"  Professor  Seeley's  Physical  Geology  is  full  of  instructive  matter, 
whilst  the  philosophical  spirit  which  it  displa3rs  will  charm  many  a  reader. 
From  early  days  the  author  gave  evidence  of  a  powerful  and  eminently  original 
genius.  No  one  has  shown  more  convincingly  than  the  author  that,  in  all 
ways,  the  past  contains  within  itself  the  interpretation  of  the  existing  world." — 
Annals  of  Natural  History, 
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Dem/y  8vo,  HandsoTne  cloth,  34^. 

Stratigraphical  Geology 
AND  Palaeontology, 

ON 

TSE   BASIS    OF  PHILLIPS. 

BY 

ROBERT    ETHERIDGE,    F.R.S., 

OF  THB  NATURAL  HIST.  DHPARTMENT,  BRITISH  MUSEUM.  LATH  PALi«ONTOLOCIST  TO  THE 
GEOLOGICAL  SURVEY  OF  GREAT  BRITAIN,  PAST  PRESIDEKT  OF  THE 

GEOLOGICAL  SOCIETY,  ETC. 

TPdlltb  Aap,  laumercuB  ZTablee,  anb  ZTbftts^eis  plates. 


"In  1854  Prof.  John  Morris  published  the  Second  Edition  of  his*  Catalogue 
of  British  Fossils,'  then  numbering  1,280  genera  and  4000  species.  Since 
that  date  3,cxx)  genera  and  nearly  12,000  new  species  have  been  described, 
thus  bringing  up  the  muster-roll  of  extinct  life  in  the  British  Islands  alone  to 
3,680  genera  and  16,000  known  and  described  species. 

"Numerous  TABLES  of  ORGANIC  REMAINS  have  been  prepared  and 
brought  down  to  1884,  embracing  the  accumulated  wealth  of  the  labours  of 
past  and  present  investigators  during  the  last  thirty  years.  Eleven  of  these 
Tables  contain  every  known  Briiish  genus,  zoologically  or  systematically  placed, 
with  the  number  of  species  in  each,  showing  their  broad  distribution  through 
time.  The  remaining  105  Tables  are  devoted  to  the  analysis,  relation, 
historical  value,  and  distribution  of  specific  life  through  each  group  of  strata. 
These  tabular  deductions,  as  well  as  the  Paloeontological  Analyses  through  the 

text,  are,  for  the  first  time,  fully  prepared  for  Eni^lish  students." — Extract  from 

Aut hot's  Preface, 

%•  Prospectus  ^M^  above  imporiani  ivork—f  erhaps  the  most  elaborate  of 
its  kind  ever  written^  and  one  ccucu.ated  to  i^ive  a  neiv  strength  to  the  study 
of  eulogy  if  I  Britain — may  be  had  on  application  to  the  Publishers, 


It  is  not  too  much  to  say  that  the  work  will  be  found  to  occupy  a  place 
entirely  ita  own,  and  will  become  an  indispensable  gnide  to  every  British 
Gcolo^iat.  

'*  No  such  compendium  of  geological  knowledge  has  ever  been  brought  together  before." — 
Westntinster  Reoiew, 

"If  Prop.  Srbley's  volume  was  remarkable  for  its  originality  and  the  breadth  of  its  views, 
Mr.  Ethbridgb  fullv  justifies  the  assertion  made  in  his  preface  that  his  book  differs  in  con- 
struction and  detail  from  any  known  manual.  .  .  .  Must  take  high  rank  among  works 
OF  'Bxtzsxszx.^^'—Athettaum. 
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SCIENTIFIC    MANITAXiS 

BY 

W.  J.  MACQUORN  RANKINE,  C.E.,  LLD.,  F.R.S., 

Late  Regius  Professor  of  Civil  Engineering  in  the  University  of  Glasgow. 

Thoroughly  Revised  by  W.  J.  MILLAR,  C.E., 

Secretary  to  the  Institute  of  Engineers  and  Shipbuilders  in  Scotland. 

In  Crown  8vo.    Cloth. 


I.  RANKINE  (Prof.):  APPLIED  MECHANICS: 

comprising  the  Principles  of  Statics  and  Cinematics,  and  Theory  of  Struc- 
tures, Mechanism,  and  Machines.  With  numerous  Diagrams.  Twdfth 
Edition^  12/6. 

"  Cannot  faii  to  be  adopted  as  a  text-book.  .  .  .  The  whole  of  the  inionnadoD  is  so 
admirably  arranged  that  there  is  every  fisicility  for  reference." — Misung^  yeumoL 

II.  RANKINE  (Prof.):  CIVIL  ENGINEERING: 

comprising  Engineering  Sunrcjrs,  Earthwork,  Foundations,  Masonry, 
Carpentry,  Metal-work,  Roads,  Railways,  Canals,  Rivers,  Water-works, 
Harbours,  &c  With  numerous  Tables  and  Illustrations.  SevenUaUh 
Edition^  16/. 

"  Far  surpasses  in  merit  every  existing  work  of  the  kind.  As  a  manual  for  the  hands 
of  the  professional  Civil  Engineer  it  is  sufficient  and  unrivalled,  and  even  when  we  say 
this,  we  fall  short  of  that  high  appreciation  of  Dr.  Rankine's  labours  which  we  shouM 
like  to  express." — The  Engineer, 

III.  RANKINE   (Prof.):    MACHINERY  AND 

MILLWORK:   comprising  the  Geometry,   Motions,    Work,   Strength, 

Construction,  and  Objects  of  Machines,  &c.     Illustrated  with  nearly  300 

Woodcuts.     Sixth  Edition^  12I6, 

**  Professor  Rankine's  '  Manual  of  Machinery  and  Mill  work*  fully  maintains  the  high 
reputation  which  he  enjoys  as  a  scientific  author ;  higher  praise  it  is  difficult  to  award  to 
any  book.    It  cannot  fail  to  be  a  lantern  to  the  feet  of  every  engineer.' — TAe  Engineer. 

IV.  RANKINE    (Prof.):    THE    STEAM    EN- 

GINE  and  OTHER  PRIME  MOVERS.  With  Diagram  of  the 
Mechanical  Properties  of  Steam,  Folding- Plates,  numerous  Tables  and 

Illustrations.      TivdJ'th  Edition^  12/6. 

V.  RANKINE    (Prof.):    USEFUL   RULES  and 

TABLES  for  Engineers  and  others.  With  Appendix:  Tables,  Tests, 
and  Formulae  for  the  use  of  Electrical  Engineers;  comprising 
Submarine  Electrical  Engineering,  Electric  Lighting,  and  Transmission 
of  Power.    By  Andrew  Jamieson,  C.E., F.R. S.E.    Seventh  Edition^  10/6. 

"Undoubtedly  the  most  useful  collection  of  engineering  data  httheito  pnjduced." — 
Mining  youmal. 

"  Every  Electrician  will  consult  it  with  pro^C—Ei^'neering. 

VI.  RANKINE    (Prof.):    A    MECHANICAL 

TEXT-BOOK,  by  Prof.  Macquorn  Rankine  and  E.  F.  Bambxr, 
C.E.     With  numerous  Illustrations.      Third  Edittoft^  gj. 

*'  The  work,  as  a  whole,  is  very  complete,  and  likely  to  prove  invaloahle  for  fumidiiDg 
a  useful  and  reliable  outline  of  the  subjects  treated  (^."—Afimtig  y^nrnoL 
%*  Thb  Mechanical  Tbxt-Book  forms  a  simple  introduction  to  Propbssok  RAXKunirs 
Sbkibs  of  Manuals  on  Engineering  and  Mbchamics. 
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Prof.  Rankzne's  Works— (C(P«/w«^<^. 

VII.    RANKINE  (Prof.):    MISCELLANEOUS 

SCIENTIFIC  PAPERS.     Royal  8vo.     Cloth,  31/6. 

Part  I.  Papers  relating  to  Temperature,  Elasticity,  and  Expansion  of 
Vapours,  Liquids,  and  Solids.  Part  II.  Papers  on  Energy  and  its  Trans- 
formations.    Part  III.  Papers  on  Wave- Forms,  Propulsion  of  Vessels,  &C. 

With  Memoir  by  Professor  Tait,  M.  A.  Edited  by  W.  J.  Millar,  C.E. 
With  fine  Portrait  on  Steel,  Plates,  and  Diagrams. 


tt ' 


No  more  enduring;  Memorial  of  Professor  Rankine  could  be  devised  than  the  publica- 
tion of  these  papers  in  an  accessible  form.  .  .  .  The  Collection  is  most  valuable  on 
account  of  the  nature  of  his  discoveries,  and  the  beautjr  and  completeness  of  his  analysis. 
.  .  .  The  Volume  exceeds  in  importance  any  work  in  the  same  department  published 
in  our  time." — Architect. 


By    SIB    ED'WABD    EEED. 

Royal  8uo,  Handsome  Cloth,  25a. 

THE    STABILITY    OF    SHIPS. 

BY 

SIR  EDWARD   J.   REED,   K.C.B.,   F.R.S.,   M.P., 

KNIGHT  OF    THB    IMPERIAL    ORDERS    OP    ST.    STANILAl'S    OP    RUSSIA  ;    FRANCIS    JOSBPH    OF 

AUSTRIA  ;    MEDJIDIK    OF    TURKEY  ;     AND    RISING    SUN    OF    JAPAN  ;    VICK- 

PRESIDENT  OF  THE  INSTITUTION  OF   NAVAL  ARCHITECTS. 

Wiik  numerous  Illustrations  and  Tables, 

This  work  has  been  written  for  the  purpose  of  placing  in  the  hands  of  Naval  Constructors, 
Shipbuilders,  Officers  of  the  Royal  and  Kf  ercantue  Marines^  and  all  Students  of  Naval  Science, 
a  complete  Treatise  upon  the  Stability  of  Ships,  and  is  the  only  work  in  the  English 
Language  dealing  exhaustively  with  the  subject. 

The  plan  upon  which  it  h^^  been  designed  is  that  of  deriving  the  fundamental  principles 
and  definitions  from  the  most  elementary  forms  of  floating  ^dies,  so  that  they  may  be 
clearly  understood  without  the  aid  of  mathematics;  advancing  thence  to  all  the  higher  and 
more  mathematical  developments  of  the  subject. 

The  work  also  embodies  a  very  full  account  of  the  historical  rise  and  progress  of  the 
Stability  question,  setting  forth  the  results  of  the  labours  of  Boucuer,  Bernoulli,  Don 
Juan  d  Ulloa,  Eller,  Chapman,  and  Romms,  together  with  those  of  our  own  Countrymen, 
Atwood,  Mosblev,  and  a  number  of  others. 

The  modem  developments  of  the  subject,  both  home  and  forei^,  are  likewise  treated 
with  much  fulness,  and  brought  down  to  the  ver>'  latest  date,  so  as  to  include  the  labours  not 
only  of  Dakgnies,  Reech  (who.se  famous  Mimoire^  hitherto  a  sealed  book  to  the  majority 
of  English  naval  architects  has  been  reproduced  in  the  present  work),  Risbec,  Ferranty, 
DupiN,  Guvou.and  Davmard,  in  France,  but  also  those  of  Rankine,  Woollby,  Elgar, 
John,  White,  Gray,  De.vny,  Inclis,  and  Benjamin,  in  Great  Britain. 

In  order  to  render  the  work  complete  for  the  purposes  of  the  Shipbuilder,  whether  at 
home  or  abroad,  the  Methods  of  Calculation  introduced  by  Mr.  F.  K.  Barnes.  Mr.  Gray, 
M.  Rbbch,  M.  Daymard,  and  Mr.  Benjamin,  are  all  given  separately,  illustrated  \ij 
Tables  and  worked-out  examples.  The  book  contains  more  than  200  Diagrams,  and  is 
illustrated  by  a  large  number  of  actual  cases,  derived  from  ships  of  all  descriptions,  but 
especially  from  ships  of  the  Mercantile  Marine. 

The  work  will  thus  be  found  to  constitute  the  most  comprehensive  and  exhaustive  Treatise 
hitherto  presented  to  the  Profession  on  the  Science  of  the  Stability  of  Ships. 

"  Sir  Edward  Reed's  '  Stability  of  Ships  '  is  invaluable.  In  it  the  Student,  new 
to  the  subject,  will  find  the  path  prepared  for  him,  and  all  difficulties  explained  with  the 
utmost  care  and  accuracy ;  the  Ship-draughtsman  will  find  all  the  methods  of  calculation  at 
present  in  use  fully  explained  and  illustrated,  and  accompanied  by  the  Tables  and  Forms 
employed ;  the  Shipowner  will  find  the  variations'^  the  Stability  of  Ships  due  to  differences 
in  forms  and  dimensions  full^'  discussed,  and  the  devices  by  which  the  state  of  his  ships  under 
all  conditions  may  be  graphically  represented  and  easily  understood ;  the  Naval  Architbct 
will  find  brought  together  and  readv  to  his  hand,  a  mass  of  information  which  he  would  other- 
wise have  to  seek  in  an  almost  endless  variety  of  publications,  and  some  of  which  he  would 
{wssibly  not  be  able  to  obtain  at  all  elsewhere." — Steamski/. 
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Medium  8vo,  Handsome  cloth,  258, 

HYDRAULIC  POWER 


AND 


HYDRAULIC  MACHINERY. 


BY 


HENRY  ROBINSON,  M.  Inst.  C.E.,  F.G.S., 

rKLLOW  OP  king's  college,   LONDON  ;   PROF.   OP  SURVRYING  AND  CIVIL  SNCINBBRING, 

king's  college,  etc,  etc. 

XQlftb  numerous  TIQIoo^cutd,  an^  43  XCtbo.  platee. 


Genkral  Contents. 


The  Flow  of  Water  under  Pressure. 

General  Observations. 

Watenvheels. 

Turbines 

Centri'ugal  Pumps. 

Water  pressure  Pumps, 

The  Accumulator. 

Hydrau'ic  Pumping-Engine. 

Three-Cylinder   Engines  and 

Capstans. 
Motors  with  Variable  Power. 
Hydraulic  Presses  and  Lifts. 
Moveable  Jigger  Hoist. 
Hydraulic  Waggon  Drop. 
The  Flow  of  Solids. 
Shop  Tools. 
Cranes. 

Hydraulic  Power  applied  to  Bridges. 
Dock- Gate  Machinery. 


Hydraulic  Coal-dlschai^ng 

Macliines. 
Hydraulic  Machinery  on  board 

Ship. 

Hydraulic  Pile  Driver. 

Hydraulic  Excavator. 

Hydraulic  Drill. 

Hydraulic  Brake. 

Hydraulic  Gun-Carriages. 

Jets. 

Hydraulic  Ram. 

Packing. 

Power  Co-operation.    • 

Cost  of  Hydraulic  Power. 

Tapping  Pressure  Mains. 

Meters. 

Waste  Water  Meter. 

Pressure  Reducing  Valves. 

Pressure  Regulator. 


**  A  Book  of  great  P|^fcssional  Usefulness." — Irwt, 

A  full  Prospectus  of  the  above  important  work — giving  a  description  of  the 
Plates — may  be  had  on  application  to  the  Publishers. 
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SCHWACKHOFER   and    BROWNE: 

FUEL  AND  WATER:  A  Manual  for  Users  of  Steam  and  Water. 
By  Prof.  FRANZ  SCHWACKHOFER  of  Vienna,  and  WALTER 
R.  BROWNE,  M.A.,  C.E.,  late  Fellow  of  Trinity  College,  Cambridge. 
Demy  8vo,  with  Numerous  lllusti-ations,  9/. 

"The  Section  on  Heat  is  one  of  the  best  and  most  lucid  ever  written."— .Eii^w^r. 
"  Contains  a  vast  amount  of  useful  knowledge.    .    .    .    Cannot  fail  to  be  valuable  to 
thousands  compelled  to  use  steam  power."— ,RrtiA»«y  Engineer. 
"  Its  practical  utility  b  beyond  qM^on*'—Mtntn£  Journal. 

SE  ATON  (A.  E.,  Lecturer  on  Marine  Engineering 

at  the  Royal  Naval  College,  Greenwich,  and  Member  of  the  Institute  of 
Naval  Architects) : 

A  MANUAL  OF  MARINE  ENGINEERING ;  Comprising  the 
Designing,  Construction,  and  Working  of  Marine  Machinery.  With 
numerous  Illustrations.     Eighth  Edition,    Demy  8vo.     Cloth,  18/. 

Opinions  of  the  Press. 

"  The  important  subject  of  Marine  Engineering  is  here  treated  with  the  thoroughness 
that  it  requires.  No  department  has  escaped  attention.  .  .  .  Gives  the  results  of 
much  close  study  and  practical  \K>x\i**— Engineering. 

"  By  far  the  best  Manual  in  existence.  .  .  .  Gives  a  complete  account  of  the 
methods  of  solving,  with  the  utmost  possible  economy,  the  problems  before  the  Marine 
Engineer." — Aihemeum. 

*°In  the  three-fold  capacity  of  enabling  a  Student  to  learn  how  to  design,  construct, 
and  work  a  modem  Marine  Steam-Engine,  Mr.  Seaton's  Manual  has  no  rival." — Times. 

"The  Student,  Draughtsman,  and  Engineer  will  find  this  work  the  most  valuable 
Hflndbook  of  Reference  on  the  Marine  Engine  now  in  existence." — Marine  Engineer. 

SHELTON-BEY  (W.  Vincent,  Foreman  to  the 

Imperial  Ottoman  Gun  Factories,  Constantinople) :  ' 

THE  MECHANIC'S  GUIDE:  A  Hand-Book  for  Engineers  and 
Artizans.  With  Copious  Tables  and  Valuable  Recipes  for  Practical  Use. 
Illustrated.     Second  Edition*     Crown  8vo.     Clolh,  7/6. 

"  The  Mechanic's  Guide  will  answer  its  purpose  as  completely  as  a  whole  series  of 
elaborate  text-books." — Mining  JoumaL 

TRAILL    (Thomas  W.,  F.E.R.N.,   M.InstCE., 

Engineer-Surveyor-in-Chief  to  the  Board  of  Trade) : 

BOILERS:  THEIR  CONSTRUCTION  AND  STRENGTH.  A 
Handbook  of  Rules,  Formulae,  and  Tables  for  the  Construction  of  Boilers ; 
Safety- Valves ;  Material  for  Boilers ;  Tables  of  Areas,  &c.  Arranged 
for  the  Use  of  Steam-Users.  Second  Edition^  Revised  and  Enlarged. 
Pocket-Size,  Leather,  12s.;  also  for  Office- Use,  Cloth,  12s. 

%*  In  the  New  Issue  the  subject  matter  has  been  considerably  extended  ;  Tables 
have  been  added  for  Pressures  up  to  200  lb.  per  square  inch,  and  some  of  the  Table 
have  been  altered,  besides  which  new  ones  and  other  matter  have  been  introduced, 
which  have  been  specially  prepared  and  computed  for  the  Second  Edition. 

"Contains  an  enoni^ous  quantity  of  information — to  be  had  nowhere  else— arranged 
in  a  very  convenient  form.  It  is  admirably  printed,  and  reflects  credit  on  the  Publishers." 
Engineer. 

"Will  prove  a  welcome  and  valuable  addition  to  the  literature  of  the  subject.  .  .  . 
We  can  strongly  recommend  Mr.  Traill's  book  as  bein^  the  most  complete,  eminently 
practical,  and  most  recent  work  on  Boilers. "—Jfafxifr  Engineer. 

*'  Will  prove  invaluable  to  the  Engineer  and  Practical  Boiler-maker."— /'ni^/&»/ 
Engineer. 


a;  CBARLE8  ORIFFIN  <b  CO.'S  PUBLICATIONS. 

OFFICIAL     YEAR-BOOK 

OF  THE 

SCIENTIFIC  AND    LEARNED   SOCIETIES  OF  GREAT 
BRITAIN  AND  IRELAND.     Price  7/6. 

OOMPILED  FROM  OFFICIAL  80X7BOES.  SEVfiNTH  ANNUAL  ISSUE. 
Compriainq  {together  with  other  Official  Information)  LISTS  of  the 
PAPERS  read  during  1889  before  the  ROYAL  SOCIETIES  of  LONDON 
and  EDINBURGH,  the  ROYAL  DUBLIN  SOCIETY,  the  BRITISH 
ASSOCIATION,  and  all  the  LEADING  SOCIETIES  throughout  the 
Kingdom  engaged  in  the  following  Departments  of  Research : — 

f  I.  Science  Generally :  i.e.^  Societies  occupy-  |  $   6.  Economic  Science  and  Statistics. 

in^  themselves  with  several  Branches  of  ,  $   7.  Mechanical  Science  and  Architecture. 

Science,  or  vrith  Science  and  Literature  '  §  8.  Naval  and  Militaiy  Science. 

jointly.  ^  ^  S  9.  Agriculture  and  Horticulture. 

1 3.  Mathematics  and  Physics.  §  xo.  Law.^ 

f  3.  Chemistry  and  Photography.  $  xi.  Medicine. 

§  4.  Geolc^y,  Geography,  and  Mineralogy.         $  X3.  Literature. 
8  5.  Biolog>%  including  Microscopy  and  An-     ( 13.  Psychology. 

thropology.  §14.  Archaeology. 


"  The  Year-Boo K  op  Societies  is  a  Record  which  ought  to  be  of  the  great«t  use  for 
the  progress  of  Science." — 6Vr  Lyim  Plnyfairt  F.Ji.S.,  K.C.B.,  MP.,  Past'Pnadent 
cf  the  British  Association. 

"It  goes  almost  without  saying  that  a  Handbook  of  this  subject  will  be  in  time 
one  of  the  most  generally  useful  works  for  the  library  or  the  desk." — Th*  Tiifus, 

^""""TKc  Year- Book  of  SociBTiEsmcetsamoDvious  want,  and  promises  to  be  a  valuable 
work  of  reference." — Athtrurum. 

**  The  Yf.ar-Book  of  Scientiftc  and  Learned  Societies  meets  a  want,  and  is  there- 
fore sure  of  a  welcome." — Westminster  Rez'iew. 

**  In  the  Yeak-Book  ov  Societies  we  have  the  First  Issue  of  what  is,  without  doubt, 
a  very  useful  work." — S^ctator. 

"  The  Year-Book  op  Societies  fills  a  very  real  want.  The  volume  will  become  a 
Scientific  Directory,  chronicling  the  work  and  discoveries  of  the  year,  and  enabling  the  worker 
in  one  branch  to  try  his  hand  in  all  that  interests  him  in  kindred  lines  of  research.  We  trust 
that  it  will  meet  with  an  encouraging  reception." — Engineering. 

"  The  Official  Year-Book  of  Societies,  which  has  been  prepared  to  meet  a  want  long 
felt  by  scientific  workers  of  a  Representative  Book,  will  form  a  yearly  record  of  Scientific  Pro- 
gress, and  a  Handbook  of  Reference.  ...  It  is  car«fully  printed,  and  altogether  well  got 
M^."— Public  Opinion. 

Copies  of  the  First  Issue,  giving  an  Account  of  the  History, 
Organisation,  and  Conditions  of  Membership  of  the  various 
Societies  [with  Appendix  on  the  Leading  Scientific  Societies 
throughout  the  world],  and  forming  the  groundwork  of  the 
Series,  may  still  be  had,  price  7/6.  Also  Copies  of  the  following 
Issues. 

The  YEAR-BOOK  OF  SOCIETIES  foims  a  complete  index  to 
the  scientific  work  of  the  year  in  the  various  Departments. 
It  is  used  as  a  ready  Handbook  in  all  our  great  Scientific 
Centres,  Museums,  and  Libraries  throughout  the  Kingdom,  and 
will,  without  doubt,  become  an  indispensable  book  of  reference 
to  every  one  engaged  in  Scientific  Work. 

"  We  predict  that  the  year-book  op  societies  will  speedily  become  <me  of  iSbont  Year- 
Books  which  it  would  be  impossible  to  do  without."— ^rtV/tf/ Mercury, 


EDUCATIONAL  WORKS.  z'i 


EDUCATIONAL   WORKS, 


*♦*  Specimen   Copies  of  all  the  Educational  Works  published  by  Messrs, 
Charles  Griffin  and  Company  may  be  seen  at  the  Libraries  of  the  College  of 
Preceptors,  South  Kensington  Museum,  and  Crystal  Palace;  also  at  the  depdts 
pf  the  Chief  Educational  Societies, 


BRYCE    (Archibald    Hamilton,    D.C.L.,    LL.D., 

Senior  Classical  Moderator  in  the  University  of  Dublin) : 

THE  WORKS  OF  VIRGIL.  Text  from  Heyne  and  Wagner. 
English  Notes,  original,  and  selected  from  the  leading  German  and 
English  Commentators.  Illustrations  from  the  antique.  Complete  in 
One  Volume.     Fourteenth  Edition,     Fcap  8vo.     Cloth,  6/, 

Or,  in  Three  Parts : 

Part     I.  Bucolics  and  Georgics,  .        .  2/6. 

Part    II.  The  ^Eneid,  Books  T.-VI.,       .  2/6. 

Part  III.  The  ^neid,  Books  VII.-XII.,.  2/6. 

"  Contains  the  pith  of  what  has  been  written  by  the  best  scholars  on  the  subject. 
.    .     .    The  notes  comprise  everything  that  the  student  can  want." — Atketueutn. 

**  The  most  complete,  as  well  as  elegant  and  correct  edition  of  Virgil  ever  published  in 
this  country." — Educational  Times. 

"The  best  commentary  on  Virgil  which  a  student  can  o\ii9\vi."-~-Scotsman, 

COBBETT  (William):  ENGLISH  GRAMMAR, 

in  a  Series  of  Letters,  intended  for  the  use  of  Schools  and  Young  Persons 
in  general.  With  an  additional  chapter  on  Pronunciation,  by  the  Author's 
Son,  Tames  Paul  Cobbett.  'J he  only  correct  and  authorised  Edition, 
Fcap  OTO.     Cloth,  1/6. 

"A  new  azid  cheapened  edition  of  that  most  excellent  of  all  English  Grammars, 
William  Cobbett's.  It  contains  new  copyright  matter,  as  well  as  includes  the  equally 
amusing  and  instructiye  '  Six  Lessons  intended  to  prevent  Statesmen  from  writing  in  an 
awkwanl  manner.'" — Atlas. 

COBBETT  (William):  FRENCH  GRAMMAR. 

Fifteenth  Edition,     Fcap  8vo.     Cloth,  3/6. 

*'  Cobbett's  '  French  Grammar '  comes  out  with  perennial  freshness.  There  are  few 
grammars  eoual  to  it  for  those  who  are  learning,  or  desirous  of  learning,  French  without 
a  teacher.  The  work  is  excellently  arranged,  and  in  the  present  edition  we  note  certain 
careful  and  wise  revisions  of  the  text." — School  Board  Chronicle. 

**  Business  men  commencing  the  study  of  French  will  find  this  treatise  one  of  the  best 
aids.    .    .     .     It  is  largely  used  on  the  Continent." — Midland  Counties  Herald. 

COBBIN'S   MANGNALL:  MANGNALL'S 

HISTORICAL  AND  MISCELLANEOUS  QUESTIONS,  for  the  use 
of  Young  People.  By  Richmal  Mangnall.  Greatly  enlarged  and 
conrected,  and  continued  to  the  present  time,  by  Ingram  Cobbin,  M.A. 
Fifty  fourth  Thousand.    New  Illustrated  Edition,     12010.     Cloth,  4/. 


26  CHARLES  QRIFFIN  d:  COJS  PUBLICATIONS. 

COLERIDGE    (Samuel    Taylor):    A    DISSER- 

TATION    ON    THE    SCIENCE    OF    METHOD.      {Etuychpadia 
MdropolUana,)     With  a  S)mopsis.    Ninth  Edition,     Cr.  8vo.     Cloth,  2/. 


CRAIK'S   ENGLISH   LITERATURE. 
A    COMPENDIOUS     HISTORY     OF 

ENGLISH  LITERATURE  AND  OF  THE  ENGLISH  LANGUAGE 
FROM  THE  NORMAN  CONQUEST.  With  numerous  Specimens. 
By  George  Lillib  Craik,  LL.D.,  late  Professor  of  History  and 
English  Literature,  Queen's  College,  Belfast.  New  Edition^  In  two 
vols.     Royal  8vo.     Handsomely  bound  in  cloth,  25/. 

GENERAL    CONTENTS. 

Introductory. 
I. —The  Norman  Period— The  Conquest. 
XL— Second  English— Commonly  called  Semi-Saxon. 
HI. — Thi.id  English — Mixed,  or  Compound  English. 
IV. — Middle  and  Latter  Part  of  the  Seventeenth  Century. 
V. — The  Century  between  the  English  Revolution  and 

THE  French  Revolution. 
VI. — The  Latter  Part  of  the  Eighteenth  Century. 
VII.— The  Nineteenth  Century  (a)  The  Last  Age  of  the 

Georges. 
{J>)  The  Victorian  Age. 

With  numfrous  Excerpts  and  Specimens  of  Style, 

"  Anyone  who  will  take  the  trouble  to  ascertain  the  fact,  will  find  how  completely 
even  our  ereat  poets  and  other  writers  of  the  last  generation  have  alreadv  faded  from  the 
view  of  the  present,  with  the  most  numerous  class  of  the  educated  ana  reading  public. 
Scarcely  anything  is  generally  read  except  the  publications  of  the  day.    Vkt  nothing 

IS  MORE  CKKTAIN   THAN  THAT  NO  TRUE  CULTIVATION  CAN  BB  SO  ACQt;iR£D.      This  is 

the  extreme  case  of  that  entire  ignorance  of  history  which  has  been  affirmed,  not  with 
more  point  than  truth,  to  leave  a  person  always  a  child.  .  .  .  The  present  work 
combines  the  History  of  the  Literature  with  the  History  op  the  Language. 
The  scheme  of  the  course  and  revolutions  of  the  language  which  is  followed  here  is 
extremely  simple,  and  resting  not  upon  arbitrary,  but  upon  natural  or  real  distinctions, 
gives  us  the  only  view  of  the  subject  that  can  claim  to  be  regarded  as  of  a  scientific 
character." — Extract  front  the  Authors  Preface. 

*'  Professor  Crailc  has  succeeded  in  making  a  book  more  than  usually  agreeable.**'— 
Th^  TimcS' 

CRAIK  (Prof.):  A  MANUAL  OF  ENGLISH 

LITERATURE,  for  the  use  of  Colleges,  Schools,  and  Civil  Service 
Examinations.  Selected  from  the  larger  work,  by  Dr.  Craik.  Tenth 
Edition.  With  an  Additional  Section  on  Recent  Literature;,  by  Henry 
Craik,  M.  A.,  Author  of  "  A  Life  of  Swift."    Ciown  8vo.     Cloth,  7/61 

"  A  Manual  of  English  Literature  from  so  experienced  and  well-read  a  schdar  as 
Professor  Craik  needs  no  other  recommendation  than  the  mention  of  its  existence.*— 
Spectator » 

"This  augmented  effort  will,  we  doubt  not,  be  received  with  decided  approbation 
by  those  who  are  entitled  to  judge,  and  studied  with  much  profit  by  those  who  want 
to  learn.  ...  If  our  young  readers  will  give  healthy  perusal  to  Dr.  Craik's  woik, 
they  will  greatly  benefit  by  the  wide  and  sound  views  hie  has  placed  before  them."— > 
Athenaunt. 

"  llie  preparation  of  the  New  Issub  has  been  entrusted  to  Mr.  Hbkky  Craik, 
Secretary  to  the  Scotch  Education  Department,  and  well  known  in  litexaxy  drdes 
as  the  author  of  the  latest  and  best  Life  of  Switt.  ...  A  Series  of  Tbst  Qusstioms 
is  added,  which  must  prt>ve  of  great  service  to  Studeats  studying  alone."— ^^^mv 
/reratit. 


EDUCATIONAL  WORKS.  2J 

WORKS  BY  REV.  C.  T.  CRUTTWELL,  M.A.. 

Late  Fellow  of  Merton  CoUege,  Oxford. 

I.— A    HISTORY    OF     ROMAN     LITERA- 

TURE :  From  the  Earliest  Period  to  the  Times  of  the  Antonines.  F<mrth 
Edition,     Crown  8vo.     Cloth^  8/6. 

"  Mr.  CRUTTWBX.L  has  done  a  real  service  to  all  Students  of  the  Latin  Language  and 
Literature.    .    .     .   'Full  of  good  scholarship  and  good  criticism."— i4/A^M7»m. 

"A  most  serviceable— indeed,  indispensable — ^guide  for  the  Student.  .  .  .  The 
'general  reader'  will  be  both  charmed  aud  instructed." — Saturday  Review. 

**  The  Author  undertakes  to  make  Latin  Literature  interesting,  and  he  has  succeeded. 
There  is  not  a  dull  page  in  the  volume." — Acatiemy. 

**  The  great  merit  of  the  work  is  its  fulness  and  accuracy."— (?«af%&xM. 

**  This  elaborate  and  careful  woric,  in  every  respect  of  high  merit.  Nothing  at  all 
equal  to  it  has  hitherto  been  published  in  England. — British  Quarterly  Review, 

Companion  Volume,     Second  Edition, 

II.— SPECIMENS     OF     ROMAN     LITERA- 

TURE :  From  the  Earliest  Period  to  the  Times  of  the  Antonines»  Passages 
from  the  Works  of  Latin  Authors,  Prose  Writers,  and  Poets  : 

Part  I.— Roman  Thought;   Religion,   Philosophy  and  Science^ 

Art  and  Letters,  6/. 
Part  II. — Roman  Style  :  Descriptive,  Rhetorical,  and  Humorous 
Passages,  5/. 

Or  in  One  Volume  complete,  10/6. 
Edited  by  C.  T.  Cruttwell,  M.A.,   Merton  College,   Oxford;  and 
Peake  Banton,  M.A.,  some  time  Scholar  of  Jesus  College,  Oxford. 

"'Specimens  of  Roman  Literature'  marks  a  new  era  in  the  study  of  Latin.*' — 
English  Churchman. 

A  work  which  is  not  only  useful  but  necessary.  .  .  .  The  plan  gives  it  a  standing- 
ground  of  its  own.  .  .  .  The  sound  judgment  exercised  in  plan  and  selection  calls 
tor  hearty  commendation." — Saturday  Review. 

"It  is  haitl  to  conceive  a  completer  or  handier  repertory  of  specimens  of  Latin 
thought  and  style." — Contemporary  Review. 

%*  KEY  to  Part  II.,  Period  1 1,  (being  a  complete  Translation 
of  the  85  Passages  composing  the  Section),  by  Thos.  Johnston,  M.A., 
may  now  be  had  (by  Tutors  and  Schoolmasters  only)  on  application 
to  Uie  Publishers^     Price  2/6. 

III.— A  HISTORY  OF  EARLY  CHRISTIAN 

LITERATURE.  For  the  use  of  Students  and  General  Readers.  Svo, 
Handsome  Cloth.         \In  Preparation, 

C  U  R  R I  E      (Joseph,     formerly    Head    Classical 

Master  of  Glasgow  Academy) : 

THE    WORKS  OF   HORACE:    Text  from   Orkllius.      English 
Notes,  original,  and  selected  from  the  best  Commentators.     Illustrations 
from  the  antique.     Complete  in  One  Volume.     Fcap  Svo.     Cloth,  5/. 
Or  in  Two  Parts  : 

Part    I.— C  ARM  IN  A,     .         ....     3/. 
Part  II. — Satires  and  Epistles,        .        .    3/. 

'*The  notes  are  excellent  and  exhaustive."— 0«tfr//r(^  J  oumal  of  Education, 

EXTRACTS  FROM  CESAR'S   COM- 

MENTARIES ;  containing  his  description  of  Gaul,  Britain,  and  Germany. 
With  Notes,  Vocabulary,  &c.  Adapted  for  Young  Scholars.  Fourth 
Edition,     l8mo.     Cloth,  1/6. 
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DOERING      (E.)     AND      GRAEME     (E.)  : 

HELLAS  :  AN  INTRODUCTION  TO  GREEK  ANTIQUITIES, 
comprising  the  Geography,  Religion,  and  Myths,  History,-  Art,  and 
Culture  of  Old  Greece.  On  the  basis  of  the  German  work  by  E. 
Doering,  with  additions  by  Elliott  Graeme.  In  large  8vo,  with  Map 
and  Illustrations. 

Part  I. — The  Land  and  the  People :  the  Religion  and  Myths  of  Old 
Greece. 

%*  In  the  Eng^lish  version  of  VLr,  Doerinff's  work,  the  simple  and  interesting  rtyle  of 
the  origin;il— written  for  young  Students—has  been  retained;  but,  throughout,  such 
additions  and  emendations  have  been  made,  as  render  the  work  suitable  for  mare 
advanced  Students,  and  for  all  who  desire  to  obtain,  within  modenSe  compass,  more 
than  a  superficial  acquaintance  with  the  great  People  whose  genius  and  culture  have  so 
largely  influenced  our  own.  The  results  of  the  latest  researches  by  Dr.  Schubmajik* 
MM.  FouQufi,  Carapanos,  and  others,  are  incorporated. 

D'ORSEY    (Rev.     Alex.    J.    D.,    B.D.,    Corpus 

Christi  Coll.,  Cambridge,  Lecturer  at  King's  College,  London) : 

SPELLING  BY  DICTATION:  Progressive  Exercises  in  English 
Orthography,  for  Schools  and  Civil  Service  Examinations.  Sixtamik 
Thousand,     i8mo.     Cloth,  i/. 

FLEMING    (William,    D.D.,    late    Professor    of 

Moral  Philosophy  in  the  University  of  Glasgow) : 

THE  VOCABULARY  OF  PHILOSOPHY:  Psychological, 
Ethical,  and  Metaphysical.  With  Quotations  and  References  for  the 
Use  of  Students.  Revised  and  Edited  by  Henry  Caldkrwood,  LL.D., 
Professor  of  Moral  Philosophy  in  the  University  of  Edinburgh.  JuntrtA 
Edition^  enlarged.     Crown  8vo.     Cloth,  10/6. 

"  The  additions  by  the  Editor  bear  in  their  clear,  concise,  vigorous  expression,  the 
stamp  of  his  powerful  intellect,  and  thorough  conunand  of  our  language.  More  than 
ever,  the  work  is  now  likely  to  have  a  prolonged  and^  useful  existence,  and  to  facilitate 
the  researches  of  those  entering  upon  philosopoic  studies." — Weekly  Revieru, 

JEVONS  (Frank  B.,  M.A.,  University  of  Durham, 

sometime  Scholar  of  Wadham  College,  Oxford) : 

A  HISTORY  OF  GREEK  LITERATURE,  from  the  Earnest  "nmcs 
to  the  Death  of  Demosthenes.    Second  Edition.    Crown  8vo.    Cloth,  8/6. 

"  It  is  beyond  all  question  the  best  history  of  Greek  literature  that  has  hitherto 
been  published." — Spectator. 

*'  An  admirable  text-book." — Westminster  "Review. 

*'  Mr.  Tevons'  wcrk  supplies  a  real  want."—  Contemporary  Review. 

"Mr.  jcvons*  work  is  distinguished  by  the  Author's  thorough  acquaintancs  with 
THE  OLD  WRiTRRS,  and  his  DISCRIMINATING  USB  of  the  MODERN  LiTRRATUKE  bearing 
upon  the  subject.  .  .  .  His  great  merit  lies  in  his  bxcsllemt  kxposition  of  the 
fuLiTicAL  AND  SOCIAL  CAUSRS  concemed  in  the  development  of  the  Literature  of  Greece.** 
—  Berlin  Phihhgische  Wocfienschrift. 

"  As  a  Text-Book,  Mr.  Jevons'  work  from  its  excellence  deserves  to  sbsvk  as  a 
noDKu"-  -Deutsche  Liiteraturzeitung. 


AND    DR.   O.   SCHRADER 


THE     PREHISTORIC    ANTIQUITIES    OF     THE     ARYAN 
PEOPLES  (See  p.  30). 


i 
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McBURNEY     (Isaiah,     LL.D.,):     EXTRACTS 

FROM  OVID'S  METAMORPHOSES.     With  Notes,  Vocabulary,  &c 
Adapted  for  Young  Scholars.     Tliird  Edition,     l8mo.     Cloth,  1/6. 

MENTAL  SCIENCE:  S.   T.   COLERIDGE'S 

celebrated  Essay  on  METHOD ;  Archbishop  Whatkly's  Treatises  on 
Logic  and  Rhetoric.     Tenth  Edition,    Crown  8vo.    Cloth,  5/. 

MILLER   (W.  Galbraith,   M.A.,  LL.B.,   Lecturer 

on  Public  Law,  including  Jurisprudence  and  International  Law,  in  the 
University  of  Glasgow)  : 

THE  PHILOSOPHY  OF  LAW,  LECTURES  ON.  DesicTied 
mainly  as  an  Introduction  to  the  Study  of  International  Law.  In  5vo. 
Handsome  Cloth,  12/.     Now  Ready, 

"Mr.  Miller's  'Philosophy  op  Law'  bears  upon  it  the  stamp  of  a  wide  culture 
and  of  an  easy  acquaintanceship  with  what  is  best  m  modem  continental  speculation. 
.    .    .     Interesting  and  valuable,  because  suggestive."— y<wrrM/^7'>''^/^<^^'' 


WORKS  BY  WILLIAM  RAMSAY.  M.A., 

Trinity  College,  Cambridge,  late  Professor  of  Humanity  in  the  University  of  Glasgow. 


A  MANUAL   OF    ROMAN  ANTIQUITIES. 

For  the  use  of  Advanced  Students.    With  Map,  130  EngravingSi  and  very 
copious  Index.    Fourteetith  Edition,     Crown  8vo.     Cloth,  8/6. 

'*  Comprises  all  the  results  of  modem  improved  scholarship  within  a  moderate  com- 
pass. "— ^  thenteum, 

AN     ELEMENTARY    MANUAL    OF 


ROMAN  ANTIQUITIES.   Adapted  for  Junior  Cla.sses.   With  numerous 
Illustrations.     Eighth  Edition,     Crown  8vo.     Cloth,  4/. 

A   MANUAL  OF  LATIN  PROSODY, 

Illustrated  by  Copious  Examples  and  Critical  Remarks.     For  the  use 
of  Advanced  Students.     Seventh  Edition,     Crown  8 vo.     Cloth,  5/. 
"  There  is  no  other  work  on  the  subject  worthy  to  compete  with  it." — Athnueum, 


AN    ELEMENTARY    MANUAL  OF 

LATIN  PROSODY.  Adapted  for  Junior  Classes.  Crown  8to.  Cloth,  as. 
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THE  SCHOOL  BOARD  READERS : 

A  Series  of  Standard  Reading-Books. 

EDITED    BY  A  FORMER  H.M.    INSPECTOR. OF  SCHOOLS. 

Adopted  by  many  School  Boards  throughout  the  Country, 

Elementary  Reader,  Part  I.,  id.  1     Standard  III.,        .        .  9d. 


Is.  od. 
IS.  6d. 
2s.  od. 


nid.  I  IV 

Standard  I.|  •        •        •        4^.  1  yy  V., 

Key  to  the  Questions  in  Arithmetic  in  2  Parts,  each  6d. 

"The  Books  gbnbrally  are  very  much  what  we  should  desire.** — Times. 
"The  Series  is  decidedly  one  op  the  best  that  have  yet  Kp^p^xreA'-^Aiknueum. 


THE  SCHOOL  BOARD  MANUALS 

On  the  Specific  Subjects  of  the  Revised  Code, 

BY   A   FORMER   H.M.    INSPECTOR   OF   SCHOOLS* 

Editor  of  the  "  School  Board  Readers," 

64  pages,  stiff  wrapper.  6d.  ;  neat  cloth,  'jd,  each. 

I.~ALGEBRA.  V.-ANIMAL     PHYSIOLOGY.      (WeD 
II.— ENGLISH  HISTORY.  Illustrated  with  good  Engravings.) 

III.-GEOGRAPHV  VI.— BIBLE    HISTORY.      (Entirely  free 
IV.— PHYSICAL  GEOGRAPHY.  from  any  Denominational  bias.) 


SCHRADER  (Dr.  O.)  and  JEVONS  (F.  B.,  M.A.): 

THE  PREHISTORIC  ANTIQUITIES  OF  THE  ARYAN 
PEOPLES:  Translated  from  the  Second  German  Edition  by 
F.  B.  Jevons,  M.  A.,  author  of  **-4  History  of  Greek  Literature"  Demy 
8vo.     Handsome  cloth,  gilt  top,  21/. 

***  The  Publishers  have  pleasure  in  announcing  that  to  the  English  Tr&ns'attCHi  of 
Dr.  Schradcr's  well-known  SprachvergUichung  und  Urresckichte  "—a  work  which 
commends  itself  alike  to  the  Scholar  by  its  thoroughness  ana  the  moderation  of  its  tone, 
and  to  the  General  Reader  by  its  clear  and  interesting  style -an  Introduction  is 
furnished  by  the  Author. 

SENIOR  (Nassau  William,  M.A.,  late  Professor 

of  Political  Economy  in  the  University  of  Oxford) : 

A  TREATISE  ON  POLITICAL  ECONOMY :  the  Science  which 
treats  of  the  Nature,  the  Production,  and  the  Distribution  of  Wealth. 
Sixth  Edition,     Crown  8vo.     Cloth.     {Encyclopadia  Metropolitana)^  4/. 

THOMSON  (James):   THE  SEASONS.    With 

an  Introduction  and  Notes  by  Robert  Bell,  Editor  of  the  "Annotated 
Series  of  British  Poets."     Third  Edition.     Fcap  8vo.     Cloth,  I /6, 
"  An  admirable  introduction  to  the  study  of  our  English  classics." 

WHATELY  (Archbishop):  LOGIC— A  Treatise 

on.     With  Synopsis  and  Index.     {Encyclopadia  Metropolitana\  3/. 

R  H  E  T  O  R I C— A    Treatise    on.       With 

STiiopsis  and  Index.     (Encyclopadia  Sfetropglitana),  3/6, 
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WORKS   IN   QENERAL  LTTERATURK 


BELL  (Robert,  Editor  of  the  "Annotated  Series  of 

British  Poets  ") : 

GOLDEN  UEAVES  FROM  THE  WORKS  OF  THE  POETS 
AND  PAINTERS.  Illustrated  by  Sixty-four  superb  Engravings  on 
Steel,  after  Paintings  by  David  Roberts,  Stanfield,  Leslie,  Sto- 
THAJtD,  Haydon,  Cattermolk,  Nasmyth,  Sir  Thomas  Lawrence, 
and  many  others,  and  engraved  in  the  first  style  of  Art  by  Finden, 
Greats ach,  LiGHTFOOT,  &c.     Second  Edition,    4to.     Cloth  gilt,  21/. 

"  'Golden  Leaves'  is  by  far  the  most  important  book  of  the  season.  The  Illustrations 
are  really  works  of  art,  and  the  volume  does  credit  to  the  arts  of  England." — Saturday 
Review. 

"The  Poems  are  selected  with  taste  and  judgment."— 7Y»f«. 

"The  engravings  are  from  drawings  by  Stothard,  Newton,  Danby,  Leslie,  and 
Turner,  and  it  is  needless  to  say  how  charming  are  many  of  the  above  here  given." — 
Athenaum. 


THE  WORKS  OF  WILLIAM  COBBETT. 
THE  ONLY  AUTHORISED  EDITIONS. 

COBBETT  (William) :  ADVICE  TO  YOUNG 

Men  and  (incidentally)  to  Young  Women,  in  the  Middle  and  Higher 
Ranks  of  Life.  In  a  Series  of  Letters  addressed  to  a  Youth,  a  Bachelor, 
a  Lover,  a  Husband,  a  Father,  a  Citizen,  and  a  Subject.  New  Edition. 
With  admirable  Portrait  on  SteeU     Fcap  8va     Cloth,  2/6. 

"Cobbett's  great  qualities  were  immense  vigour,  resource,  energy,  and  courage, 
joined  to  a  force  of  understanding,  a  degree  of  logical  power,  and  al^ve  all  a  force  of 
expression,  which  have  rarely  been  equalled.  .  .  .  He  was  the  most  English  of 
Englishmen."— ^a///n//ry  Rexnnv, 

"With  all  his  faults,  Cobbett*s  style  is  a  continual  refreshment  to  the  lover  of 
'  English  undefiled.'  ''—PaU  MaU  GazetU. 

— ^ COTTAGE  ECONOMY:   Containing 

information  relative  to  the  Brewing  of  Beer,  Making  of  Bread,  Keeping  of 
Cows,  Pigs,  Bees,  Poultry,  &c. ;  and  relative  to  other  matters  deemed 
useful  in  conducting  the  affairs  of  a  Poor  Man*s  *Family.  Eighteenth 
Edition,  revised  by  the  Author's  Son.     Fcap  8vo.     Cloth,  2/6. 
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William  Cobbett's  Vf okks— (Continued), 

COBBETT  (Wm.):  EDUCATIONAL  WORKS. 

(See  page  25.) 

A   LEGACY  TO   LABOURERS:    An 

Argument  showing  the  Right  of  the  Poor  to  Relief  from  the  Land.  With 
a  Preface  by  the  Author's  Son,  John  M.  Cobbett,  late  M.P.  for  Oldham. 
Nnv  Edition,     Fcap  8vo.     Cloth,  i/6. 

"  The  book  cannot  be  too  much  studied  just  now.** — Notuonformisi. 

"Cobbett  wais.  perhap«,  the  ablest  Political  Mrhter  Enpland  ever  produced,  and  his 
influence  as  a  Liberal  thinker  is  felt  to  this  day.  .  .  .  It  is  a  real  treat  to  read  his 
strong  racy  language."— i'w^tVf  O^inioK. 

A  LEGACY  TO  PARSONS  :  Or.  have  the 

Clergy  of  the  Established  Church  an  Equitable  Right  to  Tithes  and 
Church  Property?    New  Edition,     Fcap  8vo.     Cloth,  1/6. 

"  The  most  powerful  work  of  the  greatest  master  of  political  controversy  this  country 
has  ever  produced."— /*«//  Mall  Gazette, 

DALGAIRNS    (Mrs.):  THE  PRACTICE  OF 

COOKERY,  adapted  to  the  business  of  Eveiy-day  Life.  By  Mrs.  Dal- 
GAIRNS.  )ie  bfst  book  for  Scotch  dishes.  About  Fifty  new  Redpes  have 
been  added  to  the  present  Edition,  but  only  such  as  the  Author  has  had 
adequate  means  of  ascertaining  to  be  valuable.  S€vaiteenih  Edition,. 
Fcap  8vo.     Cloth.     {^In preparation,) 

GILMER'S  INTEREST  TABLES:  Tables  for 

Calculation  of  Interest,  on  any  sum,  for  any  number  of  days,  at  ^,  I, 
i>^»  2»  2^,  3,  3>^,  4,  4>^,  5  and  6  per  Cent.  By  Robert  Gilmer. 
Corrected  and  enlarged.     Eleventh  Edition,     lamo.     Cloth,  5/. 

G  RiE  ME  (Elliott) :  BEETHOVEN:    a  Memoir. 

With  Portrait,  Essay,  and  Remarks  on  the  Pianoforte  Sonatas,  with 
Hints  to  Students,  by  Dr.  Ferdinand  Hiller,  of  Col(^ne.  Third 
Edition,     Crown  8vo.     Cloth  gilt,  elegant,  5/. 

"I'Tiis  elegant  and  interesting  Memoir.  .  .  .  The  newest,  prettiest,  and  most 
readable  sketch  of  the  immortsd  Master  of  Music** — Musical  Stattdatd, 

*' A  gracious  and  pleasant  Memorial  of  the  Centenarv."— 6>0r/a/<^r. 

"  This  delightful  little  book  —  concise,  sympathetic,  judicious."  —  Manchtster 
Examiner. 

"We  can,  without  reservation,  recommend  it  as  the  most  tmstworthy  and  the 
pleasantest  Memoir  of  Beethoven  published  in  lExi^xoA."— Observer. 

"A  most  readable  volume,  which  ought  to  hnd  a  place  in  the  library  of  every 
admirer  of  the  great  Tone-VfKX,*'— Edinburgh  Daily  Review, 

A    NOVEL    WITH    TWO   HEROES. 

Second  Edition,     In  2  vols.     Post  8vo.     Cloth,  21/. 

"  A  decided  literary  success.** — Aiketuntm, 

"  Clever  and  amusing  .  .  .  above  the  average  even  of  good  novels  .  .  .  free 
from  sensationalism,  but  full  of  interest  .  .  .  toudies  the  deeper  chords  of  life 
.    .    .    delineation  of  character  remarkably  good.**— S^taUr. 

•*  Superior  in  all^-espects  to  the  common  run  of  novels."— Dai^  Xews, 

*'  A  story  of  deep  interest.  .  .  .  The  dramatic  scenes  are  powerful  almost  10  paia- 
fulaess  m  theur  mtcuMity.**  ^ScctemoH, 
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THE  EMERALD  SERIES  OF  STANDARD  AUTHORS. 

Illustrated   by   Engravings  on  Steel,   after  Stothard,   Leslie,   David 

Roberts,   Stan  field,  Sir  Thomas  Lawrence,  Cattermole,  Ac, 

Fcap  8vo.     Cloth,  gilt 

Particular  attention  is  requested  to  this  very  beautirul  series.  The  delicacy  of  the 
engravings,  the  excellence  of  the  typography,  and  the  quaint  antique  head  and  tail 
pieces,  render  them  the  most  beautiful  volumes  ever  issued  from  the  press  of  this 
countiy,  and  now,  unquestionably,  the  cheapest  of  their  class, 

BURNS'   (Robert)   SONGS  AND   BALLADS. 

With  an  Introduction  on  the  Character  and  Genius  of  Bums.  By 
Thomas  Carlyle.  Carefully  printed  in  antique  type,  and  illustrated 
-with  Portrait  and  beautiful  Engravings  on  SteeL  Second  Thousand, 
Cloth,  gilt  edges,  3/. 

BYRON   (Lord):   CHILDE    HAROLD'S    PIL- 

GRIMAGE.  With  Memoir  by  Professor  Spalding.  Illustrated  with 
Portrait  and  Engravings  on  Steel,  by  Greatbach,  Miller,  Light  foot, 
&c.,  from  Paintings  by  Cattermole,  Sir  T.  Lawrence,  H.  Howard, 
and  Stothard.  Beautifully^  printed  on  toned  paper.  Third  Thousand, 
Cloth,  gilt  edges,  3/. 

CAMPBELL   (Thomas):    THE    PLEASURES 

OF  HOPE.  With  Introductory  Memoir  by  the  Rev.  Charles  Rogers, 
LL»D.,  and  several  Poems  never  before  published.  Illustrated  with  Por- 
trait and  Steel  Engravings.     Second  Thousand,     Cloth,  gilt  edges,  3/. 

CHATTERTON'S    (Thomas)    POETICAL 

WORKS.  With  an  Original  Memoir  by  Frederick  Martin,  and 
Portrait.  Beautifully  illustrated  on  Steel,  and  elegantly  printed.  Fourth 
Thousand.     Cloth,  gilt  edges,  3/. 

GOLDSMITH'S  (Oliver)  POETICAL  WORKS. 

With  Memoir  by  Professor  Spalding.  Exquisitely  illustrated  with  Steel 
Engravings.  New  Edition,  Printed  on  superior  toned  paper.  Seventh 
T/tousand,     Cloth,  gilt  edges,  3/. 

GRAY'S  (Thomas)  POETICAL  WORKS.    With 

Life  by  the  Rev.  John  Mitford,  and  Essay  by  the  Earl  of  Carlislei 
With  Portrait  and  numerous  Engravings  on  Steel  and  Wood.  Elegantly 
printed  on  toned  paper.  Eton  Edition^  with  the  Latin  Poems,  Sixth 
Thousand,     Cloth,  gilt  edges,  5/. 

HERBERT'S   (George)   POETICAL  WORKS. 

With  Memoir  by  J.  Nichol,  B.A.,  Oxon,  Prof,  of  English  Literature  in 
the  Universi^  of  Glasgow.  Edited  by  Charles  Cowden  Clarke. 
Antique  headings  to  each  page.    Second  Thousand,    Cloth,  gilt  edges,  3/. 

KEBLE    (Rev.     John):    THE     CHRISTIAN 

YEAR.     With  Memoir  by  W.  Temple,  Portrait,  and  Eight  bcautifiil 

Engravings  on  Steel.    Second  Thousand, 

Cloth,  gilt  edges,        •         •         •        •       SA 
Morocco,  el^;ant,       •        •        •        .     10/6. 
Malachite, 12/6. 
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The  Emerald  Series ^(C^Z/Wi^iO- 

POE'S  (Edgar  Allan)  COMPLETE  POETICAL 

WORKS.    Edited,  with  Memoir,  by  James  Hannay.     Full-page  Illns- 
trations  after  Wehnert,  Weir,  &c.    Toned  paper.    Thirteenth  Thousand, 

Cloth,  gilt  edges,         ....       3/. 

Malachite, 10/6. 

O/her  volumes  in  prepantUi§n, 

MACKEY'S   FREEMASONRY: 

A  LEXICON  OF  FREEMASONRY.  Containing  a  definition  of  its 
Communicable  Terms,  Notices  of  its  History,  Traditions,  and  Antiquities, 
and  an  Account  of  all  the  Rites  and  Mysteries  of  the  Ancient  World.  By 
Albert  G.  Mackey,  M.D.,  Secretary-General  of  the  Supreme  Council 
of  the  U.S.,  &c.  Eighth  Edition,  thoroughly  revised  with  Appendix  by 
Michael  C.  Peck,  Prov.  Grand  Secretary  for  N.  and  El.  Yorkshire.  Hand- 
somely bound  in  cloth,  6/. 

"  Of  Mackby's  Lexicon  it  would  be  impossible  to  speak  in  too  high  terms ;  suffice  it 
to  say,  that,  in  our  opinion,  it  ought  to  be  in  the  hands  of  every  Mason  wlio  would 
thoroughly  understana  and  master  our  noble  Science.  .  .  .  No  Masonic  Lodge  or 
Library  should  be  without  a  copy  of  this  most  useful  work.** — Masonic  News, 


HENBT  MATHEWS  CELEBRATED  WORK  ON 
THE  STREET-FOLK  OF  LONDON. 

LONDON   LABOUR  AND  THE  LONDON 

POOR  :  A  Cyclopaedia  of  the  Condition  and  Earnings  of  tkdise  that  will 
work  and  those  that  cannot  work.  By  Henry  Mayhew.  With  many 
full-page  Illustrations  from  Photographs.  In  three  vols.  Demy  8vo. 
Cloth.     Each  vol.  4/6. 

"  Every  page  of  the  work  is  full  of  valuable  information,  laid  down  in  so  interesting  a 
manner  tnat  the  reader  can  never  Hr^.^*— Illustrated  LtrndoK  Sews. 

'*  Mr.  Henry  Mayhew's  famous  record  of  the  habits,  eanungs,  and  sufferings  of  the 
London  poor.— L  toy  if s  Weekly  London  Neu*spaper. 

"  This  remarkable  book,  in  which  Mr.  Mayhew  gave  the  better  classes  their  first  real 
insight  into  the  habits,  modes  of  livelihood,  and  current  of  thought  of  the  London 
poor.**—  The  Patriot, 

The  Extra  Volume, 

LONDON    LABOUR  AND   THE  LONDON 

POOR :  Those  that  will  not  work.  Comprising  the  N<m*workers,  by 
Henry  Mayhew  ;  Prostitutes,  by  Bracsbridge  Hbmyng  ;  Thieves, 
by  John  Binny  ;  Beggars,  by  Andrew  Hallidat«  With  «a  Intro- 
ductory Elssay  on  the  Agencies  at  Present  in  Operation  in  the  Metropolis 
for  the  Suppression  of  Crime  and  Vice,  by  the  Rev.  William  Tuckniss, 
B.A.,  Chaplain  to  the  Society  for  the  Rescue  of  Young  W(Hnen  and 
Children.  With  Illustrations  of  Scenes  and  Localities.  In  one  huge 
vol.     Royal  8vo.     Cloth,  10/6. 

"The  woric  is  full  of  interesting  matter  for  the  casual  reader,  while  the  plubunthropist 
and  the  philosopher  will  find  details  of  the  greatest  \xapaeC-~Citjr  Press, 
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Mr.  Mayhsw's  London  Labour— (CVw/^i«aO. 

Comfcnicn  volume  to  the  preceding, 

THE  CRIMINAL  PRISONS  OF  LONDON, 

and  Scenes  of  Prison  Life.  By  Henry  Mayhew  and  John  Binny.  Illus- 
trated by  nearly  two  hundred  Engravings  on  Wood,  principally  from 
Photographs.     In  one  large  vol.     Imperifd  8vo.     Cloth,  10/6. 

This  volume  condudes  Mr.  Henry  MayheVs  account  of  his  researches  into  the 
crime  and  pover^  of  London.  The  amount  of  labour  of  one  kind  or  other,  which  the 
whole  series  of  hu  publications  represents,  is  something  almost  incalculable. 

%*  This  celebrated  Record  of  Investigations  into  the  condition  of  the  Poor  of  the 
Metro^Hs,  undertaken  from  philanthropic  motives  by  Mr.  Hbnrv  Mavhbw,  first  gave  the 
wealthier  classes  of  England  some  idea  of  the  state  of  Heathenism,  Degrsidation,  and  Misery 
in  which  multitudes  of  their  fxrarer  brethren  languished.  His  revelations  created,  at  the 
dme^  of  their  appearance,^  universal  horror  and  excitement — ^that  a  nation,  professedly 
Ckristian^  should  have  in  its  midst  a  vast  population,  so  sunk  in  ignorance^  vice,  and  verv 
hatred  of  Religion,  was  deemed  incredible,  until  further  examination  established  the  truth 
of  the  statements  advanced.  The  result  is  well  known.  The  London  of  Mr.  Mayhbw  will, 
happily,  soon  exist  only  in^  his  pages.  To  those  who  would  appreciate  the  efforts  already 
made  among  the  ranks  which  recruit  our  '*  dangerous*'  classes,  and  who  would  learn  what 
yet  remains  to  be  done,  the  work  will  afford  enlightenment,  not  unmingled  with  surprise. 


POE'S(Edgar  Allan)  COMPLETE  POETICAL 

WORKS.  Edited,  with  Memoir,  by  James  Hannay.  Full-page  Illus- 
trations after  Wehnert,  Weir,  and  others.  In  paper  wrapper. 
Illustrated,  1/6. 

SOUTHGATE  (Mrs.    Henry):    THE   CHRIS- 

TIAN  LIFE :  Thoughts  in  Prose  and  Verse  from  the  Best  Writers  of  all 
Ages.     Selected  and  Arranged    for  Eveiy  Day  in  the   Year.    Second 

Edition.     Qoth  Elegant, 5/. 

Morocco  Antique,     ....       10/6. 

THOMSON  (Spencer,  M.D.,  L.R.C-S.,  Edinburgh, 

and  J.  C.  STEELE,  M.D.,  of  Guy's  Hospital) : 

DOMESTIC  MEDICINE  AND  HOUSEHOLD  SURGERY  (A 
Dictionary  oQ.  Thoroughly  Revised  and  in  part  Re- Written  by 
the  Editors.  With  a  Chapter  on  the  Management  of  the  Sick-room,  and 
many  Hints  for  the  Diet  and  Comfort  of  Invalids.  With  many  new  En- 
gravings. Twenty-fifth  Edition,  Royal  8vo.  Cloth,  10/6.  (See  page  3 
of  Wrapper.) 
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MR.   SOUTHGATE'S   WORKS. 


"  No  one  who  is  in  the  habit  of  writing  and  speaking  much  on  a  variety  of  subjects  can 
afford  to  dispense  with  Mr.  Southgats's  Wosxs,  —Glas£:ow  Ntws. 


First  Series—Thirty- Fourth  Edition.    Second  Series— 

Ninth  Edition. 

MANY    THOUGHTS    OF    MANY    MINDS: 

Selections  and  Quotations  from  the  best  Authors.    Compiled  and 

Analytically  Arranged  by 

HENRY    SOUTHGATE. 

In  Square  8vo,  elegantly  printed  on  Toned  Paper. 

Presentation  Edition,  Cloth  and  Gold,         ....     Each  Vol  12/d. 

Library  Edition,  Roxburghe, „         14/. 

Ditto,  Morocco  Antique, „         21/. 

Each  Series  complete  in  itself,  and  sold  separately. 

"  The  produce  of  yean  of  research.** — Examitur. 

"A  MAGNiPiCBNT  GIFT-BOOK,  appropriate  to  all  times  and  seasons." — Frummaam 
Magasme. 

**  Not  so  much  a  book  as  a  library.** — Pairwt. 

"  Preachers  and  Public  Speakers  will  find  that  the  work  has  special  uses  far  diem.**— 
Edittburgh  Daily  Bnnew.  

BY    TH£    SAMK    AUTHOR. 


Now  Ready,  THIRD  Edition. 

SUGGESTIVE  IHODGflTS  ON  BELIGIOUS  SUBJECTS: 

A  Dictionaiy  of  Quotations  and  Selected  Passages  from  nearly  1,000  of 

the  best  Writers,  Ancient  and  Modem. 

CompUed  and  Analytically  Arranged  by  HENRY  SOUTHGATE.    In 
Square  8vo,  elegantly  printed  on  toned  paper. 

Presentation  Edition,  Cloth  Elegant, 10/6^ 

Library  Edition,  Roxburghe,       .         .         .         .         .         .        .        .12/. 

Ditto,  Morocco  Antique, 20/. 

"  The  topics  treated  of  are  as  wide  as  our  Christianity  itself:  the  writers  quoted  from,  of 
every  Section  of  the  one  Catholic  Church  of  JESUS  QKVil^ r—Autkot^s  Preface. 

''  This  is  another  of  Mr.  Southgate's  most  valuable  volumes.  .^  .  .  The  misaon  which 
the  Author  is  so  successfully  prosecuting  in  literature  is  not  only  highly  beneficial,  but  neces- 
sary in  this  age.  ...  If  men  are  to  make  anv  acquaintance  at  all  with  the  great  minds 
of  the  world,  they  can  only  do  so  with  the  means  which  our  Author  stqyplies." — Homi/ut. 

"  A  casket  of  gems." — English  Churchman. 

**  Mr.  Southgate's  work  has  been  compiled  with  a  great  deal  of  judgment  and  it  will,  I 
trust,  be  extensively  useful."— /irt*.  Canon  Liddon^  D.D.^  D.CL, 

*'  Many  a  busy  Christian  teacher  will  be  thankful  to  Mr.  Southgate  for  having  unearthed 
so  many  rich  gems  of  thought ;  while  many  outside  the  ministerial  circle  will  obtain  stimulus, 
encouragement,  consolation,  and  counsel,  within  the  pages  of  this  handsome  volume.** — 
Nonconjorynist. 

**  Mr.  SouTHGATB  is  an  indefatigable  labourer  in  a  field  which  he  has  made  peculiariy 

his  own.    .     .     .     The  labour  expended  on  '  Suggestive  Thoughts '  must  have  been  immense, 

and  the  result  is  as  nearly  perfect  as  human  falhbility  can  make  it.    .    .     .    Apart  from  the 

selections  it  contains,  the  book  is  of  value  as  an  index  to  theologuad  writings.    As  a  model  of 

judicious,  logical,  and  suggestive  treatment  of  a  subject,  we  may  refer  our  readen  to  die 

^S?°"^  "l.r°i??  ^®  subject  'Jbsos  Christ'  isammged  and  illustrated  in  'Sngsestive 
Thoughts.*  **^-Glaagmv  Newt, 
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A  BOOK  NO  FAMILY  SHOULD  BE  WITHOUT. 

N«w  Isaua  of  this  important  Work— Enlarged,  In  part  Re-written,  and 

ttiorougVily  Revised  to  date. 

TwENTy-Fi*TH  Edition.     Royal  %vo.  Handsome  Cloth,  \os.  f>d. 

A    DICTIONARY    OF 

DOMESTIC  MEDICINE  AND  HOUSEHOLD  SURGERY, 

BY 

SPENCER  THOMSON,   M.D.,  Edin.,   L.R.C.S., 

REVISED,  AMD  IN  PART  RE-WRITTEN,  BY  THE  AUTHOR, 

AND  BY 

JOHN  CHARLES   STEELE,  M.D., 

Of  Guy's  Hospital. 

With  Appendix  cm  the  Management  of  the  Sick-room,  and  many  Hints  for  the 

Diet  and  Oomfort  of  Invalids. 


In  its  New  Form,  Dr.  Spencer  Thomson's  "Dictionary  of  Domestic  Medicine" 
folly  sustains  its  reputation  as  the  "  Representative  Book  of  the  Medical  Knowledge  and 
Practice  of  the  Day     applied  to  Domestic  Requirements. 

The  most  recent  Improvements  in  the  Treatment  of  the  Sick — in  Appliances 
for  the  Relief  of  Pain— and  in  all  matters  connected  with  Sanitation,  Hygiene,  and 
the  Maintenance  of  the  General  Health— will  be  found  in  the  New  Issue  in  clear  and 
ftill  detail ;  the  experience  of  the  Editors  in  the  Spheres  of  Private  Practice  and  of  Hospital 
Treatment  respectively,  combining  to  render  the  Dictionary  perhaps  the  most  thoroughly 
practical  work  of  the  kind  in  the  English  Language.  Many  new  Engravings  have  been 
mtroduced— improved  Diagrams  of  different  parts  of  the  Human  Body,  and  Illustrations  ot 
the  newest  Medical,  Surgical,  and  Sanitary  Apparatus. 


•  • 


Ai/  Directions  given  in  such  a  form  €u  to  be  readily  and  safely  followed. 


FROM  THE  AUTHOR'S  PREFATORY  ADDRESS. 


«< 


'Without  entering  upon  that  difficult  ground  which  correct  professional  knowledge  and  educated  judg< 
ment  can  alone  permit  to  be  safely  trodden,  there  is  a  wide  and  extensive  field  for  exertion,  and  for  usefulness, 
open  to  the  unprofessional,  in  the  kindly  offices  of  a  true  DOMESTIC  MEDICINE,  the  timely  help  and 
solace  of  a  simple  HOUSEHOLD  SURGERY,  or,  better  still,  in  the  watchful  care  more  generally  known  as 
•  sanitary  precaution,'  which  tends  rather  to  preserve  health  than  to  cure  disease  'The  touch  of  a 
gentle  hand  '  will  not  be  less  gentle  becatise  guided  by  knowledge,  nor  will  the  safe  domestic  remedies  be  less 
anxiously  or  carefully  administered.  Life  may  be  saved,  suffering  may  always  oe  alleviated.  Even  to  the 
resident  in  the  midst  of  civiliiation,  the  *  KNOWLEDGE  IS  POWER,'  to  do  good ;  to  the  settler  and 
emigrant  it  U  INVALUABLE." 

"  Dr.  Thomson  has  fully  succeeded  in  conveying  to  the  public  a  vaftt  amount  of  useful  professional 
knowledge.  *'—DubUn  youmal  of  Medical  Science.  ' 

"  The  amount  of  useful  knowledge  conveyed  in  this  Woric  u  surprising.  * — Medical  Times  and  Gaatite. 

"Worth  its  weight  m  gold  to  pamilibs  and  thb  CLBXcn* —Oxford Herald. 


T  r^XTTVrfcXT  .    r«XTA'DTT70    /^"DTTPTPTXT     A.    r^r\        T7«.«....^     O...^.. 


FlltiT  SERiES-^THiRTY-FOURTH  EDITIOH. 
8EC0MD  SERIES— filNTH  EDITION. 

MANY  THOUGHTS'OF  MANY  MINDS: 

A  Tkttfuy  af  BtflMMi,  MMbtfaig  af  Bdtotfav  ftm  tU  Wiitiig^  af  the  ant 
Oihbitia  Aatka.   FIB8T  AID  BEOOID  BfiSIEB.   OoBpOed  aad  AaaljtioaUx  Anvi<ia 

By  HENRY  SOUTHOATE. 


Jto  OfiMrf  8m.,  riigon%fiti»rf 

PrescoUtlon  Bdltlon,  Clofeh  and  Gold       ^ 

librarj  Bdltioa,  Half  Bonad,  ftoxbaiglM  m« 

Do.,  MoroooQ  Anttqno    m«       m 


lat.  Id. 
141. 


Mflb  folona 


flnd  mU  MMTSlthL 


■•Kavt  TROVWra/^.an  erldcntlj  tbt 
pffodnoeof  yean  of  rsMarch.*— JE»imfo«r. 

**  Many  beautifa)  azamirffla  oC  thooght  and  ilif la 
■n  to  ba  found  among  Um  ideotiona.**— iMdir. 

«*  Tbera  can  ba  Itttledoabi  tfaak  it  ladeatlnad  to 
taka  a  high  plaoa  among  booka  of  tiUa  olaaa."' 
Jblat  and  QmcHm. 

*▲  treasnra  to  fTHy  reads  wbo  Buij  ba  forta- 
nato  enough  to  poaaeai  Itb  Iti  peniaal  li  like  ln> 
haling  eeaenoM ;  we  h*Te  the  oream  only  of  the 
great  authors  quoted.  HeraaUaie8eedBorgani&'* 
SnqliMh  Jovmal  of  Bdueattan. 

**  lir.  Southgate*!  reading  will  ba  found  to  ex- 
tend oTer  nenrlj  the  whole  known  field  of  litera- 
ture, ancient  and  modem.**  Omtltmatift  M*ffa- 
fiiu. 

"  We  have  no  heaitation  in  prononnoing  it  one 
of  the  moft  Important  books  oi  the  leaaon.  Credit 
la  doe  to  the  pubUahers  for  the  el^^aooe  with 
which  the  work  ia  got  up,  and  for  the  extreme 
beauty  and  oorreotoeaa  of  the  ^nKVH^^***— 
Morning  ChnmieU, 

**  Of  the  nnmeroui  Toluoiei  of  the  kind,  we  do 
not  remember  haying  met  with  one  In  which  the 
selection  waa  more  judicious,  or  Idieaoonmulation 
of  treaanrei  lo  truly  wonderfuL"-J/om<iif  Herald, 

**  The  selection  of  the  eztraota  has  been  made 
with  taste,  Judgment,  and  oritioal  nicety."— 
Monring  POiL 

**  This  is  a  wondrooabook,  andoontalna  agreat 
many  i^ms  of  thought.**— Dailp  Newt, 

**  As  a  work  of  n  feranoe,  it  will  be  an  acquisi- 
tion to  any  man's  library."— iVA/iiA^rf*  Circular, 

**Thi8  volnme  contains  more  firemsof  thought, 
refined  Mntimcnts,  noble  axioms,  and  extract  ubio 
sentPDoes,  than  have  ever  before  lieen  brought  to- 
gether in  our  langnAfre." — Thf  Field. 

**  All  that  the  poet  has  deocribod  of  the  beautiful 
in  nature  and  art,  all  the  axioms  of  experience, 
the  collected  wisdom  of  philosopher  and  saga,  are 
garnered  into  one  heap  of  aaefnl  and  weU-arranged 
instmotlon  and  amonement." — 71u  Jfro. 

*•  The  collection  will  prove  a  mine  rloh  and  in- 
axhaostible,  to  thoae  in  asarah  ef  i 
^1  /ommmL 


"Wmbafbaadtaba  worlhlliVilgMfB  gold 
by  literary  men."— fV  BnitdtF, 

•*Bt«rypage  la  laden  with  tba  wealth  of  pro- 
fonndeal  thoagh\  and  aU  aglow  with  the  loftiest 
inaplratlona  or  fsnloiw"— dter. 

''Tba  work  of  Mi.  fioothgate  tut  oolaferlps  aU 
otfaenofttaklnd.  To  the  olecKyaiaa,tha  anthor, 
the  artlal,  and  tba  anayiatk  'Many  Thoughts  6t 
Many  Mlnda'  oannot  bul  to  render  almoat  Inonl- 
oulabla  BerrloOb'— AUa^wfy*  Mercmrf. 

**  We  b*Ta  no  baaltatloo  whatever  in  deecrtMi^ 
Sffr.Southgate's  as  the  vary  beet  book  of  the  olaaa. 
There  Is  poaitlvely  nothing  of  the  kind  in  the  Uo- 
guage  that  will  bear  a  momentlioompariaonwitk 
U.**— JV«ne*«<fcr  Wtektif  ddswfMcr. 

*  There  la  no  mood  in  which  we  oan  take  It  op 
without  deriving  from  it  Instructioa. consolation, 
and  amuaement  We  heartily  thank  Mr.  8<  •othirnte 
for  a  book  which  we  shall  rettrd  as  one  of  our 
best  frienda  and  oompanloniL"— Osmdrul^ 
CkrcmMe. 

*Thia  work  poaaaaBes  the  merit  of  being  a 
MAOmnourr  gipt-book,  appropriate  to  afl 
timea  and  aeaaons ;  a  book  calonlated  tobaof  oea 
to  the  sdudar,  the  divine,  and  tha  poblio  man." 
— /Vwanossn's  JVo^ariiM. 

**  It  ia  not  so  much  a  book  aa  a  library  of  qpuy 
tatlona."— /tertol. 

**  The  quotations  abound  in  that  lAangM  which 
Is  tha  mainaprlng  of  mental  exwoiaa."— Zrtsbr* 
pwa  Courier, 

**  For  purpneea  of  appo#>ite  qiotation,  it  oannot 
be  snrpsiKied.  "—^ruto/  7\met. 

**  It  is  impossible  to  pick  out  a  single  paasagr  in 
the  work  which  does  not.  upon  the  face  of  It,  jus- 
tify its  seleotion  ^  ita  intiinsio  marlt.**— i>prtsi 
ChranicU. 

**  We  are  not  snrprtaed  that  a  SkoohD  BIRt  m 
of  this  work  chould  have  been  called  for.  Mr. 
Southgate  haa  ttie  catholic  tastes  dealrahle  In  a 
good  Bditor.  Preachers  and  public  speakers  will 
find  that  it  haa  special  oaes  for  them.*— iUiateryA 
Dailp  Rertfw. 

"The  BboOND  Sbbiis  fully  anaUins  the  d» 
rapotation  of  tha  WtRtK,'*~V6km  BmIL 
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